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6.728 APPLIED QUANTUM and STATISTICAL MECHANICS 

TWO-Level Formula 

Consider the two level Hamiltonian: 

Ē = 
H11 + H22 

and Δ = 
H22 − H11 

(1) 
2 2 

and H12 = H∗ = V with V real. Then the Hamiltonian with basis states u1 and u2 is21 

¯
Ĥ = 

E
V
−
∗ 
Δ 

Ē
V 
+ Δ 

where Hij = �ui|Ĥ|uj � (2) 

with eigen energies 

2 2E− = Ē − Δ2 + |V | and E+ = Ē + Δ2 + |V | (3) 

with eigen vectors � � � � � + � � � 
c−1 cos θ c1 − sin θ 

= and + = (4) 
c−2 sin θ c2 cos θ 

and 
V Δ 

sin 2θ = −√
Δ2 + V 2 

and cos 2θ = √
Δ2 + V 2 

. (5) 

The eigen functions can be written in terms of the original basis set of u1 and u2 as 

ψ− = cos θ u1 + sin θ u2 and ψ+ = − sin θ u1 + cos θ u2 (6) 

If the system is originally in state Ψ(x, 0) = u1(x), which is not an eigen state of 
the system, then probabilities of being in state u2 and state u1 are 

p2(t) = 
1

2 
V 2 

− 
1

2 
V 2 

cos 2
√

Δ2 + V 2 t/h̄ (7) 
Δ2 + V 2 Δ2 + V 2 

and 

p1(t) = 
1 2Δ2 + V 2 

+
1 V 2 

cos 2
√

Δ2 + V 2 t/h̄ (8) 
2 Δ2 + V 2 2 Δ2 + V 2 
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