© 2010 Char

SPEED
LIMIT

O

\ PER ORDER OF 6.172 }

les E. Leiserson

6.172

Performance
Engineering of
Software Systems
LECTURE 14
Analysis of
Multithreaded

Algorithms

Charles E. Leiserson
October 28, 2010



OUTLINE

‘Divide-&-Conquer Recurrences
*Cilk Loops

«Matrix Multiplication

*Merge Sort

*Tableau Construction



OUTLINE

‘Divide-&-Conquer Recurrences
*Cilk Loops

«Matrix Multiplication

*Merge Sort

*Tableau Construction



The Master Method

The Master Method for solving divide-and-
conquer recurrences applies to recurrences of
the form*

T(n) = aT(n/b) + f(n),

wherea > 1,b > 1, and f is asymptotically
positive.

“The unstated base case is T(n) = O(1) for sufficiently small n.
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Recursion Tree: T(n) = aT(n/b) + f(n)

T(n)
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Recursion Tree: T(n) = aT(n/b) + f(n)

f(n)
/%L>\
T(n/b) T(n/b) --- T(n/b)
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Recursion Tree: T(n) = aT(n/b) + f(n)

f(n)
a

f(n/b) f(n/b) --- f(n/b)
A ><a

T(n/b2) T(n/b?) -+ T(n/b?)
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Recursion Tree: T(n) = aT(n/b) + f(n)

/i(i;\a
f(n/b) f(n/b) --- f(n/b)

=2
f(n/b2) f(n/b?%) --- f(n/b?)
/
/
T(1)
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Recursion Tree: T(n) = aT(n/b) + f(n)

) f(n) --=--=-=mo - f(n)
L >4
f(n/b) f(n/b) --- f(n/b) ----- af(n/b)
h = logy,n M

f(n/b?) f(n/b%) --- f(n/b?)----------- a’f(n/b?)

/

/
vI(l)-mmmmm - alogen T(1)
— @(nlogba)

{ IDEA: Compare n'°92 with f(n) . J
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Master Method — CASE |

AL\, f(n)
/b) ----- af(n/b)
h = log,n n'ogpa > f(n)
f(n/b2) f( GEOMETRICALLY \------ a2f(n/b?)
/ INCREASING
Specifically, f(n) = O(n'o9p2 - €)
/ for some constante > 0.
vT(1) - 299" T(T)
— @(nlogba)

T(n) = O(n'oge3)
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Master Method — CASE 2

0 |---- f(n)
n'ogpd =~ f(n) --- af(n/b)
h = logy,n
ARITHMETICALLY
f(n/b INCREASING --a*f(n/b?)
/
N Specifically, f(n) = ©(n'°9s2lgkn)
/ for some constant k = 0.
vT(1) a'o%en T(1)
— @(nlogba)

[T(n) _ @(nlogba|gk+1n))J
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Master Method — CASE 3

A
n'ogsd << f(n) - fn)
GEOMETRICALLY ----af(n/b)

h = logyn DECREASING

f(n/b2) f(n, Specifically, f(n) = /------ a2f(n/b?)
/ Q(nlogp? + €) for some
constant e > 0.*
/

N 1 S Uy ——— a'°9:n T(1)
— @(nlogba)

T(n) = O(f(n))

*and f(n) satisfies the regularity condition that

af(n/b) < cf(n) for some constantc < 1.
© 2010 Charles E. Leiserson 12




Master-Method Cheat Sheet

T(n) = aT(n/b) + f(n)

CASE 1: f(n) = O(nlogva-€) constant e > 0
— T(n) = O(n'o9pd)

CASE 2: f(n) = ©(n'o9va |gkn), constant k > 0
— T(n) — @(nlogba |gk+]n) _

CASE 3: f(n) = Q(n'ogva +€) constant € > 0
(and regularity condition)

— T(n) = O(f(n)) .
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Master Method Quiz

eT(nN) =4T(n/2) + n
n'ogva = n2 > n = CASE 1: T(n) = O(n?).

eT(n) = 4T(n/2) + n?
n'ogd = n2 = n21g°n = CASE 2: T(n) = O(n?lgn).

eT(n) =4T(n/2) + n3
nlogvd = N2 <« n3 = CASE 3: T(n) = O(n3).

