6.003: Signals and Systems

Continuous-Time Systems

February 11, 2010



Previously: DT Systems

Verbal descriptions: preserve the rationale.

“Next year, your account will contain p times your balance
from this year plus the money that you added this year.”

Difference equations: mathematically compact.

yln + 1] = z|n] + py[n]

Block diagrams: illustrate signal flow paths.

Delay

T

@4_

> y[n]

Operator representations: analyze systems as polynomials.

(1-pR)Y = RX



Analyzing CT Systems

Verbal descriptions: preserve the rationale.

“Your account will grow in proportion to the current interest
rate plus the rate at which you deposit.”

Differential equations: mathematically compact.

d‘z—g) = z(t) + py(t)

Block diagrams: illustrate signal flow paths.

t
() —>@—> /_ (+)dt > y(t)

o

i

Operator representations: analyze systems as polynomials.

(1—-pA)Y = AX




Differential Equations

Differential equations are mathematically precise and compact.

p— ALY (t)

hl(t)T

dry(t) _ ro(t) —r1(t)

r1(t)

dt T

Solution methodologies:

e general methods (separation of variables; integrating factors)
e homogeneous and particular solutions

e inspection

Today: new methods based on block diagrams and operators,
which provide new ways to think about systems’ behaviors.



Block Diagrams

Block diagrams illustrate signal flow paths.

DT: adders, scalers, and delays — represent systems described by
linear difference equations with constant coefficents.

x|n] —>®—> Delay > y[n]

il

CT: adders, scalers, and integrators — represent systems described
by a linear differential equations with constant coefficients.

t
(1) —>@—> /_ (-)dt > y(t)

o

i




Operator Representation

CT Block diagrams are concisely represented with the A operator.

Applying A to a CT signal generates a new signal that is equal to
the integral of the first signal at all points in time.

Y = AX

IS equivalent to

for all time ¢.



Evaluating Operator Expressions

As with R, A expressions can be manipulated as polynomials.

X »@ W >@—>Y
4

A N
w(t) = 2(t) + /_ too o(r)dr
y(t) _w(t)+/_toow(7)d7
y(1) —x(t)+/_too x(f)dw/_too x(T)dT+/_too ( /_T; x(ﬁ)dn> dry

W=(1+AX
Y=1+AW=01+A0+A)X=01+24+A*X



Evaluating Operator Expressions

Expressions in A can be manipulated using rules for polynomials.
e Commutativity: A1-A)X =(1-A)AX
e Distributivity: A(1 — A)X = (4 - A%)X

e Associativity: ((1 — A)A) 2-AX=(1-A4) (A(2 — A))X



Check Yourself

A




Check Yourself

A




Elementary Building-Block Signals

Elementary DT signal: é§[n].

1, ifn=0;
d|n] = .
0, otherwise

d|n]
1

0

e shortest possible duration (most “transient”)
e useful for constructing more complex signals

What CT signal serves the same purpose?



Elementary CT Building-Block Signal

Consider the analogous CT signal.

(0 t<0
w(t) =<1 t=0
L0 t>0
w(t)
1
3 t
0

Is this a good choice as a building-block signal?



Elementary CT Building-Block Signal

Consider the analogous CT signal.

(0 t<0
w(t)=491 t=0
.0 t>0

t
w<t>—>/_ (-)ydtf— 0

o

Is this a good choice as a building-block signal? No

t
w<t>—>/_ (-)ydtf— 0

o

The integral of w(t) is zero!



Unit-Impulse Signal

The unit-impulse signal acts as a pulse with unit area but zero width.

pe(t)
1
Qe L, unit area
0(1) = lim pe(t) 1
e—0
—€ € t
p1/2(t) p1/4() p1/8(t)
4
2
1
1 1 t 1 1 t 1 1 t
2 4 8 8



Unit-Impulse Signal

The unit-impulse function is represented by an arrow with the num-
ber 1, which represents its area or “weight.”

5(t)
* I

It has two seemingly contradictory properties:

t

e it iSs nonzero only at t =0, and
e its definite integral (—oo,00) is one!

Both of these properties follow from thinking about §(¢) as a limit:

Pe (t)

Qe L, unit area
0(t) = lim pe(?) 1

e—0




Unit-Impulse and Unit-Step Signals

The indefinite integral of the unit-impulse is the unit-step.

u(t):/_t 5()\)d)\:{1; =0

0; otherwise

u(t)
1

Equivalently




Impulse Response of Acyclic CT System

If the block diagram of a CT system has no feedback (i.e., no cycles),
then the corresponding operator expression is “imperative.”

