6.003 Homework 3

Due at the beginning of recitation on Wednesday, February 24, 2010.

Problems

1. Laplace Transforms

Determine the Laplace transforms (including the regions of convergence) of each of the
following signals:

a. z1(t) = e 23yt — 3)
b. wo(t) = (1 — (1 —t)e 3 )u(t)

c. x3(t) = |tle N
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2. Inverse Laplace transforms

Determine and sketch all possible signals with Laplace transforms of the following forms.
For each signal, indicate the associated region of convergence.

542
a. Xl(s) = (8—|—1)2
1
b. XQ(S) = m
s+1
C. Xg(s) = —82+28+2

d. X,(s) = (1 - 6_5)2
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3. Symmetry

Determine which of the following pole-zero' diagrams could represent Laplace transforms
of even functions of time. Determine expressions for the time functions of those that can
represent even functions of time. For those that cannot, explain why they cannot.

X1(s) Xo(s) X3(s) X4(s)
1
X XK X—O X 0 X
-1 1 -1 -1 1
1

How can you determine if a signal is even or not by looking at its Laplace transform and
region of convergence?

4. Differential equation

A system is represented by the following differential equation
y(t) +y(t) = &(t) — x(t)
where x(t) represents the input signal and y(t) represents the output signal.
a. Determine the step response of the system with and without using Laplace transforms.

b. Determine the output y(t) when x(t) = e ‘u(t) with and without using Laplace
transforms.

5. Intial and final values (from “Circuits, Signals, and Systems” by Siebert)

a. Use the initial and final value theorems (where applicable) to find z(0) and x(oco) for
the signals with the following Laplace transforms:

1. i 9. le—ST
s s
1 1
3. /5 4, —
s(s+1)2 s$2(s+1)
.| 6 (s+1)2 -1
S 2+ 1 (s +1)2+1)?

b. Find the inverse Laplace transforms for each of the previous parts and show that the
time waveforms and initial and final values agree.

6. Impulse response

Sketch a block diagram for a CT system with impulse response
h(t) = (1 —te ) e Hu(t).

The block diagram should contain only adders, gains, and integrators.

L A zero is a root of the numerator of the system function.
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Engineering Design Problems
7. Impedance Method

a. Determine the output voltage of the following circuit, using series or parallel resistor
combinations and/or voltage or current dividers.

/\/\/\

40 +

Vi 129% 69% vo

b. Generalize the result from part a for arbitrary resistor values, and determine an

. . . Yo
expression for the resulting ratio —.
Vg

/\/\/\

Ry +

Yi RQ; Rgg Yo

c. Consider the following circuit.

vi R% C== v,

Determine a differential equation that relates v; to vo as follows. First, determine
relations among the element currents (ig, iy, and i¢) and element voltages (vg, vr,
and vo) using KVL and KCL. Second, relate each element voltage to the correspond-
ing element current using the constitutive relation for the element: ie., vg = Rig,
o = C’dg—f, and vy, = Ldé—tL. Finally, solve your equations to find a single equation
with terms that involve v;, v,, and derivatives of v; and v,.

d. Determine the system function H(s) = ‘é’((j; , based on the Laplace transform of your

answer to the previous part.

e. Substitute Ry — sL, Ry — R, and R3 — % into your result from part b. Compare
this new expression to your result from part d.

f. The impedance of an electrical element is a function of s that can be analyzed using
rules that are quite similar to those for resistances. Explain the basis of this method.
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