eT(n) = 4T(n/2) + n?/lgn
Master method does not apply!
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Loop Parallelism in Cilk+ +

o N -
Example: dip diz2 - Ay dip dpp - dp
matrix : L. :
transpose | - |
dnp dpp e a'nn a]n a2n ann
\ p, \
A AT
The iterations // indices run from 0, not 1
ofacilk for cilk_for (int i=1; i<n; ++i) {
- O CTFh " 1=08 %<5 T ).
!OOp execute double temp = A[1][7];
in parallel. A[i1[3] = ALG1[i1;
A[j]1[1] = temp;
}
; 4

© 2010 Charles E. Leiserson
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Implemention of Parallel Loops

@l 'K “EoE 1At =15 - SN -+ 1 e
o, CEaTT =8, ]<1% +Tj).{
e e o Divide-and-conquer
A[31[i] = temp; implementation
1 } void recur(int lo, int hi) {
N Chivsllode T/ cearsen
int mid = lo + (h1 - 10)/2;
cilk_spawn recur(lo, mid);
_ recur(mid, hi);
In practice, cilk_sync;
: } else
the recursion for (int j=0; j<i; ++j) {
. double temp = A[i]1[j];
s coarsened AL1[3] = AL310HT;
{0 minimize . A[j1[i] = temp;
overheads. } }
recur(l, n-1); Z;;;7

© 2010 Charles E. Leiserson
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Analysis of Parallel Loops

cilk_for (int i=1; i<n; ++i) { Span of loop control
for (int j=0; j<i; ++j) { = O(gn) .
double temp = A[1][3];
A [N P gte= A 5 91 Max span of body
: A[J1[] = temp; = O(n) .
}

Work: T,(n) = ©(n?)
Span:T_(n) = O(n + Ign) = O(n)
Parallelism. T,(n)/T(n) = O(n)

© 2010 Charles E. Leiserson 18



Analysis of Nested Parallel Loops

O e e S W [ e e P s TR L et |
&1 1Ko r®@ime, J=08 J<9 W ++7)81
double temp = A[1][]];
A[11[J]1 = Al31[317;
} A[jlla] = temp;

Work: T,(n) = ©(n?)
Span.:T_(n) = ©(gn)

Span of outer loop
control = O(lgn) .

Max span of inner loop
control = ©(lgn).

Span of body = O(1).

Parallelism. T,(n)/T_(n) = ©(n?/Ign)

© 2010 Charles E. Leiserson
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A Closer Look at Parallel Loops

Vector cilk_for (int i=0; d<n: ++i) { J

addition Al1] += B[1];
}

o~

&‘.ﬁ-&‘\ Includes

oY 1 ] substantial
o SN ' overhead!

A'L"\;]
uau

Work: T, = O(n)
Span.: T, = O(gn)
Parallelism: T,/T, = O(n/lgn)

© 2010 Charles E. Leiserson
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Loop Grain Size

#pragma cilk:grain_size=G
Vector Gkl k= Res Gnill 1 =080 i <Fi0T i) 4

addition LI e BTN

-Q @
L N\
@) (@
—>| G —

-Q @
| -

N
LIt )

WOI'/(.' T] = nNn- Ifé'/’ + (I’I/G) tspawn G > tspawn/titer
Span: T, = G-ty + lgin/G)- .., G
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Another Implementation

void vadd (double *A, double *B, int n){
fra M CnE S0 i <ne E-r - NA [ T =4 B1 1%
+

TOL BN =00 H<niy j+=E)h%T
cilk_spawn vadd(A+j, B+j, min(G,n-3));
}

cilk_sync; 57

—5| G l—
Work: T, = O(n)

Assume that G = 1. Span. T, = O(n)
Parallelism: T,/T, = O(1)

© 2010 Charles E. Leiserson 22




Another Implementation

void vadd (double *A, double *B, int n){
for (int 1=0; 1i<n; i++) A[i]+=B[i];
+

Tor ATt =0, §<AE 4=k
cilk_spawn vadd(A+j, B+j, min(G,n-3));

}
cilk_sync; 7
/Choose
{o
minimize.
q 7
Analyze in Work: T, = O(n)

terms of G: Span: T, = 0(G + /G) = O(/n)
Parallelism:T,/T, = O(/n)

© 2010 Charles E. Leiserson 23



Three Performance Tips

/. Minimize the span to maximize parallelism. Try
to generate 10 times more parallelism than
processors for near-perfect linear speedup.