X L/{»_(? LASD—»Y

Y =1+A)1+A)X=>1+24+A%)X

If x(t) =4(t) then

y(t) = (1424 + A%) 6(t) = 6(t) + 2u(t) + tu(t)



CT Feedback

Find the impulse response of this CT system with feedback.

z(t) —(H—>| A > 1(t)

i




CT Feedback

Find the impulse response of this CT system with feedback.

z(t) —(H—>| A > 1(t)

i

Method 1: find differential equation and solve it.

y(t) = z(t) + py(t)

Linear, first-order difference equation with constant coefficients.

Try y(t) = Ce®u(t).
Then 3(t) = aCe®u(t) + Ce®§(t) = aCe®u(t) + C(t).
Substituting, we find that aCe®u(t) + C6(t) = 6(t) + pCe™ u(t).

Therefore a=pand C=1 — y(t) = Pu(t).



CT Feedback

Find the impulse response of this CT system with feedback.

r(t) —(D—{ 4 - y(t)

i

Method 2: use operators.

Y =A(X +pY)

Yy A
X 1-—pA
Now expand in ascending series in A:
Y
¥ = A(1+pA+p? A% +p3 A% + .. )
If x(t) = 46(t) then
y(t) = A(1 + pA+p° A% + p3 A% + .- ) 6(t)

1 1
= (L+pt+ 5p°8 + o' ) ut) = ().



CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

L]

y(t) = (A+pA% + p* A3+ pPA* + ) 6(t)



CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

y(t) = (A+pA? + p* A3+ pPA* + ) 6(t)



CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

y(t) = (A+pA% + p* A+ pP A + .. )6(1)



CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

y(t) = (A+pA% + p? A3+ pP A + .. 6(t)



CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

L]

y(t) = (A + pA% + PP A3+ pPA* + ) 6(2)

1 1
= (1 +pt + §p2t2 - 6p3t3 + o ult)

y(t)




CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

y(t) = (A + pA? + PP A3+ pPA* + ) 6(2)

1 1
= (1+pt+ §p2t2 - 6p3t3 + o ult)

y(t)

|




CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

y(t) = (A + pA% + p° A3+ pPA* + ) 6(2)

1 1
= (1+pt + §p2t2 - 6p?’t?’ + o ult)

y(t)

—




CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

y(t) = (A + pA% + p? A3 + pP A + - ) 6(2)

1 1
= (1+pt + 5p?t? + 6p3753 + o ut)

y(t)

—




CT Feedback

We can visualize the feedback by tracing each cycle through the
cyclic signal path.

z(t) y(t)

y(t) = (A + pA% + p? A3 + pP A + - ) 6(2)

1 1
= (14 pt + §p2t2 + 6p?’t?’ 4 u(t) = ePlu(t)

y(t)

—




CT Feedback

Making p negative makes the output converge (instead of diverge).

z(t) —(H—>| A > 1(t)




CT Feedback

Making p negative makes the output converge.

z(t) y(t)




CT Feedback

Making p negative makes the output converge.




CT Feedback

Making p negative makes the output converge.

= (1 — pt + =p*t* — épgt3 + ) u(t)
y(t)
1 —




CT Feedback

Making p negative makes the output converge.




CT Feedback

Making p negative makes the output converge.

= (1 —pt + =p*t* — épgt3 + - Dut) = e Phu(t)
y(t)
1 \




Convergent and Divergent Poles

The fundamental mode associated with p diverges if p > 0 and con-
verges if p < 0.




Convergent and Divergent Poles

The fundamental mode associated with p diverges if p > 0 and con-
verges if p < 0.

X—»@—»A > Y




CT Feedback

In CT, each cycle adds a new integration.

z(t) y(t)

y(t) = (A+ pAZ + p° A%+ pP A + .. ) 6(1)

1 1
= (1 + pt + 5]02152 + 6p3t3 + ) u(t) = ePlu(t)

y(t)

—




Feedback in DT Systems

In DT, each cycle creates another sample in the output.

X Y

1+ pR+ p*R2 + R34+ p*RY +-- ) 8[n]

yln] = (
o|n ]+p5[n—1]—|—p25[n—2]—|—p35[n—3]—|—p45[n_4]+...

y[n] °

it

3 4

-0
—1



Comparison of CT and DT representations

LLocations of convergent poles differ for CT and DT systems.

X—»@—»A

> Y

x —(1)




Mass and Spring System

Use the A operator to solve the mass and spring system.




Mass and Spring System

Factor system functional to find the poles.

Yy  ogAr LA
X 1+ 842 (1-poA)d—piA)

K
1+ MAQ — 1 — (po + p1)A + pop1.A*

The sum of the poles must be zero.
The product of the poles must be K/M.

K K



Mass and Spring System

Alternatively, find the poles by substituting A — 1.
The poles are then the roots of the denominator.

Y | A
X 14+ £A2

Substitute A — 1:

Y _
X 32-|—%

K
S:ZIZ] M



Mass and Spring System

The poles are complex conjugates.

