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Preface

The problem of investigation of time delay systems has been explored over many years.
Time delay is very often encountered in various technical systems, such as electric,
pneumatic and hydraulic networks, chemical processes, long transmission lines, etc.
The existence of pure time lag, regardless if it is present in the control or/and the state,
may cause undesirable system transient response, or even instability. Consequently,
the problem of stability analysis for this class of systems has been one of the main in-
terests for many researchers. In general, the introduction of time delay factors makes
the analysis much more complicated.

So, the title of the book Time-Delay Systems encompasses broad field of theory and
application of many different control applications applied to different classes of afore-
mentioned systems.

It must be admitted that a strong stress, in this monograph, is put on the historical sig-
nificance of systems stability and in that sense, problems of asymptotic, exponential,
non-Lyapunov and technical stability deserved a great attention. Moreover, an evident
contribution was given with introductory chapter dealing with basic problem of Quasi-
polyinomial stability.

Time delay systems can achieve different attributes. Namely, when we speak about sin-
gular or descriptor systems, one must have in mind that with some systems we must
consider their character of dynamic and static state at the same time. Singular systems
(also referred to as degenerate, descriptor, generalized, differential-algebraic systems
or semi-state) are systems with dynamics, governed by the mixture of algebraic and
- differential equations. The complex nature of singular systems causes many difficul-
ties in the analytical and numerical treatment of such systems, particularly when
there is a need for their control.

It must be emphasized that there are lot of systems that show the phenomena of time
delay and singularity simultaneously, and we call such systems singular differential sys-
tems with time delay. These systems have many special characteristics. If we want to
describe them more exactly, to design them more accurately and to control them more
effectively, we must tremendously endeavor to investigate them, but that is obvious-
ly very difficult work. When we consider time delay systems in general, within the
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existing stability criteria, two main ways of approach are adopted. Namely, one direc-
tion is to contrive the stability condition which does not include the information on the
delay, and the other is the method which takes it into account. The former case is often
called the delay-independent criteria and generally provides simple algebraic condi-
tions. In that sense, the question of their stability deserves great attention.

In the second and third chapter authors discuss such systems and some significant con-
sequences, discussing their Lyapunov and non-Lyapunov stability characteristics.

Exponential stability of uncertain switched systems with time-varying delay and actu-
al problems of stabilization and determining of stability characteristics of steady-state
regimes are among the central issues in the control theory. Difficulties can be especially
met when dealing with the systems containing nonlinearities which are non-analytic
function of phase with problems that have been treated in two following chapters.

Some of synthesis problems have been discussed in the following chapters covering
problems such as: static output-feedback stabilization of interval time delay systems,
controllers design, decentralized adaptive stabilization for large-scale systems with
unknown time-delay and resilient adaptive control of uncertain time-delay systems.

Finally, actual problems with some practical implementation and dealing with slid-
ing mode control, synchronization of multiple time delay systems and T-S fuzzy H..
tracking control of input delayed robotic manipulators, were presented in last three
chapters, including inevitable application of linear matrix inequalities.

Dr Dragutin Lj. Debeljkovi¢
University of Belgrade

Faculty of Mechanical Engineering
Department of Conrol Engineering
Serbia









Introduction to Stability of Quasipolynomials

Lucia Cossi
Departamento de Matemitica, Universidade Federal da Paraiba
Jodo Pessoa, PB, Brazil

1. Introduction

In this Chapter we shall consider a generalization of Hermite-Biehler Theorem! given by
Pontryagin in the paper Pontryagin (1955). It should be understood that Pontryagin’s
generalization is a very relevant formal fool for the mathematical analysis of stability of
quasipolynomials. Thus, from this point of view, the determination of the zeros of a
quasipolynomial by means of Pontryagin’s Theorem can be considered to be a mathematical
method for analysis of stabilization of a class of linear time invariant systems with time delay.
Section 2 contains an overview of the representation of entire functions as an infinite product
by way of Weierstrass” Theorem—as well as Hadamard’s Theorem. Section 3 is devoted to
an exposition to the Theory of Quasipolynomials via Pontryagin’s Theorem in addition to a
generalization of Hermite-Biehler Theorem. Section 4 deals with applications of Pontryagin’s
Theorem to analysis of stabilization for a class of linear time invariant systems with time
delays.

2. Representation of the entire functions by means of infinite products

In this Section we will present the mathematical background with respect to the Theory
of Complex Analysis and to provide the necessary tools for studying the Hermite-Biehler
Theorem and Pontryagin’s Theorems. At the first let us introduce the basic definitions and
general results used in the representation of the entire functions as infinite products?.

2.1 Preliminaries

Definition 1. (Zeros of analytic functions) Let f : Q) — € be an analytic function in a region
Q—i.e., a nonempty open connected subset of the complex plane. A value « € Q) is called a zero of f
with multiplicity (or order) m > 1 if, and only if, there is an analytic function g : 0 — C such that
f(z) = (z —a)"g(z), where g(«) # 0. A zero of order one (m = 1) is called a simple zero.

Definition 2. (Isolated singularity) Let f : Q) — Cbe an analytic function in a region Q). A value
B € Q) is called a isolated singularity of f if, and only if, there exists R > 0 such that f is analytic in
{ze ©O< |z—B| <R} butnotinB(B,R) ={z € C |z— B| < R}.

1 See Levin (1964) for an analytical treatment about the Hermite-Biehler Theorem and a generalization of
this theorem to arbitrary entire functions in an alternative way of the Pontryagin’s method.
2 See Ahlfors (1953) and Titchmarsh (1939) for a detailed exposition.



2 Time-Delay Systems

Definition 3. (Pole) Let Q) be a region. A value p € Q) is called a pole of analytic function
f: Q2 — C if, and only if, B is a isolated singularity of f and limﬁ |f(z)] = oo.
z—>

Definition 4. (Pole of order m) Let 3 € Q) be a pole of analytic function f : O — €. We say that
B is a pole of order m > 1 of f if, and only if, f(z) = M + Lz + ...+ % +g1(z),

z=p  (z—PB) (z—B
where g1 is analytic in B(B, R) and Ay, Ay, ..., Ay € Cwith Ay, # 0.

Definition 5. (Uniform convergence of infinite products) The infinite product

—+o0

[10+fu(2) =0+ f@)A+ f2(2) .. A+ ful2)) ... @

n=1

where { fu}new is a sequence of functions of one variable, real or complex, is said to be uniformly
convergent if the sequence of partial product p,, defined by

n

pn(z) = [T+ fu(2) = 1+ fi(2) A+ f2(2) ... (1+ fu(2)) @)

m=1

converges uniformly in a certain region of values of z to a limit which is never zero.

+o0
Theorem 1. The infinite product (1) is uniformly convergent in any region where the series Y _ | fu(z)]
n=1
is uniformly convergent.
Definition 6. (Entire function) A function which is analytic in whole complex plane is said to be
entire function.

2.2 Factorization of the entire functions

In this subsection, it will be discussed an important problem in theory of entire functions,
namely, the problem of the decomposition of an entire function—under the form of an infinite
product of its zeros—in pursuit of the mathematical basis in order to explain the distribution
of the zeros of quasipolynomials.

2.2.1 The problem of factorization of an entire function

Let P(z) = ayz" + ... +a1z+ ap be a polynomial of degree n, (a, # 0). It follows of the
Fundamental Theorem of Algebra that P(z) can be decomposed as a finite product of the
following form: P(z) = au(z — 1) ... (z — &), where the aq, ap, ..., &, are—not necessarily
distinct—zeros of P(z). If exactly k; of the a; coincide, then the «; is called a zero of P(z) of
order k; [see Definition (1)]. Furthermore, the factorization is uniquely determined except for
the order of the factors. Remark that we can also find an equivalent form of a polynomial

N
function with a finite product of its zeros, more precisely, P(z) = Cz" [ J(1 - oci)' where
j=1 j
N
C=ay, H(foc]-), m is the multiplicity of the zero at the origin, a; #0(G=1,...,N) and

j=1
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We can generalize the problem of factorization of the polynomial function for any entire
function expressed likewise as an infinite product of its zeros.
Let’s supposed that
00
z) = z"e8(?) 1- = 3

f(z) [1a=2 ®)
where ¢(z) is an entire function. Hence, the problem can be established in following way: the
representation (3) should be valid if the infinite product converges uniformly on every compact set [see
Definition (5)].

2.2.2 Weierstrass factorization theorem
The problem characterized above was completely resolved by Weierstrass in 1876. As matter
of fact, we have the following definitions and theorems.

Definition 7. (Elementary factors) We can to take

Eo(z) = 1—z, and (4)
2

p
(1-2) exp(z—l—%—i—...—i—%), forall p=1,2,3,.. (5)

[yl
<
—

N
—

These functions are called elementary factors.

Lemma 1. If|z| <1, then |1 — Ep(z)| < |z|PTL, for p = 1,2,3, ...

Theorem 2. Let {ay, } e be a sequence of complex numbers such that a,, 7 0and irr_}_ lay| = 0.
n [ee]

If {pn }neN is a sequence of nonnegative integers such that
=
Z (7)1+Pn < oo, where |ay| = 1y, (6)
—1 'n
n=1
for every positive r, then the infinite product

£ =TTEn(2) ?

define an entire function f which has a zero at each point ay, n € IN, and has no other zeros in the
complex plane.

Remark 1. The condition (6) is always satisfied if p, = n — 1. Indeed, for every r, it follows that
1
ry > 2r forall n > ng, since lim r, = co. Therefore, - < = forall n > ny, then (6) is valid with
n—+oo n 2
respect to 1+ py, = n.

Theorem 3. (Weierstrass Factorization Theorem) Let f be an entire function. Suppose that f(0) # 0,
and let oy, ay, ... be the zeros of f, listed according to their multiplicities. Then there exist an entire
function g and a sequence {py } ne of nonnegative integers, such that

) =) ﬁ-ﬁ-l(f’l)z-’-m-#”%(f”)"il
f2) = SO T By, () = H(l - i) [ 2 1
n=1 n

n=1 &n
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Notice that, by convention, with respect to n =1 the first factor of the infinite product should be

-1
nq

Remark 2. If f has a zero of multiplicity m at z = 0, the Theorem (3) can be apply to the function
f(z)

zZm
Remark 3. The decomposition (8) is not unique.

Remark 4. In the Theorem (3), if the sequence {pn}ncN Of nonnegative integers is constant, i.e.,
pn = pforall n € IN, then the following infinite product:

= z
ITTE() ©)
n=1 n
= R
converges and represents an entire function provided that the series 1 Z ( o] )P+ converges for
n=1 n
all R > 0. Suppose that p is the smallest integer for which the series Z m converges. In this
n=1

case, the expression (9) is denominated the canonical product associated with the sequence {ay } e N
and p is the genus of the canonical product 3.

With reference to the Remark (4) we can state:

Hadamard Factorization Theorem. If f is an entire function of finite order O, then it admits
a factorization of the following manner: f(z) =z me8(z H E,(—), where g(z) is a polynomial
function of degree q, and max{p,q} < 0.

The first example of infinite product representation was given by Euler in 1748, viz.,

0 2
sin(rz) = mz [ (1 - %),where m=1p=14g=0][g(z) =0],and ¥ = 1.
n=1

3. Zeros of quasipolynomials due to Pontryagin’s theorem

We know that, under the analytic standpoint and a geometric criterion, results concerning
the existence and localization of zeros of entire functions like exponential polynomials have
received a considerable attention in the area of research in the automation field. In this section
the Pontryagin theory is outlined.

Consider the linear difference-differential equation of differential order n and difference order
m defined by

ZZayvx (t+v)=0 (10)

u=0v=

3 See Boas (1954) for analysis of the problem about the connection between the growth of an entire
function and the distribution of its zeros.
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where m and 7 are positive integers and aw(y =0,...,n,v=0,...,m) are real numbers. The
characteristic function associated to (10) is given by:

3(z) = P(z,¢6%), (11)

n m
where P(z,s) = Z Z auyz!'s” is a polynomial in two variables.
u=0v=0
Pontryagin’s Theorem, in fact, establishes necessary and sufficient conditions such that the
real part of all zeros in (11) may be negative. These conditions transform the problem a real
variable one.

Definition 8. (Quasipolynomials)* We call the quasipolynomials or exponential polynomials the
entire functions of the form:

F(z) = ﬁ fg(z)e’\%’Z = fo(z)e)“)Z +f1 (z)e)LlZ +... —l—fm(z)e’\”’Z (12)
=0

where fz(§=0,...,m) are polynomial functions with real (or complex) coefficients, and
Ag(§=0,...,m) are real (or complex) numbers. In particular, if the Az(&=0,...,m) are
commensurable real numbers and 0 = Ay < Aq,... < Ay, then the quasipolynomial (12) can be
written in the form (11) studied by Pontryagin.

Notice that, some trigonometric functions, e.g., sin and cos are quasipolynomials since

1 ; 1 1 1
sin(mz) = z—je]mz - 27]'67]m and cos(nz) = ie]”Z + 5677”2, where j = v/—1,and m,n € IN.

Remark 5. If the quasipolynomial F(z) in (12) does not degenerate into a polynomial, then the
quasipolynomial F(z) has an infinite set of zeros whose unique limit point is infinite. Note that all
roots of F(z) are separated from one another by more than some distance d > 0, therefore it is possible
to determine non-intersecting circles of radius v < d encircling all the roots taken as centers.

Definition 9. (Hurwitz Stable) The quasipolynomial F(z) in (12) is said to be a Hurwitz stable if,
and only if, all its roots lie in the open left-half of the complex plane.

Definition 10. (Interlacing Property) Let f(w) and g(w) be two real functions of a real variable. The
zeros of these two functions interlace (or alternate) if, and only if, we have the following conditions:

1. each of the functions has only simple zeros [see Definition1];
2. between every two zeros of one of these functions there exists one and only one zero of the other;

3. the functions f(w) and g(w) have no common zeros.

We cannot refrain from remark that Cebotarev, in 1942, gave the generalization of the Sturm
algorithm to quasipolynomials, therefore we have a general principle for solving that problem
for arbitrary quasipolynomials. Notwithstanding, it is of interest to note that Chebotarev’s
result presuppose a generalization of the Hermite-Biehler Theorem to quasipolynomials.

4 See Pontryagin (1969) for a discussion detailed.
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Theorem 4. (Pontryagin’s Theorem) Pontryagin (1955) Let 5(z) = P(z,e*) be a quasipolynomial,
where P(z,s) is a polynomial function in two variables with real coefficients as defined in (11). Suppose
that aym, # 0. Let 6(jw) be the restriction of the quasipolynomial 5(z) to imaginary axis. We can
express 6(jw) = f(w) + jg(w), where the real functions (of a real variable) f(w) and g(w) are the
real and imaginary parts of 6(jw), respectively. Let us denote by w, and w;, respectively, the zeros
of the function f(w) and g(w). If all the zeros of the quasipolynomial 5(z) lie to the left side of the
imaginary axis, then the zeros of the functions f(w) and g(w) are real, alternating, and

§'(W)f(w) = g(w)f'(w) > 0. (13)

for each w € IR. Reciprocally, if one of the following conditions is satisfied:

1. All the zeros of the functions f(w) and g(w) are real and alternate and the inequality (13) is
satisfied for at least one value w;

2. All the zeros of the function f(w) are real , and for each zero of f(w) the inequality (13) is satisfied,
that is, g(wr)f’(wr) < 0;

3. All the zeros of the function g(w) are real, and for each zero of g(w) the inequality (13) is satisfied,
that is, ¢’ (w;) f(w;) > 0;

then all the zeros of the quasipolynomial 5(z) lie to the left side of the imaginary axis.
Remark 6. Let us note that the above function §(jw) in Theorem (4) has, also, the following form.:
v

nom |
@)= L Yot | DO e (cos @) (sine) P (14)
= s pl(v—p)!

Consequently, the functions f(w) and g(w) can be express as Q(w) = q(w, cos(w), sin(w)), where
q(w, u,v) is a real polynomial function in three variables with real coefficients.

With respect to the Remark (6), it should be pointed out, the polynomial g(w,u,v) may be
represented in the form:

(w,u,0) ii "41;, u,v), (15)

where cp;lu) (u,v) is a real homogeneous polynomial of degree v in two real variables u and v.

The formula w"¢£lm) (u,v) is denominated the principal term of the polynomial in (15). From
(15), we can define ¢;; (1, v) as follows

¢ (u,v) :i (16)

And by substituting u = cos(w) and v = sin(w) in (16) we can express
Py (w) = Py (cos(w), sin(w)). (17)

Now, let wus consider the above formalization in complex field, that is,
D (z) = ¢y (cos(z),sin(z)), where z € C.



Introduction to Stability of Quasipolynomials 7

Theorem 5. Pontryagin (1955) Let q(z,u,v) be a polynomial function, as given in (15), with three
complex variables and real coefficients, in which the principal term is z"<p5,m)(u,v). If € is such that
®; (e + jo) does not take the value zero for every real g, then the function Q(w + jo) has exactly
4kn 4+ m zeros—for some sufficiently large value of k— for (w,0) € [—2km +€,2km + €] x R.
Hence, in order that the restriction of the function Q to IR, denoted by Q(w), have only
real roots, it is necessary and sufficient that Q(w) have exactly 4kn +m zeros in the interval
—2km 4+ € < w < 2km + € for sufficiently large k.

4. Applications of Pontryagin’s theorem to analysis of stabilization for a class of
linear time invariant systems with time delay

In this Section we will explain some relevant applications concerning the Hermite-Biehler
Theorem and Pontryagin’s Theorems in the framework of Control Theory. Apropos to the
several methodological approaches about the subject of the Section 3, we have in technical
literature some significant publications, viz., Bellman & Cooke (1963), Bhattacharyya et
al. (2009) and Oliveira et al. (2009). These methods constitute a set of analytic tools for
mathematical modeling and general criteria for studying of stability of the dynamic systems
with time delays, that is, for setting a characterization of all stabilizing P, PI or PID controllers
for a given plant. It should be pointed out that the definition of the formal concept of
signature—introduced in the reference Oliveira et al. (2003)—allows to extend results of the
polynomial case to quasipolynomial case via property of interlacing in high frequencies of the
class of time delay systems considered °.