2. If you have plenty of parallelism, try to trade
some of it off to reduce work overhead.

3. Use divide-and-conguer recursion or parallel
Jloops rather than spawning one small thing
after another.

Do this: |cilk_for (int i=0; i<n; ++i) {
foo(i);

} 7

Not this: |for (int i=0; i<n; ++i) {
cilk_spawn foo(i);
i7

cilk_sync; 7
© 2010 Charles E. Leiserson 24




And Three More

4. Ensure that work/#spawns is sufficiently large.
« Coarsen by using function calls and /n/ining near the leaves

of recursion, rather than spawning.

5. Parallelize outer loops, as opposed to inner loops,

if you're forced to make a choice.
6. Watch out for scheduling overhead's.

Do this:

Not this:

(Cilkview will show a high burdened parallelism.)

© 2010 Charles E. Leiserson

cilk_for (int i=0; i<2; ++1) {
for (1nt_;=0; AU R
T Gk, 15

}

4

for (int j=0; j<n; ++j) {
cilk_for (int 1=0; i<2; ++1) {
) T Gi%, 9%,

4
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Square-Matrix Multiplication

r a - a r a
Cip G2 Gy diy dyp  dyy by by, - by,
Cr1 Cop = Con | | Aoy dpp =+ dApy _ b, by, - by,

LCh1 Ch2 v Gl _dn1 dn2 0 dpn " bn] I:)n2 I:)nn/

a = I
Cij = E ik by
k =1
_ U

Assume for simplicity that n = 2k,

© 2010 Charles E. Leiserson 27



Parallelizing Matrix Multiply

cilk_for (int 1i=1; i<n; ++1) {
c1 Ikisfore @nt*)205% j8&n ; ] %{
for (int k=0; k<n; ++k {
G185 3% =" 1 k™ & TRk AL

; 7

Work: T, = O(n3)
Span.: T, = O(n)
Parallelism:T,/T, = O(n?)

For 1000 X 1000 matrices, parallelism =
(103)2 = 106.
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Recursive Matrix Multiplication

Divide and conquer —

CH C]Z

L C21 C22 J

AH A]Z

L A21 A22

7

KAHBH AHB12\

\A21B11 A21B12,

BH B]Z

L BZ] BZZ

7

” A12821 A]ZBZZ\

L A22821 AZZBZZJ

8 multiplications of n/2 X n/2 matrices.
1 addition of n X n matrices.

© 2010 Charles E. Leiserson
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D&C Matrix Multiplication

template <typename T>

voids MMUlt (T =C, T *A,&T *B, Tnt n, ant size) . {
T Al ="new Jdn?nl"-
//base case & partition matrices
cilk_spawn MMult(Cll, All, B1l1l, n/2, size);
cilk_spawn MMult(Cl2, All, B12, n/2, size);
cilk_spawn MMult(C22, A21, B12, n/2, size);
cilk_spawn MMult(C21, A21, B1ll, n/2, size);
cilk_spawn MMult(D11l, Al2, B21, n/2, size);
cilk_spawn MMult(D12, Al2, B22, n/2, size);
cilk_spawn MMult(D22, A22, B22, n/2, size);

MMult(D21, A22, B21l, n/2, size);

cilk_sync;
MAdd(C, D, n, size); // C += D;
delete[] D;

: 4

© 2010 Charles E. Leiserson




D&C Matrix Multiplication

template <typename T>

voids MMUlt (T =C, T *A,&T *B, Tnt n, ant size) . {
T Al ="new Jdn?nl"-
//base case & partition matrices
cilk_spawn MMult(Cl11l, All, B11l, n/2,
cilk_spawn MMult(Cl2, All, B12. n/2
c1lk_spawn MMult(C22, A21,( Row length
cilk_spawn MMult(C21, A21, 2
cilk_spawn MMult(D11l, Al2, ofmgt(/ces :
cilk_spawn MMult(D12, Al2, B22, n/2, size);
cilk_spawn MMult(D22, A22, B22, n/2, size);

MMult(D21, A22, B21l, n/2, size);

cilk_sync;
MAdd(C, D, n, size); // C += D;
delete[] D;

