15.084J Recitation Handout 3

Third Week in a Nutshell:
Method of Steepest Descent
Why this method is good
Why this method is bad
Line Search Algorithm

Method of Steepest Descent

In order to find a minimum of f(z), take a point z*, find the direction of steepest descent: d = —V f(z!).
Do a line search in that direction to find the minimum of f(z* 4+ ad). Call this point z**!, and repeat until
you have an optimum.
Why is this a good idea

e It’s easy. Conceptually easy to understand, and really easy to code.

e Actual work in each step is relatively small; it only requires gradients — no hessian computation, no
matrix inversion. (Imagine a thousand-dimensional problem; the gradient has a thousand entries, but
the hessian has a million!)

e Linear convergence: it’s not as fast as Newton, but still quite respectable, and in practice the fact that
each iteration is faster might make this a faster way of getting to a solution.

e Always improves from step to step: Newton (without line search) can jump over a solution and make no
progress; this is always going to progress from step to step, so you will eventually make progress.

e Fewer requirements: all we need to know is the gradient, so it works even when f is not twice differentiable.
In fact, if we have no closed form for the gradient, it’s easy to approximate, so we don’t even need the
gradient to be very nice.

Why is this a bad idea
e The line searching might be expensive; even a log number of steps might be annoying compared to newton
without line search.
e When the Hessian is ill-conditioned, it’s got really slow linear convergence.

Note that for a quadratic problem, the Hessian is a constant, so the entire problem is “ill-conditioned” or
“well-conditioned”. For a general problem, the well or ill -conditioned property is local, however it mostly
only matters near the optimum (we should rapidly get close, and if the hessian isn’t changing too fast,
everything near the optimum is equally well or ill conditioned).

An ill conditioned hessian means that the gradient is changing direction rapidly; this causes a problem
because our method is only looking at the gradient at one point. Newton’s method is solving this problem
because it looks at the hessian, and is taking the rate of change of the gradient into account.

Why can’t we just check the hessian and find out whether a problem is well conditioned or not, and use
Newton if it is ill-conditioned, and steepest descent if it is well-conditioned? Well, you’d find the condition
number by finding the hessian and eigenfactoring it. Once you’ve done that, inverting is trivial, so you’ve
already done the hard part of a Newton step, so this isn’t saving you anything.

Bisection Algorithm

How do we find the optimum « for a step of Newton or Steepest Descent? It should be where the
derivative wrt « is zero.

We have a = 0 is too low; the derivative wrt o at that point is negative.

Go outward in exponentially increasing steps, and in loga time, you’ll find a point beyond &. Then
repeatedly bisect the space, and in log &/e, you will reduce the space to size e.

Why use this? It’s fast: a log number of steps is good. And again, all we need is to take a derivative at
each step. If taking second derivatives is easy, you can use newton (it’s just a minimization problem in one
dimension, and we don’t even need to invert a matrix).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