The dynamic behavior of many industrial plants may be mathematically modeled by a linear
time invariant system with time delay. The problem of stability of linear time invariant
systems with time delay make necessary a method for localization of the roots of analytic
functions. These systems are described by the linear differential equations with constant
coefficients and constant delays of the argument of the following manner

i f au ™ (t—1,) = h(t) (18)

u=0v=0

where the coefficients are denoted by a,, € R(u=0,...,n,v=0,...,m) and the constant
delays are symbolized by 7, € R(v =0,...,m) with0 =1 < 7, ... < T

5 The Hermite-Biehler Theorem provides necessary and sufficient conditions for Hurwitz stability of
real polynomials in terms of an interlacing property. Notice that, if a given real polynomial is not
Hurwitz, the Hermite-Biehler Theorem does not provide information on its roots distribution. A
generalization of Hermite-Biehler Theorem with respect to real polynomials was first derived in a report
by Ozgiiler & Kogan (1994) in which was given a formula for a signature of polynomial—not necessarily
Hurwitz—applicable to real polynomials without zeros on the imaginary axis except possibly a single
root at the origin. This formula was employed to solve the constant gain stabilization problem. It may
be mentioned that, in Ho et al. (1999), a different formula applicable to arbitrary real polynomials—but
without restrictions on root localizations—was derived and used in the problem of stabilizing PID
controllers. In addition, as a result of Ho et al. (2000), a generalization of the Hermite-Biehler Theorem
for real polynomials—not necessarly Hurwitz—to the polynomials with complex coefficients was
derived and, as a consequence of that extension, we have a technical application to a problem of
stabilization in area of Control Theory.
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We can denominate the equation (18) as an equation with delayed argument, if
the coefficient ﬂno #0 and the remaining coefficients a,, =0(v =1,...,m), that is,

anou )+ Z Z awu t— Ty) = h(t); analogously, the equation (18) is denominated
u=0v=0
an equation with advanced argument if the coefﬁcient a0 =0 and, if only for
one v>0, ay #0, that is, apy,u —Ty) + Z Z awu )(t —1,) = h(t), for only
u=0v=

one vy €{1,...,m} and, finally, the equation (18) is denominated an equation of
neutral type, if the coefficient ﬂno #0 and, if only for one v >0, ay #0, that is,

anou(”)(t) + apyyut t — Ty) + Z Z awu t — 1) = h(t), for only one vy € {1,...,m}.
u=0v=

Let us consider h(t) =0 in equation (18), we obtain the homogeneous linear equation with
constant coefficients and constant delays of the argument like

Z Z awu )(t—1,) =0. (19)
u=0v=
Assuming that u(t) = ¢?', where z denotes a complex constant, is a particular solution of the
equation (19) and, by substituting in (19) we obtain the so-called characteristic equation

n m
Z Z apzte ™% = 0. (20)

u=0v=0

From the equation (20) we can define the characteristic quasipolynomial in the following form

n m
=) ) apzle A (21)
u=0v=0

Note that the equation (20) has an infinite set of roots, therefore to every root z; corresponds
[e]

Zit Of

a solution u(t) = e*! of the equation (19). And, if the sums of infinite series Y Cre

k=0
solutions converge and admit n — fold term-by-term differentiation, then those sums are also
solutions of the equation (19).

Multiplying the equation (21) by ¢™?, it follows that

n m
(5(2) — eTmZ(g Z Z ;,VZVE Tu—Ty)Z Z Pv Tm—TV : (22)
where py (z Z awz! (v =0,...,m). For m # 0, the function (22) belongs to a general class
u=0

of quasipolynomials [see Definition (8)]. It is evident that §(z) = ¢™*6*(z) and 6*(z) have the
same zeros ©. Thus, from this point of view, the zeros of the function §(z) can be obtained
from the Theorems (4) and (5).

6 see El'sgol’ts (1966) for a fully discussion.
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Now, consider a special class of quasipolynomials (with one delay) given by

5(z) = po(z) + e pi(2), (23)

n—1 n

where po(z) =2"+ ) ayz with a0 € R(u=0,...,n—1), pi(z) = ) a1z with
u=0 u=0

a1 € R(p=0,...,n)and L > 0. Multiplying the (23) by e, it follows that

8(z) = 6" (2) = epo(z) + p1(2). (24)
We consider the following Assumptions:
Hypothesis 1. 0(p1) < n [retarded type]
Hypothesis 2. d(py) = nand 0 < |a,1| < 1 [neutral type]

where d(p1) stands for the degree of polynomial p;. Notice that, Hypothesis (1) implies that
ay; =0anday #0forsomep =0,...,n—1
Firstly, in what follows, we will state the Lemma (2) and Hypothesis (3) to establish the
definition of signature of the quasipolynomials.

Lemma 2. Suppose a quasipolynomial of the form (24) given. Let f(w) and g(w) be the real and
imaginary parts of d(jw), respectively. Under Hypothesis (1) or (2), there exists 0 < wy < o0 such
that in [wy, o) the functions f(w) and g(w) have only real roots and these roots interlace’ .

Hypothesis 3. Let 17g + 1 be the number of zeros of g(w) and 15 be the number of zeros of f(w) in
(0,w1). Suppose that wy € RT, ng, 11 € IN are sufficiently large, such that the zeros of f(w) and
g(w) in [wy, o0) interlace (with wy < wy). Therefore, if 1z + 11 is even, then wy = wg, , where wg,
denotes the 11g-th (non-null) root of g(w), otherwise wy = w fopr where w for denotes the 1 ¢-th root of

fl@).

Note that, the Lemma (2) establishes only the condition of existence for wg such that f(w) and
g(w) have only real roots and these roots interlace, by another hand the Hypothesis (3) has a
constructive character, that is, it allows to calculate wy.

Definition 11. (Signature of Quasipolynomials) Let 6(z) be a given quasipolynomial
described as in (24) without real roots in imaginary axis.  Under Hypothesis (3), let
0=wg <wg <...<wg <wy and wp <...< W, < wq be real and distinct zeros of

g(w) and f(w), respectively. Therefore, the signature of é is defined by
-1 _
fsonl (g + 2( KI5 (- Dfsnlf(eq)]) + (1)l g, )] (-1 sgalg(eo
o (6) = if ny+mng is even;
fsont sl + 2 (£l (- 1sgnl g ) f-1)sglstes, ),
if np+mng is odd;
7 The proof of Lemma (2) follows from Theorems (4) - (5); indeed, under Hypothesis (2) the roots of 6(z)

go into the left hand complex plane for |z| sufficiently large. A detailed proof can be find in Oliveira et
al. (2003) and Oliveira et al. (2009).

+
8ng—1

)l
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where sgn is the standard signum function, sgn[g(wy)] stands for lim sgn(g(w)] and
U./*}(,d/\

wy, (A=0,...,8,) is the A-th zero of g(w).
Now, by means of the Definition of Signature the following Lemma can be established.

Lemma 3. Consider a Hurwitz stable quasipolynomial 6(z) described as in (24) under Hypothesis (1)
or (2). Let ny and 114 be given by Hypothesis (3). Then the signature for the quasipolynomial 6(z) is

given by 0(8) = 17 + 1.

Referring to the feedback system with a proportional controller C(z) = kp, the resulted
quasipolynomial is given by:

8(z/kp) = epo(z) +kppi (2) (25)
where po(z) and pi(z) are given in (24). In the next Lemma we consider J(z,kp)
under Hypothesis (1) or (2). Consequently, we obtain a frequency range signature for
the quasipolynomial given by the product 4(z kp)p1(—z) which is used to establish the
subsequent Theorem with respect to the stabilization problem.

Lemma 4. For any stabilizing ky, let g + 1 and 1 ¢ be, respectively, the number of real and distinct
zeros of imaginary and real parts of the quasipolynomial 5(jw,kp) given in (25). Suppose g and
1y sufficiently large, it follows that 6(jw,ky) is Hurwitz stable if, and only if, the signature for
d(jw, kp)p1(—jw) in [0, wo| with wo as in Hypothesis (3), is given by 11g + 115 — o(p1), where o(p1)
stands for the signature of the polynomial p;.

Definition 12. (Set of strings) Let 0 = wg, < wg, < ... < wg, < wyq be real and distinct zeros of
g(w). Then the set of strings Ay in the range determined by frequency wy is defined as

Ap={so,...,sp:50 € {~1,0,1};5, € {-1,1};1=1,...,k} (26)
with sy identified as sgn[f (wyg,)] in the Definition (11).

Theorem 6. Let 0d(zky) be the quasipolynomial given in (25). Consider
flw kp) = fi(w) +kpfo(w) and g(w) as the real and imaginary parts of the quasipolynomial
d(jw, kp)p1(—jw), respectively. — Suppose there exists a stabilizing k), of the quasipolynomial
3(z,kp), and by taking wo as given in Hypothesis (3) associated to the quasipolynomial 6(z,ky). Let
0 =wyy < wg <...<wg < wy be the real and distinct zeros of g(w) in [0,wy]. Assume that
the polynomial py(z) has no zeros at the origin. Then the set of all ky—denoted by T—such that
0(z, kp) is Hurwitz stable may be obtained using the signature of the quasipolynomial §(z, kp)p1(—z).

In addition, if 7, = (max [— ! ;D, where G(}w) — fl(w;z(_w]‘;‘g(w),

—7—— ), min [———

siEAS G(]Wgt)} StGAT[ G(]wgt)

A, is a set of string as in Definition (12) , Al ={s; € A, :sp.sgn[fo(wg,)] =1} and
1 1

A = {st € A :sp.sgn|fr(wg,)] = =1}, such  that s{réi?[fm] I

< min |——=—
S i)
then I = U 1L, with « the number of feasible strings.



Introduction to Stability of Quasipolynomials 11

4.1 Stabilization using a PID Controller

In the preceding section we take into account statements introduced in Oliveira et al. (2003),
namely, Hypothesis (3), Definition (11), Lemma (2), Lemma (3), Lemma (4), and Theorem (6).
Now, we shall regard a technical application of these results.

In this subsection we consider the problem of stabilizing a first order system with time delay
using a PID controller. We will utilize the standard notations of Control Theory, namely, G(z)
stands for the plant to be controller and C(z) stands for the PID controller to be designed. Let
G(z) be given by

G(z) = e (27)
and C(z) is given by

k:
=k, + L +k
Clz) =kp + L Tkaz,
where k), is the proportional gain, k; is the integral gain, and k, is the derivative gain.
The main problem is to analytically determine the set of controller parameters (kp, k;, k) for

which the closed-loop system is stable. The closed-loop characteristic equation of the system
with PID controller is express by means of the quasipolynomial in the following general form

S(jew, kp, ki ka)p1(—jw) = f(w, ki, kq) + jg(w, kp) (28)
where
flw ki kg) = fi(w) + (ki = kgw?) fa(w)
g(wzkp) = g1(w) +kp82(w)
with
filw) = —w[w?

P (~w?)pi (—w?)] sin(Lw)

§2(w) = whi(w) = wlpi(~?)p (~w?) + W?pf (~w)p (—?)]

where pj and pj stand for the even and odd parts of the decomposition
po(w) = p§(w?) + wpl(w?), and analogously for pi(w) = p$(w?) + wpf(w?).  Notice
that for a fixed k), the polynomial g(w,ky) does not depend on k; and k,, therefore we can
obtain the stabilizing k; and k; values by solving a linear programming problem for each
g(w, ky), which is establish in the next Lemma.

Lemma 5. Consider a stabilizing set (kp,k;, kq) for the quasipolynomial é(jw,kp, ki, kq) as given in
(28). Let 17g + 1 and 15 be the number of real and distinct zeros, respectively, of the imaginary and real
parts of 8(jw, kp, ki, kq) in [0, wo), with a sufficiently large frequency wy as given in the Hypothesis
(3). Then, §(jw, kp, ki, kq) is stable if, and only if, for any stabilizing set (kp, k;, k) the signature of the
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quasipolynomial 6(z, kp, ki, kq)p1(—2z) determined by the frequency wy is given by 1g + 15 — o (p1),
where (py) stands for the signature of the polynomial py.

Finally, we make the standing statement to determine the range of stabilizing PID gains.

Theorem 7. Consider the quasipolynomial 6(jw,kp, ki, ka)p1(—jw) as given in (28). Suppose there
exists a stabilizing set (kp, ki kg) for a given plant G(z) satisfying Hypothesis (1) or (2). Let 177, 17
and wy be associated to the quasipolynomial &(jw,kp, ki, k) be choosen as in Hypothesis (3). For a
fixed kp, let 0 = wg, < wg, < ... < wg, < wp be real and distinct zeros of g(w, ky) in the frequency
range given by wq. Then, the (ki k) values—such that the quasipolynomial 5(jw,kp, ki kq) is
stable—are obtained by solving the following linear programming problem:

fi(wg,) + (ki — kdwéf)fz(wgt) >0, for s=1,
filwg,) + (ki — kgwg,) fa(wg,) <0, for sy = —1;

with sy € A(t=0,1,...,1) and, such that the signature for the quasipolynomial
S(jw, kp, ki kq)p1(—jw) equals ng+145—0o(p1), where o(py) stands for the signature of the
polynomial py.

Now, we shall formulate an algorithm for PID controller by way of the above theorem. The
algorithm® can be state in following form:

Step 1: Adopt a value for the set (ky, k; k) to stabilize the given plant G(z). Select 777 and
11, and choose wy as in the Hypothesis (3).

Step 2: Enter functions f; (w) and g1 (w) as given in (28).

Step 3: In the frequency range determined by wy find the zeros of g(w, k) as defined in (28)
for a fixed kj.

Step 4: Using the Definition(11) for the quasipolynomial é(z, kp, ki, k4)p1(—2), and find the
strings A, that satisfy (3(z, kp, ki, ka)p1(—2)) = ng + 117 — o (p1)-
Step 5: Apply Theorem (7) to obtain the inequalities of the above linear programming problem.

5. Conclusion

In view of the following fact concerning the bibliographic references (in this Chapter): all
the quasipolynomials have only one delay, it follows that we can express d(z) = P(z,¢*) as
in (24), where P(z,s) = po(z)s + p1(z) with d(pg) =1, d(p1) =0 and d(pg) =2, I(p1) =1
in Silva et al. (2000), d(pg) = 2, d(p1) = 0 in Silva et al. (2001), d(pp) = 2, d(p1) = 2 in Silva
et al. (2002), d(po) =2, d(p1) = 2 in Capyrin (1948), d(pg) =5, d(p1) = 5 in Capyrin (1953),
and d(pg) = 1,d(p1) = 0 [Hayes’ equation] and d(pg) =2, d(p1) = 0, 1,2 [particular cases] in
Bellman & Cooke (1963), respectively. Similarly, in the cases studied in Oliveira et al. (2003)
and Oliveira et al. (2009)—and described in this Chapter—the Hypothesis (3) and Definition
(11) take into account Pontryagin’s Theorem. In addition, if we have particularly the following
form F(z) = fi (z)eM? + fz(z)e)‘zz,with A, Az € IR (noncommensurable) and 0 < Ay < Ay, we
can write F(z) = ¢M78(z), where 6(z) = f1(z) + fo(z)e"2 "M% with 3(f,) > 3(fi), therefore
4(z) can be studied by Pontryagin’s Theorem.

8 See Oliveira et al. (2009) for an example of PID application with the graphical representation.
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It should be observed that, in the state-of-the-art, we do not have a general mathematical
analysis via an extension of Pontryagin’s Theorem for the cases in which the quasipolynomials
4(z) = P(z,€*) have two or more real (noncommensurable) delays .
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1. Introduction

1.1 Classes of systems to be considered

It should be noticed that in some systems we must consider their character of dynamic and
static state at the same time. Singular systems (also referred to as degenerate, descriptor,
generalized, differential-algebraic systems or semi-state) are those, the dynamics of which
are governed by a mixture of algebraic and differential (difference) equations. Recently
many scholars have paid much attention to singular systems and have obtained many good
consequences. The complex nature of singular systems causes many difficulties in the
analytical and numerical treatment of such systems, particularly when there is a real need
for their control.

It is well-known that singular systems have been one of the major research fields of control
theory. During the past three decades, singular systems have attracted much attention due
to the comprehensive applications in economics as the Leontief dynamic model (Silva & Lima
2003), in electrical (Campbell 1980) and mechanical models (Muller 1997), etc. Discussion of
singular systems originated in 1974 with the fundamental paper of (Campbell et al. 1974) and
latter on the anthological paper of (Luenberger 1977).

The research activities of the authors in the field of singular systems stability have provided
many interesting results, the part of which were documented in the recent references. Still
there are many problems in this field to be considered. This chapter gives insight into a
detailed preview of the stability problems for particular classes of linear continuous and
discrete time delayed systems. Here, we present a number of new results concerning
stability properties of this class of systems in the sense of Lyapunov and non-Lyapunov and
analyze the relationship between them.

1.2 Stability concepts

Numerous significant contributions have been made in the last sixty years in the area of
Lyapunov stabilty for different classes of systems. Listing all contributions in this, always
attractive area, at this point would represent a waste of time, since all necessary details and
existing results, for so called normal systems, are very well known.
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But in practice one is not only interested in system stability (e.g. in sense of Lyapunov), but
also in bounds of system trajectories. A system could be stable but completely useless
because it possesses undesirable transient performances. Thus, it may be useful to consider
the stability of such systems with respect to certain sub-sets of state-space, which are a priori
defined in a given problem.

Besides, it is of particular significance to concern the behavior of dynamical systems only
over a finite time interval. These bound properties of system responses, i. e. the solution of
system models, are very important from the engineering point of view.

Realizing this fact, numerous definitions of the so-called technical and practical stability
were introduced. Roughly speaking, these definitions are essentially based on the
predefined boundaries for the perturbation of initial conditions and allowable perturbation
of system response. In the engineering applications of control systems, this fact becomes
very important and sometimes crucial, for the purpose of characterizing in advance, in
quantitative manner, possible deviations of system response. Thus, the analysis of these
particular bound properties of solutions is an important step, which precedes the design of
control signals, when finite time or practical stability concept are concerned.

2. Singular (descriptor) systems

2.1 Continuous singular systems
2.1.1 Continuous singular systems — stability in the sense of Lyapunov
Generally, the time invariant continuous singular control systems can be written, as:

Ex(t)=Ax(t), x(ty)=xo(t), 1)

where x(t)eR” is a generalized state space (co-state, semi-state) vector, EeR"™" is a
possibly singular matrix, with rankE=r <n.

Matrices E and A are of the appropriate dimensions and are defined over the field of real
numbers.

System (1) is operatinig in a free regime and no external forces are applied on it. It should be
stressed that, in a general case, the initial conditions for an autonomus and a system
operating in the forced regime need not be the same.

System models of this form have some important advantages in comparison with models in
the normal form, e.g. when E =1 and an appropriate discussion can be found in (Debeljkovic et
al. 1996, 2004).

The complex nature of singular systems causes many difficultes in analytical and numerical
treatment that do not appear when systems represented in the normal form are considered.
In this sense questions of existence, solvability, uniqueness, and smothness are presented
which must be solved in satisfactory manner. A short and concise, acceptable and
understandable explanation of all these questions may be found in the paper of (Debeljkovic
2004).

STABILITY DEFINITIONS

Stability plays a central role in the theory of systems and control engineering. There are
different kinds of stability problems that arise in the study of dynamic systems, such as
Lyapunov stability, finite time stability, practical stability, technical stability and BIBO
stability. The first part of this section is concerned with the asymptotic stability of the
equilibrium points of linear continuous singular systems.
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As we treat the linear systems this is equivalent to the study of the stability of the systems.
The Lyapunov direct method (LDM) is well exposed in a number of very well known
references.

Here we present some different and interesting approaches to this problem, mostly based on
the contributions of the authors of this paper.

Definition 2.1.1.1 System (1) is regular if there exist seC, det(sE—A)=0, (Campbell et al.
1974).

Definition 2.1.1.2 System (1) with A =1 is exponentially stable if one can find two positive

x(O)" for every solution of (1), (Pandolfi 1980).

Definition 2.1.1.3 System (1) will be termed asymptotically stable if and only if, for all
consistent initial conditions xo,x(t) —0 as t— o, (Owens & Debeljkovic 1985).

constants ¢y, ¢, such that "x(t)" <cy-e !

Definition 2.1.1.4 System (1) is asymptotically stable if all roots of det(sE—A), ie. all finite

eigenvalues of this matrix pencil, are in the open left-half complex plane, and system under
consideration is impulsive free if there is no x, such that x(t)exhibits discontinuous
behaviour in the free regime, (Lewis 1986).

Definition 2.1.1.5 System (1) is called asymptotically stable if and only if all finite eigenvalues
A, i=1,...,ny, of the matrix pencil (ZE - A) have negative real parts, (Muller 1993).

1
Definition 2.1.1.6 The equilibrium x =0 of system (1) is said to be stable if for every &>0,
and for any f,< 3, there exists a5:5(g,t0)>0, such that "x(t, ty, X )||<5 holds for all

t>t,, whenever x,e}/, and ||x0||<5 ,  where I denotes time interval such that

3 =[t0,+oo[, t; 20, and M, is the subspace of consistent intial conditions (Chen & Liu

1997).
Definition 2.1.1.7 The equilibrium x=0 of a system (1) is said to be unstable if there exist a

£>0,and t, €3, forany >0, such that there exists a t* > t,, for which “x(t‘*,t‘o,x0 )“ >¢

holds, although x, € ¥, tand |xo| <&, (Chen & Liu 1997).