© 2010 Charles E. Leiserson
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D&C Matrix Multiplication

template <typename T>
VoI MMURECT S%C, “Ta *A, &T *B: “Tnth n, anthsiize)
T Al ="new Jdn?nl"-
//base case & partition matrices
(\ spawn MMult(Cl1l, All, B1l1l, n/2, size);
spawn MMult(Cl2, All, B1l2, n/2, size);
oawn MMult(C22, A21, B1l2, n/2, size);
MM G230 P24 B geny/ 2 . «ST.2i80)
DA —Ad2 2 _B2d2, “why/12% . Sz e)d:
D12, AdR , A B2 25k 2 b LS 1Z.605
D22, A22, B22, n/2, size);
MMult(D21, A22, B21l, n/2, size);
cilk_sync;
MAdd(C, D, n, size); // C += D;
delete[] D;

Coarsen for
eff/C/ency

}

© 2010 Charles E. Leiserson



D&C Matrix Multiplication

T *D = new T[n*n]

ci1lk_spawn MMult(
ci1lk_spawn MMult(

ci1lk_spawn MMult(
MMult(
cilk_sync;
MAdd(C, D, n, siz
delete[] D;
}

template <typename T>
vonde MMURECET S C , T8 Ay ST, ~B5

C
C

cilk_spawn MMult(C2
ci1lk_spawn MMult(C2
cilk_spawn MMult (D1
ci1lk_spawn MMult (D1l

D

-

//base case & partition matrices

sl ;- B s
il OB
AZ17Bl 2,
A2dzs BT Y
A2 _B2iR,
2 MR 20
2. R?27?7

Determine

by index

calculation y

A2
n/2,
22
h/2,
2%
%2
h/2,

<\n/2,
submatrices

int n, 1nt size)

size);
size);
size);
size);
size);
size);
size);
size);

© 2010 Charles E. Leiserson

33



Matrix Addition

template <typename T>

T *D = new T[n*n]);
//base case & partition matrices

VO AR MMIEKC CF & C, “TR ™A, & *BL Tin® n, ahtrshize) o

cilk_spawn MMult(Cl1l1l, All, B1l1l, n/2, size);
cilk_spawn MMult(Cl1l2, All, B12, n/2, size);
cilk_spawn MMult(C22, A21, B12, n/2, size);
cilk_spawn MMult(C21, A21, B1ll, n/2, size);

cilk_sy
C11k_srtemp1ate <typename T>

delete ¥

}
; }

cilk SFvo1'd MAdAICIF=E, T D nt "ni " Thk' s12ze)*F
= cilk_for (int 1=0; i<n; ++1) {

& hlelsy cilk_for (int j=0; j<n; ++J) {
MAddEC, Cls1ze*1+3] += D[size*1+]];

© 2010 Charles E. Leiserson




Analysis of Matrix Addition

template <typename T>
vonde MAdA(TIH*&,  T#D5

¥
}

}

int n,

1nt size) {

cilk_for (int 1=0; 1<n; ++1) {
cilk_for (int j=0; j<n; ++3) {
Clsize*1+3]] += D[s1ze*1+]];

Work: A,(n) = O(n?)
Span.: A.(n) = O(gn)

© 2010 Charles E. Leiserson
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Work of Matrix Multiplication

template <typename T>

T *D = new T[n*n];

//base case & partition matrices
cilk_spawn MMult(Cl1l, All, B11,
cilk_spawn MMult(Cl2, All, B12,

cilk_spawn MMult(D22, A22, B22,

MMult (D21, A22, B21,
cilk_sync;
MAdd(C, D, n, size); // C += D;
delete[] D;

voids MMUlt (T #C, T *A,&T *B, Tnt n, ant size) . {

n/2,
n/2,

n/2,
2"

size);
size);

size);
size);

4

Work: M;(n) = 8M,(n/2) + A,(n) + ©(1)

= 8M,(n/2) + O(n?)
= O(n3)

© 2010 Charles E. Leiserson
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Work of Matrix Multiplication

template <typename T>

voide MMUECT #=C, T *A,&T *B, Tnt n, antr size) .{
T *D = new T[n*n];
//base case & partition matrices
cilk_spawn MMult(Cl1l, Al11. R11. n/?2. Gi%e);

cilk_spawn MMult(Cl CASE 1: e);

cilk_spawn MMult (D2 n'o9pd = nl0g28 = n3 le):
MMuTt (D21 f(n) = BO(n?) e) ;

cilk_sync; Y,

MAdd(C, D, n, size); /

delete[] D;

AR
4

Work: M, (n) = 8M,(n/2) £ A, (n) + O(1)
= 8M,(n/2) + O(n?)
= O(n3)

}

© 2010 Charles E. Leiserson



Span of Matrix Multiplication

T
V

maximum

emplate <typename T>

o de MMORRC (TR S C, "I Ay S *BY “T'hi®k n, kNtesH ze )t

T *D = new T[n*n];

_//base case & partition matrices

cilk_spawn MMult(Cl CASE 2

éi1k_spawn MMult (D22 nlogpd = nlogzl = ]

}

. MMuTt (D2 _ A(nlogia [4]
cilk_sync; f(n) @(n b2 lg'n)

MAdd(C, D, n, size);
delete[] D;

cilk_spawn MMult(C1l1l, Al11l, B11l, n/2, size);

4

Span:M_(n) = M_(n/2) A -(n) + 6(1)
= M_(n/2) + ©(gn)
= O(lg?2n)

© 2010 Charles E. Leiserson
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Parallelism of Matrix Multiply

Work:  M;(n) = O(n3)
Span: M_(n) = ©(lg?%n)

M](n)
M,.(n)

Parallelism: = O(n3/lg2n)

For T000 x 1000 matrices,
parallelism = (103)3/102 = 107.

© 2010 Charles E. Leiserson
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Temporaries

template <typename T>

VarkdaMMu T EIRSEC Za T A BT Bl " THE Y B A5 TR 'S 12e )
T *D = new T[n*n];
//base case & partition matrices
cilk_spawn MMult(Cl11l, All, B1l1l, n/2, size);
cilk_spawn MMult(C12, All, B12, n/2, size);
cilk_spawn MMult(C22, A21, B12, n/2, size);
cilk_spawn MMult(C21, A21, B1ll, n/2, size);
cilk_spawn MMult(D11l, Al12, B21l, n/2, size);
cilk_spawn MMult(D12, Al12, B22, n/2, size);
cilk_spawn MMult(D22, A22, B22, n/2, size);

MMult(D21, A22, B21l, n/2, size);

cilk_sync;
MAdd(C, D, n, size); // C += D;

delete[] D;
} 174

IDEA: Since minimizing storage tends to yield higher
performance, trade off parallelism for less storage.

© 2010 Charles E. Leiserson 40



No-Temp Matrix Multiplication

VA CH=A*B;

template <typename T>

Vot MMl E2.GI=*C R T A% ™1 8B+ A1 nt "n g Sint=s1ze)
{

//base case & partition matrices

cilk_spawn MMult2(Cl1l, All, B1ll, n/2, size);

cilk_spawn MMult2(C1l2, All, B1l2, n/2, size);

ci1lk_spawn MMult2(C22, A21, Bl2, n/2, size);
MMult2(C21, A21, B1ll, n/2, size);

ci1lk_sync;

cilk_spawn MMult2(Cl1l, Al2, B21, n/2, size);

cilk_spawn MMult2(C12, Al2, B22, n/2, size);

cilk_spawn MMult2(C22, A22, B22, n/2, size);
MMult2(C21, A22, B21, n/2, size);

ci1lk_sync;

} 4

Saves space, but at what expense?

© 2010 Charles E. Leiserson




Work of No-Temp Multiply

// C += A*B;

c1lk_spawn
c1lk_spawn
c1lk_spawn

ci1lk_sync;

c1lk_spawn
cilk_spawn
cilk_spawn

ci1lk_sync;

template <typename T>
ol MMulE 26T 66 Sall s Azs - [ 5Bt
//base case & partition matrices

int n, int size) {

MMET t2GCEL o AL, - BR1S, n/28 si1ze):
MMult2(Cl1l2, All, BlZ n[g, sjze};
WEJE%EE?”CASE 1: o
w2 cc| N1o9pd = nlegz8 = n3
L o = e0)

Work.: M(n)

© 2010 Charles E. Leiserson

= O(n3)

MMU-ItZCCZ\_P\\/L, T SIL

8M,(n/2) + O(1)
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Span of No-Temp Multiply

max

max

Span: M_(n)

// C += A*B:;

template <typename T>

v MMLUELEZ6T J8E Sall AR " [ % Blal -0 o N o SN'ERS 126" 4
//base case & partition matrices
cilk_spawn MMult2(Cl1l1l, All, B11l, n/2, size);
ci1lk_spawn MMult2(C12, All BlZ n/2, size);
cilk_spawn MMult2(C2~ - NS

MMmu1t2(c] CASE 1: :
ci1lk_sync;

cilk_spawn MMult2(C: nlogpa = nlogz2 = n \
cilk_spawn MMult2 (C] ;
“{ ci1lk_spawn MMult2 (C3 f(n) C)(]) :

MMU-ItZCCZ ™ TT/ S_TL
ci1lk_sync;
} 7

2M_(n/2) + oO(1)
= O(n)

© 2010 Charles E. Leiserson
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Parallelism of No-Temp Multiply

Work:  M;(n) = O(n3)
Span: Mg(n) = O(n)

M](n)
M. (n)

For 1000 x 1000 matrices,
parallelism = (103)2 = 106.

Faster in practice!

© 2010 Charles E. Leiserson 44
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Merging Two Sorted Arraxs

template <typename T>
Vil ch Merige Glis. *.C #s AN | o iBais TNtk 2, M0 B by - -1
while (na>0 && nb>0) {
if (*A <= *B) {

*C++ = *A++; ha--;
asilisic- A

*C++ = *B++; nb--; _
: ¥ Time to merge n
while (na>0) { elements = O(n).
, *C++ = *A++; ha--;
while (nb>0) {
y *C++ = *B++; nb--;

: BHEEE
BEEEEEEN
46
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Merge Sort

template <typename T>
void MergeSort(T B Al * At e 4
if (n==1) {
B[O] = A[O];
} else {
TEsGhn-Je:
cilk_spawn MergeSort(C, A, n/2);
MergeSort(C+n/2 A+n/2 n-n/2);
cilk_sync;

Merge(B, C, C+n/2, n/2, n-n/2);

3 4 12 14 19 21 33 46/
3 12 19 46|[4 14 21 33

merge

merge

3 19|12 46| 4 33|14 2]
19 3 12 46 33 4 21 14

© 2010 Charles E. Leiserson 47
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Work of Merge Sort

template <typename T>

voild MergeSort(T *B, T *A, T
1fB<8=3 % "CAsE 2: E
} $1[S%EE] el n'ogpd = nlogz2 = n
oh | gpawn MergeSort (C, f(n) = @(nlogba|gon))

MergeSort(C+n

P L e

cilk_sync;
Merge (B, C, C+n/2, n/2,

Work.: T,(n) = 2T,(n/2) + O(n)
= O(nlgn)

© 2010 Charles E. Leiserson
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Span of Merge Sort

template <typename T>

Merge (B, C, C+n/2, n/2, n

Span:T,_(n) =T_(n/2) + O(n)

= O(n)

© 2010 Charles E. Leiserson

void MergeSort(T = B Alle A2 ~
HCBE?)T )A%O]_ CASE 3:
} _?_158[{] ’ nlogpd = nlogz! = 1
n __
c1lk_spawn MergeSort(C, f(n)'_'()(n) y
MergeSort(C+n ; =TT
ci1lk_sync;

49



Parallelism of Merge Sort

Work: T,(n) = ©(nlgn)

Span: T_(n)= O(n)

T](n)
T, (n)

Parallelism: = O(lgn)

We need to parallelize the merge!

© 2010 Charles E. Leiserson
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Parallel Merge

0 ma = na/2 na
A < A[lma] > A[ma]
Recursive ; / Recursive
P_Merge Z B?ry search \i P_Merge
B < Alma] > A[lma] na = nb
0 mb-1 mb nb

KEY IDEA: If the total number of elements to be
merged in the two arrays is n = na + nb, the
total number of elements in the larger of the
two recursive merges is at most (3/4)n.
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Parallel Merge

template <typename T>
void P_Merge(T *C, T *A, T *B, 1nt na, 1nt nb) {
if (ha < nb) {
P_Merge(C, B, A, nb, na);
} else if (na==0) {

return;
} else {
TNt mek —tney 25
int mb = BinarySearch(A[ma], B, nb);

C[ma+mb] = A[ma];

cilk_spawn P_Merge(C, A, B, ma, mb);
P_Merge(C+ma+mb+1, A+ma+l, B+mb, na-ma-1, nb-mb);
cMike SSYIRC ;

) 4

Coarsen base cases for efficiency.
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Span of Parallel Merge

template <typename T>
void P_Merge(T *C, T *A, T *B, 1nt na, 1nt nb) {
if (na < nb) {

1'.nt mb = BinarySearch(A[ma] /C .

