
Numerical Marine Hydrodynamics


• Finite Element and Spectral Methods 
– Galerkin Methods 
– Computational Galerkin Methods 

• Spectral Methods 
• Finite Element Method 

– Finite Element Methods 
• Ordinary Differential Equation 
• Partial Differential Equations 
• Complex geometries 
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Partial Differential Equations


A,B and C Constants 

Hyperbolic 

Parabolic 

Elliptic 
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Galerkin’s Method


Boundary Conditions 

Test Function Solution 

Remainder 

Inner Product 

Galerkin’s Method 

Differential Equation 
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Galerkin’s Method

Example


Differential Equation


Boundary Conditions 

Power Series 

Boundary Condition 

Alternative 
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Galerkin’s Method

Example


Remainder


Complete Test Function Set 

Algebraic Equations 

N=3;

d=zeros(N,1);

m=zeros(N,N); exp_eq.m

for k=1:N


d(k)=1/k;
for j=1:N

m(k,j) = j/(j+k-1)-1/(j+k);
end 

end 
a=inv(m)*d;
y=ones(1,n);
for k=1:N 

y=y+a(k)*x.^k
end 
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Galerkin’s Method

Example


L2 Error


N=3;

d=zeros(N,1);

m=zeros(N,N); exp_eq.m

for k=1:N


d(k)=1/k;
for j=1:N

m(k,j) = j/(j+k-1)-1/(j+k);
end 

end 
a=inv(m)*d;
y=ones(1,n);
for k=1:N 

y=y+a(k)*x.^k
end 
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Galerkin’s method

Viscous Flow in Duct


Poisson’s Equation 

Test Functions 

y 

1 
Fluid Flow in Duct 

-1 1 

-1 

Test functions satisfy boundary conditions 
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Galerkin’s Method

Viscous Flow in Duct


Remainder


Inner product 

Analytical Integration 

Galerkin Solution 

Flow Rate


x=[-1:h:1]';
y=[-1:h:1]; duct_galerkin.m 
n=length(x); m=length(y); u=zeros(n,m);
Nt=5;
for j=1:n
xx(:,j)=x; yy(j,:)=y;
end 
for i=1:2:Nt 

for j=1:2:Nt
u=u+(8/pi^2)^2*
(-1)^((i+j)/2-1)/(i*j*(i^2+j^2))
*cos(i*pi/2*xx).*cos(j*pi/2*yy);

end 
end 
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Computational Galerkin Methods 

Differential Equation 

Residuals 

Global Test Function 

Time Marching 

Weighted Residuals 

Boundary problem 
• PDE satisfied exactly 
• Boundary Element Method 

• Panel Method 
• Spectral Methods 

Inner problem 
• Boundary conditions satisfied exactly 
• Finite Element Method 
• Spectral Methods 

Mixed Problem 
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Method of Weighted Residuals


Inner Product


Domain Method 

Collocation 

Least Squares 

Galerkin 

Method of Moments 

Discrete Form 

Numerical Marine Hydrodynamics Lecture 21
2.29 



Weighted Residuals


Least Squares 

Galerkin 

Subdomain Method


Collocation 
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Comparison of coefficients for approximate
solution of dy/dx - y = 0 

Coefficient 
Scheme a1 a2 a3 

Least squares 1.0131 0.4255 0.2797 
Galerkin 1.0141 0.4225 0.2817 
Subdomain 1.0156 0.4219 0.2813 
Collocation 1.0000 0.4286 0.2857 
Taylor series 1.0000 0.5000 0.1667 
Optimal L2,d 1.0138 0.4264 0.2781 

Methods of Weighted Residuals


Figure by MIT OCW. 

Comparison of approximate solutions of dy/dx - y = 0 
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Solution for Nodal Unknowns


1 Dimension 

2 Dimensions 
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Complex Boundaries

Isoparametric Elements


Isoparametric mapping at a boundary 
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Figure by MIT OCW. 
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Finite Elements

1-dimensional Elements


Trial Function Solution 

Interpolation Functions


N2 = 
x - x1 
x2 - x1 

N2 = 
x - x3 
x2 - x3 

N2 = 
x - x3 
x2 - x3 

N2 = 
x - x1 
x2 - x1 

N3 = 
x - x2 
x3 - x2 

N3 = 
x - x4 
x3 - x4 

N3 = 
x - x2 
x3 - x2 

N3 = 
x - x4 
x3 - x4 

(a) 

(b) 
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Element B 
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Interpolation Functions 

Trial Function Solution 

Figure by MIT OCW. 
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Finite Elements

1-dimensional Elements


Quadratic Interpolation Functions

Element  BElement  A 

One-dimensional quadratic shape functions 
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Figure by MIT OCW. 
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Finite Elements

2-dimensional Elements


4 � = 1 3 

� = 1 

� = −1 2 
Figure by MIT OCW. 

Linear Interpolation Functions 
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� = −1 
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Bilinear shape function on a rectangular grid 

Figure by MIT OCW. 

Quadratic Interpolation Functions 
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Finite Elements

2-dimensional Triangular Elements


Triangular Coordinates 3


Interpolation Functions 

1 2
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Two-Dimensional Finite Elements

Flow in Duct


Finite Element Solution


Integration by Parts 

Algebraic Equations 
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