Definition 2.1.1.8 The equilibrium x=0 of a system (1) is said to be attractive if for every
t, €3, there exists an 7= n(to) >0, such that limx(t,to,xo) =0, whenever x; €}/, and
Ixol| <7, (Chen & Liu1997). .
Definition 2.1.1.9 The equilibrium x =0 of a singular system (1) is said to be asymptotically
stable if it is stable and attractive, (Chen & Liu 1997).

Definition 2.1.1.5 is equivalent to lim x(t)=0.

o0

Lemma 2.1.1.1 The equilibrium x=0 of a linear singular system (1) is asymptotically stable if
and only if it is impulsive-free, and O'(E, A) cC, (Chen & Liu 997).

1 The solutions of continuous singular system models in this investigation are continuously
differentiable functions of time t which satisfy the considered equations of the model. Since for
continuous singular systems not all initial values x, of x(t) will generate smooth solution, those that
generate such solutions (continuous to the right) we call consistent. Moreover, positive solvability
condition guarantees uniqueness and closed form of solutions to (1).
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Lemma 2.1.1.2 The equilibrium x =0 of a system (1) is asymptotically stable if and only if it is
impulsive-free, and limx(t) =0, (Chen & Liu 1997).

t—o0
Due to the system structure and complicated solution, the regularity of the systems is the
condition to make the solution to singular control systems exist and be unique.
Moreover if the consistent initial conditions are applied, then the closed form of solutions
can be established.

STABILITY THEOREMS

Theorem 2.1.1.1 System (1), with A=1,I being the identity matrix, is exponentially stable if
and only if the eigenvalues of E have non positive real parts, (Pandolfi 1980).

Theorem 2.1.1.2 Let I, be the matrix which represents the operator on R" which is the
identity on }#, and the zero operator on M, .

System (1), with A=1I, is stable if an (n x n) matrix P exist, which is the solution of the
matrix equation:

T
E'P+PE=-I),, )

with the following properties:
p=pT, €)
Pq=0,q¢/V, @)
q'Pq>0, q#0, qe MV, )

where:

W, =N(I-EEP) ©6)
Y =N(EEP), @)

where )4 is the subspace of consistent intial conditions, (Pandolfi 1980) and N( ) denotes
the kerrnel or null space of the matrix ( )

Theorem 2.1.1.3 System (1) is asymptotically stable if and only if (Owens & Debeljkovic 1985):

a. Aisinvertible.

b. A positive-definite, self-adjoint operator P on R" exists, such that:
ATPE+ETPA=-Q, 8)
where Q is self-adjoint and positive in the sense that:
xT(t)Qx(t)>0 for all x(t)eWk. \ {0} . )

Theorem 2.1.1.4 System (1) is asymptotically stable if and only if (Owens & Debeljkovic 1985):
a. A isinvertible,
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b. there exists a positive-definite, self-adjoin operator P, such that:
x" (£)(ATPE+ ETPA)x(t) = <" (1) Ix(1), (10)

forall xe W

'+, where J¥. denotes the subspace of consistent initial conditions.

2.1.2 Continuous singular systems — stability over finite time interval
Dynamical behaviour of the system (1) is defined over time interval 3= {t 1ty St<t +T} ,

where quantity T may be either a positive real number or symbol +w, so finite time
stability and practical stability can be treated simultaneously. Time invariant sets, used as
bounds of system trajectories, are assumed to be open, connected and bounded.

Let index S stand for the set of all allowable states of system and index « for the set of all
initial states of the system, such that S, ¢ Sj.

In general, one may write:

S, =|x: (0, <o) x(t)m\ (o}, an

where Q will be assumed to be symmetric, positive definite, real matrix and where »¥,
denotes the sub-space of consistent initial conditions generating the smooth solutions.

A short and concise, acceptable and understandable explanation of all these questions can
be found in the paper of (Debeljkovic 2004). Vector of initial conditions is consistent if there
exists continuous, differentiable solution to (1).

A geometric treatment (Owens & Debeljkovic 1985) yields )4/, as the limit of the sub-space
algorithm:

Wy=R", W, =A"(EW)), j=0, 12)

where A"l(-) denotes inverse image of (-) under the operator A .
Campbell et al. (1974) have shown that sub-space }¥/, represents the set of vectors satisfying:

(1-EPE)xo =0, or 1, =N(1-E"E), (13)
where E = (AE- A)71 E. c is any complex scalar such that:

det(AE—A)#0 or W NR(E)={0}. (14)

This condition guarantees the uniqueness of solutions that are generated by }#) and
(AE—A) is invertible for some AeR. The null space of matrix F is denoted by N(F),
range space with ‘R(P) and superscript "D " is used to indicate Drazin inverse. Let
"x(t) "(‘) be any vector norm (i. g. -=1,2,0) and "()" the matrix norm induced by this

vector.
The matrix measure, for our purposes, is defined as follows:
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u(F) =%m_ax/1,-(F* +F), (15)

for any matrix FeC™". Upper index * denotes transpose conjugate. In case of FeR"™" it
follows F* =F" , where superscript T denotes transpose.

The value of a particular solution at the moment ¢, which at the moment t=0 passes
through the point x,, is denoted as x(t,xo) , in abbreviated notation x(t) .

The set of all points S;, in the phase space R", S; c R", which generate smooth solutions
can be determined via the Drazin inverse technique.

STABILITY DEFINITIONS

Definition 2.1.2.1 System (1) is finite time stable w.r.t. {a, 8,Q,3}, a < B, iff Vx(t)=x, €W},
satisfying ""0"2 <a,implies "x(t)"; < p, Vte3, (Debeljkovic & Owens 1985).

Definition 2.1.2.2 System (1) is finite time instable w.r.t. {a,ﬂ,Q,S} , a<p, iff for
Vx(ty) =xo € Wy, satisfying "xO"Z2 <a,exists t'e3J implying “x(t*)“; > f, (Debeljkovic &

Owens 1985).
Preposition 2.1.2.1 If ¢(x)=x" (t)Mx(t) is quadratic form on R" then it follows that there

exist numbers A, (M) and A, (M), satisfying —oo <2 (M)< 2., (M)<+o, such
that:
T
A () M) ), e\ o). (16)
V(x)
If M=M" and x"(t)Mx(t)>0, VxeW, \{0}, then A,;,(M)>0 and A, (M)>0,
where 2., (M) and 4., (M) are defined in such way:
T(H)Mx(t), xe ), \ {0},
ﬁmin(M):minx () X() Xe k\{} ,
x" (t)E"PEx(t)=1
17)

X (t)Mx(t), xe W, \{0}, }

ﬂmaX(M)—max{ x" (t)E"PEx(t)=1

It is convenient to consider, for the purposes of this exposure, the aggregation function for
the system (1) in the following manner:

V(x(t))=x"(t)E"PEx(t), (18)

with particular choice P=1, I being identy matrix.
STABILITY THEOREMS

~

Theorem 2.1.2.1 The system is finite stable with respect to {a, 8,3}, a < f, if the following
conditiones are satisfied:
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. V2 (Q)
(1) Bla> (19)
71 (Q)
(ii) InBa>A(Q)+In £1() B 20)
71 (Q)

with 2., (Q) as in Preposition 2.1.2.1, (Debeljkovic & Owens 1985).

Preposition 2.1.2.2 There exists matrix P=P" >0, such that y,(Q)=y,(Q)=1, (Debeljkovic

& Owens 1985).
Corollary 2.1.2.1If g / a >1, there exist choice of P such that

ﬂ 72 (Q) (21)

—_—>

a 7’1(Q) .

The practical meaning of this result is that condition (i) of Definition 2.1.2.1 can be satisfied
by initial choice of free parameters of matrix P . Condition (ii) depends also on the system
data and hence is more complex but it is also natural to ask whether we can choose P such
that ... (Q) <0, (Debeljkovic & Owens 1985).

Theorem 2.1.2.2 System (1) is finite time stable w.r.t. {a, p.1 ,S} if the following condition is
satisfied

@Css(t)<\/z Vte3, (22)
o

D5 (t) being the fundamental matrix of linear singular system (1), (Debeljkovic et al. 1997).

Now we apply matrix mesure approach.
Theorem 2.1.2.3 System (1) is finite time stable w.r.t. {a, Bl ,S} , if the following condition is

satisfied (Debeljkovic et al. 1997).

et LB vy, (23)
o
where:
Y=EPA, A=(sE-A)"A, E=(sE-A)'E. (24)
Starting with explicit solution of system (1), derived in (Campbell 1980).
x(t)= eéDA(t*t“)xo, Xo = EEDXO , (25)
and differentiating equitation (25), one gets:
%(t)= EPAE A .x) = EPAx(t), (26)

so only the regular singular systems are treated with matrices given in (24).
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Theorem 2.1.2.4 For given constant matrix EPA any solution of (1) satisfies the following
inequality (Kablar & Debeljkovic 1998).

RE [x(0)] S||x(to)||e”(EDA)(H“, Ve (27)

(i)

Theorem 2.1.2.5 In order for the system (1) to be finite time stable w.r.t. {a,8,1,3}, a<p,itis

necessary that the following condition is satisfied:

S By )
1)

where 0< 9 <a, (Kablar & Debeljkovic 1998).
Theorem 2.1.2.6 In order for system (1) to be finite time instable w.r.t. {a,B,1,3}, a<p, itis

necessary that there exists t* € 3 such that the following condition is satisfied:

o EAN0) \E , Fe3. (29)
o

Theorem 2.1.2.7 System (1) is finite time instable w.r.t. {e,5,1,3}, a<p,if 36,0<5<a and
t* € 3 such that the following condition is satisfied:

¢ (EA ) \/g, Fed. (30)

Finally, we present Bellman-Gronwall approach to derive our results, earlier given in Theorem
21.27.

Lemma 2.1.2.1 Suppose the vector q(t,t,) is defined in the following manner (Debeljkovic &
Kablar 1999):

q(tty)=D(t,t))EPEv(ty). (31)
So if:
Eq(,ty)=ED(t,t,)EPEv(ty), (32)
then:
fa(t )], <ot 000, )
where:

Amax (M) =max{q” (t,t))2q(t,ty): q(t.ty) € W, \ {0}, o
=1

q' (t,ty)E'Eq(t,ty)=1, E=A"E+E"A}

v(ty)=q(to,ty)- (35)
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Using this approach the results of Theorem 2.1.2.1 can be reformulate in the following
manner.

Theorem 2.1.2.8 System (1) is finite time stable w.r.t. {a, B,

;,S}, a< f3, if the following

condition is satisfied:
o (EMth) ﬁ/ Vie3d, (36)
a

with 4. (M) given (34), (Debeljkovic & Kablar 1999).

2.2 Discrete descriptor system
2.2.1 Discrete descriptor system — stability in sense of Lyapunov
Generally, the time invariant linear discrete descriptor control systems can be written, as:

Ex(k+1)=Ax(k), x(ko)zxo, (37)

where x(t)eR" is a generalized state space (co-state, semi-state) vector, Ee R™" is a
possibly singular matrix, with rankE=r <n. Matrices E and A are of the appropriate
dimensions and are defined over the field of real numbers.

NECESSARY CONSIDERATIONS

In the discrete case, the concept of smoothness has little meaning but the idea of consistent
initial conditions being these initial conditions x;, that generate solution sequences

(x(k) k> 0) has a physical meaning,.

The fundamental geometric tool in the characterization of the subspace of consistent initial
conditions }¥/; ,is the subspace sequence:

Wio=R", Wyin =A*1(Ewd,j), (j20). 38)

Here A™ ( -) denotes the inverse image of ( -) under the operator A and we will denote by

N(F) and R(F) the kernel and range of any operator F, respectively.

Lemma 2.2.1.1 The subspace sequence {Wd,O/ Wit Wy, } is nested in the sense that:

WiyodWy12Wyo oWy (39)

Moreover:
N(A)ew,;, (j=0), (40)
and there exists an integer k>0, such that:

Wd,k+1 = Wd,k ’ (1)
and hence ;. =W, for j=1.
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If k" is the smallest such integer with this property, then:
Wi AN(E)={0}, (k=K7), 42)

provided that (AE—A) is invertible for some A€ R, (Owens & Debeljkovic 1985).
Theorem 2.2.1.1 Under the conditions of Lemma 2.2.1.1, x is a consistent initial condition

for (37) if xy €V, ,.. Moreover x, generates a unique solution x(t)e Wy (k=0) that is

real - analytic on {k:k >0}, (Owens & Debeljkovic 1985).

Theorem 2.2.1.1 is the geometric counterpart of the algebraic results of Campbell (1980). A
short and concise, acceptable and understandable explanation of all these questions can be
found in the papers of (Debeljkovic 2004).

Definition 2.2.1.1 The linear discrete descriptor system (37) is said to be regular if
det(sE—A) is not identically equal to zero, (Dai 1989).

Remark 2.2.1.1 Note that the regularity of matrix pair (E, A) guarantees the existence and
uniqueness of solution x () for any specified initial condition, and the impulse immunity
avoids impulsive behavior at initial time for inconsistent initial conditions. It is clear that,
for nontrivial case, det E # 0, impulse immunity implies regularity.

Definition 2.2.1.2 The linear discrete descriptor system (37) is assumed to be non-degenerate
(or regular), i.e. det(zE—A)#0. Otherwise, it will be called degenerate, (Syrmos et al. 1995).

If (zE —A) is non-degenerate, we define the spectrum of (ZE —A) , denoted as o-{E,A} as
those isolated values of z where det(zE—A)#0 fails to hold. The usual spectrum of
(zI-A) will be denoted as o {A} .

Note that owing to (possible) singularity of E, O'{E,A} may contain finite and infinite
values of z.

Definition 2.2.1.3 The linear discrete descriptor system (37) is said to be causal if (37) is
regular and degree det(zE - A) =rankE, (Dai 1989).

Definition 2.2.1.4 A pair (E, A) is said to be admissible if it is regular, impulse-free and stable,
Hsiung, Lee (1999).

Lemma 2.2.1.2 The linear discrete-time descriptor system (37) is regular, causal and stable if

and only if there exists an invertible symmetric matrix H € R™" such that the following two
inequalities holds (Xu & Yang 1999):

E'HE>0, (43)

ATHA-E"HE<0. (44)
STABILITY DEFINITIONS

Definition 2.2.1.5 Linear discrete descriptor system (37) is said to be stable if and only if (37)
is regular and all of its finite poles are within region Q(0,1), (Dai 1989).

Definition 2.2.1.6 The system in (37) is asymptotically stable if all the finite eigenvalues of
the pencil (zE—A) are inside the unit circle, and anticipation free if every admissible x(0)
in (37) admits one-sided solutions, (Syrmos et al. 1995).
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Definition 2.2.1.7 Linear discrete descriptor system (37) is said to be asymptotically stable if,
for all consistent initial conditions x,, we have that x(t) >0 as t—+w, (Owens &
Debeljkovic 1985).

STABILITY THEOREMS

First, we present the fundamental work in the area of stability in the sense of Lyapunov
applied to the linear discrete descriptor systems, (Owens & Debeljkovic 1985).

Our attention is restricted to the case of singular (i.e. noninvertible) E and the construction
of geometric conditions on x, for the existence of causal solutions of (37) in terms of the
relative subspace structure of matrices E and A. The results are hence a geometric
counterpart of the algebraic theory of (Campbell 1980) who established the required form of
Xo in terms of the Drazin inverse and the technical trick of replacing E and A by
commuting operators.

The ideas in this paper work with E and A directly and commutability is not assumed. The
geometric theory of consistency leads to a natural class of positive-definite quadratic forms
on the subspace containing all solutions. This fact makes possible the construction of a
Lyapunov stability theory for linear discrete descriptor systems in the sense that asymptotic
stability is equivalent to the existence of symmetric, positive-definite solutions to a weak form
of Lyapunov equation.

Throughout this exposure it is assumed that (AE—A) is invertible at all but a finite number

of points A€ C and hence that if a solution x(k), (k > O) of (x(k) k= 0,1,...) exists for a

given choice of x, it is unique, (Campbell 1980).

The linear discrete descriptor system is said to be stable if (37) is regular and all of its finite
poles are within region Q(0,1), (Dai 1989), so careful investigation shows there is no need for
the matrix A to be invertible, in comparison with continuous case, see (Debeljkovic et al.
2007) so it could be noninvertible.

Theorem 2.2.1.2 The linear discrete descriptor system (37) is asymptotically stable if, and
only if, there exists a real number A" >0 such that, for all 1 in the range 0 < |/1| < A", there
exists a self-adjoint, positive-definite operator H, in R" satisfying:

(A-2E) H,(A-E)-E'H,E=-Q,, (45)

for some self-adjoint operator Q, satisfying the positivity condition (Owens & Debeljkovic
1985):

x'(HQux(t) >0, vx(t)em, . \{0}. (46)

Theorem 2.2.1.3 Suppose that matrix A is invertible. Then the linear discrete descriptor
system (37) is asymptotically stable if, and only if, there exists a self-adjoint, positive-definite

solution H in R" satisfying

ATHA-E'HE=-Q, (47)

where Q is self-adjoint and positive in the sense that (Owens & Debeljkovic 1985):
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x"(H)Qx(t) >0, vx(t)e, . \{0}. (48)

Theorem 2.2.1.4 The linear discrete descriptor system (37) is asymptotically stable if and only if
there exists a real number 1" >0 such that, for all 4 in the range 0 < | il < A", there exists a
self-adjoint, positive-definite operator H, in R" satisfying Owens, Debeljkovic (1985):

X" (1)((A=2E) H, (A= 2E) = ETHLEx(6) =" ()x(1), Vx(t)e,,..  49)

Corollary 2.2.1.4 If matrix A is invertible, then the linear discrete descriptor system (37) is
asymptotically stable if and only if (49) holds for 4 =0 and some self-adjoint, positive-
definite operator H,, (Owens & Debeljkovic 1985).

2.2.2 Discrete descriptor system — stability over infinite time interval
Dynamical behaviour of system (37) is defined over time interval £ = {ko, (ko +ky )} , where

quantity ky may be either a positive real number or symbol +e0, so finite time stability and
practical stability can be treated simultaneously.

Time invariant sets, used as bounds of system trajectories, are assumed to be open,
connected and bounded.

Let index S stands for the set of all allowable states of system and index « for the set of all
initial states of the system, such that Vx(k,)=x, € ¥, .

Sets are assumed to be open, connected and bounded and defined by (11) in discrete case
sense.

Under assumption that discrete version of the Preposition 2.1.2.1 is acceptable here, without
any limitation, we can give the following Definitions.

STABILITY DEFINITIONS

Definition 2.2.2.1 System (37) is finite time stable w.r.t {a, B, G, L ,I/I/d} , if and only if a
consistent  initial  condition, xy,€M,, satisfying ||x0||é <a, G=E"PE, implies

"x(k)"i < B, VYke £ . G is chosen to represent physical constraints on the system variables
and it is assumed, as before, to satisfy G= GI, xT (k)Gx(k) >0, Vx(k) e, \{0} ,
(Debeljkovic 1985, 1986), (Debeljkovic, Owens 1986), (Owens, Debeljkovic 1986).

Definition 2.2.2.2 System (37) is finite time unstable w.r.t respect to {K, a, p,G, Wq} , if and
only if there is a consistent initial condition, satisfying ||x0||é <a, G=E"PE, and there exists
discrete  moment k*eK, such that the next condition is fulfilled
()
STABILITY THEOREMS

Theorem 2.2.2.1 System (37) is finite time stable w.r.t {a, B }, p>a, if the following
condition is satisfied:

2 *
> p, forsome k €A, (Debeljkovic & Owens 1986), (Owens & Debeljkovic 1986).
G
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M (Q)<B/a, Vke X, (50)

where A}, (Q) is defined by:
Ao (Q) = max{x" (k) ATPAx(k): x(k)e W, \ {0}, x"(k)E"PEx(k)=1] (51)

with matrix P =P" >0, (Debeljkovic 1986), (Debeljkovic & Owens 1986).
Theorem 2.2.2.2 System (37) is finite time unstable w.r.t {a, B, }, B > «a if there exists a

positive scalar ye |0, @[ and a discrete moment k", El(k* > ko) e £ such that the
following condition is satisfied (Debeljkovic & Owens 1986):

ir’gm(Q) > B/ y, forsomek* e A (52)

where A (Q) being defined by:
Abin (Q)=min{xT (k) ATPAx(k): x(k)e W, \{0}, x"(k)E'PEx(k)=1}.  (53)

Theorem 2.2.2.3. System (37) is finite time stable w.r.t {a, £, }, p>a, if the following

condition is satisfied:

|®(k)|<B/a, vkek. (54)

where: ‘P(k) = (EDA)k and E= (CE - A)71 E, A= (CE - A)71 A, (Debeljkovic 1986).

3. Conclusion

This chapter considers important stability issues of linear continuous singular and discrete
descriptor systems over infinite and finite time interval. Here, we present a number of new
results concerning stability properties of this class of systems in the sense of Lyapunov and
non-Lyapunov and analyze the relationship between them over finite and infinite time
interval.

In the first part of the chapter continuous singular systems were considered. Basic stability
concepts were introduced, starting with a preview of important stability definitions.
Stability in the sense of Lyapunov, as well as the stability over finite time interval were
addressed in detail.

Second part of this chapter deals with stability issues for discrete descriptor systems in the
sense of Lyapunov and over infinite and finite time interval.

The chapter also represents a comprehensive survey on important stability theorems which
apply to studied classes of systems.

The geometric theory of consistency leads to the natural class of positive definite quadratic
forms on the subspace containing all solutions. This fact makes possible the construction of
Lyapunov stability theory even for the time delay systems in that sense that asymptotic
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stability is equivalent to the existence of symmetric, positive definite solutions to a weak
form of Lyapunov continuous (discrete) algebraic matrix equation (Owens, Debeljkovic 1985)
respectively, incorporating condition which refers to time delay term.

Time delay systems represent a special and very important class of systems and therefore
their investigation deserves special attention. Detailed consideration of time delayed
systems, together with important new results of the authors, will be presented in the
subsequent chapter, which concerns continuous singular as well as discrete descriptor time
delay systems. Presented chapter is therefore a necessary premise as an introduction to the
stability issues of continuous singular and discrete descriptor time delay system, which
provides consistency and comprehensibility of the presented topics.
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1. Introduction

The problem of investigation of time delay systems has been exploited over many years.
Time delay is very often encountered in various technical systems, such as electric,
pneumatic and hydraulic networks, chemical processes, long transmission lines, etc. The
existence of pure time lag, regardless if it is present in the control or/and the state, may
cause undesirable system transient response, or even instability. Consequently, the problem
of stability analysis for this class of systems has been one of the main interests for many
researchers. In general, the introduction of time delay factors makes the analysis much more
complicated.

When the general time delay systems are considered, in the existing stability criteria, mainly
two ways of approach have been adopted. Namely, one direction is to contrive the stability
condition which does not include the information on the delay, and the other is the method
which takes it into account. The former case is often called the delay-independent criteria
and generally provides simple algebraic conditions. In that sense the question of their
stability deserves great attention. We must emphasize that there are a lot of systems that
have the phenomena of time delay and singular characteristics simultaneously. We denote
such systems as the singular (descriptor) differential (difference) systems with time delay.

These systems have many special properties. If we want to describe them more exactly, to
design them more accurately and to control them more effectively, we must pay tremendous
endeavor to investigate them, but that is obviously a very difficult work. In recent references
authors have discussed such systems and got some consequences. But in the study of such
systems, there are still many problems to be considered.

2. Time delay systems

2.1 Continuous time delay systems

2.1.1 Continuous time delay systems — stability in the sense of Lyapunov

The application of Lyapunov's direct method (LDM) is well exposed in a number of very well
known references. For the sake of brevity contributions in this field are omitted here. The
part of only interesting paper of (Tissir & Hmamed 1996), in the context of these
investigations, will be presented later.
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2.1.2 Continuous time delay systems — stability over finite time interval
A linear, multivariable time-delay system can be represented by differential equation:

x(t)=Apx(t)+Ax(t-7), 1
and with associated function of initial state:

x(t)=y,(t), —7<t<0. )

Equation (1) is referred to as homogenous, x(t)eR" is a state space vector, A;, A, are
constant system matrices of appropriate dimensions, and 7 is pure time delay,
T= const.,(r > O) .

Dynamical behavior of the system (1) with initial functions (2) is defined over continuous

time interval 3= {to, to +T} , where quantity T may be either a positive real number or

symbol +oo, so finite time stability and practical stability can be treated simultaneously. It is
obvious that 3e R . Time invariant sets, used as bounds of system trajectories, satisfy the
assumptions stated in the previous chapter (section 2.2).

STABILITY DEFINITIONS

In the context of finite or practical stability for particular class of nonlinear singularly
perturbed multiple time delay systems various results were, for the first time, obtained in Feng,
Hunsarg (1996). It seems that their definitions are very similar to those in Weiss, Infante (1965,
1967), clearly addopted to time delay systems.

It should be noticed that those definitions are significantly different from definition
presented by the autors of this chapter.

In the context of finite time and practical stability for linear continuous time delay systems,
various results were first obtained in (Debeljkovic et al. 1997.a, 1997.b, 1997.c, 1997.d),
(Nenadic et al. 1997).

In the paper of (Debeljkovic et al. 1997.a) and (Nenadic et al. 1997) some basic results of the area
of finite time and practical stability were extended to the particular class of linear continuous
time delay systems. Stability sufficient conditions dependent on delay, expressed in terms of
time delay fundamental system matrix, have been derived. Also, in the circumstances when it
is possible to establish the suitable connection between fundamental matrices of linear time
delay and non-delay systems, presented results enable an efficient procedure for testing
practical as well the finite time stability of time delay system.

Matrix measure approach has been, for the first time applied, in (Debeljkovic et al. 1997.b,
1997.¢c, 1997.d, 1997.e, 1998.a, 1998.b, 1998.d, 1998.d) for the analysis of practical and finite
time stability of linear time delayed systems. Based on Coppel’s inequality and introducing
matrix measure approach one provides a very simple delay - dependent sufficient
conditions of practical and finite time stability with no need for time delay fundamental
matrix calculation.

In (Debeljkovic et al. 1997.c) this problem has been solved for forced time delay system.
Another approach, based on very well known Bellman-Gronwall Lemma, was applied in
(Debeljkovic et al. 1998.c), to provide new, more efficient sufficient delay-dependent
conditions for checking finite and practical stability of continuous systems with state delay.
Collection of all previous results and contributions was presented in paper (Debeljkovic et al.
1999) with overall comments and slightly modified Bellman-Gronwall approach.
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Finally, modified Bellman-Gronwall principle, has been extended to the particular class of
continuous non-autonomous time delayed systems operating over the finite time interval,
(Debeljkovic et al. 2000.a, 2000.b, 2000.c).

Definition 2.1.2.1 Time delay system (1-2) is stable with respect to {a, B, -7, T,|x

}, asp,
if for any trajectory x(t) condition |x|<a implies ||x(if)||<,b7 vte[-A, T], A=ty
(Feng, Hunsarg 1996).

Definition 2.1.2.2 Time delay system (1-2) is stable with respect to {a, B, -7, T,|x },

y <a < f3,if for any trajectory x(t) condition ||x0|| <a, implies (Feng, Hunsarg 1996):

|2

ii. There exist t* e :|O, T[ such that "x(t)" <y forall Vte } t, T [ .

i Stability wrt. {a, 8, -7, T,|x

Definition 2.1.2.3 System (1) satisfying initial condition (2) is finite time stable with respect
to {{(t), B, S} if and only if " l.px(t)" <¢(t), implies "x(t)" <pB, te3J, {(t) being scalar
function with the property 0<¢(t)<a, —-r<t<0,- r<t<0, where a is a real positive

number and feR and g > a, (Debeljkovic et al. 1997.a, 1997.b, 1997.c, 1997.d), (Nenadic et al.
1997).

|X(t)|ﬂ2 A
S— a
O
NAD
-T 0 T 27 T Vt

Fig. 2.1 Illustration of preceding definition

Definition 2.1.2.4 System (1) satisfying initial condition (2) is finite time stable with respect
to. {¢(t), B 7, 3, u(Ag#0)| iff w, (t)eS,, Vie[-z, 0], implies x(t, t x))e Sy,
vte[0, T| (Debeljkovic et al. 1997.b, 1997.c).

Definition 2.1.2.5 System (1) satisfying initial condition (2) is finite time stable with respect
to {a, B, 17,3, ,uz(AO) # O} iff y (t)eS,, Vte [—z’, 0] , implies x(t,to,xo,u(t)) €Sy,

Vte 3, (Debeljkovic et al. 1997.b, 1997.c).
Definition 2.1.2.6 System (1) with initial function (2), is finite time stable with respect to

(t0,3,5,,5,},iff |x(ty)|” =[x0]* < implies|x(t)|" <, VteS, (Debeljkovic et al. 2010).
Definition 2.1.2.7 System (1) with initial function (2), is attractive practically stable with
respect to {tO,S,Sa,Sﬁ} , iff "x(to)"i = ||x0||i < a,implies: "x(t)"i < p, Vte 3, with property

that: lim |x(¢)|? -0, (Debeljkovic et al. 2010).

k—x
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STABILITY THEOREMS - Dependent delay stability conditions
Theorem 2.1.2.1 System (1) with the initial function (2) is finite time stable with respect to
{a, B, 7, fs} if the following condition is satisfied

|lo(8)] ], < NB/a vte[0,T] 3)

1+ r"Al )

"( . )" is Euclidean norm and ®(t) is fundamental matrix of system (1), (Nenadic et al. 1997),
(Debeljkovic et al. 1997 a).

When 7=0 or ||A1|| =0, the problem is reduced to the case of the ordinary linear systems,
(Angelo 1974).

Theorem 2.1.2.2 System (1) with initial function (2) is finite time stable w.r.t. {a, B, 7, T} if
the following condition is satisfied:

Ml NPTe o 1, @
Lee]aq,
where ||( . )" denotes Euclidean norm, (Debeljkovic et al. 1997.b).

Theorem 2.1.2.3 System (1) with the initial function (2) is finite time stable with respect to
{a, B, 1, T, uy(Ay) # O} if the following condition is satisfied:

¢4t Bla , vielo, T], 5)
T al, )

(Debeljkovic et al. 1997.c, 1997.d).
Theorem 2.1.2.4 System (1) with the initial function (2) is finite time stable with respect to

{\/; B, T T, u(Agy) = 0} if the following condition is satisfied:

1+7]|Ay|, <JB/a, vte[0, T], (6)

(Debeljkovic et al. 1997.d).

Results that will be presented in the sequel enable to check finite time stability of the
systems to be considered, namely the system given by (1) and (2), without finding the
fundamental matrix or corresponding matrix measure.

Equation (2) can be rewritten in it's general form as:

x(to+9)=y,(9), w,(9)el][-7, 0], —r<9<0, @)

where £, is the initial time of observation of the system (1) and [—T, 0] is a Banach space
of continuous functions over a time interval of length 7, mapping the interval [(t— 7), t]
into R" with the norm defined in the following manner:

w(9)]. ®

= max
[wl,=_max,
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It is assumed that the usual smoothness conditions are present so that there is no difficulty
with questions of existence, uniqueness, and continuity of solutions with respect to initial
data. Moreover one can write:

x(tg +3) =y, (9), )

as well as:

x(to) =£(to, w.(9))- (10)

Theorem 2.1.2.5 System given by (1) with initial function (2) is finite time stable w.r.t.
{a, B, tO,S} if the following condition is satisfied:

2 2(t-ty)o

(1+(t=ty)oma) e w L ytes, (11)

a

Omax () being the largest singular value of matrix (-), namely

Omax = max(AO)+Umax(A1) . (12)

(Debeljkovic et al. 1998.c) and (Lazarevic et al. 2000).

Remark 2.1.2.1 In the case when in the Theorem 2.1.2.5 A, =0, e.;g. A; is null matrix, we
have the result similar to that presented in (Angelo 1974).

Before presenting our crucial result, we need some discussion and explanations, as well
some additional results.

For the sake of completeness, we present the following result (Lee & Dianat 1981).

Lemma 2.1.2.1 Let us consider the system (1) and let P;(t) be characteristic matrix of
dimension (n X n) , continuous and differentiable over time interval [O, r:| and 0 elsewhere,

and a set:

V(x,,7) IPl x(t-7 dT]PO( (t)+ }Pl(r)x(t—r)dr , (13)

0

where Py=P," >0 is Hermitian matrix and x, (9)=x(t+9), 9 e[ 7, 0]

*

If: Py( Ay +P;(0))+(A+P(0)) P =-Q, (14)

Py(x)=(Ag+ P (0))P (), O<x<r, (15)

where P (r)=A; and Q= Q" >0 is Hermitian matrix, then (Lee &Dianat 1981):

V(x,, T)z%V(xt, 7)<0. (16)
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Equation (13) defines Lyapunov’s function for the system (1) and * denotes conjugate
transpose of matrix.

In the paper (Lee, Dianat 1981) it is emphasized that the key to the success in the construction
of a Lyapunov function corresponding to the system (1) is the existence of at least one
solution P, (t) of (15) with boundary condition P, (7)=A ;.

In other words, it is required that the nonlinear algebraic matrix equation:

MOk ()4, (17)

has at least one solution for P;(0).

Theorem 2.1.2.6 Let the system be described by (1). If for any given positive definite
Hermitian matrix Q there exists a positive definite Hermitian matrix P, such that:

Py(Aq+P;(0))+(Ay + B (0)) P+Q=0, (18)

where for 8¢ [0, r] and P, (3) satisfies:

Py (9)=(Ay+P(0))Py(9), (19)

with boundary condition P,(r)=A; and P;(r)=0 elsewhere, then the system is

asymptotically stable, (Lee, Dianat 1981).
Theorem 2.1.2.7 Let the system be described by (1) and furthermore, let (17) have solution
for P;(0), which is nonsingular. Then, system (1) is asymptotically stable if (19) of Theorem

2.1.2.6 is satisfied, (Lee, Dianat 1981).

Necessary and sufficient conditions for the stability of the system are derived by
Lyapunov’s direct method through construction of the corresponding “energy” function.
This function is known to exist if a solution P1(0) of the algebraic nonlinear matrix equation

A= expr(AO +P; (O)) -P;(0) can be determined.

It is asserted, (Lee, Dianat 1981), that derivative sign of a Lyapunov function (Lemma 2.1.2.1)
and thereby asymptotic stability of the system (Theorem 2.1.2.6 and Theorem 2.1.2.7) can be
determined based on the knowledge of only one or any, solution of the particular nonlinear
matrix equation.

We now demonstrate that Lemma 2.1.2.1 should be improved since it does not take into
account all possible solutions for (17). The counterexample, based on original approach and
supported by the Lambert function application, is given in (Stojanovic & Debeljkovic 2006),
(Debeljkovic & Stojanovic 2008).

The final results, that we need in the sequel, should be:

Lemma 2.1.2.2 Suppose that there exist(s) the solution(s) P;(0)of (19) and let the

Lyapunov’s function be (13). Then, V(xt,r) <0 if and only if for any matrix Q=Q >0
there exists matrix Py =P, >0 such that (5) holds for all solution(s) P, (0), (Stojanovic &
Debeljkovic 2006) and (Debeljkovic & Stojanovic 2008).



Stability of Linear Continuous Singular and Discrete Descriptor Time Delayed Systems 37

Remark 2.1.2.1 The necessary condition of Lemma 2.1.2.2. follows directly from the proof of
Theorem 2 in (Lee & Dianat 1981) and (Stojanovic & Debeljkovic 2006).
Theorem 2.1.2.8 Suppose that there exist(s) the solution(s) of P; (0) of (17). Then, the system

(1) is asymptotically stable if for any matrix Q=Q" >0 there exists matrix P, =P >0 such
that (14) holds for all solutions P, (0) of (17), (Stojanovic & Debeljkovic 2006) and (Debeljkovic

& Stojanovic 2008).

Remark 2.1.2.2 Statements Lemma 2.1.2.2. and Theorems 2.1.2.7 and Theorems 2.1.2.8 require
that corresponding conditions are fulfilled for any solution P, (0) of (17) .

These matrix conditions are analogous to the following known scalar condition of
asymptotic stability.

System (1) is asymptotically stable iff the condition Re(s) <0 holds for all solutions s of :

£(s) =det(sI - A, —e-”Al)=o. (20)

Now, we can present our main result, concerning practical stability of system (1).
Theorem 2.1.2.9 System (1) with initial function (2), is attractive practically stable with respect

o]

()"2} , a < f3, if there exist a positive real number g, q4>1, such that:
||x(t+z')||PU Sgs[up " (t+9) "P0 <q||x(t)||P0, q>1,t>t, , VteJ , Vx(t)eS,;,  (21)

and if for any matrix Q=Q" >0 there exists matrix P, =F," >0 such that (14) holds for all
solutions P, (0) of (17) and if the following conditions are satisfied (Debeljkovic et al. 2011.b):

ez"‘ax(Y)(f—t”) < ﬁ, Vted, (22)
(04
where:
Zrmax (T) = Zrmna (xT (t)(POA P, AT+ qZPO)x(t) : xT () Byx(t)=1 ) (23)

Proof. Define tentative aggregation function, as:
V(xt,r)z +“lxT (t-v P1 V) Py Py (n)x(t—n)dvdn
00
+xT(t)P0J.P1(77)x( d77+.|. -n) P (n)dn

0

The total derivative V(t,x(t)) along the trajectories of the system, yields!

! Under conditions of Lemma 2.1.2.1.
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T T

T
V(xt,r) =| x(t) +IP1 (n)x(t—n)dn] ><(—Q)x[x(t)+J.P1(77)x(t—r])d77 , (25)
0 0
and since, (—Q) is negative definite and obviously V(xt,r) <0, time delay system (1)

possesses atractivity property.
Furthermore, it is obvious that

dV(xl,z’):d( ()P()X ) ij‘ij P Pl Popl( ) ( _n)dvdry

dt dt
(26)
(if)PO.(P1 (n)x(t - 77)d77 + IxT (t - 77)P1 (n)dr])
0 0
so, the standard procedure, leads to:
%(XT (t)Ry x(t)) =x! (t)(AgPO + POAO)x(t) +2x" (H)BAx(t-7), or (27)

%(XT(t)PO x(t)) = xT(t)(AEP0 + DA, +Q)x(t)+ 2xT () PyAx(t—7) —x" (£)Qx(t) (28)

From the fact that the time delay system under consideration, upon the statement of the
Theorem, is asymptotically stable 2, follows:

T ()8, x(1)) =T ()Qx() 4247 (1) B x(t 7). 29)

and using very well known inequality 3, with particular choice:
x" (H)Tx" (t)=x" (t)Px" (t)>0, Vte3, (30)
and the fact that:
x' ()Qx(t)>0, Vte3, (31)
is positive definite quadratic form, one can get:

d

E(XT (£)B, x(t)) =2x" () RyAx(t-7)

<x' ()R APy ATPy x(t)+x" (t=7) Pyx(t—7)

(32)

and using (21), (Su & Huang 1992), (Xu &Liu 1994) and (Mao 1997), clearly (32) reduces to:

? Clarify Theorem 2.1.2.8.
P ou” (¢)v(t-r)<u” ()T u(e)+vT (1=7)Tv(t-7), T =TT >0.
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d

(xR x(0) <x" (1) B ATR 4P )x(1), (33)

or, using (22), one can get:

%(XT(t)Pox(t))<Zmax(f)xT(t)P0x(t), (34)
td xT(t)Pox(t)) b
<|A Y)dt, 35
t{ TR f e (Y 1 (35)
and:
X7 (£)Pyx(£) < xT (1) Byx(ty ) D0 (36)

Finally, if one applies the first condition, given in Definition 2.1.2.7 ,and then:
x" () Pyx(t)<a- D)) (37)
and by applying the basic condition (22) of the Theorem 2.1.2.9, one can get
xT(t)Pox(t)<a~§<ﬂ, vte3. QED. (38)
STABILITY THEOREMS - Independent delay stability conditions

Theorem 2.1.2.10 Time delayed system (1), is finite time stable w.r.t. {tO,S,a, B,

o}

a < f, if there exist a positive real number g, 4>1, such that:

||x(t+r)|| < sup ||x(t+9)||<q||x(t) ,q>1, t21 V€T, Vx(t)e Sy, (39)
35[4,0]

if the following condition is satisfied (Debeljkovic et al. 2010):

Fo M) B Gy, (40)
(04
where:
Ainax (1) = Aumax (A + Ag + AL AT +71). (41)

Proof. Define tentative aggregation function as:

V(x(t)=x"(t)x(t)+ [ x" (9)x()ds. (42)
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The total derivative V(t,x(t)) along the trajectories of the system, yields:

V(1x(6) =S5 (1)x(0) + - j X7 (8)x(8)d9

- (43)
=x' (t‘)(AT0 +AO)X(t)+2XT(i’)A1X(t—‘[)+XT(t)x(t) +xT(t —7)x(t —7).

From (43), it is obvious:

d

S Ox(0)=x (1) + A Jx(t) +2x" (1) Ax(t 1), (49

and based on the previous inequality and with the particular choice:
xT(t)Fx(t):xT(t)x(t)>O, Vte3, so that (45)

4

dat
Based on (39), (Su & Huang 1992), (Xu & Liu 1994) and (Mao 1997), it is clear that (46) reduces
to:

(xT(t)x(t))ng(t)(Ag+Ao)x(t)+xT(t)AlAgx(t)+xT(t_T)1x(t_f), (46)

d

E(xT(t)x(t)) < xT(t)(Ag +Ay+ A AT +q21)x(t) < Amax ()" (£)x(t), 47)

where matrix ITis defined by (41). From (47) one can get:

td(xT(£)x(¢ £
J( (1)x(1))

< [Amax (M)dt,  and: (48)

T
w X (Bx()
< ()x(£)<xT (b )x(tg )M g fmlin) 0 B g ies )
a
under the identical technique from the previous proof of Theorem 2.1.2.9. Q.E.D.

2.2 Discrete time delay systems
2.2.1 Discrete time delay systems — stability in the sense of Lyapunov

ASYMPTOTIC STABILITY-APPROACH BASED ON THE RESULTS OF TISSIR AND
HMAMED:+

In particular case we are concerned with a linear, autonomous, multivariable discrete time
delay system in the form:

x(k+1)=A0x(k)+A1x(k—1) , (50)

* (Tissir & Hmamed 1996).
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The equation (50) is referred to as homogenous or the unforced state equation, x(k)is the
state vector, A, and A, are constant system matrices of appropriate dimensions.
Theorem 2.2.1.1. System (50) is asymptotically stable if:

I AO||+||A1|| <1, (1)

holds, (Mori et al. 1981).
Theorem 2.2.1.2. System (50) is asymptotically stable, independent of delay, if:

2
[« 575

T (52)
Omax (Q AOP )
where P is the solution of the discrete Lyapunov matrix equation:
AgPAy~P=~(2Q+ATPA,), (53)

where o, ()and o,;,(-) are the maximum and minimum singular values of the matrix (-),

(Debeljkovic et al. 2004.a, 2004.b, 2004.d, 2005.a).
Theorem 2.2.1.3 Suppose the matrix (Q— ATPA,) is regular.
System (50) is asymptotically stable, independent of delay, if:

Omin {(Q - A]{PAl );]

O (Q 2ATP)

- , &

where P is the solution of the discrete Lyapunov matrix equation:
ATPA,-P=-2Q, (55)

where o, ()and o,,;,(-) are the maximum and minimum singular values of the matrix (-),

(Debeljkovic et al. 2004.c, 2004.d, 2005.a, 2005.b).
ASYMPTOTIC STABILTY- LYAPUNOV BASED APPROACH
A linear, autonomous, multivariable linear discrete time-delay system can be represented by

the difference equation:

x(k+1)= iij(k 1), x(9)=w(9), de{-hy,~hy+1,..,0{2A, (56)

j=0
where x(k)eR", A;eR™, O0=hy<h <hy<..<hy - are integers and represent the
systems time delays. Let V(x(k)): R" >R, so that V(x(k)) is bounded for, and for which
"x(k)" is also bounded.



42 Time-Delay Systems

Lemma 2.2.1.1 For any two matrices of the same dimenssions F and G and for some
pozitive constant ¢ the following statement is true (Wang & Mau 1997):

(F+G) (F+G)<(1+2)F"F+(1+27)G'G. (7)
Theorem 2.2.1.4 Suppose that A, is not null matrix. If for any given matrix Q=Q" >0

there exists matrix P =P’ >0 such that the following matrix equation is fulfilled:

(1+ &min ) Ao PAg +(1+ £ ')A PA; -P=—Q, (58)
|44,
where: Emin = m , (59)

then, system (56) is asymptotically stable, (Stojanovic & Debeljkovic 2005.b).
Corollary 2.2.1.1 If for any given matrix Q = QT >0 there exists matrix P =P’ >0 being the
solution of the following Lyapunov matrix equation:

Emin Q , (60)

1+ &min

A,"PA,-P=-

where &, is defined by (59) and if the following condition is satisfied:

Amin (Q—=P)
O max (A0) Amax (P)

then, system (59) is asymptotically stable, (Stojanovic & Debeljkovic 2005.b).

Omax (AO) + Omax (

Ay)<

Corollary 2.2.1.2 If for any given matrix Q=Q" >0 there exists matrix P =P’ >0 being
solution of the following matrix equation:

(1+¢

min )

AgTPAy~P=—£,Q, (62)

where ¢, is defined by (59), and if the following condition is satisfied, too:

ﬁ'min (Q) , ( 63)
O max (AO)/lmax (P)
then, system (56) is asymptotically stable, (Stojanovic & Debeljkovic 2005.b).

Theorem 2.2.1.5 If for any given matrix Q = QT >0 there exists matrix P=PT >0 such that
the following matrix equation is fulfilled:

O-max(AO)+ Omax (Al) <

2A,PA,+2A,"PA, -P=-Q, (64)

then, system (56) is asymptotically stable, (Stojanovic & Debeljkovic 2006.a).
Corollary 2.2.1.3 System (56) is asymptotically stable, independent of delay, if :
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(65)

where, for any given matrix Q = QT >0 there exists matrix P=PT >0 being the solution of
the following Lyapunov matrix equation (Stojanovic & Debeljkovic 2006.a):

Ay'PA,-P=-Q. (66)

Corollary 2.2.1.4 System (56) is asymptotically stable, independent of delay;, if:
O-rznax(Al)<Amin—(Q)1/ (67)
202 (P?)

where, for any given matrix Q =Q" >0 there exists matrix P =P’ >0 being the solution of
the following Lyapunov matrix equation (Stojanovic & Debeljkovic 2006.a):

2A,"PA,-P=-Q. (68)

2.2.2 Discrete time delay systems — Stability over finite time interval

As far as we know the only result, considering and investigating the problem of non-
Lyapunov analysis of linear discrete time delay systems, is one that has been mentioned in
the introduction, e.g. (Debeljkovic & Aleksendric 2003), where this problem has been
considered for the first time.

Investigating the system stability throughout the discrete fundamental matrix is very
cumbersome, so there is a need to find some more efficient expressions that should be based
on calculation appropriate eigenvalues or norm of appropriate systems matrices as it has
been done in continuous case.

SYSTEM DESCRIPTION

Consider a linear discrete system with state delay, described by:
x(k+1)=A0x(k)+A1x(k—1), (69)
with known vector valued function of initial conditions:
x(ko)=w(ky), —1<ky<0, (70)

where x(k)eR" is a state vector and with constant matrices A, and A; of appropriate

dimensions. Time delay is constant and equals one. For some other purposes, the state delay
equation can be represented in the following way:

S

x(k+1)= Agx(k)+ Y A;x(k=1t;), (71)
j=1
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x(9)=y(9), de{-h,-h+1,..,0}, (72)

where x(k)eR", AjeR™, j=1,2, h- is integer representing system time delay and
lp() is a priori known vector function of initial conditions, as well.
STABILITY DEFINITIONS

Definition 2.2.2.1 System, given by (69), is attractive practically stable with respect to

. 2 . .
{kO,KN,Sa,Sﬂ} , iff "x(ko) aTpa, = "XOHEEPAO <a ,implies:
2
(%) wron, <P ke Ay
. . 2 .
with property that %ﬂ"x(k) ATpa, 0, (Nestorovic et al. 2011).

Definition 2.2.2.2 System, given by (69), is practically stable with respect to {ko,/KN,Sa,S ﬂ} ,

if and only if: ||x0||2 <a ,implies "x(k)"2 <B, Vkeky.
Definition 2.2.2.3 System given by (69), is attractive practically unstable with respect

{kOIKN/a/ﬂ/

()"2} , a<pf,if for ||x0||§EPA0 <a, there exist a moment: k=k" e Ay » so that

2

N
the next condition is fulfilled “x(k ) .
AlPA,

T
ATPA,

> B with property that lim"x(k)
k—o

-0,

(Nestorovic et al. 2011).
Definition 2224 System given by (69), is practically unstable with respect

{k()/KN/a/ﬂ/

()"2} , a<pf,if for ||x0||2 < a there exist a moment: k=k e Ay » such that the

* 2 *
next condition is fulfilled “x( k )“ > [ forsome k=k €Ay .

Definition 2.2.2.5 Linear discrete time delay system (69) is finite time stable with respect to

{a, B ko, ko )

(70) such that " x(k)" <a, k=0,-1,-2,--,—N imply || x(k)"2 <p, keky, (Aleksendric

2002), (Aleksendric & Debeljkovic 2002), (Debeljkovic & Aleksendric 2003).
This Definition is analogous to that presented, for the first time, in (Debeljkovic¢ et al. 1997.a,
1997.b, 1997 .c, 1997.d) and (Nenadic et al. 1997).

SOME PREVIOUS RESULTS

Theorem 2.2.2.1 Linear discrete time delay system (69), is finite time stable with respect to

{a/ﬂ/M/N/

}, a < f3, if and only if for every trajectory x(k) satisfying initial function,

()"2} , a<pf, a,fpeR,,if the following sufficient condition is fulfilled:

1

o) <2 —5
Y

/szolll"'/N/ (73)
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®(k)being fundamental matrix, (Aleksendric 2002), (Aleksendric & Debeljkovic 2002),
(Debeljkovic & Aleksendric 2003).

This result is analogous to that, for the first time derived, in (Debeljkovic et al. 1997.a) for
continuous time delay systems.

Remark 2.2.2.1 The matrix measure is widely used when continuous time delay system are
investigated, (Coppel 1965), (Desoer & Vidysagar 1975). The nature of discrete time delay
enables one to use this approach as well as Bellman's principle, so the problem must be
attack from the point of view which is based only on norms.

STABILITY THEOREMS: PRACTICAL AND FINITE TIME STABILITY
Theorem 2.2.2.2 System given by (71), with detA, #0, is attractive practically stable with

respect to {ko,/th,a,ﬁ, ()"2} , a<f, if there exist P = PT>0, being the solution of:

2APA,-P=-Q, (74)

where Q =Q" >0and if the following conditions are satisfied (Nestorovic et al. 2011):

1 1
||A1||<amm[(Q-Asz1)z]amgx[gZAzP], o
L Vi
22, )<Z, vkeky, (76)
a
where:
Znax () = max{x" (k) ATPA x (k) : x (k) A§PA x (k) =1} 77)

Proof. Let us use a functional, as a possible aggregation function, for the system to be
considered:

V(x(k))=x" (k) Px(k)+x" (k-1)Qx(k-1), (78)

with matrices P=PT >0 and Q=Q7 >0.
Clearly, using the equation of motion of (69), we have:

AV (x(k)) =V (x(k+1)) -V (x(k)), (79)
1)Px(k+1)-x" (k) Px(k)
(k)-x" (k-1)Qx(k-1)
(AGPAg+Q-P)x(k)+2x" (k) AYPA x(k~1)

>
<
—_
X
—
=
~—
~
Il
X
—
=
+

(80)

|
X
=
=
|
[uny
~—
—_—
O
|
>
=
)
BN
-
P
X
—
=~
|
—_
N
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It has been shown, (Debeljkovié et al. 2004, 2008), that if:

2APA,-P=-Q, (81)
where P=PT >0 and Q=Q7 >0, then for:

V(x(k))=x" (k) Px(k)+x" (k-1)Qx(k-1), (82)

the backward difference along the trajectories of the systems is:

AV (x(k)) =V (x(k+1)) =V (x(k))
=x" (k)(AGPA P+ Q)x(k)+x" (k-1)(ATPA; - Q)x(k~1) (83)
+x" (k) AGPA, x(k=1)+x" (k—=1) A]PA,x(k)

or:

AV (x(K)) =x" (k)(2A5PA, - P+Q)x(k

Jx(k)
" (k=1)(24%PA - Q)x(k—1)+x" (k) AGPA, x(k 1) (84)
+x" (k=1)A 1 PA x(k)-x" (k) AGPA x(k) -x" (k—1) A} PA;x(k-1)

and since we have to take into account (80), one can get:

AV (x(K))=x" (k=1)(247PA, -Q)x(k-1)

T (85)
~[Agx(k) = Ayx(k=1) | P[Agx(k)-A;x(k-1)].
Since the matrix P = PT >0, it is more than obvious, that:
AV (x(k)) < x" (k-1)(24TPA, - Q)x(k~1). (86)
Combining the right sides of (80) and (86), yields:
AV (x(K))=x" (k)(AGPA, +Q - P)x(k)+ 2x" (k) AGPA; x(k 1)
. . 87)
x! (k=1)(ATPA, )x(k-1)
Using the very well known inequality, with particular choice:
1
=5 (A1PA), (88)
it can be obtained:
-1
x" (k)| AQPA, +Q—P+A{PA, [%A{PAJ A{PAO]x(k)
(89)

+%xT(k —~1)(ATPA; )x(k=1)< x (k=1)(ATPA; )x(k—1)
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x" (k)(2A5PAg +Q - P+ APA, )x(k) < %XT(k—1)(A{PA1)x(k—1) (90)
Since: 2ALPA,+Q-P=0, (91)
it is finally obtained:
X (k) ATPA, x(k) <%xT(k—1)(A§PA1)x(k—1), 92)
or: xT(k)Agpon(k)<%me( )x" (k=1)AGPA,x(k-1), (93)
where:
T )= max{xT (k)ATPA,x(k): (245PA, - P) =~ Q, xT (k) ALPA, x(K) = 1} . (o)
Since this manipulation is independent of k, it can be written:
xT(k+1)A€PAOx(k+1)<%Zmax( )x (k) ATPA, x(k), (95)
or:

L e )XT (k) ATPA (k)
2 (96)
<lnEZmaX( )+Inx" (k) AGPA, x(k)
and:
1
Inx" (k+1)AGPA x(k+1)-Inx" (k) AGPA x(k)<In A2, ( ). 97)
It can be shown that:
ko+k—1
> |

Inx" (j+ 1)x(j+1)—lnxT(j)x(j)) =
j=ko
=Inx" (ky +1)x(ky + 1) +Inx" (ko +2)x (ko +2) + ...+
+Inx" (ko +k=2+1)x (ko +k=2+1)+Inx" (ko +k—1+1)x(ky +k—1+1) (98)
~(Inx" (ko )x (ko) +1nx" (kg +1)x (kg + 1)+ ...+ Inx" (kg + k= 1)x(ky + k =1))

=Inx" (ko +k)x(ko + k) —Inx" (ko )x(ko)

ko+k-1
If the summing z

is applied to both sides of (97) for Vk € A}, one can obtain:
j=ko
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ko+k-1
UZ Inx" (k+1)AGPA,x(k+1)-Inx" (k) AGPA, x(k)
i=ko

(99)
ko+k-1 1 ko+k-1 1
< > a2, ()<sin [T 22.()
Jj=ko j=ko

so that, for (99), it seems to be:

Inx" (ko + k) AGPAox (ko + k) —Inx" (ko) AGPAx (ko)

ko+k-1 _l _lk (100)
<In [T 22.( )<, (), Vkety
j=ko
as well as:
ko+k-1 1
Inx" (ky + k) AgPAx(ky +k)<In [T 224( )
j=ko (101)
1
<InZze ( )+InxT (k) ALPAx(ky) Ve Ay

2

Taking into account fact that || x0|| ATPA,

<a and basic condition of Theorem 2.2.2.2, (76), one
can get:

1
Inx" (ko + k) ADPA ox (ko + k) < mg’;x( ) +Inx" (k) ADPA ox (ko )
; (102)

()<1na-ﬂ<ln/3, Vke Ay. Q.E.D.

—k
<lna-12,, =
a

Remark 2.2.2.2 Assumption detA; #0 do not reduce the generality of this result, since this

condition is not crucial when discrete time systems are considered.

Remark 2.2.2.3 Lyapunov asymptotic stability and finite time stability are independent
concepts: a system that is finite time stable may not be Lyapunov asymptotically stable,
conversely Lyapunov asymptotically stable system could not be finite time stable if, during
the transients, its motion exceeds the pre-specified bounds (/). Attraction property is
guaranteed by (74) and (75), (Debeljkovi¢ et al. 2004) and system motion within pre-specified
boundaries is well provided by (76).

Remark 2.2.2.4 For the numerical treatment of this problem A, ( )can be calculated in the

following way (Kalman, Bertram 1960):

max () = max{ }:Zmax( ?PAl(AEPAo)A)- (103)

~

Remark 2.2.2.5 These results are in some sense analogous to those given in (Amato et al.
2003), although results presented there are derived for continuous time varying systems.
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Now we proceed to develop delay independent criteria, for finite time stability of system
under consideration, not to be necessarily asymptotic stable, e.g. so we reduce previous
demand that basic system matrix A, should be discrete stable matrix.

Theorem 2.2.2.3 Suppose the matrix (I - A{Al) >0 . System given by (69), is finite time stable

with respect to {kO,KN,a,,B, ()"2}, a < f3, if there exist a positive real number p, p>1,

such that:
|x(k=1)|* < p?|x(k)|", Vke Ay, vx(K)eS,, (104)

and if the following condition is satisfied (Nestorovic et al. 2011):

()< g Vke Ay, (105)

where: A ()= A (Ag (1-ATA;) Ay + p21) : (106)
Proof. Now we consider, again, system given by (69). Define:
V(x(k))=x" (k)x(k)+x" (k=1)x(k-1), (107)

as a tentative Lyapunov-like function for the system, given by (69).
Then, the AV(x(k)) along the trajectory, is obtained as:

AV (x(k)) =V (x(k+1))=V(x(k)) =x" (k+1)x(k+1)-x" (k=1)x(k-1)
=x" (k) AGAyx(k)+2x" (k) AGA; x(k 1) (108)
+x" (k=1)ATA;x(k-1)-x" (k=1)x(k-1)
From (108), one can get:

x! (k+1)x(k+1)= xT(k)ATOAOx(k)

(109)
+2x" (k) AgA;x(k-1)+x" (k-1)ATA; x(k-1)
Using the very well known inequality, with choice:
r=(I-A74,)>0, (110)
I being the identity matrix, it can be obtained:
x (k+1)x(k+1)<x" (k) AGAyx(k)+
(111)

X" (k) Ay (1= ATA;) " AT x(k)+xT (k=1)x(k-1)

and using assumption (104), it is clear that (111) reduces to:
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xT(k+1)x(k+1)<xT(k)A€[(I—A1A€)7l +pZI]on(k) 12)

< ﬂmax(AO,Al,p)xT (k)x(k)
where: Anax (A0 ALP) = Aima (Ag (1- A1A§)71 Ay + pzl] (113)

with obvious property, that gives the natural sense to this problem: ﬂmaX(Ao,Al,p)ZO
when (I-4,47)>0.

Following the procedure from the previous section, it can be written:
Inx" (k+1)x(k+1)-Inx" (k)x(k) <In A ( ). (114)

ko+k-1
By applying the sum Z on both sides of (112) for Vk € A}, one can obtain:
j=ko

ko+k—-1
Inx" (kg +k)x(ky +k)<In [T Apax( ) SInA ol ) +Inx" (ko )x(ky), Ve Ay (115)

max
j=ko
Taking into account the fact that ||x0||2 <a and condition of Theorem 2.2.2.3, (105), one can
get:
Inx" (I + k)x (ko + k) <In 25 (Ag, A, p) + Inx" (ko )x (ko)
B (116)
<Ina- 2. (AgApp)<ina-=<ing, vkeky
a
Remark 2.2.2.6 In the case when A; is null matrix and p=0 result, given by (106), reduces

to that given in (Debeljkovic 2001) earlier developed for ordinary discrete time systems.

Theorem 2.2.2.4 Suppose the matrix (I —A€A1)>O. System, given by (69), is practically

unstable with respect to {kO,KN,a,ﬂ,

2
()" }, a < B, if there exist a positive real number p,

p>1, such that:

(=1 < x(0] vk et vx(k) <5 117)

and if there exist: real, positive number J, o e]O,a[ and time instant

k, k=k": EI!(k* > ko) € Ay for which the next condition is fulfilled:

LI g, K e k. (118)
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Proof. Let:
V(x(k))=x" (k)x(k)+x" (k=1)x(k-1) (119)

Then following the identical procedure as in the previous Theorem, one can get:

Inx" (k+1)x(k+1)-Inx" (k)x(k)>In A ( ), (120)
where:
T T\! 2
/‘imin(AOIAl'p):/‘imin[AO(I_AlAl) A0+p I)' (121)
ko+k-1

If we apply the summing Z on both sides of (120) for Vk € A}, one can obtain:
f=k0

ky+k-1
Inx" (ko +k)x(ky +k)>1In OH Aamin ()22 K0 () +Inx" (ko )x(ky), Ve Ky . (122)
j=ko

It is clear that for any x, follows: & < ||XO||2 <a and for some k* e A} and with (118), one
can get:

Inx" (ko +K")x(ko + k") > In A (Ao, Ar,p) +Inx (k) x(ko )
) (123)
>1n5.1;in(A0,Al,p)>1n5-§>1nﬁ, k" e Ay. QED.

3. Singular and descriptive time delay systems

Singular and descriptive systems represent very important classes of systems. Their stability
was considered in detail in the previous chapter. Time delay phenomena, which often occur
in real systems, may introduce instability, which must not be neglected. Therefore a special
attention is paid to stability of singular and descriptive time delay systems, which are
considered in detail in this section.

3.1 Continuous singular time delayed systems
3.1.1 Continuous singular time delayed systems — Stability in the sense of Lyapunov
Consider a linear continuous singular system with state delay, described by:

Ex(t)=Apx(t)+Ax(t-7), (124)
with known compatible vector valued function of initial conditions:
x(t)=y(t), —7<t<0, (125)

where A, and A, are constant matrices of appropriate dimensions.
Time delay is constant, e.g. z € R, . Moreover we shall assume that rankE=r <n .
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Definition 3.1.1.1 The matrix pair (E, Ao) is regular if det(sE - Ao) is not identically zero,
(Xu et al. 2002.a).
Definition 3.1.1.2 The matrix pair (E, Ao) is impulse free if degree det(sE—A)=rankE,

(Xu et al. 2002.a).
The linear continuous singular time delay system (124) may have an impulsive solution,

however, the regularity and the absence of impulses of the matrix pair (E, Ay) ensure the

existence and uniqueness of an impulse free solution to the system under consideration,
which is defined in the following Lemma.

Lemma 3.1.1.1 Suppose that the matrix pair (E, AO) is reqular and impulsive free and unique
on [0, , (Xu et al. 2002).

Necessity for system stability investigation makes need for establishing a proper stability
definition. So one can has:
Definition 3.1.1.3 Linear continuous singular time delay system (124) is said to be regular

and impulsive free if the matrix pair (E, Ao) is regular and impulsive free, (Xu et al. 2002.a).

STABILITY DEFINITIONS
Definition 3.1.14 If VtjeT and Ve>0, there always exists &(ty,&), such that

VweSd(O,é)mS(tO,t*), the solution x(t,ty, y) to (124) satisfies that "q(t,x(t))"ﬁg,

vt e(to, t*), then the zero solution to (124) is said to be stable on {q(t,x(t)), T } , Where

T=[0,+#], 0<t' <0 and 5;(0,8)={wec([-r, 0], R"), |w|<s, 5>0}. S.(t, )

is a set of all consistency initial functions and for Vy e S*(to, t*) , there exists a continuous
solution to (122) in [to -z, t*) through (#,, ) at least, (Li & Liu 1997, 1998).
Definition 3.1.1.5 If § is only related to ¢ and has nothing to do with t;, then the zero

solution is said to be uniformly stable on {q(t,x(t)), T} , (Li & Liu 1997, 1998).

Definition 3.1.1.6 Linear continuous singular time delay system (124) is said to be stable if
for any &>0 there exist a scalar¢ (g) >0 such that, for any compatible initial conditions

y(t), satisfying condition: sup ||I|I(t)||§5 (&), the solution x(t) of system (2) satisfies
—r<t<0

"x(t)"ﬁs, vVt>0.

Moreover if lim " x(t) " — 0, system is said to be asymptotically stable, (Xu et al. 2002.a).
t—o

STABILITY THEOREMS

Theorem 3.1.1.1 Suppose that the matrix pair (E, AO) is regular with system matrix A,
being nonsingular., e.i. detA,#0. System (124) is asymptotically stable, independent of
delay, if there exist a symmetric positive definite matrix P =P’ >0, being the solution of
Lyapunov matrix equation
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AGPE+E"PA,=-2(5+Q), (126)
with matrices Q=QT >0 and S =57, such that:

x (£)(S+Q)x(t)>0, wx(t)en.\{0}, (127)

is positive definite quadratic form on 4. \ {0}, M. being the subspace of consistent initial

conditions, and if the following condition is satisfied:

[ A1) < omn [Qi]amﬁx [Q;ETP] , (128)

Here o,.() and o,;,() are maximum and minimum singular values of matrix(-),

respectively, (Debeljkovic et al. 2003, 2004.c, 2006, 2007).
Proof. Let us consider the functional:

V(x(#))=x"(t)E"PEx(t)+ j X (9)Qx(8)dx . (129)

t-7

Note that (Owens, Debeljkovic 1985) indicates that:
V(x(t))=x"(t)E"PEx(t), (130)
is positive quadratic form on }¥,. , and it is obvious that all smooth solutions x(t) evolve in

W,., so V(x(t)) can be used as a Lyapunov function for the system under consideration,

(Owens, Debeljkovic 1985). It will be shown that the same argument can be used to declare the
same property of another quadratic form present in (129).
Clearly, using the equation of motion of (124), we have:

V(x(t))=x" (t)( AGPE+E"PA, +Q)x(t)

(131)
+2xT(t)(ETPA 1)x(t— r)-x" (t-7)Qx(t-7)
and after some manipulations, to the following expression is obtained:
V(x(t))=x"(AGPE +E'PA, +2Q+28)x+2x" (¢)(E"PA, )x(t - 7) (132)
—xT(t)Qx(t)— 2xT(t)Sx(t)—xT(t—r)Qx(t— 7)
From (126) and the fact that the choice of matrix S, can be done, such that:
x" (£)Sx(t)20, vx(t)e . \{0}, (133)

one obtains the following result:
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V(x(t))<2x" (£)(ETPA Jx(t-7) X" (1) Qx(t) -x" (t-7)Qx(t~7), (134)
and based on well known inequality:

1 1
2x" ()ETPA x(t—7)=2x" () ETPA ,Q 2 Q2x(t 1)

<x' (t)E'PA,Q'AYPE x(t)+x" (t-7)Qx(t - 7)

(135)

and by substituting into (134), it yields:

1 1
V(x(t))= " (£)Qx(t)+x" (t)E"PA Q" ATPEx(t)< " (£)Q2rQ2x(t)(t),  (136)

with matrix I' defined by:
1 11 1
F:[I—Q 2ETPA ,Q 2Q 2A"PEQ 2] (137)

V(x(t)) is negative definite, if:

1 1 1 1
1—ﬂmaX[Q 2ETPA,Q 2Q 2T'ATPEQ 2]>0, (138)

max

1 1
which is satisfied, if: 1-02 {Q 2ETPA ,Q 2]>o. (139)

Using the properties of the singular matrix values, (Amir - Moez 1956), the condition (139),
holds if:

1 1
1-02,, [Q 2ETPJU§W [AlQ 2 } >0, (140)

which is satisfied if:

1-0Opin {Q;][" A 1||2 o2 [Q_;ETPH >0. Q.E.D. (141)

Remark 3.1.1.1 (126-127) are, in modified form, taken from (Owens & Debeljkovic 1985).
Remark 3.1.1.2 If the system under consideration is just ordinary time delay, e.g. E=1, we
have result identical to that presented in (Tissir & Hmamed 1996).

Remark 3.1.1.3 Let us discuss first the case when the time delay is absent.

Then the singular (weak) Lyapunov matrix (126) is natural generalization of classical
Lyapunov theory. In particular:
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a. If E is nonsingular matrix, then the system is asymptotically stable if and only if

A=E"'A, Hurwitz matrix. (126) can be written in the form:

ATE'PE+E"PEA=-(Q+S), (142)

with matrix Q being symmetric and positive definite, in whole state space, since then

W= *R(Ek* ) =R". In this circumstances E' PE is a Lyapunov function for the system.

b. The matrix A, by necessity is nonsingular and hence the system has the form:

Eox(t)=x(t), x(0)=x,. (143)

Then for this system to be stable (143) must hold also, and has familiar Lyapunov
structure:

EjP+PE,=-Q, (144)
where Q is symmetric matrix but only required to be positive definite on 4. .

Remark 3.1.1.4 There is no need for the system, under consideration, to posses properties
given in Definition 3.1.1.2, since this is obviously guaranteed by demand that all smooth
solutions x(t) evolvein W,..

Remark 3.1.1.5 Idea and approach is based upon the papers of (Owens & Debeljkovic 1985)
and (Tissir & Hmamed 1996).

Theorem 3.1.1.2 Suppose that the system matrix A, is nonsingular., e.i. detA;#0. Then
we can consider system (124) with known compatible vector valued function of initial
conditions and we shall assume that rankE,=r<n.

Matrix E, is defined in the following way E, = A;'E. System (124) is asymptotically stable,

independent of delay, if :

1
|| Al" < O min [QZ ]O—r_nlax (Qi%EgﬂP) ’ (145)
and if there exist (n X n) matrix P, being the solution of Lyapunov matrix:

EgP+PEy=-2I,, , (146)

with the properties given by (3)-(7).
Moreover matrix P is symmetric and positive definite on the subspace of consistent initial
conditions. Here o, () and o.;,() are maximum and minimum singular values of

matrix (-) , respectively (Debeljkovic et al. 2005.b, 2005.c, 2006.a).

For the sake of brevity the proof is here omitted and is completely identical to that of
preceding Theorem.

Remark 3.1.1.6 Basic idea and approach is based upon the paper of (Pandolfi 1980) and
(Tissir, Hmamed 1996).
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3.1.2 Continuous singular time delayed systems — stability over finite time interval
Let us consider the case when the subspace of consistent initial conditions for singular time
delay and singular nondelay system coincide.

STABILITY DEFINITIONS
Definition 3.1.2.1 Regular and impulsive free singular time delayed system (124), is finite
time stable with respect to {tO,S,Sa,S ﬁ} , if and only if VxyeM'; satisfying

2
TE <p, VteJ.

2 L
"x(t‘0 )"ETE = ||x0||§TE <a, implies "x(t)
Definition 3.1.2.2 . Regular and impulsive free singular time delayed system (124), is

attractive practically stable with respect to {tO,S,Sa,S ﬁ} , if and only if Vx,e W} satisfying
2 N .
"x(t0 )"G:ETPE = "XO"é:ETPE < a implies: "x(t)";ETm3 <pB, Vte3J, with property that

2 * . . SN iy o
lim || x(t) " —0, W being the subspace of consistent initial conditions, (Debeljkovic
ksw G=E"PE k

et al. 2011.b).
Remark 3.1.2.1 The singularity of matrix E will ensure that solutions to (6) exist for only
special choice of x, .

In (Owens, Debeljkovic 1985) the subspace of }; of consistent initial conditions is shown to
be the limit of the nested subspace algorithm (12)-(14).
STABILITY THEOREMS

Theorem 3.1.2.1 Suppose that (I - ETE) > 0. Singular time delayed system (124), is finite time

2
stable with respect to {tO,S,a, S, ()" }, a < p, if there exist a positive real number g,

g >1,such that:

[x(t+8)" <a?|x()", 9e[-.0], vies, x(t)e';, vx(t)eS,, (147)

and if the following condition is satisfied:

Fr@) B gy, (148)
where:

Zmax (2) = Ao X" () (AGE+ETAg + ETA (I -E"E) ' ATE

(149)
+q°I)x(t),x(t) e Wi, x" (t)ETEx(t)=1}.
Proof. Define tentative aggregation function as:
t
V(x(t)=x" () E"Ex(t)+ [ x"(9)x(9)dd. (150)
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Let x, be an arbitrary consistent initial condition and x(t) resulting system trajectory.

The total derivative V(t,x(t)) along the trajectories of the system, yields:

V(t,x(t)) :%(XT(t)ETEx(t))+% j' xT(S)x(S)dS

A (151)
= xT(t)(AEE-r ETAO)x(t)+ 2x" (H)ETAx(t—7)+x" (t)x(t)-x" (t—7)x(t-7)

From (148) it is obvious:

%(xT (1) E"Ex(t)) =x" (1) AQE + ETAq )x(t) + 2x" (+)ETArx(t-7) , (152)

and based on well known inequality and with the particular choice:

x! ())Tx(t) =x (£)(1-E"E)x(t) >0, wx(t) e W\ {0}, (153)

d T T <XT T + T x
. E(x (1) E"Ex(t)) < x" (1) AGE+ E" Ao )x(t) -
+xT(t)ETA1(1—ETE)'lA{Ex(t)+xT(t—r)(I—ETE)x(t—T).

Moreover, since:

|x(¢-2)|}

and using assumption (147), it is clear that (154) reduces to:

20, vx(t)e Wi\ {0}, (155)

%(xT (HE"Ex(t))<x" (t)(AgE +ETAy+E" A, (ETE- 1)71 ATE+ qzl)x(t) 156)
< T (E)X" () E"Ex(1)
Remark 3.1.2. 2 Note that Lemma 2.2.1.1 and Theorem 2.2.1.1 indicates that:
V(x(t))=x"(t)ET Ex(t), (157)

is positive quadratic form on )W} , and it is obvious that all smooth solutions x(t) evolve in

Wi, so V(x(t)) can be used as a Lyapunov function for the system under consideration,

(Owens, Debeljkovic 1985).
Using (149) one can get (Debeljkovic et al. 2011.b):

t d(xT (t)ETEx(t)) t

e <

[1]

)dt, (158)

and:
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x! () ETEx(t) <x” () E"Ex(t )" 0)
7 (=)t (159)
<a -ei“‘”(“)(t h) <a B <pB,¥Vte3. Q.E.D.
a
Remark 3.1.2.3 In the case on non-delay system, e.g. A; =0, (148) reduces to basic result,
(Debeljkovic, Owens 1985).
Theorem 3.1.2.2 Suppose that (Q - ETE) >0. Singular time delayed system (124), with

system matrix A, being nonsingular, is attractive practically stable with respect to

2
( . )"G—ETPE} , a < f3,if there exist matrix P = PT>o0, being solution of:

{t[)/:;/a/ﬁ/

AGPE+E"PA,=-Q, (160)
with matrices Q=Q7 >0 A §=8T, such that:
x" (£)(S+Q)x(t)>0, vx(t)e W \{0}, (161)

is positive definite quadratic form on 2#/;\ {0} , }#| being the subspace of consistent initial

conditions, if there exist a positive real number g, g>1, such that:

||x(t—r)||;<q2"x(t)";, vted, Ux(t)e S, vx(t)e Wi\ {0}, (162)

and if the following conditions are satisfied (Debeljkovic et al. 2011.b):

A1) < i | QF s (@ 245P), (163)
and:
o ()1=h) E, Vie3, (164)
a
where:
Amax (%) =max{x" (t)(ETPA ;(Q- E"PE) " AT PE+7°Q)x(t),
(165)
x(t)e Wy, x" (t)E'PEx(t)=1}.
Proof. Define tentative aggregation function as:
t
V(x(t)=x"()ETPEx(t)+ [ x" (8)Qx(9)d9. (166)

t-7

The total derivative V(t,x(t)) along the trajectories of the system, yields:
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V(tx(t)) :%(xT(t)ETPEx(t))+% j’ x' (9)Qx(9)ds

t-t

=" (t)( AYPE+ E"PA, |x(t)+2x" (1) E"PAx(t - 7)
+xT(t)Qx(t)—xT(t —‘[)QX(t —7).

From (162), it is obvious:

%(XT (1)E"PEx(t))=x" (£)( AGPE + E'PA )x(t)+ 2x" (H)E"PAx(t-7),

o %(xT (1)E"PEx(t)) =x" (t)( AGPE + E"PA( +Q+ S)x(t)
+2x" (H)ETPAx(t—7)—x" (£)(Q+S)x(t).

From (160), it follows:
d
E(xT (H)E"PEx(t)) =" (£)(Q+8)Qx(t) +2x" (+)E'PAx(t~7),
as well, using before mentioned inequality, with particular choice:
x! (t)FxT (t) =x! (t)(Q - ETPE)xT (t)>0, Vx(t) e\ {O} ,
and fact that: xT(t)(Q+S)x(t)>0, vx(t)e Wi\ {0},

is positive definite quadratic form on '\ {0} , one can get :

(<" ())ETPEx(1)) = 2% (1)ETPA ()

<x' (+)E'PA, Q- ETPE)'1 ATPEx(t)+x" (t-7)(Q-E"PE)x(t-7)

Moreover, since:

||x(t—r) 2

and using assumption (162) it is clear that (173), reduces to:

rpp 20/ vx(t)e W i\{0},

%(xT ()ETPEx(t)) <x" (t)(ETPAl (E"PE- Q)fl ATPE+ qu)x(t) ,

or using (169), one can get:

d

E(xT (#)E"PEX(t)) <x" (t)(ETPAl (E"PE- Q)fl ATPE+ qujx(t)

< () () EPEx(1)

(167)

(168)

(169)

(170)

171)

(172)

(173)

(174)

(175)

(176)
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or finally:

x" () ETPEx(t) <x" (fo)ETPEx(tO)e‘m(‘”(”’o)

Tonax (F)(t0) p 177)

<a-e <a-=<pB,vVte3. Q.ED.
a

3.2 Discrete descriptor time delayed systems
3.2.1 Discrete descriptor time delayed systems — Stability in the sense of Lyapunov
Consider a linear discrete descriptor system with state delay, described by:

Ex(k+1)=Agx(k)+ Ax(k-1), (178)

x(ko)=@(ky), —1<ky<0, (179)

where x(k)eR" is a state vector. The matrix EeR™" is a necessarily singular matrix, with
property rankE =r <n and with matrices A, and A, of appropriate dimensions.

For a (DDTDS), (178), we present the following definitions taken from, (Xu et al. 2002.b).
Definition 3.2.1.1 The (DDTDS) is said to be reqular if det(z 2E—zA, - Al) , is not identically

zero.
Definition 3.21.2 The (DDTDS) is said to be causal if it is reqular and

deg(z" det(zE -Ay- z"lAl)): n+rangE .
Definition 3.2.1.3 The (DDTDS) is said to be stable if it is reqular and p (E,AO,Al) =D(0,1),

where p(E,AO,Al) = {z| det(zzE -zAy - Al) = 0} .

Definition 3.2.1.4 The (DDTDS) is said to be admissible if it is regular, causal and stable.
STABILITY DEFINITIONS

Definition 3.2.1.5 System (178) is E -stable if for any & >0, there always exists a positive &
such that "Ex(k)" <&, when |Ex||< &, (Liang 2000).

Definition 3.2.1.6 System (178) is E- asymptotically stable if (178) is E- stable
and klirgo Ex(k)— 0, (Liang 2000).

STABILITY THEOREMS

Theorem 3.2.1.1 Suppose that system (173) is reqular and causal with system matrix A, being
nonsingular, i.e. detAj # 0. System (178) is asymptotically stable, independent of delay, if

1
Omin [QZ J
|« ——5==

0 A7) o
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and if there exist a symmetric positive definite matrix P on the whole state space, being the
solution of discrete Lyapunov matrix equation :

A(PA)-E"PE=-2(S+Q), (181)
with matrices Q=Q" >0 and S=57, such that:
x' (k)(S+Q)x(k)>0, vx(k)e M, . \{0}, (182)

is positive definite quadratic form on ¥ . \{0}, W, ,» being the subspace of consistent
initial conditions. Here o, () and o,,,(-) are maximum and minimum singular values of
matrix (-) , respectively, (Debeljkovic et al. 2004).

Remark 3.2.1.1 (181 - 182) are, in modify form, taken from (Owens, Debeljkovic 1985).

Remark 3.2.1.2 If the system under consideration is just ordinary time delay, e.g. E=1, we
have result identical to that presented in Debeljkovic et al. (2004.a - 2004.d, 2005.a, 2005.b).
Remark 3.2.1.3 Idea and approach is based upon the papers of (Owens, Debeljkovic 1985) and
(Tissir, Hmamed 1996).

Theorem 3.2.1.2 Suppose that system (178) is regular and causal. Moreover, suppose matrix
(Qi —AlTPAAl)is regular, with Q, =Q," >0.

System (178) is asymptotically stable, independent of delay, if:

1
Omin [(Qz - AgPAAl)ZJ

|44 < , (183)

1 T
Omax Qi Z(Ao—/iE) P/l
and if there exist real positive scalar 1" >0 such that for all 2 within the range 0 <| A |</1*

there exist symmetric positive definite matrix P,, being the solution of discrete Lyapunov
matrix equation:

(40 —ﬂE)T P,(Ay - AE)-E"P,E=-2(S, +Q,) (184)
with matrix S, =S,", such that:
x'(k)(S;+Qz)x(k)>0, vx(k)e ), . \{0} (185)

is positive definite quadratic form on J4/ . \ {0}, W), - being the subspace of consistent
initial conditions for both time delay and non-time delay discrete descriptor system. Such
conditions we call compatible consistent initial conditions. Here o, () and o.;,() are
maximum and minimum singular values of matrix (-) respectively, (Debeljkovic et al. 2007).

3.2.2 Discrete descriptor time delayed systems — stability over finite time interval
To the best knowledge of the authors, there is not any paper treating the problem of finite
time stability for discrete descriptor time delay systems. Only one paper has been written in
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context of practical and finite time stability for continuous singular time delay systems, see
(Yang et al. 2006).
Definition 3.2.2.1 Causal system, given by (178), is finite time stable with respect to

{ko,/UN,Sa,S/;}, if and only if Vxoe),. satisfying ||x0||;E<a, implies:
(0, <8 ket

Definition 3.2.2.2 Causal system given by (178), is practically unstable with respect
{k()/K[\]/a/ﬂ/

()"2} , a< p,if and only if 3x, }/Vd,k* such that "’(0";5 < «a, there exist some

* * 2 *
k €Ky , such that the following condition is fulfilled “x(k )” . > 3, for some k e Ay .
E'E

Definition 3.2.2.3 Causal system, given by (178), is attractive practically stable with respect to

{ko,/UN,Sa,S/;}, if and only if Vx,€}V, . satisfying ||x(k0)|| <a,

2 2
G=E'PE = ||X0|| G=E'PE
. . 2
implies "x(k)"G:ETPE
Debeljkovic 2011).
Remark 3.2.2.1 We shall also need the following Definitions of the smallest and the largest
eigenvalues, respectively, of the matrix R =R” , with respect to subspace of consistent initial

2

oeptpr 0, (Nestorovic &

< B, Vke Ay, with property that 111_>rr010 "x(k)"

conditions W, and matrix G.
Proposition 3.2.2.1 If xT(t)Rx(t) is quadratic form on R", then it follows that there exist

numbers A, (R) and 2, (R) satisfying: —0< 2 ; (R)< A1, (R) <400, such that:

RIRX(E) (@), (k) \ [0}, (156)

Amin (E) < W < Amax

with matrix R=R" and corresponding eigenvalues:

Ain(RGI  | =min{x (K)Rx(k): x(K) e, \ [0}, X" (k)Gx(k)=1|, ~ (187)

Ao (R G2V, o) = max (< (K)Rx(k): x(K)e 22, \ {0}, X" (K)Gx(k)=1]. ~ (188)

Note that 4,;, >0 if R=R" >0.

Let us consider the case when the subspace of consistent initial conditions for discrete
descriptor time delay and discrete descriptor nondelay system coincide.

STABILITY THEOREMS

Theorem 3.2.2.1 Suppose matrix (A{A1 —ETE) >0. Causal system given by (178), is finite

2
time stable with respect to {kO,KN,a, yip ()" }, a < B, if there exist a positive real number

p, p>1,such that:
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2
AlA,

[x(e=), <P*|x(0)], o Pk, vx(k)eS,, vx(k) e i o)

and if the following condition is satisfied (Nestorovic & Debeljkovic 2011):

()<L, vkek,

]_Vk

max

where:
/Tmax( ) = Zmax{xT (k)Ag(I - Al(AgAl - ETE)ilAjlw
+p?ATA)AX(k), x(k)e W, ., x" (k)ETEx(k)=1}.
Proof. Define:

V(x(k)) =x" (k)x(k)+x" (k-=1)x(k-1).

(189)

(190)

(191)

(192)

Let x, be an arbitrary consistent initial condition and x(k) the resulting system trajectory.

The backward difference AV (x(k)) along the trajectories of the system, yields:
AV (x(k)=x" (k)(Ag Ag—E"E+1)x(k)
2x" (k) (A Ay x(k=1)+x" (k=1)(ATA, ~1)x(k-1)
From (192) one can get:
x" (k+1)ETEx(k+1) =x" (k)(Ag Ao )x(k)
2x" (k) (A Ay x(k=1)+x" (k=1)(ATA; )x(k-1)

Using the very well known inequality, with particular choice:

x" (k)T x (k) =x" (k)(ATA; ~E"E)x(k) 20, x(k) € 1, ., ¥x(k) € S5, Vk € Ay,

dK
it can be obtained:

x" (k+1)E"Ex(k+1)<x" (k) Aj Apx (k)
T (k)AL A, (A{A1 —ETE)% AtAx(k)+x" (k=1)(2ATA, —E"E)x(k-1)
Moreover, since:
|x(k-1)[},, 20, ke iy, vx(k)en i\ [0}

and using assumption (189) it is clear that (196), reduces to:
-1
T (k+1)ETEx(k+1)< xT(k)Ag[I—Al(A{A1 ~E"E) AT+ ZpZIjon(k)

( )x" (k)E"Ex(k)

<A

max

(193)

(194)

(195)

(196)

(197)

(198)
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where: Ty ()= (9431 (414, ~EE) AT 20°Jaun(8), (199

x(k)e W, x" (k)ETEx(k)=1}.
Following the procedure from the previous section, it can be written:

Inx" (k+1)E"Ex(k+1)—Inx" (k)ETEx(k) <In A ( ). (200)
ko +k-1
By applying the summing Z on both sides of (200) for Vk € A}, one can obtain:
i=ko

ko+k-1
Inx" (k, + k)ETEx(k, + k) <1 2.
¥ (fy + DEEx(ky +K) <In TT Fos() o

<Ina o ( )+ Inx" (ko )E"Ex(ky), Vke Ay

max
Taking into account the fact that || x0||; ¢ <a and the condition of Theorem 3.2.2.1, eq. (190),

one can get:

Inx" (ko + k)ETEx(ky + k) <In A%, ( ) +Inx" (ko )E"Ex(ky)
_ 5 (202)
<Ina A% ( )<lna-=<Inpg, vkeAy. QED.
a

Theorem 3.2.2.2 Suppose matrix (AEA1 - ETE) > 0. Causal system (178), is finite time unstable

with respect to {kO,KN,a,ﬂ, ()"2} ,a< f, if there exist a positive real number p, p>1,
such that:

[x(e=1)]s, <P X000, o ek, ¥x(k)e Sy, vx(k)ew {0 (209

. 2 . ..
and if for Vvx, e }/lek* and ||x0|| CpT g <@ there exist: real, positive number &, 6 € ] 0, a[

and time instant k, k=k : EI!(k* > ko) e Ly, for which the next condition is fulfilled
(Nestorovic & Debeljkovic 2011):

2Kl )>§, K ey (204)
where:
Zanin ()= Amin{x" (k) AJ (1 -A, (A{A1 —ETE)J AT +2@(k)I]A0x(k),

(205)
x(k)ye s, x" (k)E"Ex(k)=1}.

Proof. Following the identical procedure as in the previous Theorem, with the same
aggregation function, one can get:
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Inx" (ky + K" )ETEx(ky +K*) > In 2%, () +Inx" (ko ) E"Ex (ko)
- (206)
>Ing- A%

‘min

( )>ln5v§>lnﬂ, forsome k" € Ay,

where 1.

min

() is given by (187). Q.E.D.
Theorem 3.2.2.3 Suppose matrix (AgPA1 —ETPE) >0. Causal system given by (178), with

detA, =0, is attractive practically stable with respect to {ko,/KN,a,ﬂ,

()"2} , a<f3, if there
exists a matrix P=PT >0, being the solution of:
A{PA)-E"PE=-2(Q+S), (207)
with matrices Q=Q7 >0 and $=ST, such that:
x' (k)(Q+S)x(k)>0, vx(k)e ¥, . \{0} (208)
is positive definite quadratic form on 7, . \ {0}, p real number, p>1, such that:

[x(e=1) s <P %O s - VhE A (k) €Sy, vx(K) Wi A0} (209)

and if the following conditions are satisfied (Nestorovic & Debeljkovic 2011):

|41] < e [Q;]amlax (Q’%ETP) : (210)
and
b )<§, vke Ly, (211)
where:
1 1
Zmax () = max{x” (k)AL P2 (1 ~A,(ATPA,-E"PE )71 AT+ pZIJPEon(k) S
x(k)eW, ., x' (k)E'PEx(k)=1}.
Proof. Let us consider the functional:
V(x(k))=x" (k)E"PEx (k) +x" (k—1)Qx(k-1) (213)

with matrices P=PT >0 and Q=Q" >0.
Remark 3.2.2.2 (208 - 209) are, in modified form, taken from (Owens, Debeljkovic 1985).
For given (213), general backward difference is:
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AV (x(k)) =V (x(k+1)) =V (x(k))=x" (k+1)ETPEx(k +1)

(214)
+x" (k)Qx(k)-x" (k)E"PEx(k)-x" (k—1)Qx(k —1).
Clearly, using the equation of motion (178), we have:
AV (x(k)) =" (k)( Ag PAy — E"PE +Q)x(k)
(215)
+2x" (k)(Ag PA; )x(k=1) x" (k=1)(Q - ATPA, x(k -1),
or
AV (x(K))=x" (k) A§PA, —E"PE +2Q+25 )x(k) -x" (k)Qx (k)
(216)
~2x" () $x(k) + 2x" (K)(AgPA; x(k—1)—=x" (k=1)(Q - ATPA, )x(k-1).
Using (208) and (209) yields:
x" (k+1)E"PEx(k+1)=x" (k) Ag PApx(k) 2
+2x" (k) AgPAx(k-1)+x" (k—1) ATPA;x(k-1).
Using the very well known inequality, with particular choice:
x" (k)Tx(k) =x" (k)(ATPA, ~E"PE )x(k) 20, 18
x(k)e !, vx(k)eS,, Vke Ay
one can get:
x" (k+1)E"PEx(k+1)<x" (k) AfPAyx (k) —x" (k) AGPA,(ATPA, - 216
~E"PE) ' ATPAx(k)+x" (k-1)(2ATPA, —E"PE)x(k-1). 1)
Moreover, since:
|x(k=1)|%,,, 20, Wke i, x(k)e i\ [0} (220)

and using assumption (209) it is clear that (219), reduces to:

1 4 1
x" (k+1)ETPEx(k+1)<x" (k) A} P2 (1 ~Ay(ATPA, -ETPE) AT+ 2p21]P2A0x(k) (221)
Using very well known the property of quadratic form, one can get:

x" (k+1)E"PEx(k+1) < Apa ( )x" (K)E"PEx(k) (222)

where:
1 1

Zmax ()= X" (K)ATP2 (I - Ay (ATPA, —ETPE)" AT + 2p*I)P2 Agx(k),
x(k)e W, -\ 10}, x" (k)E' PEx(k) =1}

(223)
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Then following the identical procedure as in the Theorem 3.2.2.1, one can get:
Inx" (k+1)E"PEx(k+1)-Inx" (k)ETPEx(k) <In A () (224)

where 4.,

()is given by (223).
ko+k-1
If the summing Z is applied to both sides of (224) for Vk e £}, one can obtain:

j=ko

ko+k—-1
Inx" (k, +k)ET PEx(k, + k) <1 2
nx ( 0 ) X( 0 ) n ]:1_1‘([0 max( ) (225)

<Ind §o( )+ Inx" (kg )ETPEx(ky), Vke Ay

max

Taking into account the fact that ||x0||;p£ <a and the basic condition of Theorem 3.2.2.3,

(211), one can get:

Inx" (ko +k)ETPEx(ky + k) <In A, ( )+Inx" (ko )E"PEx (k)

_ 5 (226)
<Ina At ( )<Ina-=<Inp, VkeAy. Q.ED.
o

4. Conclusion

The first part of this chapter is devoted to the stability of particular classes of linear continuous
and discrete time delayed systems. Here, we present a number of new results concerning
stability properties of this class of systems in the sense of Lyapunov and non-Lyapunov and
analyze the relationship between them. Some open question can arise when particular choice
of parameters p and ¢ is needed, see (Su & Huang 1992), (Xu & Liu 1994) and (Su 1994).

The geometric theory of consistency leads to the natural class of positive definite quadratic
forms on the subspace containing all solutions. This fact makes possible the construction of
Lyapunov stability theory even for linear continuous singular time delayed systems
(LCSTDS) and linear discrete descriptor time delayed systems (LDDTDS) in that sense that
asymptotic stability is equivalent to the existence of symmetric, positive definite solutions to
a weak form of Lyapunov continuous (discrete) algebraic matrix equation (Owens, Debeljkovic
1985) respectively, incorporating condition which refers to time delay term.

To assure asymptotical stability for (LCSTDS) it is not only enough to have the eigenvalues of
the matrix pair (E, A) in the left half complex plane or within the unit circle, respectively, but
also to provide an impulse-free motion and some other certain conditions to be fulfilled for
the systems under consideration. The idea and the approach, in this exposure, are based
upon the papers by (Owens, Debeljkovic1985) and (Tissir, Hmamed 1996).

Some different approaches have been shown in order to construct Lyapunov stability theory
for a particular class of autonomous (LCSTDS) and (LDDTDS).

The second part of the chapter is concerned with the stability of particular classes of
(LCSTDS) and (LDDTDS). There, we present a number of new results concerning stability
properties of this class of systems in the sense of non-Lyapunov (finite time stability, practical
stability, attractive practical stability, etc.) and analyse the relationship between them.
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And finally this chapter extends some of the basic results in the area of non-Lyapunov to
linear, continuous singular time invariant time-delay systems (LCSTDS) and (LDDTDS). In that
sense the part of this result is hence a geometric counterpart of the algebraic theory of
Campbell (1980) charged with appropriate criteria to cover the need for system stability in the
presence of actual time delay term. To assure practical stability for (LCSTDS) it is not enough
only to have the eigenvalues of matrix pair (E, A) somewhere in the complex plane, but also
to provide an impulse-free motion and certain conditions to be fulfilled for the system under
consideration.

Some different approaches have been shown in order to construct non-Lyapunov stability
theory for a particular class of autonomous (LDDTDS). The geometric description of
consistent initial conditions that generate tractable solutions to such problems and the
construction of non-Lyapunov stability theory to bound rates of decay of such solutions are
also investigated. Result are based on existing Lyapunov-like functions and their properties
on sub-space of consistent initial functions (conditions). In particular, these functions need
not to have: a) Properties of positivity in the whole state space and b) negative derivatives
along the system trajectories.

And finally a quite new approach leads to the sufficient delay-independent criteria for finite
and attractive practical stability of (LCSTDS) and (LDDTDS).

Stability issues, as well as time delay and singularity phenomena play a significant role in
modeling of real systems. A need for their consideration arises from growing interest and
extensive application possibilities in different areas such as large-scale systems, flexible
light-weight structures and their vibration and noise control, optimization of smart
structures (Nestorovic et al. 2005, 2006, 2008) etc. Development of reliable models plays a
crucial role especially in early development phases, which enables performance testing,
design review, optimization and controller design (Nestorovic & Trajkov 2010.a).
Assumptions introduced along with model development, especially e.g. reduction of large
numerical models of smart structures require consideration of many important questions
from the control theory point of view, whereby the stability and singularity phenomena
count among some of the most important. Therefore they represent the focus of the authors’
ongoing and further research activities (Debeljkovic et al. 2011.b, Nestorovic & Trajkov 2010.b).
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1. Introduction

During the past decades, many researchers have investigated stability of switched systems;
due to its potential for real world application such as transportation systems, computer
systems, communication systems, control of mechanical systems, etc. A switched systems
is composed of a family of continuous time (Alan & Lib, 2008; Alan & Lib, 2009, Alan et al.,
2008; Hien et al., 2009; Hien & Phat, 2009; Kim et al., 2006; Li et al., 2009; Niamsup, 2008; Li
et al., 2009; Lien et al., 2009; Lib et al., 2008) or discrete time systems (Wu et al., 2004) and a
switching condition determining at any time instant which subsystem is activated.