ASE 2:
C[ma+mb] = A[ma];
cilk_spawn P_Merge(C, A, B,| nlogpa = nlogs;31 = ]
P_Merge(C+ma+mb+1, A+ma+l, | f(n) _ @(nlogbalg]n

)

.

ci1lk_sync;
}
} /;

Span:T_(n) = T_(3n/4) + O(gn)
= O(lg?n)

© 2010 Charles E. Leiserson

53



Work of Parallel Merge

template <typename T>
void P_Merge(T *C, T *A, T *B, 1nt na, 1nt nb) {
if (na < nb) {

{nt mb = BinarySearch(A[ma], B, nb);
C[ma+mb] = A[ma]; ]

cilk_spawn P_Merge(C, A, B, ma, mb)
P_Merge(C+ma+mb+1, A+ma+l, B+mb, na
ci1lk_sync;

4

Work.: T,(n)=T,(xn) + T,((1-0)n) + O(lgn),
where 1/4 < x < 3/4.

Claim: T,(n) = O(n).

© 2010 Charles E. Leiserson
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Analysis of Work Recurrence

Work: T,(n) =T,(xn) + T,((1T-x)n) + O(lg n),
where 1/4 < @ < 3/4.

Substitution method: Inductive hypothesis is
T,(k) < ¢,k - ¢c,lgk, where ¢;,c, > 0. Prove that
the relation holds, and solve for ¢; and c,.

T,(n)=T,(an) + T,((1-a)n) + O(Ign)
< ¢;(an) - ¢,lg(an)
+ ¢;(1-a)n - ¢,Ig((1-o)n) + B(gn)

© 2010 Charles E. Leiserson
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Analysis of Work Recurrence

Work: T,(n) = T,(xn) + T,((1T-x)n) + O(lgn),
where 1/4 < @ < 3/4.

T,(nN)=T,(an) + T,((1-a)n) + O(Ig n)
< ¢;(an) - ¢,lg(an)
+ ¢;(1-a)n - ¢,Ig((1-o)n) + B(gn)

© 2010 Charles E. Leiserson
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Analysis of Work Recurrence

Work: T,(n) = T,(xn) + T,((1T-x)n) + O(lgn),
where 1/4 < @ < 3/4.

T,(n)=T,(an) + T,((1-a)n) + O(lgn)
< ¢;(an) - ¢,lg(an)
+ ¢;(T-a)n - ¢,lg((T-o)n) + O(lgn)
< ¢;h - Glg(an) - ¢,lg((1-a)n) + O(gn)
<cnh-6(lgla(l-a) + 2Ign) + O(gn)
<cn-¢clgn
- (co(Ig n + Ig(a(T-a))) - O(lgn))
<ch-¢lgn
by choosing ¢, large enough. Choose ¢, large
enough to handle the base case.

© 2010 Charles E. Leiserson
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Parallelism of P_Merge

Work: T,(n) = O(n)
Span: T_(n) = O(g?%n)

T](n)
T, (n)

Parallelism: = O(n/lgn)

© 2010 Charles E. Leiserson
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Parallel Merge Sort

template <typename T>

1G]

c1lk_spawn P_MergeSort

P_MergeSort(C+n/2, A+n

cilk_sync;

P_Merge(B, C, C+n/2, n/
}

}

void P_MergeSort(T *B, T *A, int n) {

it (n==1) { ¢ :
B[0] = A[O]: CASE 2:
} else { nlogpa = nlog2 = n

f(n) = ©(nlogpa IgOn))

~

/e2Y';

4

Work.: T,(n) = 2T,(n/2) + O(n)

= O(nlgn)

© 2010 Charles E. Leiserson
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Parallel Merge Sort

template <typename T>

1G]

c1lk_spawn P_MergeSort

P_MergeSort(C+n/2, A+n

cilk_sync;

P_Merge(B, C, C+n/2, n/
}

}

void P_MergeSort(T *B, T *A, int n) {

it (n==1) { @ :
B[0] = A[O]: CASE 2:
} else { nlogpa = nlog1 = 1

— log,a |2
f(n) = O(n'"%2 |g n))