Ims

X\/%Ewo

S-plane

Res

X—\/% = —wy

T he corresponding fundamental modes have complex values.
fundamental mode 1:; /0! = coswyt + j sin wyt

fundamental mode 2: e 7“0 = coswyt — j sin wot



Mass and Spring System

Real-valued inputs always excite combinations of these modes so
that the imaginary parts cancel.

Example: find the impulse response.

Y:ﬁAzzﬁ(A - A)
X 14+4842 po—pr \l-pA 1-pA

Wl ( A A )
~ 2jwp \1 —jwp A 1+ jwpA

-5 () 5 ()
25 \1—jwpAd/) 25 \14 jwyA

\ . J/ N 7

makes mode 1 makes mode 2

The modes themselves are complex conjugates, and their coefficients
are also complex conjugates. So the sum is a sum of something and
its complex conjugate, which is real.



Mass and Spring System

The impulse response is therefore real.

Y wo A )_wo( A )
X 25 \1—jwyA 25 \ 1+ jwpA

The impulse response is

w ; wo _;
— 20 jwot _ X0 —jwol

"t =5; 2

=wosinwpt; t>0




Mass and Spring System

Alternatively, find impulse response by expanding system functional.

x(t) — : — w% ht)
]

A&A > (1)

Y w%AQ
X 1+w8A2

= WA — g At Wf A —

If (t) = 6(¢) then

L
y(t):wot—wongwoa—Jr--- , t>0



Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

o) =3 3 (~uB) A%+25()
[=0

—= w%t




Mass and Spring System

ook at successive approximations to this infinite series.

2 42 o
Lo L Y (—uda?)

X 1+ w%AQ P
If x(t) = 4(t) then
> l
y(t) = > wf (—wf) A% ()
=0
3
2 4t
= th — wa
y(t)




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

o) =3 3 (~uB) A%+25()
[=0

9 410 61"
— th _wa ‘I‘Cdoa

y(t)




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

o) =3 3 (~uB) A%+25()
[=0

9 410 61" gt’
— th _wa ‘I‘CU()a —woﬂ

y(t)

0 \ t




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

o) =3 3 (~uB) A%+25()
[=0

9 4t 61 gt' 10t”
:wot—wa ‘|‘C¢J05 —woﬂ—kwo g

y(t)

H—
RV




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

0. @)
l
y(t) = > wi (—wg) AP T26()
=0
4 t° 61" gt' 10t”

05"‘(,005—6(}0%—"000 — — -

2,
= wyt —w ol

y(t)

0 \ t




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

0. @)
l
y(t) = > wi (—wg) AP T26()
=0
4 t° 61" gt' 10t”

05"‘(,005—6(}0%—"000 g—‘l‘

|
RV,

:wgt—w

y(t)




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

o) =3 3 (~uB) A%+25()

=0
3 5 7 9
9, o4t gttt gt gl
—wot WO3!+WO5! WO7!—|—(¢U0§ + -
y(t)
A t




Mass and Spring System

ook at successive approximations to this infinite series.

Y Wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

0. @)
l
y(t) = > wi (—wg) AP T26()
=0
4 t° 61" gt' 10t”

05"‘(,005—6(}0%—"000 g—‘l‘

[
v

:wgt—w

y(t)




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

o) =3 3 (~uB) A%+25()
[=0

3 5 7 9
1 61 g1 10?
05"‘(,005—6()0%—"000——4"“

2,
= wyt —w ol




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

0. @)
l
y(t) = > wi (—wg) AP T26()
=0
4 t° 61" gt' 10t”

05"‘(,005—6(}0%—"000 g—‘l‘

[~
v

:wgt—w

y(t)




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A 2 2 92 2\
— = wi A (— A)
X 1+w(2)A2 0 ZEZ% 0

If x(t) = 4(t) then

o) =3 3 (~uB) A%+25()
[=0

3 5 7 9
1 61 g1 10?
05"‘(,005—6()0%—"000——4"“

2,
= wyt —w ol




Mass and Spring System

ook at successive approximations to this infinite series.

Y wi A2 9 19 2 2\
X 1+wgAz Y Zz:o 0

If x(t) = 4(t) then

o) =3 3 (~uB) A%+25()
[=0

A LA LT L
05 —I—wog —w0ﬂ+w0 — = 4 :wOSinwot

2,
= wyt —w ol




Comparison of CT and DT representations

Important similarities and important differences.

X—»@—»A

> Y

x —(1)




MIT OpenCourseWare
|http://ocw.mit.edu

6.003 Signals and Systems
Spring 2010

For information about citing these materials or our Terms of Use, visit: |http://ocw.mit.edu/terms.


http://ocw.mit.edu
http://ocw.mit.edu/terms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice




