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Preface

“Water is the beginning of everything” (Tales of Mile to)
“Air is the beginning of everything” (Anaxagoras of Mile to)

Introduction

Why is it important to study Hydrodynamics? The answer may be strictly technical,
but it may also involve some kind of human feeling about our environment and our
(eventual) limitations to deal with its fluidic constituents.

As teachers, when talking to our students about the importance of quantifying fluids,
we (authors) go to the blackboard and draw, in blue color, a small circumference in the
center of the board, and add the obvious name 'Earth'. Some words are then said, in
the sense that Hydrodynamics is important, because we are beings strictly adapted to
live immersed in a fluidic environment (air), and because we are beings composed
basically by simple fluidic solutions (water solutions), encapsulated in fine carbon
membranes. Then, with a red chalk, we draw two crosses: one inside and the other
outside the circumference, explaining: “our environment is very limited. We can only
survive in the space covered by the blue line. No one of us can survive in the inner
part of this sphere, or in the outer space. Despite all films, games, and books about
contacts with aliens, and endless journeys across the universe, our present knowledge
only allows to suggest that it is most probable that the human being will extinct while
in this fine fluid membrane, than to create sustainable artificial environments in the
cosmos”.

Sometimes, to add some drama, we project the known image of the earth on a wall
(the image of the blue sphere), and then we blow a soap bubble explaining that the
image gives the false impression that the entire sphere is our home. But our “home” is
better represented by the liquid film of the soap bubble (only the film) and then we
touch the bubble, exploding it, showing its fragility.

In the sequence, we explain that a first reason to understand fluids would be, then, to
guarantee the maintenance of the fluidic environment (the film) so that we could also
guarantee our survival as much as possible. Further, as we move ourselves and
produce our things immersed in fluid, it is interesting to optimize such operations in
order to facilitate our survival. Still further, because our organisms interchange heat
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and mass in cellular and corporal scales between different fluids, the understanding of
these transports permits us to understand the spreading of diseases, the delivering of
medicines to cells, and the use of physical properties of fluids in internal treatments.
Thus, understanding these transports allows us to improve our quality of life. Finally,
the observation of the inner part of the sphere, the outer space and its constituents,
shows that many “highly energetic” phenomena behave like the fluids around us. It
gives us the hope that the knowledge of fluids can help, in the future, to quantify,
reproduce, control and use energy sources similar to those of the stars, allowing us to
“move through the cosmos”, to create sustainable artificial environments and to leave
this “limited film” when necessary. Of course, this “speech” may be viewed as a sort
of escapism, related to a fiction of the future. In fact, the day-by-day activities show
that we are spending our time with “more important” things, like fighting among us
for the dividends of the next fashion wave (or the next technical wave), the hierarchy
among nations, or the hierarchy of the cultures of the different nations. So, fighters,
warriors, or generals still seem to be the agents that write our history. But global
survival, or, in other words, the guarantee of any future history, will need other
agents, devoted to other activities. The hope lies on the generation of knowledge, in
which the knowledge about fluids is vital.

Context of the present book “Hydrodynamics - Advanced Topics”

A quick search in virtual book stores may result in more than one hundred titles
involving the word “Hydrodynamics”. Considering the superposition existing with
Fluid Mechanics, the number of titles grows much more. Considering all these titles,
why try to organize another book on Hydrodynamics? One answer could be that the
researchers always try new points of view to understand and treat the problems
related to Hydrodynamics. Even a much known phenomenon may be re-explained
from a point of view that introduces different tools (conceptual, numerical or practical)
into the discussion of fluids. And eventually, a detail shows to be useful, or even very
relevant. So, it is necessary to give the opportunity for the different authors to expose
their points of view.

Among the historically relevant books on Hydrodynamics, some should be mentioned
here. For example, the volumes “Hydrodynamics” and “Hydraulics”, by Daniel
Bernoulli (1738) and his father, Johann Bernoulli (1743) present many interesting
sketches and the analyses that converged to the so called “Bernoulli equation”, later
deduced more properly by Leonhard Euler. Although there are unpleasant questions
about the authorship of the main ideas, as pointed out by Rouse (1967) and Calero
(2008), both books are placed in a “prominent position” in history, because of their
significant contributions. The volume written by Sir Horace Lamb (1879), now named
“Hydrodynamics”, considers the basic equations, the vortex motion, and tidal waves,
among other interesting topics. Considering the classical equations and procedures
followed to study fluid motion, the books “Fundamentals of Hydro and
Aerodynamics” and “Applied Hydro and Aerodynamics” by Prandtl and Tietjens
(1934) present the theory and its practical applications in a comprehensive way,
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influencing the experimental procedures for several decades. For over fifty years, the
classical volume of Landau and Lifschitz (1959) remains an extremely valuable work
for researchers in fluid mechanics.

In addition to the usual themes, like the basic equations and turbulence, this book also
covers themes like the relativistic fluid dynamics and the dynamics of superfluids. Each
of the major topics considered in the studies of fluid mechanics can be widely discussed,
generating specific texts and books. An example is the theory of boundary layers, in
which the book of Schlichting (1951) has been considered an indispensable reference,
because it condenses most of the basic concepts on this subject. Further, still considering
specific topics, Stoker (1957) and Lighthill (1978) wrote about waves in fluids, while
Chandrasekhar (1961) and Drazin and Reid (1981) considered hydrodynamic and
hydromagnetic stability. It is also necessary to mention the books of Batchelor (1953),
Hinze (1958), and Monin and Yaglom (1965), which are notable examples of texts on
turbulence and statistical fluid mechanics, showing basic concepts and comparative
studies between theory and experimental data. A more recent example may be the
volume written by Kundu e Cohen (2008), which furnishes a chapter on “biofluid
mechanics” The list of the “relevant books” is obviously not complete, and grows
continuously, because new ideas are continuously added to the existing knowledge.

The present book is one of the results of a project that generated three volumes, in
which recent studies on Hydrodynamics are described. The remaining two titles are
“Hydrodynamics - Natural Water Bodies”, and “Hydrodynamics - Optimizing
Methods and Tools”. Along the chapters of the present volume, the authors show the
application of concepts of Hydrodynamics in different fields, using different points of
view and methods. The editors thank all authors for their efforts in presenting their
chapters and conclusions, and hope that this effort will be welcomed by the
professionals working with Hydrodynamics.

The book “Hydrodynamics - Advanced Topics” is organized in the following manner:

Part 1: Mathematical Models in Fluid Mechanics

Part 2: Biological Applications and Biohydrodynamics

Part 3: Detailed Experimental Analyses of Fluids and Flows

Part 4: Radiation-, Electro-, Magnetohydrodynamics and Magnetorheology
Part 5: Special Topics on Simulations and Experimental Data

Hydrodynamics is a very rich area of study, involving some of the most intriguing
theoretical problems, considering our present level of knowledge. General nonlinear
solutions, closed statistical equations, explanation of sudden changes, for example, are
wanted in different areas of research, being also a matter of study in Hydromechanics.
Further, any solution in this field depends on many factors, or many “boundary
conditions”. The changing of the boundary conditions is one of the ways through
which the human being affects its fluidic environment. Changes in a specific site can
impose catastrophic consequences in a whole region. For example, the permanent
leakage of petroleum in one point in the ocean may affect the life along the entire

X
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region covered by the marine currents that transport this oil. Gases or liquids, the
changes in the quality of the fluids in which we live, certainly affect our quality of life.

The knowledge about fluids, their movements, and their ability to transport physical
properties and compounds is thus recognized as important for life. As a consequence,
thinking about new solutions for general or specific problems in Hydromechanics may
help to attain a sustainable relationship with our environment. Re-contextualizing the
classical discussion about the truth, in which it was suggested that the “thinking” is
the guarantee of our “existence” (St. Augustine, 386a, b, 400), we can say that we agree
that thinking guarantees the human existence, and that there are too many warriors,
and too few thinkers. Following this re-contextualized sense, it was also said that the
man is a bridge between the “animal” and “something beyond the man” (Nietzsche,
1883). This is an interesting metaphor, because bridges are built crossing fluids (even
abysms are filled with fluids). Considering all possible interpretations of this phrase,
let us study and understand the fluids, and let us help to build the bridge.

Dr. Harry Edmar Schulz
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Department of Hydraulics and Sanitary Engineering,
School of engineering at Sao Carlos,

University of Sao Paulo,

Brazil

Dr. Andre Luiz Andrade Simoes

Laboratory of Turbulence and Rheology,
Department of Hydraulics and Sanitary Engineering,
School of engineering at Sao Carlos,
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Brazil

Dr. Raquel Jahara Lobosco
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Mathematical Models in Fluid Mechanics






One Dimensional Turbulent Transfer Using
Random Square Waves — Scalar/Velocity
and Velocity/Velocity Interactions

H. E. Schulz!2, G. B. Lopes Janior?, A. L. A. Simdes? and R. ]. Lobosco?
INucleus of Thermal Engineering and Fluids

2Department of Hydraulics and Sanitary Engineering School

of Engineering of Sdao Carlos, University of Sdo Paulo

Brazil

1. Introduction

The mathematical treatment of phenomena that oscillate randomly in space and time,
generating the so called “statistical governing equations”, is still a difficult task for scientists
and engineers. Turbulence in fluids is an example of such phenomena, which has great
influence on the transport of physical proprieties by the fluids, but which statistical
quantification is still strongly based on ad hoc models. In turbulent flows, parameters like
velocity, temperature and mass concentration oscillate continuously in turbulent fluids, but
their detailed behavior, considering all the possible time and space scales, has been
considered difficult to be reproduced mathematically since the very beginning of the studies
on turbulence. So, statistical equations were proposed and refined by several authors,
aiming to describe the evolution of the “mean values” of the different parameters (see a
description, for example, in Monin & Yaglom, 1979, 1981).

The governing equations of fluid motion are nonlinear. This characteristic imposes that the
classical statistical description of turbulence, in which the oscillating parameters are
separated into mean functions and fluctuations, produces new unknown parameters when
applied on the original equations. The generation of new variables is known as the “closure
problem of statistical turbulence” and, in fact, appears in any phenomena of physical nature
that oscillates randomly and whose representation is expressed by nonlinear conservation
equations. The closure problem is described in many texts, like Hinze (1959), Monin &
Yaglom (1979, 1981), and Pope (2000), and a general form to overcome this difficulty is
matter of many studies.

As reported by Schulz et al. (2011a), considering scalar transport in turbulent fluids, an
early attempt to theoretically predict RMS profiles of the concentration fluctuations using
“ideal random signals” was proposed by Schulz (1985) and Schulz & Schulz (1991). The
authors used random square waves to represent concentration oscillations during mass
transfer across the air-water interface, and showed that the RMS profile of the
concentration fluctuations may be expressed as a function of the mean concentration
profile. In other words, the mean concentration profile helps to know the RMS profile. In
these studies, the authors did not consider the effect of diffusion, but argued that their
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equation furnished an upper limit for the normalized RMS value, which is not reached
when diffusion is taken into account.

The random square waves were also used by Schulz et al. (1991) to quantify the so called
“intensity of segregation” in the superficial boundary layer formed during mass transport,
for which the explanations of segregation scales found in Brodkey (1967) were used. The
time constant of the intensity of segregation, as defined in the classical studies of Corrsin
(1957, 1964), was used to correlate the mass transfer coefficient across the water surface with
more usual parameters, like the Schmidt number and the energy dissipation rate. Random
square waves were also applied by Janzen (2006), who used the techniques of Particle Image
Velocimetry (PIV) and Laser Induced Fluorescence (LIF) to study the mass transfer at the
air-water interface, and compared his measurements with the predictions of Schulz &
Schulz (1991) employing ad hoc concentration profiles. Further, Schulz & Janzen (2009)
confirmed the upper limit for the normalized RMS of the concentration fluctuations by
taking into account the effect of diffusion, also evaluating the thickness of diffusive layers
and the role of diffusive and turbulent transports in boundary layers. A more detailed
theoretical relationship for the RMS of the concentration fluctuation showed that several
different statistical profiles of turbulent mass transfer may be interrelated.

Intending to present the methodology in a more organized manner, Schulz et al. (2011a)
showed a way to “model” the records of velocity and mass concentration (that is, to
represent them in an a priori simplified form) for a problem of mass transport at gas-liquid
interfaces. The fluctuations of these variables were expressed through the so called
“partition, reduction, and superposition functions”, which were defined to simplify the
oscillating records. As a consequence, a finite number of basic parameters was used to
express all the statistical quantities of the equations of the problem in question. The
extension of this approximation to different Transport Phenomena equations is
demonstrated in the present study, in which the mentioned statistical functions are derived
for general scalar transport (called here “scalar-velocity interactions”). A first application for
velocity fields is also shown (called here “velocity-velocity interactions”). A useful
consequence of this methodology is that it allows to “close” the turbulence equations,
because the number of equations is bounded by the number of basic parameters used. In
this chapter we show 1) the a priori modeling (simplified representation) of the records of
turbulent variables, presenting the basic definitions used in the random square wave
approximation (following Schulz et al., 2011a); 2) the generation of the usual statistical
quantities considering the random square wave approximation (scalar-velocity interactions);
3) the application of the methodology to a one-dimensional scalar transport problem,
generating a closed set of equations easy to be solved with simple numerical resources; and
4) the extension of the study of Schulz & Johannes (2009) to velocity fields (velocity-velocity
interactions).

Because the method considers primarily the oscillatory records itself (a priori analysis), and
not phenomenological aspects related to physical peculiarities (a posteriori analysis, like the
definition of a turbulent viscosity and the use of turbulent kinetic energy and its dissipation
rate), it is applicable to any phenomenon with oscillatory characteristics.

2. Scalar-velocity interactions

2.1 Governing equations for transport of scalars: Unclosed statistical set
The turbulent transfer equations for a scalar F are usually expressed as
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where F and fare the mean scalar function and the scalar fluctuation, respectively. V; (i =
1, 2, 3) are mean velocities and v; are velocity fluctuations, ¢ is the time, x; are the Cartesian
coordinates, g represents the scalar sources and sinks and Dr is the diffusivity coefficient of
F. For one-dimensional transfer, without mean movements and generation/consumption of
F, equation (1) with x3=z and v3=w is simplified to

%:a(DFame] )

As can be seen, a second variable, given by the mean product of , is added to the equation

of T, so that a second equation involving of and F is needed to obtain solutions for both
variables. Additional statistical equations may be generated averaging the product between
equation (1) and the instantaneous fluctuations elevated to some power ( f?). As any new

equation adds new unknown statistical products to the problem, the resulting system is
never closed, so that no complete solution is obtained following strictly statistical
procedures (closure problem). Studies on turbulence consider a low number of statistical
equations (involving only the first statistical moments), together with additional equations
based on ad hoc models that close the systems. This procedure seems to be the most natural
choice, because having already obtained equation (2), it remains to model the new parcel
of a posteriori (that is, introducing hypotheses and definitions to solve it). An example is

the combined use of the Boussinesq hypothesis (in which the turbulent viscosity/diffusivity
is defined) with the Komogoroff reasoning about the relevance of the turbulent kinetic
energy and its dissipation rate. The xk — & model for statistical turbulence is then obtained,
for which two new statistical equations are generated, one of them for k and the other for .
Of course, new unknown parameters appear, but also additional ad hoc considerations are
made, relating them to already defined variables.

In the present chapter, as done by Schulz et al. (2011a), we do not limit the number of

statistical equations based on a posteriori definitions for o f . Convenient a priori definitions

are used on the oscillatory records, obtaining transformed equations for equation (1) and

additional equations. The central moments of the scalar fluctuations, F = [F -F ]H ,0=1,2,

3,... are considered here. For example, the one-dimensional equations for =2, 3 and 4, are
given by

10f> —oF 10f°w
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-D, f% (3a)

072 072

10f° 28F —0F 1oof® —*F L, &f
= =i =D AL 3b
3 ot +f fwaz+3 oz b f +f (5b)



6 Hydrodynamics — Advanced Topics

4 AT —~F 4 __2F 2
o917, 3£+f3a)§+lawf =Dy 3781‘;”(376 J; (3c)
4 Ot ot oz 4 0z 0z 0z

In this example, equation (3a) involves F and fw of equation (2), but adds three new
unknowns. The first four equations (2) and (3 a, b, c) already involve eleven different

2
0 f, and
072

- 2
statistical quantities: F, f2, 3, 4, fu, flw, flo, f'o fa J; .
0z

2
f3% , and the “closure” is not possible. The general equation for central moments, for
0z

any 6, is given by [20]

10f° —570F -5 0F 1daf’ o7 0°F g1 0%f
-+ —+ o—+— =D —+ — (3d)
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(using 6=1 reproduces equation (2)).

As mentioned, the method models the records of the oscillatory variables, using random
square waves. The number of equations is limited by the number of the basic parameters
defined “a priori”.

2.2 “Modeling” the records of the oscillatory variables

As mentioned in the introduction, the term “modeling” is used here as “representing in a
simplified way”. Following Schulz et al. (2011a), consider the function F(z, t) shown in
Figure 1. It represents a region of a turbulent fluid in which the scalar quantity F oscillates
between two functions F, (p=previous) and F, (n=next) in the interval z;<z<z,. Turbulence is
assumed stationary.

Plane shown
in Figure 2

Fig. 1a. A two-dimensional random scalar Fig. 1b. Sketch of the region shown in figure
field F oscillating between the boundary (1a). Turbulence is stationary. Adapted from
functions F,(t) and F(t). Schulz et al. (2011a)

The time average of F(z, #) for z; <z<z,, indicated by F(z,t) is defined as usual

ty
F(z, t)= é _[ F(z,t)dt  for  z<z<z, 4)

t
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At=t, —t; is the time interval for the average operation. Equation (4) generates a mean

value F(z) for z; <z<z, and t <t<t,. Any statistical quantity present in equations 3, like,

for example, the central moments P:[F -F T , is defined according to equation (4). To

simplify notation, both coordinates (z, t) are dropped off in the rest of the text.
The method described in the next sections allows to obtain the relevant statistical quantities
of the governing equations, like the mean function F , using simplified records of F.

2.3 Bimodal square wave: Mean values using a time-partition function for the scalar
field - n

The basic assumptions made to “model” the original oscillatory records may be followed
considering Figure 2. In this sense, figure 2a is a sketch of the original record of the scalar

variable F at a position z; <z<z,, as shown in the gray vertical plane of Figure 1. The

objective of this analysis is to obtain an equation for the mean function F(z) for t; <t<#t,,

which is also shown in figure 2a. The values of the scalar variable during the turbulent
transfer are affected by both the advective turbulent movements and diffusion. Discarding
diffusion, the value of F would ideally alternate between the limits F, and F, (the bimodal
square wave), as shown in Figure 2b (the fluid particles would transport only the two
mentioned F values). This condition was assumed as a first simplification, but maintaining
the correct mean, in which F(z) is unchanged. It is known that diffusion induces fluxes

governed by F differences between two regions of the fluid (like the Fourier law for heat
transfer and the Fick law for mass transfer). These fluxes may significantly lower the
amplitude of the oscillations in small patches of fluid, and are taken into account using F,-P
and F,+N for the two new limiting F values, as shown in Figure 2c. The parcels P and N
depend on z.

In other words, the amplitude of the square oscillations is “adjusted” (modeled), in order to
approximate it to the mean amplitude of the original record. As can be seen, the aim of the
method is not only to evaluate F adequately, but also the lower order statistical quantities
that depend on the fluctuations, which are relevant to close the statistical equations. The
parcels P and N were introduced based on diffusion effects, but any cause that inhibits
oscillations justifies these corrective parcels.

The first statistical parameter is represented by 1, and is defined as the fraction of the time
for which the system is at each of the two F values (equations 5 and 6), being thus named as
“partition function”. This function n depends on z and is mathematically defined as

e tat (F,-P) 6)

" At of the observation

This definition also implies that

e tat (F, +N) ©)

" At of the observation

F remains the same in figures 2a, b and c. The constancy between figures 2b and c is
obtained using mass conservation, implying that P and N are related through equation (7):
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=

(a)

Fig. 2. a) Sketch of the F record of the gray plane of figure 1, at z, b) Simplified record
alternating F between F, and F,, c) Simplified record with amplitude damping. Upper and
lower points do not superpose at the discontinuities (the F segments are open at the left and
closed at the right, as shown in the detail).
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The mean value of F is obtained from a weighted average operation between F,-P and F,+N,
using equations (5) through (7). It follows that

F=nF,+(1-n)F, 8)
Isolating n, equation (8) leads to
F-F,
n= o 9
Fp - Fn ( )

Thus, the partition function n previously defined by equation (5) coincides with the
normalized form of F given by equation (9). Note that 7 is used as weighting factor for any
statistical parameter that depends on F. For example, the mean value Q of a function Q(F)
is calculated similarly to equation (8), furnishing

Q=nQ(E,~P)+(1-m) Q(E,+N) (%)

As a consequence, equations (9) and (9a) show that any new mean function Q is related to
the mean function F . Or, in other words: because 7 is used to calculate the different mean
profiles, all profiles are interrelated.

From the above discussion it may be inferred that any new variable added to the problem
will have its own partition function. In the present section of scalar-velocity interactions,
two partition functions are described: n for F (scalar) and m for V (velocity).

2.4 Bimodal square wave: Adjusting amplitudes using a reduction coefficient function
for scalars - o

The sketch of figure 2c shows that the parcel P is always smaller or equal to F, ~-F. As

already mentioned, this parcel shows that the amplitude of the fluctuations is reduced.
Thus, a reduction coefficient ay is defined here as

P=a;[F,~F] 0<a;<1 (10)

where ay is a function of z and quantifies the reduction of the amplitude due to interactions
between parcels of liquid with different F values (described here as a measure of diffusion
effects, but which can be a measure of any cause that inhibits fluctuations). Using the effect
of diffusion to interpret the new function, values of af close to 1 or 0 indicate strong or weak
influence of diffusion, respectively. Considering this interpretation, Schulz & Janzen (2009)
reported experimental profiles for a, in the mass concentration boundary layer during air-
water interfacial mass-transfer, which showed values close to 1 in both the vicinity of the
surface and in the bulk liquid, and closer to 0 in an intermediate region (giving therefore a
minimum value in this region).
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From equations (7), (8) and (10), N and P are now expressed as

N:“f”(Fﬂ_Fﬂ)

0O<a,<1 11)
f

P=a;(1-n)(F,~F,)

As for the partition functions, any new variable implies in a new reduction coefficient. In the

present section of scalar-velocity interactions, only the reduction coefficient for F is used

(thatis, af ). In the section for velocity-velocity interactions, a reduction coefficient a,, for V

(velocity) is used.

2.5 Bimodal square wave: Quantifying superposition using the superposition
coefficient function - g

Let us now consider the two main variables of turbulent scalar transport, the scalar F and
the velocity V, oscillating simultaneously in the interval z1<z<z; of Figure 1. As usual, they
are represented as F=F+ f and V=V +, where F and V are the mean values, and fand
w are the fluctuations. The correlation coefficient function p(z) for the fluctuations f and w is
given by

ty ty —
Mg=leLQm:ijgfﬁingfﬁf (12)
If the fluctuations are generated by the same cause, it is expected that the records of w and f
are at least partially superposed. As done for F, it is assumed that the oscillations w can be
positive or negative and so a partition function m (a function of z) may be defined. If we
consider a perfect superposition between f and w, it would imply in n=m, though this is not
usually the case. Aiming to consider all the cases, a superposition coefficient 8 is defined so
that B=1.0 reflects the direct superposition (m=n), and B=0.0 implies the inverse
superposition of the positive and the negative fluctuations (m=1-n) of both fields.

The definition of § is better understood considering the scheme presented in figure 3. In
this figure all positive fluctuations of the scalar variable were put together, so that the
nondimensional time intervals were added, furnishing the value n. As a consequence, the
nondimensional fraction of time of the juxtaposed negative fluctuations appears as 1-n.
The velocity fluctuations also appear juxtaposed, showing that f=1 superposes f and n
with the same sign (++ and --), while =0 superposes f and n with opposite signs (+- and -
+). The positive and negative scalar fluctuations are represented by f; and f,, respectively.
The downwards and upwards velocity fluctuations are represented by w,; and w,,
respectively.

Thus, m, which defines the fraction of the time for which the system is at wy, is expressed
as

m=1-(Bf+n-2pn) (13)

B is a function of z. Also here any new variable implies in new superposition functions. In
the present section of scalar-velocity interactions only one superposition coefficient function
is used (linking scalar and velocity fluctuations).
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jAm

1-n
Fig. 3. Juxtaposed fluctuations of fand w, showing a compact form of the time fractions n

and (1-n), and the use of the superposition function . The horizontal axis represents the
time as shown in equations (5) and (6).

2.6 The fluctuations around the mean for bimodal square waves

An advantage of using random square waves as shown in Figure 2 is that they generate only
two fluctuation amplitudes for each variable, which are then used to calculate the wished
statistical quantities. Of course, the functions defined in sections 2.3 through 2.5 (partition,
reduction and superposition functions) are also used, and they must “adjust” the statistical
quantities to adequate values. From equations (8), (10), and (11), the two instantaneous
scalar fluctuations are then given by equations (14) and (15)

fi=(F,~P-F)=(1-n)(E,~F,)(1-;) (positive) (14)

fo :(Fﬂ +N—f) = —n(Fp —Fn)(l—af) (negative) (15)

2.7 Velocity fluctuations and the RMS velocity

In figure 1 the scalar variable is represented oscillating between two homogeneous values.
But nothing was said about the velocity field that interacts with the scalar field. It may also
be bounded by homogeneous velocity values, but may as well have zero mean velocities in
the entire physical domain, without any evident reference velocity. This is the case, for
example, of the problem of interfacial mass transfer across gas-liquid interfaces, the
application shown by Schulz et al. (2011a). In such situations, it is more useful to use the rms

velocity V&’ as reference, as commonly adopted in turbulence. For the one-dimensional
case, with null mean motion, all equations must be derived using only the vertical velocity

fluctuations w. It is necessary, thus, to obtain equations for \/; and for the velocity
fluctuations (like equations 14 and 15 for f) considering the random square waves
approximation. An auxiliary velocity scale U is firstly defined, shown in figure 4,
considering “downwards” (wy) and “upwards” (w,) fluctuations, which amplitudes are
functions of z.
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@
: | Area= g my=U

Downwards velocity

:A // rma 1ze

Il
s
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Upwards velocity 7 =@y ( 1-m
é Area u(1-ni)

Fig. 4. The definition of the partition function m and the velocity scale U. Upwards (-) and
downwards (+) velocities are shown. The dark and light gray areas are equal, so that the
mean velocity is zero.

Using m for the partition function of the velocity, the scale U shown in figure 4 is defined as
the integration of the upper or the lower parts of the graph in Figure 4, as

U=w;m and U=-o,(1-m) (16)
Equation (17) describes the zero mean velocity (remembering that w, is negative)

woym+w,(1-m)=0  or u-u=o 17)

U is a function of z. Let us now consider the RMS velocity \/; , which is calculated as

P =map+(1-m)(-0,f  and  Na? =\fmo? +(1-m)(-o,) (18)

U and \/? may be easily related. From equations (13), (16), and (18) it follows that

Ll:\/ﬁ\/[l—(ﬂ+n—2ﬁn)](ﬂ+n—2ﬂn) (19)

Finally, the velocity fluctuations may be related to \/a? , n and S using equations (16) and

(19)
_J 2| p+n=2pn N ’1—(ﬁ+”—2ﬂ”)
@a=Ne 1-(B+n-2pn) and o=V B+n-2pn @0)

V? is a function of z and is used as basic parameter for situations in which no evident

reference velocities are present. For the example of interfacial mass transfer, Vo® is zero at

the water surface (z=0) and constant (#0 ) in the bulk liquid (z > ).
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The basic functions n, ay, B, \/; , defined in items 2.3 through 2.7, are used in the sequence

to calculate the statistical quantities of the one-dimensional equations for scalar-velocity
interactions. Further, incorporating them into equations (2) and (3), a closed set of equations
for these functions is generated. In other words, the one dimensional turbulent transport
problem reduces to the calculation of these functions, defined a priori to their inclusion in the
equations. Some of their general characteristics are described in table 1.

The RMS velocity may be normalized to be also bounded by the (absolute) values of 0.0 and
1.0. Because the position of the maximum value depends on the situation under study,
needing more detailed explanations, the table is presented with the RMS velocity in
dimensional form and having an undetermined maximum value.

Function n af B ;
Dimension | Nondimensional | Nondimensional | Nondimensional Velocity
Physical Partition Reduction Superposition Ref. velocity
ground
Maximum .
1 1 1 Undetermined
value
Minimum 0 0 0 0
value

Table 1. Characteristics of the functions defined for one dimensional scalar transport.

A further conclusion is that, because four functions need to be calculated, it implies that
only four equations must be transformed to the random square waves representation in this
one-dimensional situation. As a consequence, only lower order statistical quantities present
in these equations need to be transformed, which is a positive consequence of this
approximation, because the simplifications (and associated deviations) will not be
propagated to the much higher order terms (they will not be present in the set of equations).

2.8 The central moments of scalar quantities using random square waves
It was shown that equations (3) involve central moments like f*, f°, f*, which, as

mentioned, must be converted to the square waves representation. The general form of the
central moments is defined as

f=[F-F)° 0=1,23,.. 1)

For any statistical phenomenon, the first order central moment (8=1) is always zero. Using
equations (14) and (15), Schulz & Janzen (2009) showed that the second order central

moment ( f? for 6=2) is given by

F2=fPns 2 (1-n)=n(1-n)(1-a,) (E,~F,) 22)

or, normalizing the RMS value (f"»)
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f'z=(f)=m(1—“f) a1~y

F,-F, (E,~F)Jn(1-n)

This form is useful to obtain the reduction function a; from experimental data, using the
normalized mean profile and the RMS profile, as shown by Schulz & Janzen (2009).
Equation (23) shows that diffusion, or other causes that inhibit the fluctuations and imply in
ay #0, imposes a peak of ; lower than 0.5.

The general central moments (6=1, 2, 3...) for the scalar fluctuation f are given by

0= R (=m=n(-n) (=) () ) (R -E ) (1-0)) 24)

or, normalizing the 8th root (fy)

D :(F?—(Fn) =9 n(1-n)[(1-n)“ +(-1)9(n)9*1}(1—af) (25)

The functional form of the statistical quantities shown here must be obtained solving the
transformed turbulent transport equations (that is, the equations involving these quantities).
Equations (21) through (25) show that, given n and ay, it is possible to calculate all the
central moments ( 7 statistical profiles) needed in the one-dimensional equations for scalar

transfer.

2.9 The covariances and correlation coefficient functions using random square waves
2.9.1 The turbulent flux of the scalar F

The turbulent scalar flux, denoted byF , is defined as the mean product between scalar
fluctuations (f) and velocity fluctuations (w)

F=of 26)

Thus @f in equation (2) is the turbulent flux of F along z. The statistical correlation
between w and fis given by the correlation coefficient function, r, defined as

of
V=—F—= 27
Eir @)

r is a function of z, and 0< ‘ r ‘ <1. As it is clear from equations (26) and (27), r is also the

normalized turbulent flux of F and reaches a peak amplitude less than or equal to 1.0, a
range convenient for the present method, coinciding with the defined functions n, ay, §, also
bounded by 0.0 and 1.0 (as shown in table 1). The present method allows to express r as
dependent on 7, the normalized mean profile of F.
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2.9.2 The correlation coefficient functions cho

Equations (3) involve turbulent fluxes like fico/ fTw, fTw, fTw, which are unknown

variables that must be expressed as functions of n, as, § and Je&? . For products between

any power of f and w, the superposition coefficient f must be used to account for an
“imperfect” superposition between the scalar and the velocity fluctuations. Therefore the
flux @ f is calculated as shown in equation (28), with f being equally applied for the

positive and negative fluctuations, as shown in figure 3

of =oy[ finp+ fo(1-m)(1-p) |+ o, in(1- )+ f(1-n) ] (28)
Equations (13) through (20) and (28) lead to

oF -1 -mtag-n)| [ T2, [P0 3P g

Rearranging, the turbulent scalar flux is expressed as

n(1—n)(1—af)\/§(Fp—Fn)

of= (30)
\/n(l—n)+’8(l_ﬂz
26-1)
Equations (23), (27) and (30) lead to the correlation coefficient function
(1 ) .
], = r\/» \j 07 ﬂ) with Os‘r\m/f‘sl (31)
" apy

Schulz el al. (2010) used this equation together with data measured by Janzen (2006). The
“ideal” turbulent mass flux at gas-liquid interfaces was presented (perfect superposition of f

and w, obtained for § = 1.0). Is this case, r\w f =1,and of = \/E«IF . The measured peak

of Va® , represented by W, was used to normalize o f , as shown in Figure 5.

Considering r as defined by equation (27), it is now a function of n and f only. Generalizing
for f ¢ we have

of" =, finp+ f(1-n)(1- )|+ o, Fin(1- )+ £ (1-n) 5] (32)

The correlation coefficient function is now given by

off (1 n) [(=n)" =)’ ]
mf \/729\/7 \/ B(1-p) ,b’) \/[(1—11)2971+(—1)29(n)2971}

(2ﬂ 1y’

(33)
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Fig. 5. Normalized “ideal” turbulent fluxes for f=1 using measured data. IV is the measured

peak of \/? . z is the vertical distance from the interface. Adapted from Schulz et al. (2011a).

Equation (32) is used to calculate covariances like fTa) , fTw , fTw , present in equations
(3). For example, for 6=2, 3 and 4 the normalized fluxes are given, respectively, by:

(1 n)

o= p " d

AO-F)
(Zﬂ 1y’

(1 n)

“”FW\/

B(1-8)
(m 1)’

<1 )

i J

O-F)
(Zﬂ 1y’

As an ideal case, for =1 (perfect superposition) equation 33 furnishes

[(-n)’

o T

(1-2n) (34a)
[(1=n) +(n)’]
[(1—11)3 +n3} o
Ja=ny+@y’]
0] (34)
[(1=n) +(n) ]
~(-n)’] o

29 1 + (_1)2.9 (n)2:9—1:|

and the normalized covariances f o, f o, f o, for 6=2, 3 and 4, are then given,

respectively, by:

7

(u,fz =

(1-2n)

[(1-n)'+(n)"]

(36a)
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[(=n)'+n? ]
, p= - - (36b)
[(1=n)+(n)’ ]
[(1 - n)4 - ”4}
r‘a),fél = 7 7 (36C)
[(1=nY +(n) |

Equations (34a) and (36a) can be used to analyze the general behavior of the flux fTa)

These equations involve the factor (1 - Zn) , which shows that this flux changes its direction

at n=0.5. For 0<n<0.5 the flux ]‘2750 is positive, while for 0.5<n<1.0, it is negative. In the

mentioned example of gas-liquid mass transfer, the positive sign indicates a flux entering
into the bulk liquid, while the negative sign indicates a flux leaving the bulk liquid. This

behavior of f?@ was described by Magnaudet & Calmet (2006) based on results obtained
from numerical simulations. A similar change of direction is observed for the flux fTa) ,
easily analyzed through the polynomial (1- n)4 —-n*.

The equations of items 2.9.1 and 2.9.2 confirm that the normalized turbulent fluxes are
expressed as functions of n and 8 only, while the covariances may be expressed as functions

of n, B, ar and \/; .

2.10 Transforming the derivatives of the statistical equations

2.10.1 Simple derivatives

The governing differential equations (2) and (3) involve the derivatives of several mean
quantities. The different physical situations may involve different physical principles and
boundary conditions, so that “particular” solutions may be found. For the example of
interfacial mass transfer reported in the cited literature (e.g. Wilhelm & Gulliver, 1991; Jahne
& Monahan, 1995; Donelan, et al., 2002; Janzen et al., 2010, 2011), F, is taken as the constant
saturation concentration of gas at the gas-liquid interface, and F, is the homogeneous bulk
liquid gas concentration. In this chapter this mass transfer problem is considered as
example, because it involves an interesting definition of the time derivative of F,.

-
The pt-order space derivative z—lz is obtained directly from equation (8), and is given by
z

oFF o’n
Z - - _F |\ == 3
ozl (Fp F”)azp )

The time derivative of the mean concentration, % , is also obtained from equation (8) and

eventual previous knowledge about the time evolution of F, and F,. For interfacial mass transfer
the time evolution of the mass concentration in the bulk liquid follows equation (38) (Wilhelm &
Gulliver, 1991; Jahne & Monahan, 1995; Donelan, et al., 2002; Janzen et al., 2010, 2011)
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dF,
dt

K;(E,~F,) (38)

This equation applies to the boundary value F, or, in other words, it expresses the time
variation of the boundary condition F, shown in figure 1. Kr is the transfer coefficient of F
(mass transfer coefficient in the example). To obtain the time derivative of F, equations (8)
and (38) are used, thus involving the partition function . In this example, n depends on the
agitation conditions of the liquid phase, which are maintained constant along the time
(stationary turbulence). As a consequence, 7 is also constant in time. The time derivative of

F in equation (8) is then given by

o|nF,+(1-n)F,
oF _ [1F, +(1-n) J:(l_n)% (39)
ot ot ot
From equations (38) and (39), it follows that
oF
E:Kf(l—n)(Fp ~F,) (40)

Equation (40) is valid for boundary conditions given by equation (38) (usual in interfacial
mass and heat transfers). As already stressed, different physical situations may conduce to
different equations.

The time derivatives of the central moments F are obtained from equation (24),
furnishing:

% = _19;1(1—11)[(1—71)971 +(—1)9(”)071}(FP L )971(1_0{1{ )9 5;;

or (41)

%:—eKn(l—n)[(Ln)“ +(—1)9(n)“}(Fp -E) (1-a;)

As no velocity fluctuation is involved, only the partition function 7 is needed to obtain the

mean values of the derivatives of f7, that is, no superposition coefficient is needed. The
obtained equations depend only on 7 and ay , the basic functions related to F.

2.10.2 Mean products between powers of the scalar fluctuations and their derivatives
Finaly, the last “kind” of statistical quantities existing in equations (3) involve mean products

2 2 2
of fluctuations and their second order derivatives, like fﬂ . f Zﬂ, and f 3ﬂ. The

oz a7 a7
general form of such mean products is given in the sequence. From equations (14) and (15), it
follows that

S 1) e e PR R

072 072
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| -n(1-
28 [l 1o @

Using the partition function 1, we obtain the mean product

0t O [—n(l ~% )}

8z*

6+1

Gﬁ: (1—n)971M n(l—n)(l—af)g(Fp—F,,) (44)

8z* oz°

f +(-n)

Equation (44) shows that mean products between powers of f and its derivatives are
expressed as functions of n and a; only.

2.11 The heat/mass transport example

In this section, the simplified example presented by Schulz et al. (2011a) is considered in
more detail. The simplified condition was obtained by using a constant ay, in the range from
0.0 to 1.0. The obtained differential equations are nonlinear, but it was possible to reduce the
set of equations to only one equation, solvable using mathematical tables like Microsoft
Excel® or similar.

2.11.1 Obtaining the transformed equations for the one-dimensional transport of F
Equation (2) may be transformed to its random square waves correspondent using
equations (2), (8), (30), (37), and (40), leading to

K/ (1-n)=D;<——— (45)

In the same way, equation (3d) is transformed to its random square waves correspondent
using equations (3d), (8), (24), (32), (37), (41), and (44), leading to

~K;n(1 —n)[(l —11)6’71 + (—1)9 (n)‘gfl}(l —ay )g +

K pn(1=n [ (1=n) 2 () () (1)

[”(1_'2%1_@ [(=m) = [n(1-m)]” WZF( o) 8:
n(l—n)+m

10| [na-n]”’ o 21 = |
o \/n(1_n)+ﬂ(1 7=~ [ rta-n)(1-a [ o -
(28-1)

2
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R [y e
l(1-n)(1-« 2ln(1-a N
Py [( 6)2(2 fﬂ*(”)“w n(1-n)(1-a;) (46)

2.11.2 Simplified case of interfacial heat/mass transfer

Although involving few equations for the present case, the set of the coupled nonlinear
equations (45) and (46) may have no simple solution. As mentioned, the original one-
dimensional problem needs four equations. But as the simplified solution of interfacial
transfer using a mean constant s :Z is considered here, only three equations would be

needed. Further, recognizing in equations (45) and (46) that f and Vo appear always

together in the form
n(1 7n)(1 7af)\/§
p(1-p)
1on)+ 202
\/n( n)+ (2ﬁ—1)2

It is possible to reduce the problem to a set of only two coupled equations, for n and the
function IJ. Thus, only equations (45) and (46) for 6=2 are necessary to close the problem
when using 4 = ; - Defining A =(1 —07/() the set of the two equations is given by

= (47)

d*n d(I]
K(1-m)=p, 1 0) (48a)

2
dn éi (1])(172n)]:—2Dfn(lfn)AZ% (48Db)

—K,n(1-n)A? +(I])=—
fn( n) +(])dz+2dz

Equations (48) may be presented in nondimensional form, using z*=z/E, with E=z»>-z1, and

5=1/K=Df/KfE2
n(l—n)(l—af)(\/i/KE]

IJ* (49)
\/n(l—n)+ﬂ(1_'g2
(28-1)
(1-n)=stp - 2T (50)
n 2n
—n(1-n)A?+(I]%) ;Z* +§d’j* [(17*)(1-2n)]=-28n(1-n)A? ddz*z (50D)



One Dimensional Turbulent Transfer
Using Random Square Waves — Scalar/Velocity and Velocity/Velocity Interactions 21

Equation (50a) is used to obtain dIJ/dz*, which leads, when substituted into equation (50b),
to the following governing equation for n (see appendix 1)

A{ZAn(l_n)Jr(l—zn)} d3n3 dn
2 dz*3dz*
2
+A{{2An(1—n)+(1—2n)} & +;<(1—n)[2n(A—1)+1}+{1+2A[A(1—2n)—1]}[ dnj I é G
2 Jdz* 2 A i) iz

+K{(A—1)(1—n)—A{A(1—2n)—(§—Znﬂ}[::*]z =0

Thus, the one-dimensional problem is reduced to solve equation (51) alone. It admits non-
trivial analytical solution for the extreme case A=0 (or a =1), in the form

k(1-n) or n=1—w (52)
sin(\/; )

But this effect of diffusion for all 0<z*<1 is considered overestimated. Equation (51) was
presented by Schulz et al. (2011a), but with different coefficients in the last parcel of the first
member (the parcel involving 3/2-2n in equation (51) involved 1-n in the mentioned study).
Appendix 1 shows the steps followed to obtain this equation. Numerical solutions were
obtained using Runge-Kutta schemes of third, fourth and fifth orders. Schulz et al. (2011a)
presented a first evaluation of the n profile using a fourth order Runge-Kutta method and
comparing the predictions with the measured data of Janzen (2006). An improved solution
was proposed by Schulz et al. (2011b) using a third order Runge-Kutta method, in which a
good superposition between predictions and measurements was obtained. In the present
chapter, results of the third, fourth and fifth orders approximations are shown. The system
of equations derived from (51) and solved with Runge-Kutta methods is given by:

dn o di . dw_fi+f,

d*n B
dz*?

EZJ, i , ay A where

~2n - 1+24[A(1-2n)-1]} |
fl_—A{—|:2A7’l(1—7’l)+(1 22 ):|w+l((1—7’l)|:2n(A21)+1:|+{ i [ (A ") ]}]2 w,
f= —K{(A—1)(1—n)—A{A(1—2n)—@—2nﬂ}j2, (53)
and
f3=A[2An(1—n)+@}j.

Equations (53) were solved as an initial value problem, that is, with the boundary conditions
expressed at z*=0. In this case, 1(0)=1 and j(0)=~-3 (considering the experimental data of
Janzen, 2006). The value of w(0) was calculated iteratively, obeying the boundary condition
0<n(1)<0.01. The Runge-Kutta method is explicit, but iterative procedures were used to
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evaluate the parameters at z*=0 applying the quasi-Newton method and the Solver device
of the Excel® table. Appendix 2 explains the procedures followed in the table. The curves of
figure 6a were obtained for 0.001 < x <0.005, a range based on the x experimental values of
Janzen (2006), for which ~0.003<x<~0.004. The values A=0.5 and #”(0)=3.056 were used to
calculate 7 in this figure. As can be seen, even using a constant A, the calculated curve n(z*)
closely follows the form of the measured curve. Because it is known that « is a function of
z¥, more complete solutions must consider this dependence. The curve of Schulz et al.
(2011a) in figure 6a was obtained following different procedures as those described here.
The curves obtained in the present study show better agreement than the former one.

e 1
n Data of Tanzen (2006) n — 0";0
— Schulz et al. (2011a) | —0
0.8 4=0.5; 0.001=< £<0.005 os 0.25
— Present study ! 0.29
A=0.5; 0.0011< £<0.0049 \ — 035
\ = 040
0.6t 0.6
0.4 0.4
0.2} 0.2
0 . . . . n 0 . .
0 0.5 z* 1 0 0.5 z*1
Fig. 6a. Predictions of n for n”(0) = 3.056. Fig. 6b. Predictions of n for x = 0.0025, and -
Fourth order Runge-Kutta. 0.0449 <n”(0) < 3.055. Fifth order Runge-
Kutta

Fig. 6b. was obtained with following conditions for the pairs [A, n”(0)]: [0.2, 0.00596], [0.25, -
0.0145], [0.29, -0.04495], [0.35, 1.508], [0.4, 1.8996], [0.45, 1.849], [0.5, 2.509], [0.55, 3.0547],
[0.62,2.9915], [0.90, 0.00125]. Further, n’(0) = -3 for A between 0.20 and 0.62, and n’(0) = -1 for
A=0.90.

Figure 7a shows results for k~0.4, that is, having a value around 100 times higher than those
of the experimental range of Janzen (2006), showing that the method allows to study
phenomena subjected to different turbulence levels. k¥ = (Kr E2/D)) is dependent on the
turbulence level, through the parameters E and Ky, and different values of these variables
allow to test the effect of different turbulence conditions on n. Figure 7b presents results
similar to those of figure 6a, but using a third order Runge-Kutta method, showing that
simpler schemes can be used to obtain adequate results.

As the definitions of item 3 are independent of the nature of the governing differential
equations, it is expected that the present procedures are useful for different phenomena
governed by statistical differential equations. In the next section, the first steps for an
application in velocity-velocity interactions are presented.
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1 - - - : : 1 - - : - -
k A 7] A
n
—0.40; 032 — 0.20
0.8 —0.40; 040 0.8 = 0.25
’ 0.42; 0.50 — (.35
—0.42; 0.52 = 0.40
—0.42; 0.54 0.6 == (.50
06 ' - 0.60
0.4 0.4
0.2 | 0.2}
0 0
0 0.5 z* 1 0 0.5 z* 1

Fig. 7a. Predictions of n for n”(0) = 3.056, and Fig. 7b. Predictions of n for k=0.003 and
k~0.40. Fourth order Runge-Kutta. 2.99812 < n”(0) < 3.2111. Third order
Runge-Kutta

3. Velocity-velocity interactions

The aim of this section is to present some first correlations for a simple velocity field. In this
case, the flow between two parallel plates is considered. We follow a procedure similar to
that presented by Schulz & Janzen (2009), in which the measured functional form of the
reduction function is shown. As a basis for the analogy, some governing equations are first
presented. The Navier-Stokes equations describe the movement of fluids and, when used to
quantify turbulent movements, they are usually rewritten as the Reynolds equations:

v, ooV o v
ot 'ox; ox;

— v, _19p g, i,i=1,2,3. (54)
ox; pOx;

p is the mean pressure, v is the kinematic viscosity of the fluid and B; is the body force per
unit mass (acceleration of the gravity). For stationary one-dimensional horizontal flows
between two parallel plates, equation (1), with x;=x, x3=z, v;=u and vs=w, is simplified to:

1op_0o Uﬂ_@ (55)
pOx 0z\ 0z

This equation is similar to equation (2) for one dimensional scalar fields. As for the scalar
case, the mean product wu appears as a new variable, in addition to the mean velocity U .
In this chapter, no additional governing equation is presented, because the main objective is
to expose the analogy. The observed similarity between the equations suggests also to use
the partition, reduction and superposition functions for this velocity field.
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Both the upper and the lower parts of the flow sketched in figure 8 may be considered. We
consider here the lower part, so that it is possible to define a zero velocity (U,) at the lower
surface of the flow, and a “virtual” maximum velocity (U,) in the center of the flow. This
virtual value is constant and is at least higher or equal to the largest fluctuations (see figure
8), allowing to follow the analogy with the previous scalar case.

&
z

Mean velocity profile #

Virtual maximum velocity

=0
Fig. 8. The flow between two parallel planes, showing the reference velocities U, and U,.

The partition function n,, for the longitudinal component of the velocity, is defined as:

tat (U,-P
0 = Up=P) (56)
At of the observation
It follows that:
_ t at (Un + N) (57)

? " At of the observation

Equation (7) must be used to reduce the velocity amplitudes around the same mean velocity.
It implies that the same mass is subjected to the velocity corrections P and N. As for the
scalar functions, the partition function 7, is then also represented by the normalized mean
velocity profile:

_u-u, (58)

ﬂv =
u,-u,

To quantify the reduction of the amplitudes of the longitudinal velocity fluctuations, a reduction
coefficient function a,, is now defined, leading, similarly to the scalar fluctuations, to:

u-"v

N=a,n,(U,-U,) 0<a, <1 (59)
P=a,(1-n,)(U,-U,)

It follows, for the x components, that:

u; =(1- nv)(up -u, )(1 -a,) (positive) (60)
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Uy =—1, (U,, -u, )(1 -a,) (negative) (61)

The second order central moment for the x component of the velocity fluctuations is given by:

u? =u’n, +uy* (1-n,)=n,(1-n,)(1-a, )2 (Up -u, )2 (62)

Or, normalizing the RMS value (u2):

2

u‘2=u):1/nv(l—nv)(1—au) (63)

(UP -U,

Equation 63 shows that the relative turbulence intensity profile is obtained from the mean
velocity profile n, and the reduction coefficient profile a,. As done by Schulz & Janzen
(2009), the profile of @, can be obtained from experimental data, using equation (63).

u2

—a = 64
IR AN *

As can be seen, the functional form of «, is obtainable from usual measured data, with
exception of the proportionality constant given by 1/U,, which must be adjusted or
conveniently evaluated. Figure 9 shows data adapted from Wei & Willmarth (1989), cited by
Pope (2000), and the function /5 (1-n,) is calculated from the linear and log-law profiles

close to the wall, also measured by Wei & Wilmarth (1989).

To obtain a first evaluation of the virtual constant velocity U, the following procedure was
adopted. The value of the maximum normalized mean velocity is U/u*~24.2 (measured),
where U is the mean velocity and u* is the shear velocity. The value of the normalized RMS
u velocity, close to the peak of U, is u’/u*~1.14. Considering a Gaussian distribution, 99.7%
of the measured values are within the range fom U/u*3 u’/u*. to U/u*™+3 u’'/u*. A first
value of U, is then given by U+3u’, furnishing U,/ u*~24.2+3*1.14~27.6. Physically it implies
that patches of fluid with U, are “transported” and reduce their velocity while approaching
the wall. With this approximation, the partition function is given by:

1
+  ——Iny"+52
p =L 041 65)
27.6 27.6

The value 0.41 is the von Karman constant and the value 5.2 is adjusted from the
experimental data. The notation u* and y* corresponds to the nondimensional velocity and
distance, respectively, used for wall flows. In this case, u*=U/u* and y*=zu*/ v, where v is
the kinematic viscosity of the fluid. Equation (65) is the well-known logarithmic law for the
velocity close to surfaces. It is generally applied for y*>~11. For 0<y*<~11, the linear form
u+=y* is valid so that equation (65) is then replaced by a linear equation between 1, and y*.
From equation (63) it follows that:

\/P :u—’:Jnv(l—nv)(l—au):27.611117)(1—717))(1—0!“) (66)

u* u
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Figure 9 shows the measured u’, values together with the curve given by 27.6 m . As
can be seen, the curve 27.6 m leads to a peak close to the wall. In this case, the function
is normalized using the friction velocity, so that the peak is not limited by the value of 0.5 (which
is the case if the function is normalized using U,-U,). It is interesting that the forms of \/MZZ Ju*

and 27.6 m are similar, which coincides with the conclusions of Janzen (2006) for mass

transfer, using ad hoc profiles for the mean mass concentration close to interfaces.

Figure 10 shows the cloud of points for 1-a, obtained from the data of Wei & Willmarth
(1989), following the procedures of Janzen (2006) and Schulz & Janzen (2009) for mass
transfer. As for the case of mass transfer, a, presents a minimum peak in the region of the
boundary layer (maximum peak for 1-a,).

(o

P u®ynfl-n,)

« j‘ u®HYnfl-n,)

1 L1 AT MR ETTIT M RTTIT i aaaud 00
- 0 1 2 3 +
10 10 10 10 10 Yy 1o

Fig. 9. Comparison between measured values of u"/u* and (up Ju *) m, (1 - ”v) . The gray

cloud envelopes the data from Wei & Willmarth (1989).
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Fig. 10. 1-a,, plotted against 1, following the procedures of Schulz & Janzen (2009). The gray
cloud envelopes the points calculated using the data of Wei & Willmarth (1989).
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As a last observation, the conclusion of section 2.7, valid for the scalar-velocity interactions,
are now also valid for the transversal component of the velocity. The mean transversal
velocity is null along all the flow, leading to the use of the RMS velocity for this component.

4. Challenges

After having presented the one-dimensional results for turbulent scalar transfer using the
approximation of random square waves, some brief comments are made here, about some
characteristics of this approximation, and about open questions, which may be considered in
future studies.

As a general comment, it may be interesting to remember that the mean functions of the
statistical variables are continuous, and that, in the present approximation they are defined using
discrete values of the relevant variables. As described along the paper, the defined functions (1,
a, B, RMS) “adjust” these two points of view (this is perhaps more clearly explained when
defining the function ). This concomitant dual form of treating the random transport did not
lead to major problems in the present application. Eventual applications in 2-D, 3-D problems or
in phenomena that deal with discrete variables may need more refined definitions.

In the present study, the example of mass transfer was calculated by using constant reduction
coefficients (), presenting a more detailed and improved version of the study of Schulz et al.
(2011a). However, it is known that this coefficient varies along z, which may introduce
difficulties to obtain a solution for n. This more complete result is still not available.

It was assumed, as usual in turbulence problems, that the lower statistical parameters (e.g.
moments) are appropriate (sufficient) to describe the transport phenomena. So, the finite set of
equations presented here was built using the lower order statistical parameters. However,
although only a finite set of equations is needed, this set may also use higher order statistics. In
fact, the number of possible sets is still “infinite”, because the unlimited number of statistical
parameters and related equations still exists. A challenge for future studies may be to verify if
the lower order terms are really sufficient to obtain the expected predictions, and if the
influence of the higher order terms alter the obtained predictions. It is still not possible to infer
any behavior (for example, similar results or anomalous behavior) for solutions obtained using
higher order terms, because no studies were directed to answer such questions.

In the present example, only the records of the scalar variable F and the velocity V were
“modeled” through square waves. It may eventually be useful for some problems also to
“model” the derivatives of the records (in time or space). The use of such “secondary
records”, obtained from the original signal, was still not considered in this methodology.
The problem considered in this chapter was one-dimensional. The number of basic functions
for two and three dimensional problems grows substantially. How to generate and solve the
best set of equations for the 2-D and 3-D situations is still unknown.

Considering the above comments, it is clear that more studies are welcomed, intending to
verify the potentialities of this methodology.

5. Conclusions

It was shown that the methodology of random square waves allows to obtain a closed set of
equations for one-dimensional turbulent transfer problems. The methodology adopts a priori
models for the records of the oscillatory variables, defining convenient functions that allow
to “adjust” the records and to obtain predictions of the mean profiles. This is an alternative
procedure in relation to the a posteriori “closures” generally based on ad hoc models, like the
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use of turbulent diffusivities/viscosities, together with physical/phenomenological
reasoning about relevant parameters to be considered in these diffusivities/viscosities. The
basic functions are: the partition functions, the reduction coefficients and the superposition
coefficients. The obtained transformed equations for the one-dimensional turbulent
transport allow to obtain predictions of these functions.

In addition, the RMS of the velocity was also used as a basic function. The equations are
nonlinear. An improved analysis of the one-dimensional scalar transfer through air-water
interfaces was presented, leading to mean curves that superpose well with measured mean
concentration curves for gas transfer. In this analysis, different constant values were used
for @, k and the second derivative at the interface, allowing to obtain well behaved and
realistic mean profiles. Using the constant a values, the system of equations for one-
dimensional scalar turbulent transport could be reduced to only one equation for #; in this
case, a third order differential equation. In the sequence, a first application of the
methodology to velocity fields was made, following the same procedures already presented
in the literature for mass concentration fields. The form of the reduction coefficient function
for the velocity fluctuations was calculated from measured data found in the literature, and
plotted as a function of 1, generating a cloud of points. As for the case of mass transfer, a,,
presents a minimum peak in the region of the boundary layer (maximum peak for 1-a,,).
Because this methodology considers a priori definitions, applied to the records of the random
parameters, it may be used for different phenomena in which random behaviors are observed.
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7. Appendix I: Obtaining equation (51)

The starting point is the set of equations (45), (46), and the definition (47).
The “*” was dropped from z* and IJ* in order to simplify the representation of the equations.
The main equation (45) (or 50a) then is written as

(1-n)= s% - d[(;z]) (A1)
y4

Equation (46), for =2, is presented as:

—_— n(l—n)]m\/j(l—af)%+

0 1 2] > (AI-2)
+E£ 1 ﬂ(l—ﬂ) [(1—2n)]|:n(1—n)(1—af) }\/; =
(25-1)
:Df{az[(l_;l(zl_%)]+62[_na(;_ac)]}n(l—n)(l—af)
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2
n 1—n)(1—af) © D
Using the definitions Jj = Ke and g —
- K
n(l—n)+ﬂ(1 ﬂz ¢
(26-1)
2 on 10
-n(l-n)(1-a,) +I a—+55{(1—2 J(1-a )]} = .
Al-3
o*[(1-n)(1 o*[-n(1-
_S{ [( " “ ] [ n(2 aC)]}n(l—n)(l—aL)
0z 0z
For a; constant and defining A=(1 — ay):
dn  (1-2n) ,dI d*n ) :
-n(1-n)A? +1]7 JA T+ A _—zs{dZZ n(1-n)A (Al-4)
Using equations (All) and (AI4)
1-n)(1-2n) dn
n(1-mya2 EMAZ2 g g
n(1-n) =2 A a-a)2 -
d*n 1-2 4’ (A
sl (1o az s 1220 A0
dz 2 dz
Solving equation (AI5) for IJ:
2 2 —_ —
—25{2 } (1-n) A2 —5(1_22n)A{ZY21}+n(1—n)A2+(1'1)(212'1)A
1= Z - (AI-6)
1-A
(1-4) 1~
Rearranging equation (AI6):
2 —
(1 A) —S{ZAI’I(l—?l)-!— (1227’1)}{22}4_(1_,1){2”(1421)”}
- z
= Al-7
=y = (AL7)

dz

Differentiating equation (AlI7) and using equation (AI1):

e etomn]-

dz?

sloa[dn ) dn) [ (-2 &
) S{ZALIZ 2n dz} Hdz} S{ZAn(l n)+ 5 Hdz3}+
B dn

dz
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o]

dn
dz

—s{zAn(1—n)+(1_22")Hi} (1-n ){217(142_1)”} .
iq

+

(AI-8)

2
Multiplying by ( j and 51mphfymg

[dn] 2An - 2n)H }+ (AI-9)
dz 2 dz?

@

dz

—{—S{ZAn(l—n)Jr(l . )H;i } (1-n ){2”(/*2‘1)”}}{32;}

Rearranging (after multiplying the equation by A and using S=1/k):

A[2An(1fn)+(1_2n)}&d—n

2 JdZ’dz
[2An(1n)+(1_22n)}£;+’f(1”){2n(142_1)ﬂ}+ d*n
A +{1+2A[A(1_2n)_1]}[m1]2 P (AI-10)
A dz
+x{(A—1)(1—n)—A[A(1‘2”)‘@‘Z"H}[Z:]Z

=0
Equation (AI10) is the equation (51) presented in the text.

8. Appendix II: Solving equation (51) using mathematical tables

Equation (51) (or equation (AI-10)) of this chapter is a third order nonlinear ordinary

differential equation, for which adequate numerical methods must be applied. Some
methods were considered to solve it.
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A first attempt was made using the second order Finite Differences Method and the solver
device from the Microsoft Excel® table, intending to solve the problem with simple and
practical tools, but the results were not satisfactory. It does not imply that the Finite
Differences Method does not apply, but only that we wanted more direct ways to check the
applicability of equation (51).

The second attempt was made using Runge-Kutta methods, also furnished in
mathematical tables like Excel ® maintaining the objective of solving the one-dimensional
problem with simple tools. In this case, the results were adequate, superposing well the
experimental data.

The Runge-Kutta methods were developed for ordinary differential equations (ODEs) or
systems of ODEs. Equation (AI-10) is a nonlinear differential equation, so that it was
necessary to first rewrite it as a system of ODEs, as follows

% =] (AIL-1)
d*n
P (AIL-2)
B hr £/ 5 (AL
in which
—{2An(1—n)+ ( _22n)}w+lc(1—n){271(‘42_1)+1}+
fr=-4 w (AII-4)
. {1+2A[A(1-2n)-1]} B

A

) = —K{(A—l)(l —n)- A{A(l —2n)—@—2nmj2 (AIL-5)

f5 :A{ZAn(l—n)+(1_%}j (AIL-6)

Figure 6 shows that 3th, 4th and 5% orders Runge-Kutta methods were applied to obtain numerical
results for the profile of n. This Appendix shows a summary of the use of the 5th order method.
Of course, similar procedures were followed for the lower orders. As usual in this chapter,
equations (All-1) up to (AII-3) use the nondimensional variable z without the star “*” (that is, it
corresponds to z*). Considering "y" the dependent variable in a given ODE, the of 5t order
method, presented by Butcher (1964) appud Chapra and Canale (2006), is written as follows

Ax
Yir = Vit g (724325 + 1204 +325 47y ) (A7)
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in which

1 1
va=f xk+4Ax yk+4‘//1Ax)

1 (AII-8)
X +—Ax, Y — EWZAX + 1//3ij

vs=flx+ Ax%<+3‘//1AxJr

4 16

1 1 1
W3 = f(xk+4Ax yk+8W1Ax+8‘//2Ax)
( 16

2l//4Ax)

We = f(xk +Ax,y; — ; v Ax + 5 WoAX + %y@Ax - 172 W Ax +§W5AxJ
In the system of equations (AII-8), generated from equations (All-4) through (AIl-6), x = z
and y = n, following the representation used in this chapter.
The system of equations (AlIl-1) through (AIl-6) was solved using a spreadsheet for
Microsoft Excel®, available at www.stoa.usp.br/hidraulica/files/. Two initial values were
fixed and one was calculated. Note that in the present study it was intended to verify if the
method furnishes a viable profile, so that boundary or initial values obtained from the
experimental data were assumed as adequate. The first was n(0)=1. The second was n'(0)=-3,
corresponding to the experiments of Janzen (2006). The third information did not constitute
an initial value, and was n(1)=0 or 0<n(1)<0.01 (threshold value corresponding to the
definition of the boundary layer). As the Runge-Kutta methods need initial values, this
information was used to obtain n''(0), the remaining initial value needed to perform the
calculations. With the aid of the Newton (or quasi-Newton) method, it was possible to
obtain values for n''(0) that satisfied the third condition imposed at z = 1.
The derivative of n at z=0 is generally unknown in such mass transfer problems. In this case,
solutions must be found considering, for example, n(0)=1, 0<n(1)<0.01 and #n’(1)=0 (three
reasonable boundary conditions), for which another scheme must be developed to calculate
the first and second derivatives at the origin. As mentioned, the aim of this study was to
verify the applicability of the method. The details of solutions for different purposes must be
considered by the researchers interested in that solution.

The construction of the spreadsheet is described in the following steps:

i.  determine the initial values: n(0) = 1, n'(0) = -3 (or other appropriate value) n''(0) =
initial guess;

ii. Compute ¥, and 1, ,, the function values fi, f> e f3 with the initial values, and then
Y13 In the variable ¥, ;, i = 1,2,..,6 and j = 1,2,3, the first index corresponds to the six
stages of the method and the second to the order of the ODE that generated the original
system to be solved;

iii. With the values calculated in (ii), calculate now mc+(1/4) ;1 Az, ji+(1/4) P11 Az and
wi+(1/4) Y1, Az. The following steps are similar until j = 6;

iv. Equation AII-7 (a system) is then used to advance in space z.

The spreadsheet available at www.stoa.usp.br/hidraulica/files/ presents some suggestions

that simplify some items of the above described steps (some manual work is simplified). The

estimate of n”(0), for example, is obtained following simplified procedures.
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Generalized Variational Principle for Dissipative
Hydrodynamics: Shear Viscosity from Angular
Momentum Relaxation in the Hydrodynamical
Description of Continuum Mechanics

German A. Maximov
N. N. Andreyev Acoustical Institute
Russia

1. Introduction

A system of hydrodynamic equations for a viscous, heat conducting fluid is usually derived
on the basis of the mass, the momentum and the energy conservation laws (Landau &
Lifshitz, 1986). Certain assumptions about the form of the viscous stress tensor and the
energy density flow vector are made to derive such a system of equations for the dissipative
viscous, heat conductive fluid. The system of equations based on the mass, the momentum
and the energy conservation laws describes adequately a large set of hydrodynamical
phenomena. However, there are some aspects which suggest that this system is only an
approximation.

For example, if we consider propagation of small perturbations described by this system,
then it is possible to separate formally the longitudinal, shear and heat or entropy waves.
The coupling of the longitudinal and heat waves results in their splitting into independent
acoustic-thermal and thermo-acoustic modes. For these modes the limits of phase velocities
tends to infinity at high frequencies so that the system is in formal contradiction with the
requirements for a finite propagation velocity of any perturbation which the medium can
undergo. Thus it is possible to suggest that such a hydrodynamic equation system is a mere
low frequency approximation. Introducing the effects of viscosity relaxation (Landau &
Lifshitz, 1972), guarantees a limit for the propagation velocity of the shear mode, and the
introduction of the heat relaxation term (Deresiewicz, 1957; Nettleton, 1960; Lykov, 1967) in
turn ensures finite propagation velocities of the acoustic-thermal and thermo-acoustic
modes. However, the introduction of such relaxation processes requires serious effort with
motivation.

Classical mechanics provides us with the Lagrange’s variational principle which allows us
to derive rigorously the equations of motion for a mechanical system knowing the forms of
kinetic and potential energies. The difference between these energies determines the form of
the Lagrange function. This approach translates directly into continuum mechanics by
introduction of the Lagrangian density for non-dissipative media. In this approach the
dissipation forces can be accounted for by the introduction of the dissipation function
derivatives into the corresponding equations of motion in accordance with Onsager’s
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principle of symmetry of kinetic coefficients (Landau & Lifshitz, 1964). There is an
established opinion that for a dissipative system it is impossible to formulate the variational
principle analogously to the least action principle of Hamilton (Landau & Lifshitz, 1964). At
the same time there are successful approaches (Onsager, 1931a, 1931b; Glensdorf &
Prigogine, 1971; Biot, 1970; Gyarmati, 1970; Berdichevsky, 2009) in which the variational
principles for heat conduction theory and for irreversible thermodynamics are applied to
account explicitly for the dissipation processes. In spite of many attempts to formulate a
variational principle for dissipative hydrodynamics or continuum mechanics (see for
example (Onsager, 1931a, 1931b; Glensdorf & Prigogine, 1971; Biot, 1970; Gyarmati, 1970;
Berdichevsky, 2009) and references inside) a consistent and predictive formulation is still
absent. Therefore, there are good reasons to attempt to formulate the generalized
Hamilton’s variational principle for dissipative systems, which argues against its established
opposition (Landau & Lifshitz, 1964). Thus the objective of the chapter is a new formulation
of the generalized variational principle (GVP) for dissipative hydrodynamics (continuum
mechanics) as a direct combination of Hamilton’s and Osager’s variational principles. The
first part of the chapter is devoted to formulation of the GVP by itself with application to the
well-known Navier-Stokes hydrodynamical system for heat conductive fluid. The second
part of the chapter is devoted to the consistent introduction of viscous terms into the
equation of fluid motion on the basis of the GVP. Two different approaches are considered.
The first one dealt with iternal degree of freedom described in terms of some internal
parameter in the framework of Mandelshtam - Leontovich approach (Mandelshtam &
Leontovich, 1937). In the second approach the rotational degree of freedom as independent
variable appears additionally to the mean mass displacement field. For the dissipationless
case this approach leads to the well-known Cosserat continuum (Kunin, 1975; Novatsky,
1975; Erofeev, 1998). When dissipation prevails over angular inertion this approach
describes local relaxation of angular momentum and corresponds to the sense of internal
parameter. Finally, it is shown that the nature of viscosity phenomenon can be interpreted
as relaxation of angular momentum of material points on the kinetic level.

2. Generalized variational principle for dissipative hydrodynamics

2.1 Hamilton’s variational principle
The non-dissipative case of Hamilton’s variational principle can be formulated for a
continuous medium in the form of the extreme condition for the action functional §S=0:

S:tJ%dtJ'd?L, 1)

Hov

which is an integral over the time interval (t;, f,) and the initial volume V of a given mass
of a continuum medium in terms of Lagrangian’s coordinates. From the principles of
particle mechanics the Lagrangian density L is represented as the difference between the
kinetic K and potential U energies:

L(ii, Vii) = K (ii) - U(Vii) . )
Expression (2) implies that the Lagrangian can be considered as a function of the velocities

of the displacements ii = ?}—Ltl and deformations Vii = div(ii) .
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The motion equations derived from variational principles (1), (2) have the following form

AL gL . ©)
dton | ava

In the simplest case, when the kinetic and potential energies are determined by the
quadratic forms

WK(P) = pi®, 2 =Aed +2uel, & =+ iy I @)
2\ dx,  Ox;

the well-known equation of motion for an elastic medium (Landau & Lifshitz, 1972) can be
derived:

d - ~ -
Py = KT~ (A4 )V (V) =0, )
where p; is the density of the medium, and A4 and g are the Lamé’s constants.

2.2 Onsager’s variational principle

If we consider quasi-equilibrium systems, then the Onsager’s variational principle for least
energy dissipation can be formulated (Onsager, 1931a, 1931b). This principle is based on the
symmetry of the kinetic coefficients and can be formulated as the extreme condition for the
functional constructed as the difference between the rate of increase of entropy, s, and the
dissipation function, D. Here the entropy s is considered as a function of some
thermodynamic relaxation process ¢, and the dissipation function D as a function of the
rate of change of «, i.e.

50'( [S(Ol)—D(O!)] =0 . (6)
The kinetic equation can then be derived from variational principle (6) to describe the
relaxation of a thermodynamic system to its equilibrium state, i.e.:

%s(a) =2D(d) . @)

The above equation satisfies strictly the symmetry principle for the kinetic coefficients
(Landau & Lifshitz, 1986).

2.3 Variational principle for mechanical systems with dissipation

As was mentioned above, the generalization of the equation of motion (3) in the presence
of dissipation is obtained by introducing the derivative of the dissipation function with
respect to the velocities into the right hand side of the equation (3). Therefore, in
accordance with Onsager’s symmetry principle for the kinetic coefficients (Landau &
Lifshitz, 1964) we have

AL AL _ D

—=tV——==. ®)
dt dii ovii dii
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Now it is possible to show, that the equation of motion can be derived in the form of
equation (8) if Hamilton’s variational principle is adapted with the following form of the
Lagrangian function:

L(ii, Vii) = K(ii) - U(Vii) —j‘D(u;)dt', 9)
0

where the time integral of the dissipation function is introduced into equation (2). The initial
time in integral (9) denoted for simplicity equal to 0 corresponds to the time #; in functional (1).
It needs, however, to pay attention that at variation of dissipative term in such approach an

additional item appears, which has to be neglected by hands. Indeed, variation of the last
term in (9) leads us to result

u

S[D(idt = jaD (1) Siidt = jd(a’) (1) §ﬁjdt’— j-;i[azg (ﬁ)Jéﬁdt' (10a)
0 0

If to neglect by the last item in this expression

(o g OD() ot d (D)) . ., OD(i) .-
é}[D(u(t))dt- () ! dt’(aﬁ Jé‘udt~ ), (10b)
aD(ﬁ)

then the result gives us the same term , which we need artificially introduce in the

i
motion equation (8) for account of dissipation. From the one hand this approach can be
considered as some rule at variation of integral term, because it leads us to the required
form of the motion equation (8). From the other hand the following supporting basement
can be proposed. Variation of action containing all terms in Lagrangian (9) with account of
initial and boundary conditions can be written in the form

f atfav {_ d aKgﬁ) sy UV aDgﬁ)} &_Hj A (‘m@)ﬁdt’}: (11a)
: dt ou oVii oii A

It is seen from (11a) that the required form of the motion equation with dissipation arises
due to zero value of coefficient at arbitrary variation of the displacement field Jii . The last
additional item, containing variation dii under integral, prevent to the strict conclusion in
the given case. Nevertheless, if to rewrite the first term in (11a) in the same integral form as
the last term

=Tdtj dvjdt' S(t—t)| -2 K@) , oAUV D)), d (DG || 5, (11b)
; : dar i Vi ou ) df\ i

then due to the same reason of arbitrary variation dii the multiplier in brackets at this

d aD(zi)] N

variation has to be equal to zero. It is possible to see now, that, if the function dt(a;
7
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not singular in the point #'=t, then its contribution can be neglected in this point in
comparison with singular contribution from delta-function. The presented arguments can be
considered as a basis for variation rule of integral term in Lagrangian.

In particular, if the dissipation function is considered as a quadratic form of the deformation
velocities, i.e.:

. . \2 . N\2
2D(Vﬁ)=n'[§”f+a”k] +g’(a”’] , (12)

X OX; ox;

then the derived equation of motion with account of (4) corresponds to the linearized
Navier-Stokes equation:

20 %ﬁ —(A+ p)Adi — AV(Vii) = nAii + [g+ g]V(Vﬁ) , (13)

where the shear and volume viscosities, 7 and ¢ respectively are given by 7°/2 and

'+ %n' respectively, from the constants in (12).

2.4 Independent variables

When GVP is formulated in the form (9) we need to determine variables in which terms the
Lagrange’s function has to be expressed. To answer on this question let’s return to the
hydrodinamics equations and look at variables for their description.

In absence of dissipation, as it easy to see, these variables are velocity, density, pressure and
entropy 9,p,P,s. For the dissipationless case the entropy holds to be constant for given
material point, hence a pressure can be considered, for example, as a function of solely
density P(p,s=const). The density of the given mass of continuum is expressed in terms of
its volume. Hence variation of density can be expressed in terms of variation of volume or
through divergence of the displacement field p = p(divii) . In particular, linearization of the
continuity equation leads to relation

p = po(1~divil) (14)

Velocity by definition is a time derivative from displacement 7 =i . Thus, the displacement
field # can be considered as the principal hydrodinamical variable for the dissipationless
case.

In the presence of dissipation, the hydrodynamic equations also involve the temperature T,
implying in the following set of variables: ©,p,P,s,T . If pressure and entropy depend on
density and temperature P(p,T), s(p,T) in accordance to the state equation, then the fields
of displacements and temperatures: i,T can be considered as the principal hydrodynamical
variables.

Further, we will adopt the idea of Biot (Biot, 1970), and introduce some vector field i
(some vector potential), called the heat displacement, as independent variable instead
temperature, so that the relative deviation of temperature T from its equilibrium state T, is
determined by the divergence of the field #; . Namely in analogy with (14)

T =T, (1-Odiviiy ) (15a)
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where 6 is some dimensionless constant which is specially introduced in definition (15a)
for simplification of the expression for the dissipation function. Thus, the divergence of the
heat displacement field ii; determines temperature deviation from its equilibrium level

T-T,
TO

= —6Viiy . (15b)

2.5 Generalized variational principle (GVP) for dissipative hydrodynamics

The above example (12), (13) of the derivation of the equation of motion for dissipative
systems on the basis of Hamilton’s variational principle with the Lagrange’s function (9)
suggests the possibility of formulating a generalized variational principle for dissipative
hydrodynamical systems. This formulation can be obtained by a simple combination of
Hamilton’s variational principle (egs. (1) and (2)) and Onsager’s variational principle (eq.
(6)), if the latter is integrated over time and multiplied by a temperature term (Maximov ,
2008, 2010, originally formulated by Maximov , 2006). The Lagrangian density in this case
can be written in the following form:

t t
L=K—E+T{S—J.Ddt1=K—F—TIDdt’, (16)
0 0

where E and F are the internal energy (potential for the dissipationless case) and the free
energy respectively. For the non-dissipative case, the Lagrangian depends on the time and
spatial derivatives of the mean mass displacement field i, which is a basic independent
variable in this formulation. For the dissipative case, the temperature should be considered
as an additional independent variable for a complete description. Hence, a free energy and
dissipation function should also depend on the temperature variations. But temperature by
itself is not a convenient variable here. Instead it is more convenient to consider the heat
displacements ii; , introduced in previous section, of which the divergence will give us
temperature.

In this case the generalized Lagrangian can be written in the following form:

L(ii, Vii,Viiy) = K(ii) - F(Vii, Vi) — TojD(ﬁ,ﬁT)dt' : (17)
0

It is important to note here that the opportunity to formulate the variational principle for a
dissipative system arises due to the energy conservation for two interacting fields: the mean
mass displacement # and the heat displacement ii; . The dissipation function only plays a
role in the transformation rate between these fields.

In this way the motion equations derived by variation of action with the Lagrangian (17),
can be expressed in the following forms

4K G OF oD
dt ou aVii Jui
(18)
D o F

%y oVip
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Taking into account that the kinetic energy is given by quadratic form (4), the free energy is
given by its usual expression for thermo-elasticity in quadratic form (Landau & Lifshitz,
1972):

2
2F(Vii, T) =2ue; + Aej + K| "5, 24, =% (19a)
oT, 6T,

or with substitution of expression (13) instead of the temperature terms:

2F(Vii,Viip) = 2uel + Aeh + &(Viip ) +2dey (Viig ) (19b)
The dissipation function is the square of the difference between the mean mass and the heat
displacements

(20)

The meanings of the coefficients &, & and A in quadratic forms (19), (20) will be defined in
the next section by comparison with the classical Navier-Stokes hydrodynamical system of
equations.

In this case the motion equations for the mean displacement field and for the temperature
field derived on the basis of the generalized variational principle are just equivalent (at
4 =0) to the linearized traditional system of hydrodynamics equations:

Po%zi—ﬂAﬁ—(ﬂ+#+d)V(Vﬁ):(d+ K)/(6T,)VT 1)
B(T ~Ty0Vii) - RAT = GTy0AVii )

2.6 Comparison with the system of hydrodynamics equations

Coefficients of the quadratic forms in equations (19) and (20) can be determined by
comparison between the system of equation (21) and (22) and the linearized system of
hydrodynamics equations (Landau & Lifshitz, 1986) considering the variables ,T :

p=p(1-Vii), (23)
d21/—t 2= - n -
Po—z = Pucohil = —pyNT +nAii+| 3 v(Vi), (24)
dT . ,
£oCy = + poTyoVii— kAT =0. (25)

where ¢ is the isothermal sound velocity, Cy, - the heat capacity at constant volume, x the
heat conductivity coefficient, and « the thermal expansion coefficient. In the absence of
viscosity 7=0 and ¢ =0, which was not taken into account in the dissipation function (20),
the structure of equations (21), (22) nearly coincides with the second (24) and the third (25)
equations in the system of hydrodynamics equations (Landau & Lifshitz, 1986). The only
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difference is the additional term in the right part of equation (22) in comparison with (25).
We note here briefly that the reason for the introduction of this term is related to a
generalized form of the Fourier law for heat energy flow. Besides the term of the
temperature gradient in the Fourier law, an additional density or pressure gradient term
should appear in spite of the contradicting argument presented in (Landau & Lifshitz,
1986). The independent support of this result can be found in refs. (Martynov, 2001;
Zhdanov & Roldugin 1998).

The coefficients of equations (21), (22) and (24), (25) for the fluid case (rot(ii)=0 ) can be
found by comparison. One needs to take into account the different dimensions of equation
(22) and (25), and, hence, the presence of common dimension multiplier in the comparison
of coefficients for these equations.

The parameters of the quadratic forms are expressed explicitly in terms of the physical
parameters by the following expressions

2
c -1 . -
ﬂ:%(;} _1) ’ az_%' a=pocy (y=1), A+2u=pyiy, 7(2,00'3(2)(72 ‘1) , (26)
0
where y is the specific temperature ratio, y=C, /Cy , and y=x/ p,Cy is the temperature
conductivity coefficient. It is remarkable that the coefficient in the dissipation function f is
inversely proportional to the temperature conductivity coefficient.

3. Viscous terms in dissipative hydrodynamics

3.1 Account of viscosity relaxation for a fluid

To take into account fluid viscosity in the equation of motion in the framework of the
generalized variational principle it is possible to introduce additional internal parameters to
describe the quasi-equilibrium state of the medium, analogous to the Mandelshtam -
Leontovich approach (Mandelshtam & Leontovich, 1937). As will be shown, in order to
describe both the shear and the volume viscosities simultaneously, this internal parameter
needs to possess the properties of a tensor. To simplify the description we consider the case
when the temperature variation variable T is not essential so that the heat displacement ii;
terms can be omitted. In this case the additional terms associated with the tensor internal
parameter &, will appear in the expression for the free energy of an elastic medium (19),
and it can be written as:

2F(Vi, &)= ueg + Agiy + iy + arl + 201Gy + 20288y, (19¢)

where g; and b; are some coefficients of a positively determined quadratic form. The
kinetic energy is then given by the ordinal expression (4) and the dissipative function in the
absence of the temperature term can be written as the following quadratic form:

ZD(S&ij) = 7151? + 725'1'% (27)

with some coefficients 7, 7, .
The system of motion equations, derived on the basis of the generalized variational
principle for this case can be rewritten as
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Po-Lii— i - (A4 )V (V) ~ bV &, ~b, 250, 8)
dt axk
7164 dgl i + 08y + a8y +b 163 Vii+boey, =0 (29)

Here in the first equation (28) we safe for shortness the tensor notation for vector obtained
as divergence of internal parameter tensor. Equation (28) is the motion equation for an
elastic medium. Equation (29) is the kinetic equation for the internal parameter tensor & .
Convolving the kinetic equation by indexes it is possible to obtain the separate kinetic
equation for the spherical part of the internal parameter tensor &, :

5” +a&, +bey =0, (30)

where the coefficients with tilde have the following meaning:

7=3y,+7, i=3a,+a,, b=3b,+b, (31)

Kinetic equation (29) is an inhomogeneous ordinary differential equation of the first order.
Its solution can be written as:

t ——(t t)

&i=-= j a(t) at (32)

For the other components of the internal tensor parameter &, we can also obtain a kinetic
equation of similar form to equation (29), but with added inhomogeneous terms, i.e.

dSy
dt

72

+ 1y + gy + 8168 + b Sy =0 (33)
where the following notations are introduced

a = [al a ]
by = [bl - Ey}j (34)
y

Again, the solution of equation (33) has a form analogous to expression (32) with additional
contributions from the terms with multipliers a; and b, . Specifically,

YI\V

-2 ) b - b t=t)
Sik = oy fdt gik_é‘ikgll[l_bw] —51.,{2 nr=in) Idt & (35)
by (ay, —ay7) 7 @@y, —a:7)

Taking the divergence of tensor (35), we obtain the following vector
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: Lo ) b
By __by [ ate Lpa+vvin)-v (Vu)( (”172“271)] -
0x;, 72 2 by (@7, —a,7)
(36)
E (al}/ ﬂ}’l J‘ dte (_ )V(Vﬁ)
7 (ay, —a37) -
If we substitute (36) and (32) in the motion equation (28), we can write:
. b -2-1)
po-Lii -yt — (A + w)V (Vi) :—lf[bl ~b, W‘le [are 7 v(va)-
dt 7 (a7, —a,7)
(37)

-2 (t-r)

b f 1 .- P b b (mp, —mn)
dte 7 — V(V \Y W72~ %n)
72 ,J; re [Z(Au+ (V) =¥ U)( bz (a7, — a,7) D

In the low frequency limit, at times greater than the relaxation times 7 /d and y, /a,, itis
possible to derive an equation analogous to the Navier - Stokes motion equation with shear
and volume viscosities:

poii- i~ (4 )V (V) = i+ € + DV Vi (39)

where the effective elastic moduli Zand j and coefficients of shear and volume viscosities
are expressed as

i B b3 E( (alf—am] 1 b
K=K il ' an-np)) 2

<X

272 a ’
(39)

5+ﬁ:75[b1_b2 (M—f%)]_y bz(bz_;;(alyz—azm]
3

ar-np)) Pal2  (@n-a))

It is important to note that the structure of the effective shear modulus @& in (39) is
determined by a difference, which can be equal to zero, in which case equation (38)
becomes completely equivalent to the Navier - Stokes equation for a viscous fluid. Thus
the condition

by
=2 40
H 20, (40)

should be satisfied to consider a solid with shear relaxation like a viscous fluid. If Z>0,
then we have the case of elastic medium with a shear viscosity (the Voight’s model) or with
relaxation in the more general case (37). Thus, in the framework of the uniform approach it
is possible to describe viscous fluids and solids with visco-elastic properties.

As a final remark of this section it is possible to say several words about physical sense of
the introduced internal parameter. Since in the low frequency limit the majority of gases and
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fluids, including the simplest of them, is described by the Navier-Stokes equation, then the
only available value, which could relax in all cases, and hence could be considered as
common scalar internal parameter, is the mean distance between molecules in gas or liquid.
In the condensed and especially in the solid media the mutual space placement of atoms
becomes to be essential, hence a space variation of their mutual positions, holding rotational
invariance of a body as whole, has to be described by symmetrical tensor of the second
order. Hence the corresponding internal parameter could be the same tensor. Thus, the
discrete structure of medium on the kinetic level predetermines existence, at least, of
mentioned internal parameters, responsible for relaxation.

3.2 Shear viscosity as a consequence of the angular momentum relaxation for the
hydrodynamical description of continuum mechanics

As shown in the previous section, it is possible to derive the system of hydrodynamical
equations on the GVP basis for viscous, compressible fluid in the form of Navier-Stokes
equations. However for the account of terms responsible for viscosity it is required to
introduce some tensor internal parameter &, in agreement with Mandelshtam-Leontovich
approach (Mandelshtam & Leontovich, 1937). Relaxation of this internal parameter provides
appearance of viscous terms in the Navier-Stokes equation. It is worth mentioning that the
developed approach allowed to generalize the Navier-Stokes equation with constant
viscosity coefficient to more general case accounting for viscosity relaxation in analogy to
the Maxwell’s model (Landau & Lifshitz, 1972). However the physical interpretation of the
tensor internal parameter, which should be enough universal due to general character of the
Navier-Stokes equation, requires more clear understanding. On the intuition level it is clear
that corresponding internal parameter should be related with neighbor order in atoms and
molecules placement and their relaxation. In the present section such physical interpretation
is represented.

As was mentioned in Introduction the system of hydrodynamical equations in the form of
Navier-Stokes is usually derived on the basis of conservation laws of mass M, momentum
P and energy E. The correctness of equations of the traditional hydrodynamics is
confirmed by the large number of experiments where it is adequate. However the
conservation law of angular momentum M is absent among the mentioned balance laws
laying in the basis of traditional hydrodynamics. In this connection it is interesting to
understand the role of conservation law of angular momentum M in hydrodynamical
description. It is worth mentioning that equation for angular momentum appeared in
hydrodynamics early (Sorokin, 1943; Shliomis, 1966) and arises and develops in the
momentum elasticity theory. The Cosserat continuum is an example of such description
(Kunin, 1975; Novatsky, 1975; Erofeev, 1998). However some internal microstructure of
medium is required for application of such approach.

In the hydrodynamical description as a partial case of continuum mechanics the definition
of material point is introduced as sifficiently large ensemble of structural elements of
medium (atoms and molecules) that on one hand one has to describe properties of this
ensemble in statistical way and on the other one has to consider the size of material point as
small in comparison with specific scales of the problem. A material point itself as closed
ensemble of particles possesses the following integrals of motion: mass, momentum, energy
and angular momentum.

The basic independent variables, in terms of which the hydrodynamical description should
be constructed, are the values which can be determined for separate material point in
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accordance with its integrals of motion: mean mass displacement vector i (velocity of this
displacement © =9ii /ot is determined by integrals of motion 7= P/ M), rotation angle &
(angular velocity of rotation Q=¢ is determined by integrals of motion Q=M /I, where
I - inertia moment) and heat displacement ii;, determining variation of temperature and
related with integral of energy E.

In accordance with the set of independent field variables we can represent the kinetic K and
the free F energies as corresponding quadratic forms

2K = pii* +1§° (41)

= (A+24)(Vi)* + u[Va] +25¢[Vii]+ o()* + e(V )* + <V oI (42)

Taking into account that the dissipation dealt only with field of micro rotations, and
omitting for shortness dissipation of mean displacement field, described by heat
conductivity, we can write the dissipation function in the following form

2D = yp* (43)

Equations of motion derived from GVP without temperature terms have the forms:

d 815 v BF_—[V BF— J=— oD (44a)
dt dii Vil J[Vii] F

daK oK _v BF—_V aF_]_ oD (45a)
dta(p 2P Vo [ V] B(p

Without dissipation =0 the motion equations obtained with use of quadratic forms (41)-
(43) correspond to the ones for Cosserat continuum (Kunin, 1975; Novatsky, 1975; Erofeev,
1998). Indeed for this case the equations (44) have forms:

p%ﬁ—(i+2y)V(Vﬁ)+,u[V[Vﬁ]]—§[V¢] =0 (44Db)
I%¢ EV(VP)+¢[VIV@]]+ op + o[ Vii] = (45b)

The explicit form of these equations confirms that they are indeed the Cosserat continuum.
If one sets formally § =0, then equations (44b) and (45b) are split and the equation (44b)
reduces to ordinal equation of the elasticity theory and the equation (45b) represents the
wave equation for angular momentum.

When dissipation exists the system of equations (44)-(45) contains additional terms
responsible for this dissipation

—(A+2u)V(Vii) + u[V[Vii]]- [V §] =0 (44c)
19— eV(VP)+ VIV I+ 06+ Ol Vii] = —1p (45¢)

For the case £=0, ¢=0 and I=0 the second equation (45c) reduces to the pure relaxation
form:
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i o_. 0.

¢=-—¢-—|[Vi] (46)
vor
Its solution can be represented in the form:
¢ o

)

P= 9 j dte 7 [Vii] (47a)
7

Substitution (47a) in (44c) leads to the following result

- 2 L =)
pii—(A+2u)V(Vii)+ u[V[Vii]] = 5 I dfe 7 [V[Vi]] (48a)
7
For the case of large times to /y>>1 the upper limit of integration gives the principal
contribution and equation reduces to the form

. 52 5% .
pii = (A+2u)V(Vi) + [ﬂ - UJ[V[W]] =751Vl (48b)

By the reason that the medium at large times should behave like a fluid then the following
condition has to be satisfied

2
u-2-=0 (49)
o
Taking into account condition (49) let’s make more accurate estimation of the integral,
computing it by parts

. P A (e N
pit=(A+20)V(Vi)) == [ dte 7 [VIVil] (48¢)

The corresponding estimation for the large time limit ¢ >> y / o reduces to the equation

2
pit = (A+20)V(Vi) = 5 [VIVil]] (48d)

which coincides with the structure of Navier-Stokes equation in the presence of shear
viscosity.

Let’s consider the case with non zero moment of inertia I#0 . For this case the second
equation (45c) is also local in space and it can be resolved for the function ¢ in Fourier
representation (t — @)

-0

————[Vii] (50)
—lo” +iwy+o

Q=

The zeros of the denominator

i, = i(—yi\/yz -401) (1)

21
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determine two modes of angular momentum relaxation. Under condition I < y*/(40) both
zeros are real and have the following asymptotics for small momentum of inertia I -0

i =2 i@y =~ (52)
Y I

The first zero does not depend on momentum of inertia I and the second root goes to
infinity when I —0. Under condition I=%?/(40) the zeros coincide and have the value

iw = —22, and under the condition I>y?/(40) the zeros are complex conjugated with

negative real part, which decreases with increase of I. The last case corresponds to the
resonant relaxation of angular momentum.
In the time representation the solution of the equation (50) can be written in the form

P=— j dt’eZyIUt’)[Vﬁ]{jiSh (g(t - t')j} (47b)

here the notation /... =/ —401 is used. For the case of resonant relaxation I > y?*/(40)
the corresponding expression has the form

N A
(Z’Z_J dt'e a ”[Vﬁ] 2755111 ﬂ(t—t') (47¢)

Substitution of the explicit expressions (47b) or (47c) in the equation (44c) gives the
generalisation of the Navier - Stokes equation for a solid medium with local relaxation of
angular momentum. As was mentioned above under special condition (49) and in the
limiting case (52) this equation reduces exactly to the form of Navier - Stokes equation.
Thus, it is shown that relaxation of angular momentum of material points consisting a
continuum can be considered as physical reason for appearance of terms with shear
viscosity in Navier-Stokes equation. Without dissipation additional degree of freedom dealt
with angular momentum leads to the well known Cosserat continuum.

4. Conclusion

The first part of the chapter presents an original formulation of the generalized variational
principle (GVP) for dissipative hydrodynamics (continuum mechanics) as a direct
combination of Hamilton’s and Onsager’s variational principles. The GVP for dissipative
continuum mechanics is formulated as Hamilton’s variational principle in terms of two
independent field variables i.e. the mean mass and the heat displacement fields. It is
important to mention that existence of two independent fields gives us opportunity to
consider a closed mechanical system and hence to formulate variational principle.
Dissipation plays only a role of energy transfer between the mean mass and the heat
displacement fields. A system of equations for these fields is derived from the extreme
condition for action with a Lagrangian density in the form of the difference between the
kinetic and the free energies minus the time integral of the dissipation function. All
mentioned potential functions are considered as a general positively determined quadratic
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forms of time or space derivatives of the mean mass and the heat displacement fields. The
generalized system of hydrodynamical equations is then evaluated on the basis of the GVP.
At low frequencies this system corresponds to the traditional Navier - Stokes equation
system. It allowed us to determine all coefficients of quadratic forms by direct comparison
with the Navier - Stokes equation system.

The second part of the chapter is devoted to consistent introduction of viscous terms into
the equation of fluid motion on the basis of the GVP. A tensor internal parameter is used for
description of relaxation processes in vicinity of quasi-equilibrium state by analogy with the
Mandelshtam - Leontovich approach. The derived equation of motion describes the
viscosity relaxation phenomenon and generalizes the well known Navier - Stokes equation.
At low frequencies the equation of fluid motion reduces exactly to the form of Navier -
Stokes equation. Nevertheless there is still a question about physical interpretation of the
used internal parameter. The answer on this question is presented in the last section of the
chapter.

It is shown that the internal parameter responsible for shear viscosity can be interpreted as a
consequence of relaxation of angular momentum of material points constituting a
mechanical continuum. Due to angular momentum balance law the rotational degree of
freedom as independent variable appears additionally to the mean mass displacement field.
For the dissipationless case this approach leads to the well-known Cosserat continuum.
When dissipation prevails over momentum of inertion this approach describes local
relaxation of angular momentum and corresponds to the sense of the internal parameter. It
is important that such principal parameter of Cosserat continuum as the inertia moment of
intrinsic microstructure can completely vanish from the description for dissipative
continuum. The independent equation of motion for angular momentum in this case
reduces to local relaxation and after its substitution into the momentum balance equation
leads to the viscous terms in Navier - Stokes equation. Thus, it is shown that the nature of
viscosity phenomenon can be interpreted as relaxation of angular momentum of material
points on the kinetic level.
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1. Introduction

Nonlinear science is believed by many outstanding scientists to be the most deeply
important frontier for understanding Nature (Christiansen et al., 2000; Krumhansl, 1991).
The interpenetration of main ideas and methods being used in different fields of science
and technology has become today one of the decisive factors in the progress of science
as a whole. Among the most spectacular examples of such an interchange of ideas and
theoretical methods for analysis of various physical phenomena is the problem of solitary
wave formation in nonautonomous and inhomogeneous dispersive and nonlinear systems.
These models are used in a variety of fields of modern nonlinear science from hydrodynamics
and plasma physics to nonlinear optics and matter waves in Bose-Einstein condensates.

The purpose of this Chapter is to show the progress that is being made in the field of
the exactly integrable nonautonomous and inhomogeneous nonlinear evolution equations
possessing the exact soliton solutions. These kinds of solitons in nonlinear nonautonomous
systems are well known today as nonautonomous solitons. Most of the problems
considered in the present Chapter are motivated by their practical significance, especially the
hydrodynamics applications and studies of possible scenarios of generations and controlling
of monster (rogue) waves by the action of different nonautonomous and inhomogeneous
external conditions.

Zabusky and Kruskal (Zabusky & Kruskal, 1965) introduced for the first time the soliton
concept to characterize nonlinear solitary waves that do not disperse and preserve their
identity during propagation and after a collision. The Greek ending "on" is generally
used to describe elementary particles and this word was introduced to emphasize the most
remarkable feature of these solitary waves. This means that the energy can propagate in the
localized form and that the solitary waves emerge from the interaction completely preserved
in form and speed with only a phase shift. Because of these defining features, the classical
soliton is being considered as the ideal natural data bit. It should be emphasized that today,
the optical soliton in fibers presents a beautiful example in which an abstract mathematical
concept has produced a large impact on the real world of high technologies (Agrawal, 2001;
Akhmediev, 1997; 2008; Dianov et al., 1989; Hasegawa, 1995; 2003; Taylor, 1992).

Solitons arise in any physical system possessing both nonlinearity and dispersion, diffraction
or diffusion (in time or/and space). The classical soliton concept was developed for nonlinear
and dispersive systems that have been autonomous; namely, time has only played the role of
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the independent variable and has not appeared explicitly in the nonlinear evolution equation.
A not uncommon situation is one in which a system is subjected to some form of external
time-dependent force. Such situations could include repeated stress testing of a soliton in
nonuniform media with time-dependent density gradients.

Historically, the study of soliton propagation through density gradients began with the
pioneering work of Tappert and Zabusky (Tappert & Zabusky, 1971). As early as in 1976
Chen and Liu (Chen, 1976; 1978) substantially extended the concept of classical solitons to the
accelerated motion of a soliton in a linearly inhomogeneous plasma. It was discovered that for
the nonlinear Schrodinger equation model (NLSE) with a linear external potential, the inverse
scattering transform (IST) method can be generalized by allowing the time-varying eigenvalue
(TVE), and as a consequence of this, the solitons with time-varying velocities (but with time
invariant amplitudes) have been predicted (Chen, 1976; 1978). At the same time Calogero
and Degaspieris (Calogero, 1976; 1982) introduced a general class of soliton solutions for the
nonautonomous Korteweg-de Vries (KdV) models with varying nonlinearity and dispersion.
It was shown that the basic property of solitons, to interact elastically, was also preserved,
but the novel phenomenon was demonstrated, namely the fact that each soliton generally
moves with variable speed as a particle acted by an external force rather than as a free particle
(Calogero, 1976; 1982). In particular, to appreciate the significance of this analogy, Calogero
and Degaspieris introduced the terms boomeron and trappon instead of classical KdV solitons
(Calogero, 1976; 1982). Some analytical approaches for the soliton solutions of the NLSE in
the nonuniform medium were developed by Gupta and Ray (Gupta, 1981), Herrera (Herrera,
1984), and Balakrishnan (Balakrishnan, 1985). More recently, different aspects of soliton
dynamics described by the nonautonomous NLSE models were investigated in (Serkin &
Hasegawa, 2000a;b; 2002; Serkin et al., 2004; 2007; 2001a;b). In these works, the “ideal”
soliton-like interaction scenarios among solitons have been studied within the generalized
nonautonomous NLSE models with varying dispersion, nonlinearity and dissipation or gain.
One important step was performed recently by Serkin, Hasegawa and Belyaeva in the Lax pair
construction for the nonautonomous nonlinear Schrodinger equation models (Serkin et al.,
2007). Exact soliton solutions for the nonautonomous NLSE models with linear and harmonic
oscillator potentials substantially extend the concept of classical solitons and generalize it
to the plethora of nonautonomous solitons that interact elastically and generally move with
varying amplitudes, speeds and spectra adapted both to the external potentials and to the
dispersion and nonlinearity variations. In particular, solitons in nonautonomous physical
systems exist only under certain conditions and varying in time nonlinearity and dispersion
cannot be chosen independently; they satisfy the exact integrability conditions. The law of
soliton adaptation to an external potential has come as a surprise and this law is being today
the object of much concentrated attention in the field. The interested reader can find many
important results and citations, for example, in the papers published recently by Zhao et al.
(He et al., 2009; Luo et al., 2009; Zhao et al., 2009; 2008), Shin (Shin, 2008) and (Kharif et al.,
2009; Porsezian et al., 2007; Yan, 2010).

How can we determine whether a given nonlinear evolution equation is integrable or not?
The ingenious method to answer this question was discovered by Gardner, Green, Kruskal
and Miura (GGKM) (Gardner et al., 1967). Following this work, Lax (Lax, 1968) formulated
a general principle for associating of nonlinear evolution equations with linear operators,
so that the eigenvalues of the linear operator are integrals of the nonlinear equation. Lax
developed the method of inverse scattering transform (IST) based on an abstract formulation
of evolution equations and certain properties of operators in a Hilbert space, some of which
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are well known in the context of quantum mechanics. Ablowitz, Kaup, Newell, Segur (AKNS)
(Ablowitz et al., 1973) have found that many physically meaningful nonlinear models can be
solved by the IST method.

In the traditional scheme of the IST method, the spectral parameter A of the auxiliary
linear problem is assumed to be a time independent constant A/t = 0, and this fact plays a
fundamental role in the development of analytical theory (Zakharov, 1980). The nonlinear
evolution equations that arise in the approach of variable spectral parameter, A; # 0,
contain, as a rule, some coefficients explicitly dependent on time. The IST method with
variable spectral parameter makes it possible to construct not only the well-known models
for nonlinear autonomous physical systems, but also discover many novel integrable and
physically significant nonlinear nonautonomous equations.

In this work, we clarify our algorithm based on the Lax pair generalization and reveal generic
properties of nonautonomous solitons. We consider the generalized nonautonomous NLSE
and KdV models with varying dispersion and nonlinearity from the point of view of their
exact integrability. It should be stressed that to test the validity of our predictions, the
experimental arrangement should be inspected to be as close as possible to the optimal map
of parameters, at which the problem proves to be exactly integrable (Serkin & Hasegawa,
2000a;b; 2002). Notice, that when Serkin and Hasegawa formulated their concept of
solitons in nonautonomous systems (Serkin & Hasegawa, 2000a;b; 2002), known today as
nonautonomous solitons and SH-theorems (Serkin & Hasegawa, 2000a;b; 2002) published for
the first time in (Serkin & Hasegawa, 2000a;b; 2002), they emphasized that "the methodology
developed provides for a systematic way to find an infinite number of the novel stable
bright and dark “soliton islands” in a “sea of solitary waves” with varying dispersion,
nonlinearity, and gain or absorption" (Belyaeva et al., 2011; Serkin et al., 2010a;b). The
concept of nonautonomous solitons, the generalized Lax pair and generalized AKNS methods
described in details in this Chapter can be applied to different physical systems, from
hydrodynamics and plasma physics to nonlinear optics and matter-waves and offer many
opportunities for further scientific studies. As an illustrative example, we show that important
mathematical analogies between different physical systems open the possibility to study
optical rogue waves and ocean rogue waves in parallel and, due to the evident complexity
of experiments with rogue waves in open oceans, this method offers remarkable possibilities
in studies nonlinear hydrodynamic problems by performing experiments in the nonlinear
optical systems with nonautonomous solitons and optical rogue waves.

2. Lax operator method and exact integrability of nonautonomous nonlinear and
dispersive models with external potentials

The classification of dynamic systems into autonomous and nonautonomous is commonly
used in science to characterize different physical situations in which, respectively, external
time-dependent driving force is being present or absent. The mathematical treatment
of nonautonomous system of equations is much more complicated then of traditional
autonomous ones. As a typical illustration we may mention both a simple pendulum whose
length changes with time and parametrically driven nonlinear Duffing oscillator (Nayfeh &
Balachandran, 2004).

In the framework of the IST method, the nonlinear integrable equation arises as the
compatibility condition of the system of the linear matrix differential equations

Y =Fp(x,t), = Gp(x,t). Q)
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Here ¢(x,t) = {tpl,tpz}T is a 2-component complex function, F and G are complex-valued
(2 x 2) matrices. Let us consider the general case of the IST method with a time-dependent
spectral parameter A(T) and the matrices F and G

- . dg /9S\ 9%g [9S\? 9"g [3S\"
I(A;S'T)ZF{A(T)"][S(x’t)’ﬂ az (w»#(ﬁ) ""';asZ (5) }

~ ~ dg /9S\ 9%g [9S\?> 9"g [3S\"
9<A;S,T>—g{A<T>,q[s<x,t>, 1o ()5 () izt () }

dependent on the generalized coordinates S = S(x,t) and T(t) = t, where the function
q[S(x,t),T] and its derivatives denote the scattering potentials Q(S,T) and R(S,T) and
their derivatives, correspondingly. The condition for the compatibility of the pair of linear
differential equations (1) takes a form

oF oF oG .
ST+ 5Si— S¢Sk + [F.6] =0, @
where R R
F = —iN(T)53 + U9, ®3)
= A B
G- < a4t A) , @
3 is the Pauli spin matrix and matrices U and ¢ are given by
7 0 Q(S,T)
= v
U=/oF (T)(R(S,T) 0 ) ©)
~  (exp[—ip/2] 0
¢= ( 0 expligp/2]) ) ° ©)

Here F(T) and ¢(S, T) are real unknown functions, vy is an arbitrary constant, and o = +1.
The desired elements of G matrix (known in the modern literature as the AKNS elements) can
be constructed in the form G = Zk 3 Gy AR, with time varying spectral parameter given by

A1 = Ao (T) + A (T) A(T), )

where time-dependent functions Ag (T) and A (T) are the expansion coefficients of At in
powers of the spectral parameter A (T).
Solving the system (2-6), we find both the matrix elements A, B, C

. 1 . .
A = —iAgS/Sx +ag — Z113(71?27(QR4;55,‘X +iQRgSy — iRQgSy) (8)

1 1
+§a20F27QR +A (fi/\ls /S + EagaFZVQR + al) +ay A + azA3,

. i i 1 .
B = oFY EXP[Z(PS/Z}{*Z%S% <st +5Q¢ss — ZQ(Pé + le(Ps)
j 1 . . 1
fiazQ(pSSx — EﬁzQSSx +iQ (fmls/sx + E@UF”QR + al)

i 1 . .
+A (—Z%Qﬁl’ssx - EaSQSSx + sz) +ia3A%Q},
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, i i 1 .
C = VoF" eXP[—lﬁl’S/zH—i%Si (Rss — 5 Rgss — ;R(P% - lesos)
—iazR(psSx + %astSx +iR (—mls/sx + %a3UF27QR + al)

i
+A (—Z%prssx + 2

1llg;Rs.Sx + illzR) + iﬂ3A2R},
and two general equations

iQr = *ﬂstsss + ﬂ3st§055 - *!130F27Q2R4’ssx

fgaszVQRQSSx - EazQSSS,% + ia,0 F*YQ?R
. . 3 3i 3
+iQg | =St + A1S +ia15x — uz(pss + 11342555 + 113(/)55
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— a0 FYRAQs Sy + é@RSSsﬁ — iacFYTR2Q
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+iRg (—St + A4S +ia1Sy — %u2§055325 - gasq’sssi + éﬂwési)
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+R (1/\1 - IW?T + Eﬂzfpsssf - Eﬂsfl)sq’ssSi)
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©)

(10)

where the arbitrary time-dependent functions ag (T), a1 (T), a2(T), a3(T) have been

introduced within corresponding integrations.

By using the following reduction procedure R = —Q*, it is easy to find that two equations (9)

and (10) take the same form if the following conditions

ag = —ay, 4 = —aj, 4y = —ay, 43 = —a;3,
Mo =A5, A=A, F=F*

are fulfilled.

(11)
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3. Generalized nonlinear Schrédinger equation and solitary waves in
nonautonomous nonlinear and dispersive systems: nonautonomous solitons

Let us study a special case of the reduction procedure for Egs. (9,10) when a3 = 0

. 1 .
A = ~idoS/Sy +ao(T) = 5a(T)oF*7 |Q* —iA1S/SeA + ay(T)A + a2 (T) A2,

B = \/(;F(y exp (i(p/Z) {7&&12(T)Q(p55x — %ﬂz(T)stx} +
i{Q[=iMS/Sx + a1 (T) + Aay(T)]},

. i 1
C = oF exp (—igp/2) {ZQZ(T)Q*(PSSx - Eaz(T)QESx}
—i{Q" [~iMx +ay(T) + Aax(T)]}.
In accordance with conditions (11), the imaginary functions ag(T), a1(T), a2(T) can be
defined in the following way: ao(T) = ivo(T), a1(T) = iV(T), ax(T) = —iDy(T), Ry(T) =
F2YDy(T),where D,(T), V(T), v0(T) are arbitrary real functions. The coefficients D, (T)
and Ry (T) are represented by positively defined functions (for ¢ = —1, y is assumed as a

semi-entire number).
Then, Egs. (9,10) can be transformed into

iQr = — 3 D2Qss8% — 7R |QF Q — 17Qs + i Q+ UQ, (12)

where 1
V(S,T)= EDQS,ZC(ps + VS + 5 — A48,

1 1 1

Uues,T) = gDzs,%(pg 210+ 5 (¢1 + @5St + VSxgs) +2A0S/Sx — 5/\14)55, (13)
Fr 1 1W(Ry, D 1

I = (—’Y?T — iDzSiQ)SS + /\1> = <E$ — ZDZSi(PSS +)\1) . (14)

Eq.(12) can be written down in the independent variables (x, t)
. 1 = .
iQr + 5 D2(1)Qux + 0 R2 (1) |QP Q — U(x, )Q +iV'Qx = iT (1)Q. (15)
Let us transform Eq.(15) into the more convenient form
) 1 .
iQt + 5 D2Qux +0R2 |QF Q ~ UQ = iTQ (16)
using the following condition
= 1
V= ED2Sx(PS+V*Als/5x = 0. (17)

If we apply the commonly accepted in the IST method (Ablowitz et al., 1973) reduction: V =
—iay =0, we find a parameter A; from (17)

1
A = EDzs,%gos/s, (18)
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and the corresponding potential U (S, T) from Eq.(13):
1 1
U(S, T) = =270 +2405/5x + 5 (¢ + psSt) — g DaST%. (19)

According to Eq.(14), the gain or absorption coefficient now is represented by

r— 1W(Ry, Dy)
) Ry Dy

Let us consider some special choices of variables to specify the solutions of (16). First of all,
we assume that variables are factorized in the phase profile ¢(S, T) as ¢ = C(T)S*. The first
term in the real potential (19) represents some additional time-dependent phase 270D of the
solution Q(x, t) for the equation (16) and, without loss of the generality, we use g = 0. The
second term in (19) depends linearly on S. The NLSE with the linear spatial potential and
constant Ay, describing the case of Alfen waves propagation in plasmas, has been studied
previously in Ref. (Chen, 1976). We will study the more general case of chirped solitons in the
Section 4 of this Chapter. Now, taking into account three last terms in (19), we obtain

1 1
- ZDZS,%q)ss + EDZSJZCq)S/S- (20)

U(S,T) =2A0S/Sx + %CTS“ +1/2aCS* 15, — %chzs,%azszfx—z. (21)

The gain or absorption coefficient (20) becomes

1 W(Rp, D
_1W(Ry D)

Wik, Lo) &, 2 ~on—2
I(T) = ; %D, 1 (3= @)D2S3CS (22)

and Eq.(18) takes a form
A = %Dzsicas“*? (23)

If we assume that the functions I'(T) and A1(T) depend only on T and do not depend on S,
we conclude thata = 0ora = 2.

The study of the soliton solutions of the nonautonomous NLSE with varying coefficients
without time and space phase modulation (chirp) and corresponding to the case of & = 0
has been carried out in Ref. (Serkin & Belyaeva, 2001a;b). Let us find here the solutions of
Eq.(16) with chirp in the case of « = 2, ¢(S,T) = C(T)S?. In this case, Eq. (18) becomes
A= DZS)%C. Now, the real spatial-temporal potential (21) takes the form

U[S(x, 1), T)] = 2105/Sx + % (CT - Dzsicz) S% 4 CSS;

Consider the simplest option to choose the variable S(x,t) when the variables (x,t) are
factorized: S(x,t) = P(f)x. In this case, all main characteristic functions: the phase
modulation

(x,t) = O(1)x%, (24)

the real potential
1 1
U(x,t) = 200 + (@t - D2®2) x = 200(Hx + 502 (), (25)

the gain (or absorption) coefficient

1 (W(Ry, Dy) > 1 (W(Ry,Dy)
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and the spectral parameter A
Aq(t) = DyP2C = Dy (1)O(t) (27)

are found to be dependent on the self-induced soliton phase shift @(t). Notice that the
definition O?(t) = ®; — D,®? has been introduced in Eq.(25).

Now we can rewrite the generalized NLSE (16) with time-dependent nonlinearity, dispersion
and gain or absorption in the form of the nonautonomous NLSE with linear and parabolic
potentials

iQy + %Dz(t)Qxx + Ry (1) QI Q — 240 (£)x — % O%(t)x*Q = irQ. (28)

4. Hidden features of the soliton adaptation law to external potentials: the
generalized Serkin-Hasegawa theorems

It is now generally accepted that solitary waves in nonautonomous nonlinear and dispersive
systems can propagate in the form of so-called nonautonomous solitons or solitonlike
similaritons (see (Atre et al., 2006; Avelar et al., 2009; Beli¢ et al., 2008; Chen et al., 2007;
Hao, 2008; He et al., 2009; Hernandez et al., 2005; Hernandez-Tenorio et al., 2007; Liu et al.,
2008; Porsezian et al., 2009; 2007; Serkin et al., 2007; Shin, 2008; Tenorio et al., 2005; Wang
et al., 2008; Wu, Li & Zhang, 2008; Wu, Zhang, Li, Finot & Porsezian, 2008; Zhang et al.,
2008; Zhao et al., 2009; 2008) and references therein). Nonautonomous solitons interact
elastically and generally move with varying amplitudes, speeds and spectra adapted both
to the external potentials and to the dispersion and nonlinearity variations. The existence of
specific laws of soliton adaptation to external gain and loss potentials was predicted by Serkin
and Hasegawa in 2000 (Serkin & Hasegawa, 2000a;b; 2002). The physical mechanism resulting
in the soliton stabilization in nonautonomous and dispersive systems was revealed in this
paper. From the physical point of view, the adaptation means that solitons remain self similar
and do not emit dispersive waves both during their interactions with external potentials
and with each other. The soliton adaptation laws are known today as the Serkin-Hasegawa
theorems (SH theorems). Serkin and Hasegawa obtained their SH-theorems by using the
symmetry reduction methods when the initial nonautonomous NLSE can be transformed
by the canonical autonomous NLSE under specific conditions found in (Serkin & Hasegawa,
2000a;b). Later, SH-theorems have been confirmed by different methods, in particular, by the
Painleve analysis and similarity transformations (Serkin & Hasegawa, 2000a;b; 2002; Serkin
et al., 2004; 2007; 2001a;b).

Substituting the phase profile ©(t) given by Eq. (26) into Eq. (25), it is straightforward to
verify that the frequency of the harmonic potential Q)(t) is related with dispersion Dj(t),
nonlinearity Ry (#) and gain or absorption coefficient I'(¢) by the following conditions

Q(0D2(1) = D20 7 ( gty ) ~T20)

D(t)

d [ W(Ry, D)) d W(R, Dy)
— (W) + <2F(f) + ElnRz(f)) T R,D, (29)

d (T d d D @ D
= Dy(t) (DZ(EE)) ~I2(H) + <2F(t) + ElnRz(f)) Zn Rj((g e Rig))

where W(Rp, D) = RZD/Zt — D2R/2t is the Wronskian.
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After the substitutions

Q(x,t) = g(x,t) exp [/tl"(r)dr}, R(t) = Ry(t) exp [z/o'tr(r)dr], D(t) = Dy (),

0

Eq. (28) is transformed to the generalized NLSE without gain or loss term

aq 1 326/ 2 1 2 2

— 4+ =D(t)=— R(¢t —2A0(t)x — Q) (¢ =0.

i+ D053+ R 1P ~20(0x — 00 g =0 @0
Finally, the Lax equation (2) with matrices (3-6) provides the nonautonomous model (30)
under condition that dispersion D(t), nonlinearity R(t), and the harmonic potential satisfy
to the following exact integrability conditions

W(R,D) d d (W(R,D)
2 — i -2 =/
PODW = "5 RO~ ( RD
d d d? a2 o1
The self-induced soliton phase shift is given by
_ _WIR(#),D(1)]
o) = D2(R () (32)
and the time-dependent spectral parameter is represented by
t
_ -1y — DoR(#) &/‘ Ao(T)D(7)
Alt) =x(t)+in(t) = RoD(D) A(0) + Do R(7) ar|, (33)

where the main parameters: time invariant eigenvalue A(0) = o + ifjo; Dp = D(0); Ry =
R(0) are defined by the initial conditions.

We call Eq. (31) as the law of the soliton adaptation to the external potentials. The basic
property of classical solitons to interact elastically holds true, but the novel feature of the
nonautonomous solitons arises. Namely, both amplitudes and speeds of the solitons, and
consequently, their spectra, during the propagation and after the interaction are no longer
the same as those prior to the interaction. All nonautonomous solitons generally move with
varying amplitudes #(t) and speeds «x(t) adapted both to the external potentials and to the
dispersion D(t) and nonlinearity R(¢) changes.

Having obtained the eigenvalue equations for scattering potential, we can write down the
general solutions for bright (¢ = +1) and dark (¢ = —1) nonautonomous solitons applying
the auto-Backlund transformation (Chen, 1974) and the recurrent relation

Gn(x, ) = —gn1(x,) — 4””r”1(x’t)’2x D) o pl—iox2/2], (34)

14 |Fpq(x) R(t)

which connects the (1 — 1) and 7 - soliton solutions by means of the so-called pseudo-potential
T, 1(x,t) = ¢1(x,t)/a(x, t) for the (n — 1) —soliton scattering functions ¢ (x, t) = (p1¢o)7.
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Bright q; (x,t) and dark g7 (x,t) soliton solutions are represented by the following analytic
expressions:

D(t)

R(D sech [&1(x, )] x exp {—i <®(t)

g (| o= +1) = 25 (1) ou) 2 +xl<x,t>) },- (35)

gy (x,t | o= —1) =2n(t) % {\/(1 —a?) +iatanh  (x, t)} (36)
X exp {fi (%xz + ¢(x, t)) } P
£(x,t) = 2ap1 (Dx +4a [ D(D)m (D) (DT, ©7)
0

plxt) =2 [mt) N a2>} x

+2 /t D(t) |:K% +12 (3 - az) — 21/ (1 — az)] dar. (38)
0

Dark soliton (36) has an additional parameter, 0 < a4 < 1, which designates the depth of
modulation (the blackness of gray soliton) and its velocity against the background. When
a = 1, dark soliton becomes black. For optical applications, Eq.(36) can be easily transformed
into the Hasegawa and Tappert form for the nonautonomous dark solitons (Hasegawa, 1995)

under the condition kg = 79+/(1 — a2) that corresponds to the special choice of the retarded
frame associated with the group velocity of the soliton

gy (x,t | o= —1) =2 (t) % {\/(1 —a?) +iatanhg(x,t)}

X exp {—i (%x2 + (f(x,t)) } ,

Zx) = 2am(x-+ 40 [ DEm() [m(e)y/ 01— + k() ar,
0

t
§(x,t) = 2K(Dx +2 [ D(r) [K¥(x) + 203 (1)] dr,
0

K(t) = % 0/ Ao(T) gég .

Notice that the solutions considered here hold only when the nonlinearity, dispersion and
confining harmonic potential are related by Eq. (31), and both D(t) # 0 and R(¢) # 0 for all
times by definition.
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Two-soliton g (x, t) solution for o = +1 follows from Eq. (34)

D(t) N (x,t) {i
2

ga(x,t) = R(OD (D) exp 77®(t)x2} ,

where the numerator N (x, £) is given by
N = cosh ¢ exp (—ix1)
x[(x2 = k1)% + 2ina (2 — K1) tanh & + 5f — 73] + 172 cosh &1 exp (—ix2)
x[(1 — x1)% — 2in1 (ko — 1) tanh & — 73 + 3],

and the denominator D (x, t) is represented by
— 2 2
D = cosh(¢1 +&2) [(Kz —x1)"+ (12— 1) ]

+cosh(¢y — &2) [(Kz —x1)2 + (12 + 771)2} —4n112 cos (X2 — Xx1) -

Arguments and phases in Eqgs.(39-41)

t
G t) = 2()x +4 [ D()i(v)(r)d,
0

t
Xilx) = 26(0x+2 [ D(v) [12(7) = ()] de
0

are related with the amplitudes

N DoR(t) ‘
Ul(t) - RoD(t) Moir
and velocities ,
L DoR(t) R " Ao(T)D(T)
0= Rp@ | Dy | TR T

(39)

(40)

(41)

(42)

(43)

(44)

(45)

of the nonautonomous solitons, where x(; and #y; correspond to the initial velocity and

amplitude of the i -th soliton (i = 1,2).

Eqgs. (39-45) describe the dynamics of two bounded solitons at all times and all locations.
Obviously, these soliton solutions reduce to classical soliton solutions in the limit of
autonomous nonlinear and dispersive systems given by conditions: R(t) = D(f) = 1, and

Ao(t) = Q(t) = 0 for canonical NLSE without external potentials.
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5. Chirped optical solitons with moving spectra in nonautonomous systems:
colored nonautonomous solitons

Both the nonlinear Schrodinger equations (28, 30) and the Lax pair equations (3-6) are written
down here in the most general form. The transition to the problems of optical solitons is
accomplished by the substitution x — T (or x — X); t — Z and g% (x,t) — #+(Z, T( or X))
for bright solitons, and [q7 (x,t)]" — @~ (Z,T( or X)) for dark solitons, where the asterisk
denotes the complex conjugate, Z is the normalized distance, and T is the retarded time for
temporal solitons, while X is the transverse coordinate for spatial solitons.

The important special case of Eq.(30) arises under the condition QO?(Z) = 0. Let us rewrite
Eq. (30) by using the reduction () = 0, which denotes that the confining harmonic potential is
vanishing

.0 o%u

u o 2 —
is7 +5D(Z) 50 + R(Z) [ul"u = 2040(Z) Tu = 0. (46)

This implies that the self-induced soliton phase shift ®(Z), dispersion D(Z), and nonlinearity
R(Z) are related by the following law of soliton adaptation to external linear potential

Z
D(Z)/Dy = R(Z)/Rgexp {%?0 / R(T)d‘r} . 47)
0

Nonautonomous exactly integrable NLSE model given by Eqs. (46,47) can be considered as
the generalization of the well-studied Chen and Liu model (Chen, 1976) with linear potential
M(Z) = ag = const and D(Z) = Dy = R(Z) = Rg = 1, 0 = +1, ©y = 0. It is interesting to
note that the accelerated solitons predicted by Chen and Liu in plasma have been discovered
in nonlinear fiber optics only decade later (Agrawal, 2001; Dianov et al., 1989; Taylor, 1992).
Notice that nonautonomous solitons with nontrivial self-induced phase shifts and varying
amplitudes, speeds and spectra for Eq. (46) are given in quadratures by Eqgs. (35-45) under
condition O?(Z) = 0.
Let us show that the so-called Raman colored optical solitons can be approximated by this
equation. Self-induced Raman effect (also called as soliton self-frequency shift) is being
described by an additional term in the NLSE: —ogUd | U |?> /9T, where oy originates from the
frequency dependent Raman gain (Agrawal, 2001; Dianov et al., 1989; Taylor, 1992). Assuming
that soliton amplitude does not vary significantly during self-scattering | U |>= #%sech?(yT),
we obtain that

b2 LUP

oT

and dv/dZ = ogn*/2, where v = x/2. The result of soliton perturbation theory (Agrawal,
2001; Dianov et al., 1989; Taylor, 1992) gives dv/dZ = 8¢7R174 /15. This fact explains the
remarkable stability of colored Raman solitons that is guaranteed by the property of the exact
integrability of the Chen and Liu model (Chen, 1976). More general model Eq. (46) and its
exact soliton solutions open the possibility of designing an effective soliton compressor, for
example, by drawing a fiber with R(Z) = 1 and D(Z) = exp(—coZ),where ¢cg = ©OyDj.
It seems very attractive to use the results of nonautonomous solitons concept in ultrashort
photonic applications and soliton lasers design.
Another interesting feature of the novel solitons, which we called colored nonautonomous
solitons, is associated with the nontrivial dynamics of their spectra. Frequency spectrum of
the chirped nonautonomous optical soliton moves in the frequency domain. In particular,

= 72¢7R;14T =2a0T



Nonautonomous Solitons: Applications from Nonlinear Optics to BEC and Hydrodynamics 63

if dispersion and nonlinearity evolve in unison D(¢f) = R(t) or D = R = 1, the solitons
propagate with identical spectra, but with totally different time-space behavior.

Consider in more details the case when the nonlinearity R = R stays constant but the
dispersion varies exponentially along the propagation distance

D(Z) = Dyexp (—coZ),
B(Z) = Ogexp (cpZ).

Let us write the one and two soliton solutions in this case with the lineal potential that, for
simplicity, does not depend on time: Ay(Z) = ay = const

U1(Z,T) = 21011/ Doexp (coZ)sech [§1(Z, T)] x exp [—%bo exp (coZ) T* — ix1(Z, T)} , (48)

Uy(Z,T) = 44/Dgexp (—cpZ) gg;' T; exp {—é@o exp (coZ) T2} , (49)

where the nominator N(Z, T) and denominator D(Z, T) are given by Egs. (40,41) and

Gi(Z,T) = 210; T exp (coZ) + 4Do11;

i Z)—1
X {% [exp (COZ)_1]+%§ {% —Z}}, (50)

exp (2cpZ) — 1
Xi(Z,T) = 2kp;Texp (coZ) + 2Dy (K%i — 17&) %

Z)-1
+2T? lexp (coZ) — 1] +4D0K0i? {e"p(‘foi) - t]
0 0

€0

+2D, (‘Z‘g)z {EXP («Z) —COeXP(—COZ) _22} . (51)

The initial velocity and amplitude of the 7 -th soliton (i = 1,2) are denoted by «g; and #g;.

We display in Fig.1(a,b) the main features of nonautonomous colored solitons to show not
only their acceleration and reflection from the lineal potential, but also their compression and
amplitude amplification. Dark soliton propagation and dynamics are presented in Fig.1(c,d).
The limit case of the Eqs.(48-51) appears when ¢y — oo (that means D(Z) = D, =constant)
and corresponds to the Chen and Liu model (Chen, 1976). The solitons with argument and
phase

&(Z,T) = 2np (T +2K0Z + g Z? — T0> ,
x(Z,T) = 2xgT +200TZ + 2 (K% — 17%) Z + 2xon0Z2 + %zxéZ3

represents the particle-like solutions which may be accelerated and reflected from the lineal
potential.
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20271

Fig. 1. Evolution of nonautonomous bright (a,b) optical soliton calculated within the
framework of the generalized model given by Eqs. (46-51) after choosing the soliton
management parameters c9=0.05, ay =-0.2, 19 = 0.5, k19 = 1.5. (a) the temporal behavior;
(b) the corresponding contour map. (c,d) Dark nonautonomous soliton dynamics within the
framework of the model Eqs. (46,47) after choosing the soliton management parameters: (c)
R=-D=1.0 and a9 = —1.0 and (d) R=—D=cos( wZ), where w = 3.0.

6. Bound states of colored nonautonomous optical solitons: honautonomous
"agitated" breathers.

Let us now give the explicit formula of the soliton solutions (48,49) for the case where all
eigenvalues are pure imaginary, or the initial velocities of the solitons are equal to zero. In the
case N = 1and A¢(Z) = 0, we obtain

U1 (Z,T) = 2101/ Do exp (coZ)sech [2101 T exp (coZ))]

[ . 2c0Z) -1
X exp {—%@0 exp (coZ) T> + 12D0n§1% .

(52)
This result shows that the laws of soliton adaptation to the external potentials (31) allow
to stabilize the soliton even without a trapping potential. In addition, Eq.(52) indicates the
possibility for the optimal compression of solitons, which is shown in Fig.2. We stress that
direct computer experiment confirms the exponential in time soliton compression scenario in
full accordance with analytical expression Eq.(52).

The bound two-soliton solution for the case of the pure imaginary eigenvalues is represented

by
N (Z,T ]
Uy(Z,T) = 44/ Do exp (—002)% exp {—%@0 exp (coZ) T?|, (53)

N = (’731 - ’752) exp (coZ) [ro1 cosh o exp (—ix1) — o2 cosh gy exp (—ix2)],  (54)

where

D = cosh(& + &) (101 — 702)* + cosh(&1 — &) (o1 + 102)* — o102 cos (x2 — x1), (55)



Nonautonomous Solitons: Applications from Nonlinear Optics to BEC and Hydrodynamics 65

16

12

-2

Fig. 2. Self-compression of nonautonomous soliton calculated within the framework of the
model Eq. (46) after choosing the soliton management parameters ¢ = 0.05;« = 0 and
1o = 0.5. (a) the temporal behavior; (b) the corresponding contour map.

and
§i(Z,T) = 2n0;Texp (coZ), (56)

5 exp (2c0Z) —1

Xi(Z,T) = —2Dony; + Xio

2C0 i0-
For the particular case of 1719 = 1/2, 759 = 3/2 Eqs.(53-57) are transformed to

Uy(Z,T) = 4y/Dgexp (—coZ) exp {— %@0 exp (coZ) Tz} (58)
x exp [LDO [exp (2c0Z) — 1] + Xw]
4C0
" cosh 3X — 3 cosh X exp {i2Dy [exp (2¢9Z) — 1] /co + iAg}
cosh4X + 4 cosh2X — 3cos {2Dy [exp (2c9Z) — 1] /co + Ap}’
where X = Texp(coZ), Ap = Xx20 — X10-
In the D(Z) = Dy = 1, ¢¢ = 0 limit, this solution is reduced to the well-known breather

solution, which was found by Satsuma and Yajima (Satsuma & Yajima, 1974) and was called
as the Satsuma-Yajima breather:

(57)

Uy(Z,T) = 4

cosh 3T + 3 cosh Texp (4iZ) ox iz
coshd4T + 4 cosh 2T + 3 cos4Z 2 )

At Z = 0 it takes the simple form U(Z, T) = 2sech(T). An interesting property of this solution
is that its form oscillates with the so-called soliton period Ty, = 7v/2.

In more general case of the varying dispersion, D(Z) = Dy exp (—coZ), shown in Fig.3 (¢y =
0.25, 7110 = 0.25, 1790 = 0.75), the soliton period, according to Eq.(58), depends on time.

The Satsuma and Yajima breather solution can be obtained from the general solution if and
only if the soliton phases are chosen properly, precisely when A¢ = 7. The intensity profiles
of the wave build up a complex landscape of peaks and valleys and reach their peaks at the
points of the maximum. Decreasing group velocity dispersion (or increasing nonlinearity)
stimulates the Satsuma-Yajima breather to accelerate its period of "breathing" and to increase
its peak amplitudes of "breathing", that is why we call this effect as "agitated breather" in
nonautonomous system.
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100

Fig. 3. Nonautonomous "agitated" breather (58) calculated within the framework of the
model (46) after choosing the soliton management parameters ¢y = 0.25, 1719 = 0.5, 179 = 1.5.
(a) the temporal behavior; (b) the corresponding contour map.

7. Rogue waves, "quantized" modulation instability, and dynamics of
nonautonomous Peregrine solitons under "hyperbolic hurricane wind"

Recently, a method of producing optical rogue waves, which are a physical counterpart to the
rogue (monster) waves in oceans, have been developed (Solli et al., 2007). Optical rogue waves
have been formed in the so-called soliton supercontinuum generation, a nonlinear optical
process in which broadband "colored" solitons are generated from a narrowband optical
background due to induced modulation instability and soliton fission effects (Dudley, 2009;
Dudley et al., 2006; 2008).

Ordinary, the study of rogue waves has been focused on hydrodynamic applications and
experiments (Clamond et al., 2006; Kharif & Pelinovsky, 2003). Nonlinear phenomena in
optical fibers also support rogue waves that are considered as soliton supercontinuum noise. It
should be noticed that because optical rogue waves are closely related to oceanic rogue waves,
the study of their properties opens novel possibilities to predict the dynamics of oceanic
rogue waves. By using the mathematical equivalence between the propagation of nonlinear
waves on water and the evolution of intense light pulses in optical fibers, an international
research team (Kibler et al., 2010) recently reported the first observation of the so-called
Peregrine soliton (Peregrine, 1983). Similar to giant nonlinear water waves, the Peregrine
soliton solutions of the NLSE experience extremely rapid growth followed by just as rapid
decay (Peregrine, 1983). Now, the Peregrine soliton is considered as a prototype of the famous
ocean monster (rogue) waves responsible for many maritime catastrophes.

In this Section, the main attention will be focused on the possibilities of generation and
amplification of nonautonomous Peregrine solitons. This study is an especially important
for understanding how high intensity rogue waves may form in the very noisy and imperfect
environment of the open ocean.

First of all, let us summarize the main features of the phenomenon known as the induced
modulation instability. In 1984, Akira Hasegawa discovered that modulation instability of
continuous (cw) wave optical signal in a glass fiber combined with an externally applied
amplitude modulation can be utilized to produce a train of optical solitons (Hasegawa,
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Fig. 4. Illustrative example of the temporal-spatial dynamics of the induced modulation
instability and the Fermi-Pasta-Ulam recurrence effect calculated in the framework of the
canonical NLSE model : (a) the intensity distribution; (b) the corresponding contour map.

1984). In the sense that the external modulation induces the modulation instability, Hasegawa
called the total process as the induced modulation instability. To demonstrate the induced
modulation instability (IMI), following Hasegawa, we solved the NLSE numerically with
different depths and wavelength of modulation of cw wave. The main features of the induced
modulation instability are presented in Fig.4. In Figure 4, following Hasegawa (Hasegawa,
1984), we present the total scenario of IMI and the restoration of the initial signal due to the
Fermi-Pasta-Ulama recurrence effect. In our computer experiments, we have found novel and
interesting feature of the IMI. Varying the depth of modulation and the level of continuous
wave, we have discovered the effect which we called a "quantized" IMI. Figure 5 shows typical
results of the computation. As can be clearly seen, the high-intensity IMI peaks are formed
and split periodically into two, three, four, and more high-intensity peaks. In Fig.5 we present
this splitting ("quantization") effect of the initially sinus like modulated cw signal into two
and five high-intensity and "long-lived" components.

The Peregrine soliton can be considered as the utmost stage of the induced modulation
instability, and its computer simulation is presented in Fig.6 When we compare the
high-energy peaks of the IMI generated upon a distorted background (see Figs.4, 5) with exact
form of the Peregrine soliton shown in Fig.7(a) we can understand, how such extreme wave
structures may appear as they emerge suddenly on an irregular surface such as the open
ocean.

There are two basic questions to be answered. What happens if arbitrary modulated cw
wave is subjected to some form of external force? Such situations could include effects of
wind, propagation of waves in nonuniform media with time dependent density gradients
and slowly varying depth, nonlinearity and dispersion. For example, in Fig.7(b), we show
the possibility of amplification of the Peregrine soliton when effects of wind are simulated by
additional gain term in the canonical NLSE. The general questions naturally arise: To what
extent the Peregrine soliton can be amplified under effects of wind, density gradients and
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Fig. 5. lllustrative example of the "quantized" induced modulation instability: (a) the
temporal-spatial behavior; (b) the corresponding contour map.

slowly varying depth, nonlinearity and dispersion? To answer these questions, let us consider
the dynamics of the Peregrine soliton in the framework of the nonautonomous NLSE model.
In the previous chapters, the auto -Bédcklund transformation has been used to find soliton
solutions of the nonautonomous NLSE model. Now, we consider another remarkable method
to study nonautonomous solitons. The following transformation

q(x,t) = A(H)u(X, T) exp [ip(X, T)] (59)

has been used by Serkin and Hasegawa in (Serkin & Hasegawa, 2000a;b; 2002) to reduce the
nonautonomous NLSE with varying dispersion, nonlinearity and gain or loss to the "ideal"
NLSE
ia—u+gé}27u+|u|2u =0
oT  29X2 ’

where the following notations may be introduced

Al =[Pty Xx=P@x T() = [ DOP (DT, (60)
0
px,1) = 2VRD g1, (61)

where ¢ (X, T) is the phase of the canonical soliton.
It is easy to see that by using Eq.(59-61), the one-soliton solution may be written in the
following form

a1 (x,t | o = +1) = 2y A(t)sech 277X + 4ok T(1)]
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(a) (b)

Fig. 6. Illustrative examples of the Peregrine soliton dynamics: (a) - classical Peregrine soliton
calculated in the framework of the canonical NLSE model; (b) its behavior under linear
amplification associated with continuous wind.

X exp {i E%XZ — 20X — 2(Rp* — ;7“02)T(t)} }

o = 20 & = 2oy P(t) = R()/D(). ©)
0 0

The transformation (59) can be applied to obtain all solutions of the nonautonomous NLSE

(30) and, in particular, the nonautonomous rational solutions known as the Peregrine solitons.

Thus, the Peregrine soliton (Peregrine, 1983) can be discovered for the nonautonomous NLSE

model as well

qp(x,t) = A(D)r(X, T) exp [i(T)] (63)

where A(1 4 2iT
(X, 1) =1- ﬁ (64
$(X,T) = %%}8 +T(t) (65)

Figure 7 shows spatiotemporal behavior of the nonautonomous Peregrine soliton. The
nonautonomous Peregrine soliton (63-65) shown in Fig.7(b) has been calculated in the
framework of the nonautonomous NLSE model (28) after choosing the parameters Ay = Q) =
0, Dy = Ry = 1 and the gain coefficient I'(t) = Ty/ (1 — Tot). Somewhat surprisingly, however,
this figure indicates a sharp compression and strong amplification of the nonautonomous
Peregrine soliton under the action of hyperbolic gain which, in particular, in the open ocean
can be associated with "hyperbolic hurricane wind".

It should be stressed that since the nonautonomous NLSE model is applied in many other
physical systems such as plasmas and Bose-Einstein condensates (BEC), the results obtained
in this Section can stimulate new research directions in many novel fields (see, for example,
(Bludov et al., 2009; Yan, 2010)).
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Fig. 7. (a) Autonomous and (b) nonautonomous Peregrine solitons calculated within the
framework of the model (63-65) after choosing the soliton management parameters I'y = 0.33.

8. Nonautonomous KdV solitons

Notice, that the nonlinear evolution equations that arise in the approach of variable spectral
parameter contain, as a rule, an explicit dependence on the coordinates. Our general approach
makes it possible to construct not only the well-known equations, but also a number of new
integrable equations (NLSE, KdV, modified KdV, Hirota and Satsuma and so on) by extending
the Zakharov-Shabat (ZS) and AKNS formalism. In particular, Egs.(9,10) under the conditions
(11) with a,=0, a3=—4iD3 and R=1 become

Qr = —D3QsssS3 — 6iD3Qss 955y + 3iD30F>Y Q?@sSx + 6D30F*7 QQsSx (66)

. 3
+Qs (—st + A8 — V4 Sy — 6iD39g5SS + 1D3(p§5,3(>
. 1 1 1
—iQ |240S/Sx — 27 + 3 (o1 + @5S¢) — §A154>5 + Equssx

Fr 3 ) 1 1
+Q <A1 - 7% + ZDsq’s(PssSSoZ) —iQ (—§D3€0§5§ + §D34’ssssf’c) ,
Eq.(66) can be rewritten in the independent variables (x, f)
Qt = —D3Quxx — 6iD3Quxx + 3iD30F*1 Q% + 6D30 F*7QQ; (67)

. 3
+Qx (Als/sx — Vi — 6iD3@yx + ZDWJ%)
. 1 1 1
*IQ |:2AOS/Sx - 2')’ + E (QDT + QOSSt) — E)\ls(Px/Sx + §V¢x:|

F 3 . 1 1
+Q ()\1 - 'th + ZDSQ’xq’xx) —iQ (_gDSQ’i + EDSQ’xxx) .
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X

Fig. 8. Nonautonomous KdV solitons calculated within the framework of the model (71) after
choosing the soliton management parameters & = 0.15, 1739 = 0.40, 1750 = 0.75. On the left
hand side the temporal behavior is presented, while the corresponding contour map is
presented on the right hand side.

Let us consider the simplest option to choose the real solution Q(x, t), which leads to the only
possibility of ¢ = A1 = 0. In this case, Eq.(67) is reduced to the KdV with variable coefficients

1 W(D3,R3)

Qr — 6(7R3(t) QQx + D3(f)Qxxx + 5 W =0, (68)

where the notation R3(t) = F2YD3(t) has been introduced. It is easy to verify that Eq.(68) can
be mapped into the standard KdV under the transformations

Qlxt) = q(x,T),

t
where T = [ D3(7)dt so that g(x, T) is given by the canonical KdV:
0

qr — 60qqx + gxxx = 0.
Applying the auto-Backlund transformation, we can write down the two-soliton solution of
the nonautonomous KdV

_ D5(T) My
Qo(x,t) = —20(B1 — B2) Ry(T) D (69)
where
M = B (sinh &) + B (cosh &1)?, (70)

9, = [@Siﬂhgl sinh & — /2B, cosh & cosh@‘z]z,
Gi = V/Bi/2(x —2B;T), Bi = 25y, i = 1,2;

and 792 > 1)p1 are initial amplitudes of the solitons.
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Fig. 9. Nonautonomous KdV solitons calculated within the framework of the model (72) after
choosing the soliton management parameters & = 2.0, B = —0.25, 1779 = 0.40, 170 = 0.75.

As two illustrative examples, in Fig.8, we present the behavior of nonautonomous KdV soliton
in the framework of the model

Qs — 600Qx + exp(at) Que — 200 =0 @)

with lineal gain (or loss) accompanying by exponential variation of the dispersion coefficient;
and in Fig.9 we show the dynamics of the KdV soliton in the nonautonomous system
described by the model

aBsin(at)
2[1+ Bcos(at)] (1+B) Q

Q1 —60QQx + [1+ Bcos(at)] /(14 B)Quxx + =0 (72
where D3(t) = [1 + Beos(at)] /(14 B), Ra(t) = 1.

It is important to compare our exactly integrable nonautonomous KdV model with the model
proposed by Johnson to describe the KdV soliton dynamics under the influence of the depth
variation (Johnson, 1997) and given by

1D
ux — 60D (X) "> 2uug + D(X) Pugge + 5 7 u=0. (73)
We stress that after choosing the parameters R3(t) = D(t)"3/2 and D3(t) = D(t)1/?, the

potential in Eq.(68) becomes % = —2D'/D, which is very nearly similar to the potential
in Eq.(73) calculated by Johnson (Johnson, 1997).

9. Conclusions

The solution technique based on the generalized Lax pair operator method opens the
possibility to study in details the nonlinear dynamics of solitons in nonautonomous nonlinear
and dispersive physical systems. We have focused on the situation in which the generalized
nonautonomous NLSE model was found to be exactly integrable from the point of view of
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the inverse scattering transform method. We have derived the laws of a soliton adaptation
to the external potential. It is precisely this soliton adaptation mechanism which was of
prime physical interest in our Chapter. We clarified some examples in order to gain a
better understanding into this physical mechanism which can be considered as the interplay
between nontrivial time-dependent parabolic soliton phase and external time-dependent
potential. We stress that this nontrivial time-space dependent phase profile of nonautonomous
soliton depends on the Wronskian of nonlinearity R(t) and dispersion D(t) and this profile
does not exist for canonical NLSE soliton when R(t) = D(t) = 1.

Several novel analytical solutions for water waves have been presented. In particular,
we have found novel solutions for the generalized Peregrine solitons in inhomogeneous
and nonautonomous systems, "quantized" modulation instability, and the exactly integrable
model for the Peregrine solitons under "hyperbolic hurricane wind". It was shown that
important mathematical analogies between optical rogue waves and the Peregrine solitons
in water open the possibility to study optical rogue waves and water rogue waves in parallel
and, due to the evident complexity of experiments with rogue waves in oceans, this method
offers remarkable possibilities in studies nonlinear hydrodynamics problems by performing
experiments in the nonlinear optical systems.

We would like to conclude by saying that the concept of adaptation is of primary importance
in nature and nonautonomous solitons that interact elastically and generally move with
varying amplitudes, speeds, and spectra adapted both to the external potentials and to the
dispersion and nonlinearity changes can be fundamental objects of nonlinear science.

This investigation is a natural follow up of the works performed in collaboration with
Professor Akira Hasegawa and the authors would like to thank him for this collaboration.
We thank BUAP and CONACyT, Mexico for support.
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1. Introduction

The quasi-stationary Stokes approximation (Frenkel, 1945; Happel & Brenner, 1965) is
used to describe viscous flows with small Reynolds numbers. Two-dimensional Stokes
flow with free boundary attracted the attention of many researches. In particular, an
analogy is drawn (Ionesku, 1965) between the equations of the theory of elasticity
(Muskeleshvili, 1966) and the equations of hydrodynamics in the Stokes approximation.
This idea allowed (Antanovskii, 1988) to study the relaxation of a simply connected
cylinder under the effect of capillary forces. Hopper (1984) proposed to describe the
dynamics of the free boundary through a family of conformal mappings. This approach
was later used in (Jeong & Moffatt, 1992; Tanveer & Vasconcelos, 1994) for analysis of
free-surface cusps and bubble breakup.

We have developed a method of flow calculation, which is based on the expansion of
pressure in a complete system of harmonic functions. The structure of this system depends
on the topology of the region. Using the pressure distribution, we calculate the velocity on
the boundary and investigate the motion of the boundary. In case of capillary forces the
pressure is the projection of a generalized function with the carrier on the boundary on the
subspace of harmonic functions (Chivilikhin, 1992).

We show that in the 2D case there exists a non-trivial variation of pressure and velocity
which keeps the Reynolds stress tensor unchanged. The correspondent variations of
pressure give us the basis for pressure presentation in form of a series. Using this fact and
the variation formulation of the Stokes problem we obtain a system of equations for the
coefficients of this series. The variations of velocity give us the basis for the vortical part of
velocity presentation in the form of a serial expansion with the same coefficients as for the
pressure series.

We obtain the potential part of velocity on the boundary directly from the boundary
conditions - known external stress applied to the boundary. After calculating velocity on the
boundary with given shape we calculate the boundary deformation during a small time
step.

Based on this theory we have developed a method for calculation of the planar Stokes flows
driven by arbitrary surface forces and potential volume forces. We can apply this method
for investigating boundary deformation due to capillary forces, external pressure,
centrifugal forces, etc.
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Taking into account the capillary forces and external pressure, the strict limitations for
motion of the free boundary are obtained. In particular, the lifetime of the configurations
with given number of bubbles was predicted.

2. General equations

2.1 The quasi-stationary Stokes approximation

The equations of viscous fluid motion in the quasi-stationary Stokes approximation due to
arbitrary surface force f, and the continuity equation in the region G c R? with boundary
I" have the form

Tet g, U
aXﬁ
oo
—L =0, )
ox B
dv, Ovg | . .
where Pop = —péaﬁ +u o + P is the Newtonian stress tensor; v, are the components
p a

of the velocity; p is the pressure; u is the coefficient of the dynamical viscosity, which is
assumed to be constant. The indices «,f take the values 1, 2. Summation over repeated
indices is expected. The boundary conditions have the form

paﬂnﬂ:fa/ xel ©)

where 1, and f, are the components of the vector of outer normal to the boundary and the

surface force. Let /jbe the outer boundary of the region; I (k=1,2,..,m)- the inner

boundaries (boundaries of bubbles); 1" = U I} - see Fig.1.
k=0

Fig. 1. Region G with multiply connected boundary 7~
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The free boundary evolution is determined from the condition of equality of the normal
velocity V,, of the boundary and the normal component of the velocity of the fluid at the
boundary:

Vi=vgng, xel 4)

In case of a volume force F, acting on G, the equation of motion takes the form

Lo -, ®)
Oxg
. . ou .
If the volume force is potential F, = ——— one can renormalize the pressure p - p+U and
xO{
present (3), (5) in the form
Pz _ (©)
63([5
Paphip=Tfo, xel’ ?)

where f/, = f, +Un, is the renormalized surface force.

2.2 The transformational invariance of the Stokes equations
Let’s point out a specificity of the quasi-stationary Stokes approximation (1), (2). This system
is invariant under the transformation

Vg = Vg + Vi +epX g0 8)

where V, and ware constants, e,z is the unit antisymmetric tensor. Therefore, for this
approximation the total linear momentum and the total angular momentum are indefinite.
These values should be determined from the initial conditions.

2.3 The conditions of the quasi-stationary Stokes approximation applicability
The Navier-Stokes equations

P %+Uﬂ% :@_ﬂrm )
ot aJCﬂ aXﬁ

where pis the density of liquid, lead to the quasi-stationary Stokes equations (5) if the
convective and non-stationary terms in (9) can be neglected. The neglection of the
convective term leads to the requirement of a small Reynolds number Re =VL/v , where V
is the characteristic velocity, L is the spatial scale of the region G, and v is the kinematic
viscosity. The non-stationary term in the equation (9) can be omitted if during the velocity
field relaxation time T = Lz/v the shape of the boundary changes insignificantly, namely
VT << L which again leads to the condition Re << 1. The change of the volume force F, and
the surface force f, during the time T should also be small:
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oF, of,
—2T<«<F, —=2T<<f, 10
AT <<k, “ET<<f, (10

For the forces determined by the region shape (like capillary force or centrifugal force) the
conditions (10) lead to Re <<1 again.

The neglection of the non-stationary term is a singular perturbation of the motion equation
in respect of the time variable. It leads to the formation of a time boundary layer of duration
T, during which the initial velocity field relaxates to a quasi-steady state. The condition of a
small deformation of the region during this time interval VT << is ensured by the
requirement of a small Reynolds number Re’ constructed from the characteristic initial
velocity V? and the initial region scale L.

Let’s integrate the motion equation (5) over the region G and use the boundary condition
(3). As a result we obtain the condition

@, =| F G+ [ fad” =0. (11)

The equations of viscous fluid motion in the quasi-stationary Stokes approximation (5)
have the form of local equilibrium conditions. Correspondingly, the total force @, which
acts on the system should be zero. The same way, using (5) and (3) one can obtain the
condition

M=] eaptoF AG + [eapafsdl =0. (12)

where €ap is the unit antisymmetric tensor. Therefore, the total moment of force M acting
on the system should be zero.

2.4 The Stokes equations in the special noninertial system of reference

Conditions (11) and (12) are the classical conditions of solubility of system (2), (5) with
boundary conditions (3). Let’s show that these conditions are too restrictive. For example,
for a small drop of high viscous liquid falling in the gravitation field the total force is not
zero, but equal to the weight of the drop. Therefore, we cannot use the quasi-stationary
Stokes approximation to describe the evolution of the drop’s shape due to capillary forces.
But in a noninertial system of reference which falls together with the drop with the same
acceleration, the total force is equal to zero.

In a general case, the total force @, and total moment of force M acting on the system are
not equal to zero. The Newton's second law for translational motion has the form

13)

where S is the area of the region, (v, ) :%jvadG is the average velocity of the system, and

@, is the total force. Let’s choose the center-of-mass reference system K' instead of the initial

laboratory system K . The velocity and coordinate transformations have the form

Ua:va—<va>, xa:xa—<xa>, (14)
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1 . . . s
where <xa>:§ J x,dG is the coordinate of the center of mass in the initial system K,

d{x,)

(v,)= TE In the new system the surface force is the same as in the initial system

fo = fo » but the volume force transforms to F, =F, —®@, and total force is equal to zero:
@, =0 . So, we eliminated the total force @, using a noninertial center-of-mass reference
system K'.

The total moment of force in the new system stays unchanged: M'=M .To eliminate the

total moment of force M we switch from the system K’ to the rotating reference system
K":

Uy —> Uy — CupX L2, (15)
where (2 is the angular velocity of the rigid-body rotation

dQ
I===M, 16
5 (16)

where [ = pJ. x,x,dG is the moment of inertia of our system. In the new system the surface
force is the same as in the initial system f, = f,, , but the volume force transforms to:

Fl >FE, + p[eaﬂx'ﬁ Q+2e,5050+ sz;,,j, 17)
and the total moment of force is equal zero: M" =0 . In case of a small Reynolds number, the
Coriolis force 2pe,zvp(2 is small compared with the viscous force.

So in case of the total force @, and total moment of force M not equal to zero we can

eliminate them using the noninertial reference system with the rigid-body motion due to the
force and moment of force.

3. Pressure calculation

Let y, and w be smooth fields in the region G related by

0
%Jrﬁ:zw(saﬂ. (18)
aX'ﬂ axa

Multiplying the equation of motion (1) by g, , integrating over G, and using (2), (3), (18), we
obtain

JpwdG =2 furadr (19)

In the special case when y =1 the expression (18) gives us y, =x, and, according with (19),

[pdG= —% [ fuxodr (20)
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see (Landau & Lifshitz, 1986 ). In a general case, according with (18), y is an arbitrary
harmonic function and y = y; +iy, is the analytical function associated with y as

dy=(y +iw)dz (1)

where o is a harmonic function conjugate to y .

The expressions (18) and (19) are basic in our theory. There is also an alternative way to
derive them. The equations of motion (1), continuity (2) and the boundary conditions (3) can
be obtained from the variation principle (Berdichevsky, 2009).

5{;[(!’%?%—2p2)dG—J‘favad]"}:0 2)
or
i_‘.(%ﬂ&?aﬂ - 2p5p)dG - Ifaévadl" =0 (23)

Since (23) is valid for arbitrary variations of pressure dp and velocity 6v, we choose them
such that p,; is left unchanged:

00
Pap =05, +;{a§”a+ vﬂ}—o. (24)
Xp  Oxg
In this case (23) gives us
% [popdG+ [ f,60,dI" =0. (25)

We introduce the one-parameter family of variations dv,, = g—”‘&e, op =woe . Then (24) and
u

(25) take the form (18) and (19).
Suppose x € RN . Then it follows from (18) that

2
Yo, (26)
0xa0xﬂ

(N-2)
Therefore, in the three-dimensional casey is a linear function. Only in the two-dimensional
case y can be an arbitrary harmonic function. Formulating in terms of (3.5), only in the two-
dimensional space there exists a non-trivial system of pressure and velocity variations
providing zero stress tensor variation.
The complete set of analytical functions ¢ in the region G with the multiply connected

-k
boundary 7" consists of functions of the form z, (z - zfn) , where z{, are fixed points, each

situated in one bubble. The complete set of harmonic functions y; can be obtained in the
form of Red; and Im{ .
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According with (1), (2) the pressure p is a harmonic function. We present it in the form
p=2. PV 27)
k

Using the expression (19) we obtain the algebraic system for coefficients p, :

;(IWkWndG)pk :_%J‘falandrf n=0,1,.. (28)

4. Velocity calculation

The stress tensor, expressed in terms of the Airy function ¢,

62(p 3 02(;;
Ox,0xp  Ox,0x,

paﬂ = 60:,6' ’ (29)

satisfies the equation of motion (1) identically. The boundary conditions (3) take the form

2
CapT, 90 ___ ¢, xer, (30)
8x56xy

where 7, are the components of the unit tangential vector to the boundary, its direction
being matched to the direction of circulation. Integrating (30) along the component

boundary 77 from a fixed point to an arbitrary one we obtain

o
% = eup| fuldly, X} (31)

24

Using (1), (29) and the explicit form of the stress tensor, we get

d[a(pj—2ydva+d¢>a, xeG, 32)
0x,,
where
. . ov; Ov
d(® +id,)) =(p+i2), Q=p| —L-—"2|, 33
(@1i0) (i), 2= 2122 ] o)

£ is a harmonic function conjugate to p,

oD
00y 9P

a

=2p5,. 34
oy o, TR (34)

Therefore

dja = anlom' (35)
n
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where p; are the coefficients of the pressure expansion (27). These coefficients are the
solution of the system (28). According with (32) the velocity in the region G can be presented
in the form

1( op
-@, |, G. 36
Ya = Zy[ax ] re (36)

The first term in the right-hand part of (36) is the potential part of velocity; the second term
is the vortex part.

The gradient of the Airy function on the boundary was calculated in (31). Then we can
calculate the velocity on the boundary as

9, = i(eaﬂj-fadl"k ~@,), xely. 37)

The expression (37) gives us the explicit presentation of the velocity on the boundary.

5. Limitations for the motion of the boundary

5.1 The rate of change of region perimeter

The strong limitation for the motion of the boundary is based on a general expression
regarding the rate of change of perimeter L. To obtain this expression we use the fact
(Dubrovin at al, 1984) that

a7
- [vangHAr, (38)
a”ﬁ . . .
where H =—F is the mean curvature of the boundary. In the 2D case || is the perimeter
x
B

of the region, and in the 3D case |/ is the area of the boundary. We introduce the operator

of differentiation along the boundary D4 =1, ai —ng i Then we can write (38) in the

ox,

form

dL

E: IvaDaﬂnﬂdf. (39)
Using the identity

[Dopadr =0, (40)

where A is an arbitrary field which is continuous on the boundary, and also the equation of
continuity (2) and the boundary conditions (3) we can write (39) in the final form

d‘f‘ J‘p+fa aqr. (41)
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This expression is valid for any flow of incompressible Newtonian liquid (without Stokes
approximation), generally speaking, with variable viscosity. We will use it for a 2D flow
(|| =L is the perimeter of region), in case of constant viscosity:

dL 1
o 2 (p+ fang)dr. 42)

5.2 The dynamics of bubbles due to capillarity and air pressure

Let’s take into account the capillary forces on the boundary, the external pressure p, and
the pressure inside of the bubbles p, =p;,k=1,2,..,m, equal in every bubble. Then the
boundary force has the form

anﬂ
fa:_o-naaT_pkna' xely, (43)
B

where o is the coefficient of surface tension. Using (42), (43) we get

dL 1
E:—ﬂ[deF—(pOLO +prb)+27m'(m—1)J, (44)

where L;, and L, are the perimeter of external boundary and the total perimeter of the
bubbles correspondingly.
Using (20) we obtain

JPdG=P05+(P0—Pb)5b+%LI (45)

where S and S, are the area of region and the total area of the bubbles.
For v =p, y, = ®@,, the expressions (19), (34), (37) give us

[P?dG = (poLo + puLy + [pdr )+ piS +(p5 -1 )5, -
ds,
dt

(46)
—H (Po - Pb)

2
Using (44) - (46) and the inequality Ipsz > é(J.pdG) we obtain the differential inequality

d
ﬂ[a%““(l’o _Pb)%}é
<—(po—ps) oLy +(po—Ps)Sp |- (47)

2
1
—§|:(p0 —pb)Sh +%L:| —7zc72(m—1).

This expression gives us the possibility to obtain the strict limitations for the motion of the
free boundary in some special cases.
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5.3 The influence of capillary forces only
In this case the inequality (47) may be simplified:

dL 1?
= —2/1{25-9—271'(111 1)} (48)

where m is the number of bubbles. Let L, =275 be the asymptotic value of the perimeter

and let 7= ot |7z be the dimensionless time. Then, according with (48), L(z)<L,,(z),
2u\S up

_ Ly +L,th(z)

_ ) -0,
WL+ Lyth(7) "
LoL,,
Lup W(L +LOT) 7’/’121, (49)

~ Nm—-1 (LO —L,Nm-1 tg(x/m—l r))
we Nm—1 -M,Otg(\/m—l r)

where L, (7) is the upper limitation for time dependence of the perimeter - see Fig.2.
The perimeter of system L lies in the interval L, <L<L,,(7).

L ,m=>2.

L

up

:cl
M

o 7

m

Fig. 2. The upper limitation for the time dependence of the perimeter for various number of
bubbles 1 .

Therefore, if we have no bubbles in the region, the characteristic dimensionless time of
relaxation of the boundary to the circle 7y <1. In case of one bubble(m=1), L,,(7)2L, at
the time 7 <7; =1-L, /L, . The system with this topology can exist in this time period only.
The bubble must collapse or break into two bubbles in time 7« < 7; . In case of m>2 bubbles,
such configuration will exist during the time
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1 Vm—-1(Ly—L,)
<71, = arctg .
Nm—-1 Ly+(m-1)L,

(50)

5.4 Bubbles in an infinite region

The outer boundary of the region is a circle with a large radius R . The bubbles are localized
around the center of the circle. Using the expressions 7ZR* -8, =S, L=2zR+L,, we can
see that the inequality (47) in the limit R — o« takes the form

dw
y?S—(pO—pb)W—ﬂUzTH, (1)
where W =oL;, +(py —py)Sy - Therefore, at py—p, >0

2 2 _
W 2 S(W(O)+mjexp[—popbt]. (52)
Po =Py Po~=P»p H

Because W 20, this configuration exists without change of the number of bubbles during
the time

p— ln{l+ PoPb (51, (0)+(po —ph)Sb(O))} . (53)
Po—Pv oTm
6. Motion of the boundary due to capillary forces

6.1 Calculation of pressure and velocity
In case of capillary forces action

6nﬂ
fa:_anai, xel (54)
8xﬁ
and expression (19) takes the form
[pwidG =7 [yar, =)
or
(vl =Pl (56)
where
<f>G:%J.fdG/ <f>,-=%]fdl", <P>G:% (57)

The expression (56) is valid for any harmonic functiony . Let’s apply 7 = p . Then we obtain

(58)
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It can be seen from (58) that

(P)r2(p)- (59)

Introducing the generalized function (simple layer)

8,(x) = [5(x—y)ly, (60)

we see that p is the projection of J; onto the subspace of harmonic functions.

Introducing in G a complete system of orthonormal harmonic functions {Z k}io which
obey the orthogonality condition (&Z,) G =%, we obtain from (56) the following
expression for the pressure

p=(p). S 55 (61)
k=0

r

In case of capillary forces the expression (37) takes the form

a

v :i(an“—cﬁa), xel. (62)

6.2 Relaxation of a small perturbation of a circular cylinder
Consider a small perturbation of the circular cylinder boundary, given by r=R+h(p,t),
|h| << R . Then we have from (62)

ch o & .
—_—=—— k ko)h,, 63
i , do okt
Iy (t) = Z|;exp(—zkw)h(@t)g:hk(O)exp —Z , (64)

in agreement with (Levich, 1962). According with (64), a small boundary perturbation of

e . - . a
characteristic with a4 << R and amplitude H <<a has a characteristic decay time 7 ~ £
o

6.3 The capillary relaxation of an ellipse
Let’s test our theory on an example of a large amplitude perturbation. We calculate the capillary

2 .2
. 1 X{ X . . .
relaxation of boundary with initial shape —i+—2:1 in two ways - using the numerical
a* b

calculation based on (6.4) and the finite-element software ANSYS POLYFLOW (see Fig. 3 and
Fig.4). These methods of calculation give us the same results with discrepancy about 1%.

6.4 The collapse of a cavity
Let’s now consider a large amplitude perturbation in the shape of a cavity (Fig. 5). By
symmetry, the pressure must be an even function with respect to x,, ie.

P(x1r—x2)=P(x1/x2)-
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Fig. 3. Computational domain used in finite-element calculation of ellipse relaxation.

19 1 — major semiaxis
1.8 1 ——TNINOT Semiaxis
17
16

1.5

length

14
13
12
11

1.0 . . . |
0.000 2.698 5.396 8.093 10.791

time

Fig. 4. Relaxation from ellipse to a circle in finite-element calculation.

We introduce a space of two-variable harmonic functions which are even with respect to the
second argument, and choose in it the complete system of functions in the form

w, =r"cos(np) (r and ¢ are the polar coordinates in the x;,x, plane). Since the width &

2n 5mn

. Then the complete system of orthogonal harmonic
2(n+1)

is small (y/my/n)g=R

functions in this space is

5= 2T & | costn). (65)

Inserting (65) in (61) and summing the series yields

L H 2Ryt . R-H , (66)
R 7[R2 T

p=0
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X1

T

Fig. 5. Cavity perturbation.

whence, using (35), we have

@:a[@—Hjﬂzln[Rz_(l{_H)zﬂ. (67)

7RJR 7« (R—H)R

In spite of the logarithm, (67) is a single-valued analytical function in G, because the
boundary perturbation constitutes a branch cut. If we insert (67) in (62), we find that the

normal velocity of the cut edges V = Zi (in the zero approximation with respect to the small
Y

parameter % )- The edges close up after a time 7 = “ . Although capillary forces generally
o

tend to flatten the boundary perturbation, in this case they produce the opposite effect.
Acting to reduce the length of the cut, the capillary forces generate a flow of scale H in the
region. The velocities along x; and x, have the scales H and &, respectively. If we equate
the work of surface-tension force with the rate of energy dissipation by viscous forces, we
N2
find that oH =~ —y[gj H? or Hx6~-2Z ; this conforms to the rigorous result we
u

obtained before.
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7. Conclusion

We presented a method to calculate two-dimensional Stokes flow with free boundary, based
on the expansion of pressure in a complete system of harmonic functions. The theory forms
the basis for strict analytical results and numerical approximations. Using this approach we
analyse the collapse of bubbles and relaxation of boundary perturbation. The results
obtained by this method are correlating well with numerical calculations performed using
commercial FEM software.
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1. Introduction

This paper is aimed at revealing the mechanisms of therapeutic effects stimulated by a
medium power (1-10 W) fiber laser induced hydrodynamics in water-saturated bio-tissues.
Modern laser medical technologies widely employ delivery of laser light to irradiated tissues
via optical fibers. Optical fiber easily penetrates through needle and endoscopic channels, and
laser light can be delivered through a fiber for puncture and endoscopic operations. Several
laser medical technologies (puncture multichannel laser decompression of disc, laser
intervention upon osteochondrosis, surgical treatment of chronic osteomyelitis, endovenous
laser ablation, etc.) are based on effective hydrodynamic processes in water-saturated bio-
tissues. These hydrodynamic processes trigger cellular response and regenerative effects
through the specific mechanisms of mechano-biology. In this work, we consider different
kinds of effects stimulated by a medium power laser-induced hydrodynamics in the vicinity of
a fiber tip surface, in particular, generation of vapor-gas bubbles, fiber tip degradation, and
generation of intense acoustic waves. Presence of strongly absorbed agents (in a form of Ag
nanoparticles, in particular) in laser irradiated water nearby optical fiber tip results in
appearance of pronounced filamentary structures of these agents.

2. Therapeutic motivation

One of the modern tendencies in a low-invasive medical therapy is a medium power (1-10
W) laser treatment of connective tissues. The examples of such technologies are: laser
engineering of cartilages (Bagratashvili et al., 2006); puncture multichannel laser
decompression of disc (Sandler et al.,, 2002; Sandler et al., 2004); laser intervention upon
osteochondrosis (Chudnovskii & Yusupov, 2008); laser treatment of chronic osteomyelitis
(Privalov et al., 2001); endovenous laser ablation (Van den Bos et al., 2009); fractional
photothermolysis (Rokhsar & Ciocon, 2009).

Treatment of osteochondrosis, for example, is based on laser-induced (0.97 pm in
wavelength and 2-10 W in power) formation of multiple channels inside an intervertebral
disc using silica fiber with a carbon coated fiber tip surface, in order to enhance laser light
absorption nearby the fiber tip. Osteochondrosis is caused by such partial destruction of
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intervertebral disc, followed by release of nucleus pulposus from disc in the form of hernia,
which exerts pressure upon nervous roots thus giving pain. Fig 1a shows the scheme of
formation of multiple laser channels inside intervertebral disc in the course of laser
treatment of osteochondrosis (Sandler et al., 2002; Sandler et al.,, 2004; Chudnovskii &
Yusupov, 2008). Transport laser delivery fiber passes inside the disc under treatment
through a thin needle inserted to the disc (laser puncture procedure). Optical fiber is
inserted through a thin needle via a posterolateral percutaneous approach under a local
anesthesia. Important, that saline water is permanently introduced into the disc through the
needle. Channel is formed by the heated fiber moving forward inside the disc. The fiber
forms the channel and is shifted 1 -2 cm per 5 - 10 s inside the disc. Fig. 1b shows the
example of such channels in nucleus pulposus of spinal disc formed by a fiber laser in the
course of laboratory experiment (Sandler et al., 2004).
Anulus Fibrosus Anulus Fibrosus
Nucleus Pulposus Nucleus Pulposus
Laser channel Laser channel

Laser fiber P AT b N Laser fiber

" Needle

Fig. 1. a - Scheme of laser irradiation of spinal disc. b - Laser channel formed in spinal disc
through optical fiber in presence of physiological solution (Sandler et al., 2004).

Surprisingly, that such action on herniated disc causes significant effect in some period of
time on tissues located out of laser irradiated zone. As one can see, for example, on
tomography picture (Fig. 2b), some cavities appear in the hernia, and its density decreases
significantly compared with the density of hernia before laser treatment (Fig. 2a).

Fig. 2. Computer tomography pictures of herniated disc area. a- before healing: big
sequester of hernia (side view); b - cavity inside hernia, stimulated by laser-induced channel
formation in disc; ¢ -three month after laser healing : no hernia.
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As a result, the hernia transforms into a soft sponge, the pressure of hernia on nervous roots
decreases, and relevant pain releases. The hernia itself disappears after some period of time,
and regenerative processes take place which result (in a few month) in recovery of the disc
structure and their main functions (Sandler et al., 2002, 2004; Chudnovskii et al., 2008, 2010a,
2010b).

Another important example of a medium power laser therapy is a laser treatment of chronic
osteomyelitis. Fig. 3a demonstrates the X-ray image of femoral bone of the 14 year old
patient heavily affected by osteomyelitis (Privalov et al., 2001). Significant destruction and
rarefication of bone structure takes place. Typically, such bone tissue degradation requires
amputation of organ. However, application of medium power laser treatment approach in
this case gave, as a result, a complete regeneration of affected femoral bone (Fig. 3b), and no
amputation was required. Again, therapy was based on a medium power laser-induced
formation of channels (similar to that presented at Fig.1) in a bone medullary tissue, which
stimulate successively the regeneration processes in the bone tissue.

Fig. 3. X-ray images of right hip of the 14 y.o. patient with chronic osteomyelitis (Privalov et
al.,, 2001). a - destruction and rarefication of bone structure before treatment. b - complete
regeneration of bone structure 11 month after laser treatment.

Strong regenerative potential of medium power laser treatment for different kinds of tissues
is already well recognized (Sandler et al., 2002, 2004; Chudnovskii & Yusupov, 2008,
Chudnovskii et al., 2010a, 2010b), however the dominant primary physical mechanisms of
such regeneration are still the subject of controversy. It is commonly accepted that the effects
of medium power laser irradiation result from laser heating of tissues. However in most of
cases, the pronounced therapeutic effect cannot be rationalized by laser-induced thermal
tissue degradation only. For example, appearance of cavities in the hernia and significant
decrease of its density observed immediately after laser manipulation (Fig. 2b), takes place
without its heating, since hernia is located quite far from the area of laser-induced channel
formation, and, thus, heating of hernia is negligible.
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We believe that effective hydrodynamic processes play dominant role for the effect of a medium
power laser-induced regeneration and healing of connective tissues diseases (intervertebral
hernia, osteomyelitis and some other diseases) using laser puncture procedures
(Chudnovskii & Yusupov, 2008; Chudnovskii et al., 2010a, 2010b). Main features of these
processes will be considered below.

3. Laser-induced generation of micro-bubbles in water

The key process for the mechanism of medium power laser-induced regeneration and
healing of musculoskeletal system diseases is the generation of micro-bubbles in inter-tissue
water (Yusupov et al., 2010).

3.1 Laser-induced generation of micro-bubbles in a free water

Formation of micro-bubbles in a free water was studied with the aid of the optical methods
using a water filled plastic cell (the horizontal dimensions are 150 x 100 mm and the height
is 15 mm) and glass capillaries with an inner diameter of 1 mm. In the most of experiments,
the working fiber tip is preliminary blackened by a short (~1 s) contact of the fiber tip with a
wooden plate at a laser power of about 3 W. The fiber tip surface thus covers by a thin
carbon layer owing to the wood burning. Such a procedure is well reproduced, so that from
10 to 20% of the laser power is absorbed in the thin carbon layer. Computer controlled fiber
lasers (LS-0.97 and LS-1.55 of IRE-Polus, Russia) with the wavelengths of 0.97 pm and 1.55
pm, 1-10 W in power were interfaced with a 400 pm core diameter silica fiber. Low intensity
(up to 1 mW) green pilot beam from the built in diode laser was used to highlight the laser
irradiated zone in the cell. The fiber is horizontally fixed in the cell, which is placed on the
worktable of a MICROS MC300 microscope equipped with a Vision digital color camera
interfaced with PC. The water cell was also placed on the table with illumination, and the
processes in the vicinity of the heated fiber tip were visualized using a Photron Fastcam SA-
3 camera at rates of 2000 or 10000 frames per second. To control the laser induced spectrum,
an Ocean Optics USB4000 fiber spectrum analyzer was used, which is interfaced with PC
and has an optical resolution of about 1.5 nm and 200-1100 nm wavelength range. For better
visualization of hydrodynamic flows the collargol (albumin coated Ag nanoparticles) have
been added to water in the cell (Yusupov et al., 2011b).

Hydrodynamic flows taking place nearby the fiber tip when laser power is on, can be clearly
seen in a scattering mode using illumination with green light of pilot laser beam through the
same transport fiber (Fig. 4). Such flows result in intrusion of collargol from neighboring
area into the area in front of the fiber tip. One can also see here the initial process of new
intrusion formation (outlined with a dashed line). The rate of rise-up front of a given
intrusion (which is about 150 pm in average thickness) is found to be described by
exponential low (Yusupov et al., 2011b)

V=0.6-exp(-15-1), 1)

where r is the distance from fiber tip: at 1 mm from fiber tip V = 150 pm/s, while at 2 mm
from fiber tip V falls down to 30 pm/s.

The bubbles don’t occur up to laser power of 10 W with non-blackened fiber tip and for 0.97
pm laser radiation, while for 1.56 pm laser radiation (which is much stronger absorbed by
water) the bubbles are generated at about 1 W of laser power. Blackening of fiber tip results
in generation of bubbles for both 0.97 ym and 1.56 pm laser wavelengths.
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1 mm

Fig. 4. Microscope pictures (in scattering mode) of intrusions of Ag nanoparticles in water
(outlined with dashed line) stimulated by laser induced hydrodynamics nearby optical fiber
tip at 1.0 W of 0.97 pum laser power in 6 s (a), 12 s (b), and 18 s (c) of laser irradiation. Fiber
tip is shown by dashed line (Yusupov et al., 2011b).

Energy of incident laser light is partly (10-20%) absorbed by the carbon layer on the
blackened fiber, so that the fiber is heated. When laser radiation with a power of greater
than 3 W is transmitted by the fiber tip in air, the spectrum of the optical radiation from the
fiber tip contains the fundamental line (0.97 pm or 1.56 pm) and the broadband visible and
near-IR radiation caused by the heating of the tip surface to relatively high temperatures.
When a blackened tip is placed into water, the tip surface is effectively cooled and the
absence of the broadband radiation means the substantially lower temperatures of the tip
surface. However, a medium power laser radiation (1-5 W) is sufficient for surface heating
and generation of vapor-gas bubbles. When water is heated, the dissolved gases are
liberated in the vicinity of the tip surface and gas bubbles emerge. Water is evaporated
inside the bubbles, so that the bubbles are filled with vapor and, consequently, increase in
size. At the lower boundary of the above power interval, the bubbles increase in size
residing on the tip surface (Fig. 5a). When a critical size is reached, the bubbles are detached
and move to the surface.

Water molecules which approach the heated tip surface acquire additional kinetic energy
and momentum. The component of the total momentum of vapor molecules that is directed
perpendicularly to the tip surface of the fiber towards water appears insufficient for the
detachment of the bubble. Figure 5a shows that the bubbles sizes can be close to the
diameter of the silica fiber core (400 pm). In the experiments, the bubbles normally emerge
at same spots on a tip surface, which correspond to a high temperature areas. Evidently, the
presence of such spots is related to the nonuniformity of the carbon layer: the absorbed
energy (and, hence, the temperature) is greater for thicker regions. The stabilization (i.e., the
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400 pm
—_

Fig. 5. Laser-induced generation of microbubbles in the vicinity of the blackened end surface
of the optical fiber in water for the laser radiation with a wavelength of 0.97 um and a power
of (a) 1 and (b) 5 W. The photograph is taken from above at an exposure time of 250 ms.

attachment of the vapor-gas bubbles to the high temperature spots) can be caused by two
reasons. First, the temperature at the hot spot additionally increases owing to the formation
of the bubble and the consequent decrease in the local heat sink to water. The second reason
is related to the Marangoni effect (Berry et al., 2000): the temperature gradient gives rise to
the gradient of surface tension, so that convective flows emerge on the surface of the bubble
and cause the force that presses the bubble to the hot spot. The experiments on the growth
of the bubbles in the vicinity of the tip surface show that the rate of growth gradually
decreases and, finally, the growth is terminated. At a laser power of 1 W, the duration of a
relatively fast growth is about 200 ms. Bubble size increases at this stage from zero to 25% of
the maximum size. Then, over a few seconds, the growth is well described with the formula
(Yusupov et al, 2010):

Do t4/5, @)

where D is the diameter of bubble and ¢ is time. When laser light is terminated (Fig. 5a), the
size of bubble gradually decreases (the bubble remains attached to the tip surface of the
fiber) and, finally, the bubble vanishes. Note that a decrease in the size is also non-
monotonic. At the first stage with a duration of less than 1 s, the diameter decreases by 8-
10%. Then, the slowing takes place. Such a non-monotonic behavior must be related to the
fact that the size of bubble decreases at the first stage predominantly, due to a decrease in
the temperature of the vapor-gas mixture inside the bubble to the temperature of water in
the cell, whereas the second stage is isothermal. The lifetime of such bubbles ranges from 3
to 8 h, and the rate of a decrease in the diameter with time always monotonically increases.
At the second stage, the dependence of the diameter on time is well approximated with the
formula(Yusupov et al., 2010):

D=Dy-(1-t/7)%, ®)

where Dy is the initial diameter, 1 is the lifetime, and a = 0.1-0.5 is the empirical parameter.
Note a similar decrease in the diameter with time at a = 0.5 in (Taylor & Hnatovsky, 2004). A
qualitatively different scenario corresponds to higher laser powers. The explosive boiling of
water is observed in the vicinity of the hot end: the vapor-gas bubbles are ejected from the



Laser-Induced Hydrodynamics in Water and Biotissues Nearby Optical Fiber Tip 101

fiber to water (Fig. 5b) and, then, the velocity decreases due to viscosity. At a finite exposure
time the tracks of bubbles moving in water was observed. Notice that the track length
corresponds to the mean velocity of the bubble over the exposure time. Bright spots in the
vicinity of the tip surface (Fig. 5) are related to stray light: the Vision video camera is
sensitive to the near-IR laser radiation.

The side measurements (Fig. 6a) show that the bubbles come to the surface at a certain
distance from the fiber. Knowing the vertical velocity of the bubbles (about 5 mm/s in
accordance with visual observations) and the trajectories, we can estimate the horizontal
velocity (Fig. 6b). The analysis of the trajectories yields an exponential decrease in the
horizontal velocity with increasing distance from the fiber: for the slowest and fastest
bubbles, we obtain the dependences(Yusupov et al, 2010)

V =67-exp(-0,82-r) 4)
and
V =101 -exp(-0,74-r), ®)

respectively, where V is the horizontal velocity in mm/s and r is the distance from the fiber
tip surface in millimeters. The relationships show that the velocity of bubbles at the moment
of the detachment from the fiber tip ( = 0) ranges from 67 to 101 mm/s.
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Fig. 6. a - Side view of the tracks of microbubbles in the vicinity of the blackened optical
fiber tip surface in water; b - Plots of the horizontal velocity vs. distance from the end
surface for slowest (1) and fastest (2) bubbles at a laser wavelength of 0.97 um and a power
of 5 W (Yusupov et al., 2010).

We have directly observed motion of bubbles even in the immediate vicinity of the surface
tip (at the maximum velocities) in the experiments on the generation of microbubbles
performed with the aid of the Photron Fastcam SA3. Fig. 7 shows the bubbles as dark
circles with different sizes. Previous (at time step Af) positions and sizes are shown as
open circles, and the trajectories are shown as rectilinear segments. Table 1 presents the
calculated sizes and velocities of the bubbles shown in Fig. 7. It is seen that the bubble
with a diameter of 47 pm (bubble 7 in Fig. 7a and Table 1), which is initially located at a
distance of about 100 pm from the fiber tip, moves at a mean velocity of 97 mm/s over the
observation interval (4.4 ms).
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Closed circles 1-7 show positions of bubbles, open circles show previous positions, and rectilinear
segments show bubbles trajectories.

The images are taken from above at rates of (a) 10000 and (b) 2000 frames per second.

Laser powers of (a) 3 and (b) 6 W, time intervals At = (a) 4.4 and (b) 2.0 ms, and a laser wavelength of
0.97 um.

The pulse duration is 50 ms and the interval between pulses is 500 ms.

Fig. 7. Displacements of microbubbles (that are generated in the vicinity of the schematically
shown blackened tip surface of quartz fiber I) over short time intervals At in the presence of
laser radiation (Yusupov et al., 2010). a - CW laser radiation. b - Pulsed laser radiation.

Such result is in good agreement with the above estimations of the initial velocities in the
vicinity of the fiber tip. The velocities of the bubbles rises rapidly with increasing distance
from the fiber: the velocities are not higher than 50 and 20 mm/s at distances of 0.5 mm and 2
mm, respectively (Table 1). When bubbles are generated in a viscous liquid over a relatively
long time interval the steady-state flow results in increase of the bubbles velocities. To
determine the relative contribution of such a flow, we have measured the motion of
microbubbles under the pulsed laser irradiation (Fig. 7b). It is seen that the bubbles
predominantly move at relatively large angles relative to the fiber axis. That is caused by the
features of the tip surface and hydrodynamic effects. Note that the asymmetry also
corresponds to the motion of microbubbles under the continuous wave laser irradiation.

Parameters of radiation
Number of the CW rad'iation, 3W pulsed r.’?\diation, oW
bubble (Fig. 7) (Fig. 7a) . (Fig. 7b) |
Diameter, pm Vrenlr(;c}tsy, Diameter, pm VIE;:Ic;C}tSy,

1 26 9 17 38
2 26 9 10 37
3 200 3 10 5
4 58 16 41 0
5 42 12 o1 20
6 63 48 o1 5
7 47 97 o7 0

Table 1. Parameters of the bubbles shown at Fig. 7
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Figure 7b and Table 1 show that a short laser pulse with power of 6 W causes generation of
many bubbles, whose diameters range from 10 to 41 pm. The velocities of bubbles are 60
and 20 mm/s in the vicinity of the fiber and at a distance of 300 and 800 pm, respectively. In
spite of a twofold increase in the laser power, the maximum velocities of the bubbles in the
vicinity of the fiber under the pulsed irradiation are significantly less than the velocities
corresponding to the continuous wave irradiation. At a relatively large distance from the
fiber end, the velocities corresponding to the pulsed irradiation are also less than the
velocities corresponding to the continuous wave irradiation: the velocity of bubble 4 in Fig.
7a is almost equal to the velocity of bubble 5 in Fig. 7b, whose distance from the fiber tip is
almost two times shorter. Such result indicates to the presence of water flows in the case of
the continuous wave laser irradiation and shows that the flow velocity is comparable with
the mean velocity of bubbles.

Such liquid flows are more clearly observed in the microscopic measurements of the laser-
induced hydrodynamic effects in the vicinity of the fiber tip surface of the fiber that is
placed in a glass capillary filled with water.

3.2 Laser-induced generation of micro-bubbles in a glass capillary

Liquid flows are more clearly observed in the microscopic measurements of the laser-
induced hydrodynamic effects in the vicinity of the fiber tip surface of the laser fiber that is
placed in the glass capillary filled with water (model of the laser channel).

As it follows from Fig. 8, the attached vapor-gas bubbles at a laser power of 1-2 W emerge at
the tip surface and the convective motion is observed in the liquid. A qualitatively different
scenario corresponds to a power of 3 W: the microscopic bubbles ejected from the fiber tip
move along arc shaped trajectories and entrain liquid flows (Fig. 8a). The intensity of the
resulting vortices rapidly increases with increasing radiation power (Fig. 8b). In accordance
with the estimations based on the frame-to-frame analysis of the video records, the period of
the typical circulating liquid flows at laser powers of 3- 5 W ranges from 0.2 to 1 s. Note that
the above effects can be observed in the experiments with the blackened fiber tip at both
laser wavelengths (0.97 um and 1.55 pm). In the absence of the preliminary blackening, the
effects are observed only for a radiation wavelength of 1.55 pm. Such a difference is caused
by the fact that the radiation with a wavelength of 1.55 pm (unlike the short wavelength

1 mm "1 mm

Fig. 8. Water flows that actively circulate inside the glass capillary (with a diameter of 1 mm)
in the vicinity of the blackened tip surface I heated by the laser radiation with a wavelength
of 0.97 pm and a power of 3 W (a) and 5 W (b)
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radiation) is capable of heating a thin water layer in the vicinity of the tip surface to the
boiling point, since the absorbance at a wavelength of 1.56 pm is higher than the that at a
wavelength of 0.97 pm by a factor of about 20 (Hale & Querry, 1973).

It is possible to visualize the hydrodynamic flows occurring in capillary and caused by
laser-induced bubbles generation by microscope visual observing the meniscus. To
accomplish this, the silica optical fiber with a 400 pm diameter was introduced into a thin
water-filled capillary with a 500 pm internal diameter. The volume of liquid in a capillary
was about 20 mm3, and meniscus was located at a 25 mm distance from the fiber tip
surface.

Fig. 9 demonstrates the observed variations of a meniscus shape in a glass capillary at a
power of laser radiation of 1 W and at laser wavelength of 1.56 um. Switching of laser
radiation on has resulted in growing the distance between optical fiber tip surface, which is
caused by the fact that vapor-gas bubbles are formed in a liquid in the course of laser
irradiation nearby a fiber tip. Simultaneously with a gradual rise of average volume of
liquid in a capillary, quite a strong variations of meniscus shape takes place in this case,
which are caused by hydrodynamic processes observing in a capillary water cell. At a
certain period of laser irradiation time even water flows occur (Fig. 9b and 9c) caused,
presumably, by the appearance and fast motion of quite large vapor-gas bubbles in a water
capillary cell. Decrease of laser power causes increase of water streams, and in some cases
the eruption of some portion of liquid from a capillary takes place.

Fig. 9. Variation of a meniscus shape in a capillary caused by laser induce hydrodynamics
and bubbles formation. Laser wavelength is 1.56 um, laser power - 1W, internal diameter of
capillary - 500 um.
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Knowing the level of the meniscus in a capillary it is possible to determine easily the total
volume of vapor-gas bubbles. Fig.10 shows change in the volume of generated bubbles at
different laser powers and different laser wavelengths. Our experiments show that the total
volume of bubbles rises gradually with time by a logarithmic low after the laser radiation
switching on. The total volume at 1 W of laser power rises with time monotonically for both
wavelengths, while at higher laser power quite strong fluctuations take place, with the
growing in time amplitude. As this takes place, at laser power of 3 W the strong eruption of
liquid from the capillary was observed after 4.7 s of laser irradiation (curve 3 at Fig. 10a). At
that moment the curve 3 interrupts, since the meniscus went out of visualization zone
because of the abrupt decrease of meniscus level.

The total volume of generated bubbles increases with laser power. Comparison of curves 1
and 2 at Fig.10b shows that twofold increase of laser power (from 1 to 2 W) causes about the
fourfold rise of the generated bubbles volume. After the laser radiation switching off, the
total volume of bubbles first rapidly decreases (vapor condensation inside bubbles), ant next
decreases more slowly. It should be noted that quite a strong low-frequency oscillations are
observed, caused by variation of total bubbles volume in a capillary.
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In the case of 0.97um wavelength the fiber tip surface was covered by a thin carbon layer.
Arrows show the moments of laser on and laser off.
Digits at curves shows laser power in Watts.

Fig. 10. Change of the total bubbles volume at different powers of lasers with 0.97 um (a)
and 1.56 um (b) wavelengths of radiation.

Thus, the hydrodynamic processes related to the explosive boiling in the vicinity of the hot
tip surface are observed in the liquid even at medium laser powers. Note that the
intracapillary liquid exhibits effective mechanical oscillations with a frequency of 1- 5 Hz
and appears saturated with microbubbles. We expect the development of such laser-induced
hydrodynamic processes in water-saturated biotissues at medium laser powers.

On the one hand, such processes provide the saturation of cavities and fractures in a spinal
disc or bone with the water solution containing vapor-gas bubbles. On the other hand, they
give rise to high-power acoustic oscillations and vibrations in the organ containing the
connective tissue. Apparently, the filling of hernia with vapor-gas bubbles provides the
reproducible decrease in the density of herniation immediately after the laser treatment
(Sandler et al., 2004; Chudnovskii & Yusupov, 2008).
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It is known from (Bagratashvili et al., 2006) that the mechanical action on cartilages in the hertz
frequency range actively stimulates the synthesis of collagen and proteoglycans even at
relatively small amplitudes. The above estimations show that the pressure on biotissue
provided by the vapor-gas bubbles can reach tens of kilopascals. In accordance with
(Buschmann et al., 1995; Millward-Sadler & Salter, 2004), such pressures in the hertz frequency
range can lead to regenerative processes in cartilage owing to the activation of the interaction
of the extracellular matrix with the mechanoreceptors of chondrocytes (integrins).

3.3 Laser-induced generation of bubbles microjets

Note an interesting phenomenon in the experiments on the generation of bubbles in the
vicinity of the blackened tip surface of the fiber in the water cell: bubble microjets can be
generated at a laser power of less than 3 W (Fig. 11) (Yusupov et al., 2010). The lengths of the
microjets (Fig. 11a), which always start in the immediate vicinity of the fiber tip, reach
several millimeters, the transverse sizes normally range from 10 to 50 pm, and the sizes of
the bubbles that form the jets range from several to ten microns. The lifetime of the microjets
ranges from a few fractions of a second to tens of seconds. A microjet that emerges at a
certain spot on the tip surface remains attached to this spot and exhibits bending relative to
the mean position. Bubble microjets didn't use to be continuous from start to end, the
discontinuities used to appear on them, which used to restore quite often. The observations
show (Yusupov et al., 2010) that the discontinuities are always related to the hydrodynamic
perturbations and are caused by relatively large bubbles that move in the vicinity of the
microjet. The appearance of quite a large bubble attached to the fiber tip caused the bubble
microjet bending around large bubble (Fig. 11b). Thus, we conclude that two conditions
must be satisfied for the generation of the bubble microjets. First, a hot spot must be formed
on the tip surface. Second, the neighborhood of such a spot must be free of the centers that
provide the generation and detachment of large bubbles. Note that the possibility of bubble
microjets in the vicinity of a point heat source is demonstrated in (Taylor & Hnatovsky,
2004).

400 pm 400 pm

Fig. 11. Bubble micrjets in the vicinity of the ﬁp surface of optical fiber.
A part of the blackened fiber tip is sown at the right upper corner.

4. Degradation of optical fiber tip

Laser-induced hydrodynamic effects in water and bio-tissues can lead to the significant
degradation of the fiber tip (Yusupov et al., 2011a). The most significant degradation of the
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fiber tip surface occurs in the regime of channel formation when the fiber is shifted inside the
wooden bar that mimics the biotissue. In this case, we observe substantial modifications and
distortion of tip surface. The comparison of the sequential photographs (Fig. 12) shows a
significant increase in the volume of the fiber fragment (swelling) in the vicinity of fiber tip.

5
0 0 Time (s)30

Fig. 12. Modifications of the profile of the blackened fiber tip surface (side view) for regime
of channel formation (the channel is formed by the fiber that moves inside the wooden bar
with water and the radiation power is 5 W). The left-hand panel shows the original fiber just
after its blackening (Yusupov et al., 2011a).

45

SEM images (Fig. 13) show that the laser action in the regime of the channel formation in the
presence of water causes substantial modifications of the working surface: the sharp edge is
rounded and surface irregularities (craters) emerge on the tip surface. The image shows that
a thin shell (film) with circular holes is formed at the tip surface of the optical fiber. Multiple
cracks pass through some of the holes. In addition, we observe elongated crystal-like
structures on the surface (Fig. 13b). Looking through the largest hole in the film on the tip
surface (at the center of the lower part of the fragment at Fig. 13a), whose dimension in any
direction is greater than 10 pm, we observe the inner micron-scale porous structure.

Fig. 13. The microstructure of the fiber tip surface after laser action. a - SEM image of a
fragment of the fiber end surface; b - magnified SEM image of a fragment of the end surface
with the crystal-like structures on the surface (Yusupov et al., 2011a).
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Typical micron-scale circular holes on the film surface (Fig. 13a) can be caused by cavitation
collapse of single bubbles. It is well known that cavitation collapse of bubbles in liquid in
the vicinity of the solid surface gives rise to the high-speed cumulative microjets which can
destroy the solid surface (Suslick, 1994). Apparently, this effect leads to multiple cracks on
the film and the formation of the porous structure (Fig. 13a), since the cumulative microjets
can punch holes, cause cracks in the film, and destroy the structure of silica fiber tip.
Collapse of cavitation bubble apart from high pressure generation (up to10®¢ MPa) can cause
overheating of gas up to temperatures as high as 104K. Such high values of water pressure
and temperature can result in formation of supercritical water (critical pressure of water is
P.=218 atm, critical temperature - T. =374°C), which can dissolve silica fiber (Bagratashvili et
al., 2009).

Fig. 14 shows Raman spectra of some areas of laser irradiated fiber tip surface (curves 3-5)
compared with that of graphite (1) and diamond (2). Raman bands at 1590 cm! and 1590 cm-
1 to diamond and graphite nano-phases correspondingly (Yusupov et al., 2011a).
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Fig. 14. Raman spectra from different areas of laser fiber tip surface (curves 3, 4 and 5)
compared with that of graphite (1) and diamond (2) (Yusupov et al., 2011a).

Formation of diamond nanophase at a fiber tip surface in this case is rationalized by
extremely high pressures and temperatures caused by cavitation processes stimulated by
laser irradiation (Yusupov et al., 2011a).

5. Laser-induced acoustic effects

Laser-induced hydrodynamics processes in water-saturated bio-tissues causes generation of
intense acoustic waves. We have studied the peculiarities of generation of such acoustic
waves in water and water-saturated biotissue (intervertebral disc, bone, et al.) in the vicinity
of blackened optical fiber tip using acoustic hydrophone (Brul and Kier 8100, Denmark). The
hydrophone with 0 - 200 KHz band was placed in water or biotissue at 1cm distance from
optical fiber tip. Fig. 15 demonstrates typical example of acoustic response to laser
irradiation for two different cases: in the bath of free water (Fig. 15a) and in the case of water



Laser-Induced Hydrodynamics in Water and Biotissues Nearby Optical Fiber Tip 109

b

[

s

= 0

=

g

< -1 T

) i : : i i
0 20 40 60
Time (s) Time (s)

The fiber tip surface is blackened before laser irradiation with 0.97 pm wavelength.

Fig. 15. Fragments of acoustic response to 3 W laser irradiation of water for two different
cases: in a bath of free water (a) and in a water-filled capillary (b).

filled capillary (Fig. 15b). In the case of the bath with free water, the short random laser-
induced acoustic spikes take place. At the same time, the acoustic response to laser
irradiation in the case of water-filled capillary (which imitates situation in real water-filled
biotissue channel) is different (Fig. 15b). Acoustic signal is amplitude-modulated by its
feature, and low-frequency modulation period is about 2 s.

Fig. 16 demonstrates acoustic response to laser irradiation of nucleus pulposus in vivo when
optical fiber was moved forward (regime of channels formation in the course of laser
healing of degenerated disc). The acoustic signal is non-stationary by its nature. The short-
pulse intense acoustic spikes take place and the signal itself is amplitude modulated
(similarly to that in water-filled capillary) with a modulation period of about 3 s.

Amplitude (a.u.)

Time (s)

Arrows show the moments of laser on and laser off.

Fig. 16. Acoustic response to 3 W laser irradiation with 0.97 pm wavelength of nucleus
pulposus in vivo, when optical fiber was moved forward in the intervertebral disc.
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The more detailed studies show that for both in vivo and in vitro cases laser-induced generation
of short-pulse intense quasi-periodic acoustic signals. The fragment of spectrogram of acoustic
response given at Fig. 17 clearly demonstrates temporal change of spectral components for
acoustic signal generated from laser irradiated nucleus pulposus in vitro when optical fiber
was moved forward in the intervertebral disc (similar to shown at Fig. 1).
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Fig. 17. The fragment of spectrogram (a) ant temporal structure of single pulse (b) of
acoustic response generated from laser irradiated nucleus pulposus in vitro.

As one can see, the acoustic response in this case has the form of short, intense and broadband
(from 0 to 10 kHz) pulses of about 10 ms in duration combined into the series of pulses
generated with frequency of 40 Hz. Fig. 17b shows that the amplitude of single pulse is an
order of amplitude higher than the background acoustic noise. The most of acoustic power is
concentrated in such pulses. The broad spectrum of acoustic pulses and their low duration
indicate to shock-type of generated acoustic waves. The acoustic noise has broad spectral
maxima in the following spectral intervals: 600 - 700 Hz, 1 - 2 kHz and nearby 10 kHz.
Appearance of these bands are caused by the dynamics of vapor-gas mixture and are
associated with acoustic resonances of the system. Notice that laser-induced formation of
channels in degenerated spinal discs in vitro has been accompanied by 4 Hz in frequency
strong visual vibrations of needle with laser fiber.

Generation of such a strong acoustic vibrations is caused in our opinion by contact of
overheated (up to >1000 °C (Yusupov et al., 2011a)) fiber tip with water and water-saturated
tissue of spinal disc. Such contact can result in explosive boiling of water solution nearby the
fiber tip and, also, in burning of collagen in cartilage tissues. Intense hydrodynamic
processes can take place nearby optical fiber tip, which are caused by fast heating of water
and tissue, by generation and collapse of vapor-gas bubbles (Chudnovskii et al., 2010a,
2010b; Leighton, 1994). As a result, the free space of disc or bone is filled by liquid saturated
by vapor-gas bubbles. Resonance vibrations are excited, since both disc and bone are quite
good acoustic resonators. These vibrations give rise to low-frequency modulation of acoustic
noise (Fig. 16) and to quasi-periodic generation of short intense pulses (Fig. 17)
(Chudnovskii et al., 2010a). The acousto- mechanic shock-type processes in resonance
conditions results in mixing and transport of gas-saturated degenerated tissue in the space
of defect (Chudnovskii et al., 2010b). These processes destroy hernia and decrease its density
(Fig. 2b), thus lowering the pressure to nervous roots. Another important impact of such
processes is the regeneration of disc tissues through the effects of mechanobiology
(Buschmann et al., 1995; Bagratashvili et al., 2006).
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6. Formation of filaments

In this division we will show that existence of strongly absorbed agents (in a form of Ag
nanoparticles, in particular) in laser irradiated water nearby optical fiber tip can result in
appearance of filamentary structures of these agents (Yusupov et al., 2011b). Medium power
(0.3 - 8.0 W) 0.97 pm in wavelength laser irradiation of water with added Ag nanoparticles
(in the form of Ag-albumin complexes) through 400 pm optical fiber stimulates self-
organization of filaments of Ag nanoparticles for a few minutes. These filaments represent
themselves long (up to 14 cm) liquid gradient fibers with unexpectedly thin (10 - 80 pm)
core diameter. They are stable in the course of laser irradiation, being destroyed after laser
radiation off. Such effect of filaments of Ag nanoparticles self-organization is rationalized by
the peculiarities of laser-induced hydrodynamic processes developed in water in presence of
laser light and by formation of liquid fibers.

Fiber laser radiation (LS-0,97 IRE-Polus, Russia) 0-10 W in output and 0.97 um in wavelength
was delivered into water-filled plastic cell through 400 um transport silica optical fiber, which
was placed horizontally in the cell. Low intensity (up to 1 mW) green pilot beam from the built
in diode laser was used to highlight the 0.97 um laser irradiated zone in the cell. The cell was
placed at the sample compartment of optical microscope (MC300, MICROS, Austria) equipped
with color digital video-camera (Vision). Spectroscopic studies were performed with fiber-
optic spectrum analyzer (USB4000, Ocean Optics) and UV/vis absorption spectrometer (Cary
50, Varian). To measure the refraction index of collargol we have applied the fiber-optic
reflectometer FOR-11 (LaserChem, Russia), which provides 104 precision of refraction index
measurements at 1256 nm wavelength. Cleavage of transport optical fiber has been always
produced just before each experiment. Ten minutes later (to provide reasonable attenuation of
hydrodynamic motions in the cell) the drop (0.01-1 ml in volume) of brown colored collargol
(complex of 25 nm in size Ag nanoparticles with albumin) has been smoothly introduced into
the water cell 0.5-10 mm aside from the optical fiber tip.

Our in situ optical microscopic studies of laser-induced filament formation were
accomplished in two different modes: 1) in transmission mode, using illumination with
white light from microscope lamp; 2) in scattering mode, using illumination with green light
of pilot laser beam through the same transport fiber.

Experiments show that 0.97 pm fiber laser irradiation of water in the cell with introduced
collargol drop causes (in some period of time from seconds to minutes) formation of thin
and long quite homogenous filaments, growing along the axis of 0.97 pm laser beam in
water. These filaments are brown colored (that gives the evidence of enhanced Ag
nanoparticles concentration in filament) and can be seen even with unaided eye.

Fig. 18 demonstrates the microscope image (in transmission mode) of one of such filaments.
This filament is located along the axis of output laser beam and is about 17 mm in length.
The measured profile of optical density of this filament is triangular in its shape with about
the same widths along filament (determined at half-maximum) of ~200 pm.

Fiber tip
Q(—Initial collargol drop }ﬂ.n

Fig. 18. Micro-image (in transmission mode) of filament of Ag nanoparticles fabricated in
water nearby optical fiber tip at 2.5 W of laser power (Yusupov et al, 2011b).
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Fig. 19a demonstrates the micro-image of another laser fabricated filament in scattering
mode. Intensity of light scattered from this filament decreases gradually with the distance
from fiber tip. Attenuation of green light in this case is caused by absorption and scattering
of green light in the course of its propagation through the filament. To reveal the
peculiarities of filament (given at Fig. 19a) we have performed the following processing of
its microscope image: all vertical profiles of image were normalized to local maximum (Fig.
19c); the microscope image was represented in shades of gray (Fig. 19b). As it follows from
figures 19b and 19c the length of given filament is about 6 mm, its average width is about 40
pm, and scattering intensity decreases rapidly with the distance from filament axis. Notice
that vertical profiles of all fabricated filaments (in both transmission and scattering modes)
are almost triangular with a sharp top. It was also established that the end of filament has
always a needle-like shape and, also, the width of filament obtained in transmission mode
measurements exceeds 3-5 times that obtained in scattering mode.
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Fig. 19. a - Microscopic picture of filament (in scattering mode) of Ag nanoparticles
fabricated in water nearby optical fiber tip at 0.4 W of laser power. b - Image of this filament
represented in shades of gray after processing of (see text) of Fig. 19a. ¢ - Normalized
vertical profiles of image given at Fig. 19b. (Yusupov et al, 2011b).
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It is of importance that filaments of Ag nanoparticles have been formed in our experiments
only in the case of existence of initial collargol concentration gradient in laser irradiated
water (when collargol drop was introduced initially into water aside from fiber tip). When
collargol drop was premixed in water cell before laser irradiation, formation of filaments has
never been observed (at any collargol concentrations in the cell and at any laser powers and
dozes).

The initial stage of filament self-organization process can be clearly seen in scattering mode
(Fig. 4). Some visible hydrodynamic flows take place nearby the fiber tip when laser power
is on. Such flows result in intrusion of collargol from neighboring area into the area in front
of the fiber tip. The slanting filament structure is clearly seen at Fig. 4. One can also see here
the initial process of new intrusion formation (outlined with dashed line). The rate of rise-up
front of a given intrusion (which is about 150 pm in average thickness) is found to be
described be exponential low (1): at 1 mm from laser fiber tip V= 1.5-102 cm/s, while at 2
mm from laser fiber tip V falls down to 3 -10-3cm/s.

We revealed that filaments of Ag nanoparticles self-organized in the course of 0.97 pm laser
irradiation can exist in the cell (in the presence of laser beam and with no external
mechanical distortions of liquid in the cell) for quite a long period of time. We have
supported such filaments for tens of minutes. Notice that both rectilinear and curved
filaments were self-organized in our experiments.

After 0.97 pm laser radiation being off, the filaments of Ag nanoparticles have been
completely destroyed for 10 - 30 s period of time. Notice that time At of diffusion blooming
of filament by value, estimated by formula

2 =pat=T A, ©)
3rud

where D - is diffusion coefficient of nanoparticle; k= 1.38 - 10-23 J/K - Boltzmann constant;
T(K) - absolute temperature; p = 1,002 10-3 (N - s/m?) - dynamic viscosity of water; d=25
nm Ag nanoparticle diameter) gives At =25 s for =100 pm.
External mechanical distortions of filament of Ag nanoparticles results in its destruction.
However after mechanical distortion being off, the filament can be renewed completely in
presence of 0.97 pm laser radiation. Fig. 20 shows the dynamic of such filament renovation
after the distortion of self-organized filament (produced by its rapid crossing withthin a
metal needle). As one can see from Fig. 20, complete renewal took place for quite a short
period of time (~ 20 s).
Our experiments have shown that there is some range of 0.97 pm laser powers for which the
effect of laser-induced filament self-organization takes place and is, also, stable and
reproducible. At laser powers higher than 8 W we have newer observed filament formation.
At 0.2-0.5 W laser power filaments have been formed but have been unstable. The most
stable and long-living filaments were observed in 0.5-3 W laser power range. At laser power
less than 0.2 W we have never observed such filament formation. The instability of filaments
and even their absence at high laser powers is caused by intense laser-induced
hydrodynamic processes nearby the fiber tip. Our experiments show that the fiber tip
surface is gradually covered by a deposit, which absorbs laser radiation quite well. The wide
absorption band of deposit observed at fiber tip can be caused by island film of Ag
nanoparticles, and, possibly, by elementary carbon absorption (deposited at fiber tip due to
albumin thermo-decomposition). As a result of such deposits, the fiber tip becomes an
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Digits show the period of time from the beginning of filament destruction (Yusupov et al., 2011b).

Fig. 20. Renewal of destroyed filament of Ag nanoparticles in water nearby the tip of optical fiber.

intense heat source. That causes explosive water boiling, intense formation of micro-
bubbles, moving rapidly away from fiber tip to liquid (see for example Fig. 1,b) and
destroying filament.

We rationalize the observed effect of laser-induced self-organization of filaments from Ag
nanoparticles by following mechanisms. Initially (Fig. 21a), laser light absorption by water
(the absorption coefficient in water at 0.97 um is about 0.5 cm-1) causes its heating with the
2-10°C/s rate. Besides, the intense transfer of impulse to water takes place in this case. As a
result, the closed axis-symmetric liquid flows are developed being directed from fiber tip.
These flows promote Ag nanoparticles intrusion into the laser beam nearby the fiber tip
(Fig. 21b). Such intrusions are clearly seen in scattered green laser light (Fig. 4).

Another factor dominates at the second stage of filament self-organization. The refractive
index for collargol 7, is higher than that for clean water 1n,. The value of n.-n, = 0.0044 at
wavelength A=1256 nm was directly measured in our experiments using fiber-optic
densitometer. Due to the effect of total internal reflection laser light is concentrated inside
intrusion which work in fact as a liquid optical fiber. Channeling of laser light inside
intrusion with Ag nanoparticles results in deeper propagation of laser light into water. Light
pressure promotes faster movement of intrusion front giving rise to filament (Fig. 21c). As it
was shown in (Brasselet et al., 2008), for example, laser light pressure is also able to force
through the boundary between two unmixed liquids and to form thin channel of one liquid
inside another one, thus forming liquid optical fiber with gradient core. Thus, the image of
filament in transmission mode shows optical density of Ag nanoparticles. At the same time
the image of filament in scattering mode clearly demonstrate channeling effect in fabricated
filament which in fact is a liquid gradient fiber. Such liquid gradient fiber provides also
effective channeling of 970nm laser beam, thus promoting filament elongation and spatial
stability.
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Formation of water flow nearby the fiber tip.

Formation of Ag nanoparticles intrusions.

Fabrication of filaments from Ag nanoparticles.

Intense formation of micro-bubbles, hampering filament formation at high laser power.

ap ow

Fig. 21. To the explanation of the effect of laser-induced formation of filaments of Ag
nanoparticles (Yusupov et al., 2011b).

Laser induced formation of 10-50 pm in thickness and up to few millimeters micro-bubble
streams (Fig. 11) can also promote the filaments fabrication observed in our experiments. It
is clear, however, that too intense chaotic formation of micro-bubble streams observed at
high laser power can hamper filament fabrication (Fig. 21d).

We believe that such filaments of nanoparticles can be developed not only in water media
but, also, in other fluids, with other laser wavelength and particles types. The indispensable
conditions in this case are the availability of sufficient level of laser light absorption in
irradiated medium nearby fiber tip and possibility of liquid fiber formation.

7. Conclusion

Hydrodynamic effects induced by a medium power (1-5 W) laser radiation in the vicinity of
the heated fiber tip surface in water and in water-saturated tissues are considered. A
threshold character of the dynamics of liquid is demonstrated. At a relatively low laser
power (about 1 W), the slow formation of vapor-gas bubbles with sizes of hundreds of
microns are observed at the optical fiber tip surface. The bubbles can be attached to the tip
surface in the course of laser radiation. At higher laser power increases, effective
hydrodynamic processes related to the explosive boiling in the vicinity of the overheated
fiber tip surface take place. The resulting bubbles with sizes ranging from a few microns to
several tens of microns provide the motion of liquid. The estimated velocities of bubbles in
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the vicinity of the fiber tip surface can be as high as 100 mm/s. Generation of bubbles in the
capillary leads to the circulating water flows with periods ranging from 0.2 to 1 s. Such
circulation intensity increases with the laser power. For the laser radiation with a
wavelength of 0.97 pm, we observe such effects only for the blackened fiber tip surface,
which serves as a local heat source. At a laser power of less than 3 W, stable bubble
microjets, which consist of the bubbles (ranging from several to ten microns) can be
generated in the vicinity of the blackened tip surface.

Laser-induced hydrodynamic effects in water and bio-tissues can cause the significant
degradation of the fiber tip. Cavitation collapse of bubbles in liquid in the vicinity of fiber
tip surface gives rise to the high-speed cumulative microjets which can destroy the solid
surface. This effect leads to multiple cracks on the film and the formation of the porous
structure, formation of supercritical water and even generation of diamonds nano-crystal.
Laser-induced hydrodynamics processes in water and water-saturated bio-tissues are
accompanied by generation of intense acoustic waves in resonance conditions, even of
shock-type waves. The acousto-mechanic processes results in mixing and transport of gas-
saturated degenerated tissue in the space of defect.

We found that medium power (0.3- 8 W) 0.97 um in wavelength laser irradiation of water
with added Ag nanoparticles (in the form of Ag-albumin complexes) through 400pm
optical fiber stimulates self-organization of unexpectedly thin (10-80 um) and lengthy (up
to 14 cm) filaments of Ag nanoparticles in the form of liquid gradient fibers. These
filaments in water are stable in the course of laser irradiation being destroyed after laser
radiation off. Such effect of filaments of Ag nanoparticles self-organization is rationalized
by the peculiarities of laser-induced hydrodynamic processes developed in water in
presence of laser light.
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1. Introduction

Estimates of the worldwide incidence and mortality from 27 cancers in 2008 have been
prepared for 182 countries by the International Agency for Research on Cancer (Ferlay et al.,
2010). Overall, an estimated 12.7 million new cancer cases and 7.6 million cancer deaths
occur in 2008, with 56% of new cancer cases and 63% of the cancer deaths occurring in the
less developed regions of the world. The most commonly diagnosed cancers worldwide are
lung (1.61 million, 12.7% of the total), breast (1.38 million, 10.9%) and colorectal cancers (1.23
million, 9.7%). Cancer is neither rare anywhere in the world, nor mainly confined to high-
resource countries. Many cancer subjects die from cancer as a result of organ failure due to
“metastasis” (Geiger & Peeper, 2009), thus indicating that medical control of tumor
metastasis leads to a marked improvement in cancer prognosis.

The acquisition of the metastatic phenotype is not simply the result of oncogene mutations,
but instead is achieved through an interstitial stepwise selection process (Mueller & Fusenig,
2004). The dissociation and migration of cancer cells, together with a breakdown of
basement membranes between the parenchyme and stroma, are a prerequisite for tumor
invasion. The next sequential events involved in cancer metastasis include the following: (i)
penetration of cancer cells to adjacent vessels (i.e., intravasation); (ii) suppressed anoikis (i.e.,
suspension-induced apoptosis) of cancer cells in blood flow; and (iii) an extravascular
migration and re-growth of metastatic cells in the secondary organ. For an establishment of
anti-metastasis therapy, it is important to elucidate the basic mechanism(s) whereby tumor
metastasis is achieved through a molecular event(s).

Hepatocyte growth factor (HGF) was discovered and cloned as a potent mitogen of rat
hepatocytes in a primary culture system (Nakamura et al., 1984, 1989; Nakamura, 1991).
Beyond its name, HGF is now recognized as an essential organotrophic regulator in almost
all tissues (Nakamura, 1991; Rubin et al., 1993; Zarnegar & Michalopoulos, 1995; Birchmeier
& Gherardji, 1998; Nakamura & Mizuno, 2010). Actually, HGF induces mitogenic, motogenic
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and morphogenic activities in various types of cells via its receptor, MET (Bottaro et al., 1991;
Higuchi et al., 1992). HGF is required for organogenesis in an embryonic stage and for tissue
repair in adulthood during various diseases (Nakamura, 1991; Birchmeier & Gherardi, 1998;
Nakamura & Mizuno, 2010). Several lines of in vitro studies indicate that HGF stimulates
scattering and migration of cancer cells (Matsumoto et al., 1994, 1996a; Nakamura et al.,
1997). In malignant tumors, HGF is expressed by stromal cells, such as fibroblasts, while
MET is over-expressed by cancer cells, thus suggesting in the mid-1990s that a paracrine
signal from HGF-producing stroma cells to carcinomas may cause malignant behaviors,
such as invasion and metastasis (Matsumoto et al., 1996b).

NK4 is an intra-molecular fragment of HGF, which is generated by a chemical cleavage of
mature form HGF (Date et al., 1997, Nakamura et al., 2010). NK4 includes an N-terminal
hairpin domain and 4-kringle domains (K1-K4) of HGF a-chain, which binds to MET. Thus,
NK4 antagonizes HGF activities as a competitive inhibitor. Using NK4 as an HGF-
antagonist in rodents with malignant tumors, we have accumulated evidence showing that
endogenous HGF-MET cascade is a key conductor for tumor metastasis, while inhibition of
MET signals leads to the arrests of tumor growth. Unexpectedly, NK4 prohibits tumor
angiogenesis through a MET-independent mechanism. This review focuses on the roles of
HGF in cancer biology and pathology. We also emphasize the effectiveness of NK4 in
experimental cancer models where NK4 is supplemented via a “hydrodynamics-based”
gene therapy.

2. Effects of HGF on intra-tumor cells during cancer progression

In the mid-1980s, MET was identified as a mutated oncogene from carcinogen-induced
osteosarcoma cells (MNNG-HOS) that transform NIH3T3 fibroblasts (Cooper et al., 1984).
MET-encoding protein has a tyrosine kinase activity (Dean et al., 1985), suggesting that MET
may be an orphan receptor of growth factors. In the early 1990s, MET-coding product was
demonstrated to be a high-affinity receptor for HGF (Bottaro ef al., 1991; Higuchi et al., 1992).
Scatter factor (SF) stimulates tumor cell movement, as its name indicates, and is shown
molecularly identical to HGF (Konishi et al., 1991; Weidner et al., 1991). HGF has several
activities required for tumor cell invasion and metastasis, as described below. In this section,
we summarize the direct effects of HGF on intra-tumor cells, including carcinoma, and on
vascular and lymphatic cells prior to discussion of the contribution of HGF-MET cascades
during tumor malignancy.

2.1 Scattering and migration of tumor cells

Initial events for the metastatic spread of tumors involve loss of cell-cell contact within the
primary tumor mass. The integrity and morphology of epithelial tumor cell colonies are
maintained by cell-cell contact mediated by cadherins and its associated intracellular catenin
molecules. Cancer cells must lose their tight cell-to-cell contact by down-regulation of
cadherin-cadherin complex during invasion into adjacent tissues. HGF induces scattering (i.e.,
dispersion of cluster cells into single cells) via an endocytosis of E-cadherin from cell surface to
cytoplasma (Watabe et al., 1993; Miura et al., 2001). During cell migration, HGF activates the
Ras-Rab5 pathway for endocytosis of cadherins (Kimura et al., 2006), which triggers nuclear
localization of B-catenin, a transcription factor of genes responsible for cell motility (Hiscox &
Jiang, 1999). Stimulation of an Rho small G protein cascade and activation of cdc42, rac and
PAK by HGF leads to the disassembly of stress fiber or focal adhesions, while lamellipodia
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formation and cell spreading are enhanced by HGF (Royal ef al., 2000). These changes confer a
down-stream mechanism of MET-mediated cancer invasion.

2.2 Breakdown of basement membranes

During cancer invasion, tumor cells must move across a basement membrane between
epithelium and lamina propria (i.e., sub-epithelium). HGF stimulates motility in a biphasic
process: cells spread rapidly and form focal adhesions, and then they disassemble these
condensations, followed by increased cell locomotion. In the early phase (i.e., within a few
minutes post-stimulation), HGF induces phosphorylation of focal adhesion kinase (FAK)
together with a tight bridge between the extra-cellular matrix (ECM) and integrins of cancer
cells (Matsumoto et al., 1994; Parr et al., 2001). In the later phase, HGF-stimulated cancer cells
invade into matrix-based gels in vitro, or across basement membrane ECM in wvivo
(Nakamura et al., 1997). In this process, HGF up-regulates several types of matrix
metalloproteinase (MMP), such as MMP-1, -2, and -9, through activation of Ets, a
transcriptional factor of MMPs (Li et al., 1998, Nagakawa et al., 2000; Jiang et al., 2001).
Considering that MMP-inhibitors diminish HGF-mediated migration, the induction of MMP
through HGF-Ets cascade is essential for tumor invasion into adjacent normal tissues.

2.3 Endothelial attachment and extravasation of cancer cells

Needless to say, tumor angiogenesis as well as lymphatic vessel formation are important for
delivery of cancer cells from the primary tumor to secondary organs. HGF enhances
angiogenesis via induction of the proliferation and morphogenesis of endothelial cells (EC)
(Bussolino et al., 1992; Nakamura et al., 1996). Actually, HGF supplementation leads to the
enhancement of tumor angiogenesis in vivo (Laterra et al., 1997). Recent studies delineated
the capacity of HGF to induce lymphatic morphogenesis (Kajiya et al., 2005; Saito et al.,
2006). Thus, HGF is considered to facilitate cancer metastasis via neo-induction of vascular
or lymphatic vessel beds. HGF has a direct effect on EC for enhancing tight adhesion of
tumor cells on endothelium via FAK phosphorylation (Kubota et al., 2009a). Furthermore,
HGEF decreases endothelial occludin, a cell-cell adhesion molecule (Jiang et al., 1999a). Under
such a loss of EC-EC integrity, HGF decreases the trans-endothelial resistance of tumor
vessels and enhances cancer invasion across an EC barrier (i.e., intravasation in primary
tumors and extravasation in metastatic organs) (Fig. 1).

2.4 Prevention of cancer cell anoikis

Anoikis, also known as suspension-induced apoptosis, is a term used to describe
programmed cell death (apoptosis) of epithelial cells induced by loss of matrix attachment.
In addition to gaining functions of invasion and angiogenesis, cell resistance to anoikis also
appears to play an important role in tumor progression and metastasis as tumor cells lose
matrix attachment during metastasis. However, it is unknown how cancer cells escape from
anoikis-like death during metastasis. It was demonstrated, in a non-adherent culture
models, that HGF is a key molecule inhibiting suspension-induced anoikis, and this effect is
mediated via a crosstalk that is, in turn, mediated by phosphatidyl-inositol 3-kinase (PI-3K)
and extracellular signal-regulated kinase (ERK)-1/2 (Zeng et al., 2002; Kanayama et al., 2008).
A recent report described that tetraspanin CD151-knockdown abolishes preventive effect of
HGEF on tumor anoikis (Franco et al., 2010). Thus, it is likely that cell surface tetraspanins are
important for signaling complexes between MET and integrin-f4, a known amplifier of
HGF-mediated cell survival.
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Fig. 1. Various effect of HGF on cancer cells and endothelial cells (EC) during tumor
progression. For example, sequential events during the lung metastasis of hepatic carcinoma
are summarized as follows: (A) dissociation and scattering of hepatocellular cancer cells
through an HGF-induced endocytosis of cadherins; (B) tumor migration into stromal areas
across the basement membrane (BM) is mediated via MMP-dependent matrix degradation
and Rho-dependent cell movement; (C) invasion of tumor cells into neighboring vessels (i.e.,
intravasation) where the tight junction between ECs is lost by HGF-MET signaling; (D)
inhibition of tumor cell anoikisis by MET-AKT cascades during blood flow, and out-flux of
tumor cells across vessel walls (i.e., extravasation); and (E) in the lung, HGF supports
growth of metastatic nodules via providing vascular beds as an angiogenic factor.

Overall, HGF is shown to take direct action on carcinoma cells: (i) cell spreading via an
endocytosis of cadherins; (ii) enhancement of invasion across basement membranes via Rho-
dependent and MMP-dependent pathways; and (iii) anti-anoikis activity during blood
circulation. Toward tumor vessels, HGF elicits vascular and lymphatic EC proliferation and
branching angiogenesis, while intravasation and extravasation are achieved through HGF-
induced reduction of EC-EC integrity. These HGF-MET-mediated biological functions seem
advantageous for invasion and metastasis of malignant tumors, including carcinoma and
sarcoma (Fig. 1).

[Note] Long-term administration of recombinant HGF does not elicit tumor formation in
healthy animals, and this result supports a rationale of HGF supplement therapy for treating
chronic organ diseases, such as liver cirrhosis, at least in cancer-free patients.

3. Regulation of HGF production by cancer cells

Several lines of histological evidence indicate that HGF is produced in stroma cells, such as
fibroblasts, vascular EC and smooth muscle cells in tumor tissues. In contrast, MET is over-
expressed mainly by tumor cells, particular near invasive areas, implying a possible
paracrine signal from HGEF-producing stroma cells to MET-expressing carcinoma cells
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(Matsumoto et al., 1996b). Herein, we will discuss the molecular basis whereby stromal HGF
production is up-regulated by tumor cells during cancer invasion and metastasis.

3.1 Stroma as a microenvironment to determine behaviors of tumors

The important roles of stroma during tumor progression are demonstrated through several
independent studies. Carcinoma-associated fibroblasts, but not normal fibroblasts, stimulate
tumor progression of initiated non-tumorigenic epithelial cells both in an in vivo tissue
recombination and in an in vitro co-culture system (Olumi et al., 1999). Transforming growth
factor (TGF)-B signaling is critical for down-regulating HGF production (Matsumoto et al.,
1992). Of note, an inactivation of TGF-B type II receptor gene in stromal fibroblasts leads to
the onset of epithelial growth and invasion (Bhowmick et al., 2004). In this process,
activation of paracrine HGF is a key mechanism for stimulation of epithelial proliferation
(Bhowmick et al., 2004). Thus, the suppression of HGF production by TGF-B seems to be
important for an escape from cancer metastasis (Matsumoto & Nakamura, 2006).

3.2 Regulation of HGF production in stroma by tumor cells

As repeated, a major source of HGF in tumors is stromal cells (including fibroblasts,
endothelium, macrophages and neutrophils) (Wislez et al., 2003; Matsumoto & Nakamura,
2006; Grugan et al., 2010). Thus, how stromal HGF is up-regulated during tumor progression
should be discussed. There is now ample evidence that numerous types of carcinoma cells
secrete soluble factors that induce HGF production in stromal cells (i.e., HGF-inducers). For
example, conditioned medium obtained from breast cancer cells enhances HGF production
in fibroblasts, along with a raise in prostaglandin-E2 (Matsumoto-Taniura et al., 1999). Of
note, suppression of prostaglandin-E2 production by indomethacin leads to down-
regulation of stromal HGF production and suppression of tumor migration in vitro
(Matsumoto-Taniura ef al., 1999), indicating that cancer-derived prostaglandins are
important for up-regulating HGF in stromal cells (Matsumoto-Taniura et al., 1999; Pai et al.,
2003). Other carcinoma-derived HGF-inducers are interleukin-1B (IL-1B), basic fibroblast
growth factor (b-FGF), platelet-derived growth factor (PDGF), and TGF-o. (Hasina et al.,
1999; Matsumoto & Nakamura, 2003). These results indicate a crosstalk between carcinoma
and stroma, mediated via a paracrine loop of HGF-inducers produced by carcinoma and
HGEF secreted from stroma cells, such as fibroblasts (Matsumoto et al., 1996a).

3.3 Inflammation-mediated HGF up-regulation mechanism

In addition to stromal fibroblasts, tumor-associated macrophages (TAM) are known to
highly produce HGF during non-small lung cancer invasion (Wang et al., 2011). It is
reported that TAM isolated from 98 primary lung cancer tissues show the higher production
of HGF, along with the concomitant increases in urokinase-type plasmin activator (uPA),
cyclooxygenase-2 (Cox2) and MMP-9 (Wang et al., 2011). Anti-MMP-9 antibody largely
diminishes TAM-induced invasion, while Cox2 and uPA are critical for HGF production
and activation, respectively, suggesting that Cox2-uPA-HGF-MMP cascades in TAM
participate in non-small lung cancer invasion. Likewise, HGF production is enhanced by
neutrophils infiltrating bronchiolo-alveolar subtype pulmonary adenocarcinoma (Wislez et
al., 2003).

Clinical studies demonstrate that serum levels of HGF are elevated in patients with
recurrent malignant tumors (Wu et al, 1998; Osada et al., 2008), thus suggesting an
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endocrine mechanism of the HGF delivery system. In this regard, it is known that peripheral
blood monocytes produce HGF, contributing to the increase in blood HGF levels via an
endocrine mechanism (Beppu et al., 2001). Overall, production of HGF by inflammatory cells
is involved in carcinoma invasion and metastasis (i.e., local system), while peripheral blood
monocytes seem to prevent tumor cell anoikis during metastasis, possibly by a release of
HGEF into blood (i.e., systemic system).

4. Structure and activity of NK4 as HGF antagonist

HGEF is a stromal-derived paracrine factor that has stimulated cancer invasion at least in vitro
(Matsumoto et al., 1994, Matsumoto et al., 1996a; Nakamura et al., 1997). Clinical studies
suggest that the degree of serum HGF and Met expressions in cancer tissues appears to
correlate with a given prognosis (Yoshinaga et al.,, 1993; Osada et al., 2008). Thus, it is
hypothesized that in vivo inhibition of HGF-MET signaling may be a reasonable strategy to
prohibit cancer metastasis. To test this hypothesis, we prepared NK4 as an intra-molecular
fragment of HGF via a chemical digestive process (Date ef al., 1997; Matsumoto et al., 1998).
As expected, NK4 bounded to MET and inhibited HGF-MET coupling as a competitive
inhibitor. An additional “unexpected” value was that NK4 inhibited tumor angiogenesis via
a MET-independent pathway. This section focuses on the biological value of NK4 as an
HGF-antagonist and as an angiogenesis inhibitor.

4.1 Structure and anti-invasive function of NK4

NK4 was initially purified as a fragment from elastase-digested samples of recombinant
human HGF (Date et al., 1997). The N-terminal amino acid sequence of NK4 and of the
remnant fragment, assumed to be composed of an HGF B-chain, revealed that NK4 is
cleaved between the 478t valine and the 479th asparagine. The N-terminal amino acid
sequence of NK4 revealed that the N-terminal structure of NK4 is the same as undigested
HGEF (i.e., 32nd pyroglutamate), indicating that NK4 is composed of the N-terminal 447
amino acids of the a-chain of HGF and contains the N-terminal hairpin domain and four
kringle domains (thus designated NK4) (Fig. 2A). The binding domains that are
responsible for high-affinity binding to MET are the N-terminal hairpin and the first
kringle domains in NK4 (and HGF). MET tyrosine phosphorylation occurs in A549 lung
carcinoma within 10 minutes after HGF addition, while NK4 inhibits the HGF-mediated
MET activation (Fig. 2B). Actually, NK4 functions as an HGF-antagonist: HGF induces
invasion and migration of the gallbladder and bile duct carcinoma cells in ECM-based
gels, while NK4 inhibits HGF-induced invasion in a dose-dependent manner (Fig. 2C)
(Date et al., 1998). These anti-invasive effects of NK4 are seen in distinct types of cancer
cells (Hiscox et al., 2000; Maehara ef al., 2001; Parr et al., 2001), strengthening the common
role of NK4 during cancer migration.

4.2 Perlecan-dependent anti-angiogenic mechanism by NK4

Vascular EC highly express MET, while HGF stimulates mitogenic and morphogenic
activities in EC (Nakamura ef al., 1996), thus suggesting that NK4 could inhibit HGF-
induced angiogenesis. Actually, NK4 potently inhibited the HGF-mediated proliferation of
EC in vitro (Jiang et al., 1999b). Strikingly, NK4 also inhibited microvascular EC proliferation
and migration, induced by other angiogenic factors, such as b-FGF and vascular endothelial
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Fig. 2. Preparation of NK4 as an HGF-antagonist and its inhibitory effects on tumor invasion
in vitro. (A) Preparation and structure of NK4. NK4 is generated via a cleavage of HGF
between 478th Val and 479th Asn. (B) Inhibition of HGF-mediated MET tyrosine
phosphorylation by NK4 in lung carcinoma cells. (C) Biological activity of NK4. Cancer cell
invasion (upper chamber) is induced across a Matrigel layer when fibroblasts (FB) are
placed on a lower chamber. In this co-culture system, NK4 inhibits FB-induced tumor cell
invasion in a dose-dependent manner.

growth factor (VEGF) (Fig