~

/e2Y';

4

Span:T_(n) =T_(n/2) + ©(g?n)

= O(lg°n)

© 2010 Charles E. Leiserson
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Parallelism of P_MergeSort

Work: T,(n) = ©(nlgn)
Span: T_(n) = O(g3n)

T](n)
T, (n)

Parallelism: = O(n/lg?n)

© 2010 Charles E. Leiserson
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OUTLINE

‘Divide-&-Conquer Recurrences
*Cilk Loops

«Matrix Multiplication

*Merge Sort

*Tableau Construction

© 2010 Charles E. Leiserson
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Constructing a Tableau

Problem: Fill in an n X n tableau A, where

Al]LjT = fCALILj-1], Al-110] Ali-1]G-11).

00

01

02

03

04

05

06

07

10

11

12

13

14

15

16

17

20

21

22

23

24

25

26

27

30

31

32

33

34

35

36

37

40

41

42

43

44

45

46

47

50

51

52

53

54

55

56

57

60

61

62

63

64

65

66

67

/70

/1

/2

/3

74

/5

/0

/7

© 2010 Charles E. Leiserson

Dynamic
programming
e Longest
common
subsequence
e Edit distance
e Time warping

Work: ©(n?).
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Recursive C :

< N >

Parallel code

c1lk_spawn 11I;
I111;

C1
IV;

|
K_Sync;

111 | 1V

© 2010 Charles E. Leiserson 64



Recursive Construction

< N >

. Parallel code
I;
c1lk_spawn II1; |
1 I1 III;
cilk_sync;
n IV;
N
CASE 1:
III IV n|09ba — n|0924 — n2
\/ f(n) = O(1) )
Work: T,(n) = 4T,(n/2) + O(1)
= O(n?)

© 2010 Charles E. Leiserson 65



Recursive Construction

< N >

Parallel code
IL;.

I | IT 1T

C1
1 1V;

K_Spawn I1I;

|
K_sync;

N
CASE 1:
I I I IV nlogpa = nlog,3

| tn) =001)

Span:T_(n) = 3T_(n/2) + O(1)
= O(n'93)

© 2010 Charles E. Leiserson



Analysis of Tableau Constr.

Work:  T,(n) = O(n?)
Span: T (n) = O(n'93) = O(n'-59)

T](n)
T, (n)

— @(nZ—Ig3)
= Q(no4")

Parallelism:
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A More-Parallel Construction

< n >
A 1,
ci1lk_spawn 1I;
I | II | IV CiTh_sync:
c1lk_sync;
c1lk_spawn 1V;
- cilk_spawn V;
II1 V VII VI;
cilk_sync;
11k <snawn V/TT- |
CASE 1:

' f(n) = ©(1)

Work.: T,(n) = 9T,(n/3) + O(1)
= @(nz) 68

J
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A More-Parallel Method

= N >
A 1;
cl1lk_spawn 11;
I | II | IV 1L .
cilk_sync;
c1lk_spawn IV;
" cilk_spawn V;
II1 V VII VI;
c1lk_sync;
CASE 1: ,
VI |VIII| IX nlogpa — nlogss
\4

J

Span:T_(n) =5T_(n/3) + O(1)
— @(nlog35)

© 2010 Charles E. Leiserson

fn) =0(1) |
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Analysis of Revised Method

Work:  T,(n) = O(n?)
Span:  T_(n) = O(n'og35) = O(n'-47)

T](n)
T, (n)

— @(nZ—Iog35)

— Q(n©-53)

Nine-way divide-and-conquer has about
O(n%12) more parallelism than four-way divide-
and-conquer, but it exhibits less cache locality.

Parallelism:

© 2010 Charles E. Leiserson 70



Puzzle

g What is the largest parallelism that

can be obtained for the tableau-
- construction problem using Cilk++7?

o

J

e You may only use basic parallel control
constructs (c1lk_spawn, cilk_sync,
ci1lk_for) for synchronization.

e No using locks, atomic instructions,
synchronizing through memory, etc.

© 2010 Charles E. Leiserson

71



MIT OpenCourseWare
http://ocw.mit.edu

6.172 Performance Engineering of Software Systems
Fall 2010

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.


http://ocw.mit.edu/terms
http://ocw.mit.edu