In recent years, the stability of systems with time delay has received considerable attention.
Switched system in which all subsystems are stable was studied in (Lien et al., 2009) and
switched system in which subsystems are both stable and unstable was studied in (Alan &
Lib, 2008; Alan & Lib, 2009, Alan et al., 2008). The commonly used approach to stability
analysis of switched systems is Lyapunov theory and some important preliminaries results
have been applied to obtain sufficient conditions for stability of switched systems. A single
Lyapunov function approach is used in (Alan & Lib, 2008) and a multiple Lyapunov functions
approach is used in (Hien et al., 2009; Kim et al., 2006; Li et al., 2009; Lien et al., 2009; Lib
et al.,, 2008) and the references therein. The asymptotical stability of the linear with time
delay and uncertainties has been considered in (Lien et al., 2009). In (L.V.Hien et al., 2009),
the authors investigated the exponential stability and stabilization of switched linear systems
with time varying delay and uncertainties by using the strictly complete systems of matrices
approach. The strictly complete of the matrices has been also used for the switching condition,
see (Hien et al., 2009; Huang et al., 2005; Niamsup, 2008; Lib et al., 2008; Wu et al., 2004). In
this paper, stability analysis for switched linear and nonlinear systems with uncertainties and
time-varying delay are studied. We obtain the new conditions for exponential stability of
switched system in which subsystems consist of stable and unstable subsystems. The stability
conditions are derived in terms of linear matrix inequality (LMI) by using a new Lyapunov

*Corresponding author (Email:scipnmsp@chiangmai.ac.th
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function. The free weighting matrices and Newton-Leibniz formula are applied. As a results,
the obtained stability conditions are less conservative comparing to some previous existing
results in the literatures. In particular, comparing to (Alan & Lib, 2008), our results give a
much less conservative results, namely, for stable subsystems, the condition that state matrices
are Hurwitz stable is not required. Moreover, advantages of the paper are that the delay is
time-varying and switched system may have uncertainties. The paper is organized as follows.
In section 1, problem formulation and introduction is addressed. In section 2, we give some
notations, definitions and the preliminary results that will be used in this paper. Switching
design for the exponential stability of the switched system is presented in Section 3. In section
4, numerical examples are given to illustrate the theoretical results. The paper ends with
conclusions and cited references.

2. Preliminaries

The following notations will be used throughout this paper. IR"” denotes the n-dimensional
Euclidean space. R"*" denotes the space of all matrices of 1 x n-dimensions. AT denotes
the transpose of A. I denotes the identity matrix. A(A), Apr(A), An(A) denote the set of
all eigenvalues of A, the maximum eigenvalue of A, and the minimum eigenvalue of A,
respectively. For all real symmetric matrix X, the notation X > 0(X > 0,X < 0, X < 0) means
that X is positive definite (positive semidefinite, negative definite, negative semidefinite,
respectively.) For a vector x, ||x¢|| = SUP e[y, 0] [|x(t + s)|| with ||x| being the Euclidean
norm of vector x.
The switched system under the consideration is described by

2(t) = [Ag + AAG(1)]x(t) + [Be + DBo(#)]x(t — h(t))
+fo(t,x(t),x(t = h(t))), t >0,
x(t) = ¢(t), t € [~hp, 0], )

where x(t) € R" is the state vector. o(-) : R" — § = {1,2,.., N} is the switching function.
Leti € S = S, USssuch that S, = {1,2,..,r} and Ss = {r + 1,7+ 2,..., N} be the set of the
unstable and stable modes, respectively. N denotes the number of subsystems. A;, B; € R"*"
are given constant matrices. AA;(t), AB;(t) are uncertain matrices satisfying the following
conditions:

AA(t) = EqiFri(t) Hyy, AB;(t) = EpiFpi(t) Ha;, 2

where E jir Hji, j=1,2,i=1,2,.., N are given constant matrices with appropriate dimensions.
Fj;(t) are unknown, real matrices satisfying:

Fi(OF(t) <1,j=12i=12,.,N, Vt >0, ®3)
where [ is the identity matrix of appropriate dimension.
The nonlinear perturbation f;(t, x(t), x(t — h(t))), i = 1,2,..,N satisfies the following
condition:
| fit, x(8), x(t = h(E)) [|< vi || x() | +6 || x(t = k() | )

for some 7;, §; > 0. The time-varying delay function h(t) is assumed to satisfy one of the
following conditions:
(i) when AA;(t) = 0 and AB;(t) = 0 and f;(t,x(t), x(t —h(t))) =0
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0 < hw <h(t) <hpm, h(t) <, t>0,
(ii) when AA;(t) # 0 or AB;(t) # 0 or fi(t,x(t), x(t —h(t))) #0

0<hy <h(t) <hp, h(t) <pu<1,t>0,
where hy,;, hyy and p are given constants.
Definition 2.1 (Hien et al., 2009) Given > 0. The system (1) is f—exponentially stable if
there exists a switching function ¢(+) and positive number 7 such that any solution x(t, ¢) of
the system satisfies

I x(t,¢) < ve P | |, vt € RY,
for all the uncertainties.
Lemma 2.1 (Hien et al., 2009) For any x, y € R", matrices W, E, F, H with W > 0, FTF <], and
scalar ¢ > 0, one has
(1.) EFH+ HTFTET < ¢ 'EET + eHTH,
(2.) 2xTy < xTW=lx +yTwy.
Lemma 2.2 (Alan & Lib, 2008) Let u : [tg, 0] — R satisfy the following delay differential
inequality:
u(t) <au(t)+p sup u(f), t >ty
fe(t—1,t]
Assume that « + 8 > 0. Then, there exist positive constant ¢ and k such that
u(t) < keSt=t), >y,

where{ =a+fand k= sup u(0).

96[!’07‘[,!’0]

Lemma 2.3 (Alan & Lib, 2008) Let the following differential inequality:

< —au(t)+p sup u(f), t>ty,
Oe(t—1,t]

hold. If & > B > 0, then there exist positive k and { such that
u(t) < ke S(t=h) >y,
where{ =a —fand k= sup u(h).
96[1’0—1’,1’0]

Lemma 2.4 (Schur Complement Lemma) (Boyd et al., 1985) Given constant symmetric Q, S
and R € R"™" where R > 0,Q = QT and R = RT we have

{SQT _SR} <0< Q+SRIsT <o.

3. Main results

In this section, we establish exponential stability of uncertain switched system with
time-varying delay. For simplicity of later presentation, we use the following notations:

AT =max{¢;, Vi € S,}, & denotes the growth rates of the unstable modes.
1

A~ =min{{;, Vi € S5}, {; denotes the decay rates of the stable modes.
1
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T (to, t) denotes the total activation times of the unstable modes over [tg, t).

T~ (to, t) denotes the total activation times of the stable modes over [ty, t).

N(t) denotes the number of times the system is switched on [fg, t).

I(t) denotes the number of times the unstable subsystems are activated on [fg, f).
N(t) — I(t) denotes the number of times the stable subsystems are activated on [ty, ).

B m?X{AM(Pi)}
¥ = 7rrljin{)\m(pj)} :
X1 = miin{/\m(Pi)}.
2
2 = max{Ayi(B)} + g max{Ayi(Q0)} + M max{Au(R)}

S11,i S12,i
+ 13 A { A 212,
Mm?X{ M( S;Z,i SZZ,i )}

+ 2k} miax{/\M(AzTTiAi)//\M(AiTTiBi)//\M(BiTTiAi)//\M(BiTTiBi)}/
hZ
a3 = max{An(P;)} +hwrmax{Anm(Qi)} + > max{Awm(R;)}

S11,i S12,i
+ I? A { A2
Mm?X{ M( S{Z,i 522,1, )}

| P11 Do
i = { * Dz’

(1311,,‘ = AITP,‘ + PA; + Q; + hpmR; + thll,i + hMAlTTiA,‘,
D1y = B] P, + hpS1p,; + hi AT T;B;,
@13, = —(1— p)e 2PMQ; + hpSpr; + hyBI T;B;.

D21, Do
= { * Doz’

@21,1‘ = AlTPi + PiA; + Qi + hmR; + thll,i + hMAlTTiAi + hMXH,i +Y;+ YiT,
@22’1‘ = BiTP,‘ + hM512,i + hMAlTTiBi + hMX12,i -Y;+ Zl-T,
Dp3; = —(1— p)e 2PmQ; + hpSpp; + hmBI T;B; + hyiXop; — Z; — ZT.

X1, X12,i Yi
M= * XniZ
* *
= _ {%1,1 (D32,1}
- * gz’

@31, = ATPi+ PiA; + Qi+ huR; + Sy i + €3, HfHyi + e1iBELEqiPi + e2iEL Eni Py,
@3 = BI'P; + hpS1,
Qa3 = —(1— p)e 2PQ; + hpSpp ;i + €5 H - Ha;.

(1341,1' = AlTPi -+ PiAi -+ Qi + hMRi + thll,i + 8;1’)’1[ -+ €3ipipi -+ €Zl-1 H£H4i
+ e4;P,E]E4iP; + €6;P;ELEs5;P;,
@y = BIP; + hpSip,
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q>43,i = —(1 — ]J)E_ZﬁhMQ[ + hMSZZ,i + Sgil(sil + SgingiH&"

3.1 Exponential stability of linear switched system with time-varying delay

In this section, we deal with the problem for exponential stability of the zero solution

of system (1) without the uncertainties and nonlinear perturbation (AA;(t) = AB;(t) =

0, fi(t,x(t),x(t = h(t))) = 0).

Theorem 3.1 The zero solution of system (1) with AA;(t) = AB;(t) = 0 and f;(t,x(t),x(t —

h(t))) = 0is exponentially stable if there exist symmetric positive definite matrices P;, Q;, R;,

{511,1‘ 512,1}
SlTZ,i S22,1‘

Al. (i) Fori € Sy,

, T; and appropriate dimension matrices Y;, Z; such that the following conditions hold:

0y, > 0. ()

(if) Fori € Ss,
Qp; <0 and Qz; > 0. (6)

A2. Assume that, for any to the switching law guarantees that

— + *
(T (o) AT +A

i 7
St T (tg, ) = A= — AF @
where A* € (0, A™). Furthermore, there exists 0 < v < A* such that
(i) If the subsystem i € S, is activated in time intervals [t; _1,t; ),k =1,2,.
then
lnlpfl/(tik*fik,1) SO, k:1,2,...,l(i’). (8)
(ii) If the subsystem j € Ss is activated in time intervals [t; _1,t; ),k =1,2,...,
then
Iny+ iy —v(t, —t;, 1) <0, k=1,2,..,N(t) — L. )

Proof. Consider the following Lyapunov functional:
Vi(xt) = Vi,i(x(t)) + Va,i(xt) + Vai(xe) + Vii(xe) + Vs i(xt)

where x; € C([—hp, 0], R"), x(s) = x(t +s), s € [—hp, 0] and
Vii(x(t) = xT(t)Px(t),

Vi) = [ PN (5)Qur(s)as

V3,i(xt) / /+s ()Rix(&)ddds,
T . .
v = [ [ { ion] sk s Lo iten] %
Vsi(xt) / / &)déds.
It is easy to Verlfy that

a || x(t) IP< Vi(ar) < a2 |? £ > 0. (10)
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We have

Va,i(x(8) < max{Am(P)} || x(t) |1

IA

max{An(P)} .
m Obviously ¢ > 1 and we get

Letyp =

Vi(xi) < 9Vj(x1), Vi,j € 5. (1

Taking derivative of V; ;(x(t)) along trajectories of any subsystem ith we have
Vai(x(t) = 2T (t)Pix(t) + xT (t) P (t)
N
= Z (AT Pix(t) +xT(t — h(t)) BT Pix(t)
+

T()PAjx(t) + xT (t) PiBix(t — h(t))].

Next, by taking derivative of V,;(xt), V3i(xt), Vai(x;) and Vs;(x;), respectively, along the
system trajectories yields

Vai(xe) = xT()Qux(t) — (1 — h(t))e " OxT (t — h(t)) Qix(t — h(t)) — 2BVai(xt)
< 2T(HQix(t) — (1 — e MO (+ — n(£))Qix(t — h(t)) — 2Vai(xr),

Vi) = [ ¥ (ORix(0) = 52T (0 )R+ )]s — 263 x)

t
< T (OR() = [ T (5)Rix(5)ds — 2V (),
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w0 = [ e ] 5882 e )

S Tt [ e | P DO

S Tt [ e | P BN

2BV, (1)

ﬁth’i“ )58 s e o)
L L) B giﬁ e St #
| +s(t—+(t) BN I e | S O 2
2BV, (1)

<l o] 58255 ™)
L L) B ﬁ;j s o) #
2BV (),

Vi) = [, 8T OTif(0) =47 (e 9)Tix(e )
< (O - [ (6 T(e)as
= T~ 5 [ T T = [ 6T

Then, the derivative of V;(x;) along the any trajectory of solution of (1) is estimated by

- ) 1 e [ x®)
w00 < 20 1 | 08 s ] 280

t
_ / PPE=DxT () R;x(s)ds — 2BVa i(x)
Jt—h(t)

ot apeen [ x(s) T[St Sna x(s)
/t—h(t)e LC(S —h(s))} {S{Z,i Szz,z} LC(S —h(S))} *
2BV () + haa(6) TrE() — 5 tt_h(t) £ (s) Ti(s)ds
1 gt

_ T ()T % 12
2 Ly FT TGS (12)
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where
QF . — ATP; + PiA; + Qi + hmR; + hpS11i BIP; + hpS1a
v * — (1= p)e 2PMMQ; + hpySs
Since
/ / &)Rx(8)deds < / / (&)R;x(&)deds
t+s
< hy ezﬁ(S DxT (s)R;x(s)ds,
Jin(
we have
t
f/ ezﬁ(s_t)xT(s)Rix )ds < f—/ / Rix(¢)déds
Jt—h(t) t+s
= Vi) (13)
M

Similarly, we have

ot 2/3(s—t){ x(s) }T{Sn,islz,iH x(s) } 1.
ATl M S B e § ) i CU

and
1/t . . 1

_i . h()x(S)Tix(S)dS§ —mv5,i(xt). (15)
From (12), (13), (14) and (15), we obtain

3 O 1o [ =0 1 e

() = LA { o] i | 2210
(@t ) (Vi) + Vag(x0) = 5 Vas)
M
1
_5/ ds. (16)

Fori € S,,, we have

. N xt) 17 x(t)
W) < A0 |y | 00 o |
By (5), (16) and Lemma 2.2, there exists ¢; > 0 such that

ZA £ || Vi) || €510, ¢ > 1. (17)
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2max{Ap(Qy,)}

1

where ¢; = ~min{A,(P)}

X11,i X12,i
22,i

e e ¥ o)

t x T X
o il P A I N as)

Using the Newton-Leibniz formula, (Wu et al., 2004), we can write

Fori € S5, we have that when X; = { } > 0, the following holds:

x(t—h(b)) = x(t) — /tih(t) #(s)ds.

Then, for any appropriate dimension matrices Y; and Z;, we have
t
20xT(0)Y; + 2T (t — (1) Zi][x(t) — / #(s)ds — x(t — h(£))] = 0.

t—h(t)

It follows that

AT (8)Yix(h) — 24T Y/,t (s)ds — 22T (£)Yix(t — h(t)) +2xT (£ — h(£)) Z;x(t)

T - h(t))Zi/ (s)ds — 2xT (£ — h(£))Zix(t — h(t)) = 0. (19)

t—h(t)

From (16) with (18) and (19), we have

N x) 17 x(t)
X )\1‘ (@) i — (X
SRR P O I O B

—(2p+ %)(vs,xxt) F Vi) — o V()

1
2t

y x 1" x(t)
—/ x(t—h(6)| Qs |x(t—h(t))]| ds. (20)
N O i(s)
By (6), (20) and Lemma 2.3, there exist {; > 0 such that
ZA ) || Vi) || e 47100, ¢ > g, (21)

mln{)\m(_QZi)} 1
max(m(P)} 2P 2

where {; = min{

Let N(t) denotes the number of times the system is switched on [fy, ) such that lim N(t) =

t—o0

+o0. Suppose that o (tg) = ip,0(t1) = i1,...and o(t) = i.
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Let I(t) denotes the number of times the unstable subsystems are activated on [fy,t) and
N(t) — I(t) denotes the number of times the stable subsystems are activated on [tg, ). Suppose
thattp < t; < tp < ..and lirﬂ ty = +oo.

n—r+00

From (11), (17) and (21), suppose that the j th subsystem of unstable mode is activated on the

interval [t;, t; 1),

- if the i th subsystem of unstable mode is activated on the interval [t; 1, 1), then
Vi(xe) < ¢ || Vilxy,) || e tenes =0 ¢ e [t,t4,).

- if the i th subsystem of stable mode is activated on the interval [¢; 1, f;), then
Vilxr) < || Vixe ) |l e~ Gilli=ti) ittt € [t),4,9).

Suppose that the j th subsystem of stable mode is activated on the interval [t}, 1, 1),

- if the i th subsystem of unstable mode is activated on the interval [t;_1,f;), then
Vilxe) S || Vi) || eSiltimtine= 600 e [, 44q).

- if the i th subsystem of stable mode is activated on the interval [¢;_1,1;), then
‘/f(xt) <y H ‘/i(xt]—l) H eigi(tlitlil)eigj(titl)r te [tl/ tl+1)'

In general, we get

1(t) N(t)—1
Vi) < T gebnltnmtnd e T gebirtmer Gt | V; () | e 6000
m=1 n=I(t)+1
1(t) N(t)—1 ) )
< H Tt e T ebutne A (i) || W () [ e (o),
m=1 n=I(t)+1

t > tg. Using (7), we have

1(t) N(t)-1
Vi) < [T x H el ||V (xry) | e (700, > g,

m=1 =I(t)+1

By (8) and (9), we get
Vi(xt) <I| Vi (xy) [| e X700, ¢ > g,

Thus, by (10), we have

| x(t) H<\/ (B it
which concludes the proof of the Theorem 3.1. O

3.2 Robust exponential stability of linear switched system with time-varying delay

In this section, we give conditions for robust exponential stability of the zero solution of

system (1) without nonlinear perturbation, namely f;(t,x(t), x(t — h(t))) = 0. The following

is the main result.

Theorem 3.2 The zero solution of system (1) with f;(t, x(¢), x(t — h(t))) = 0is robustly exponentially
. . e s - . S11i S

stable if there exist positive real numbers €q;, €5;, positive definite matrices P;, Q;, R; and {Sn ! 512 l}

12,i 922,i
such that the following conditions hold:
Al. (i) Fori € Sy,

[1]

;> 0. (22)
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(ii) Fori € Ss,
=2, < 0.
A2. Assume that, for any to the switching law guarantees that
T~ (to,t) _ AT+ A*
f >
o T f) = A — A7

where A* € (0, A™). Furthermore, there exists 0 < v < A* such that
(i) If the subsystem i € S, is activated in time intervals [t; _q,t; ),k =1,2,.
then

11’11/)— (ik_tik 1)<0 k=12 l(f)
(]111) If the subsystem j € Ss is activated in time intervals [t _1,t;),k = 1,2,.
then

I+ ihp —v(t, — 1) <0, k=1,2,..,N(t) — 1.

Proof. Consider the following Lyapunov functional:

Vi(xe) = Vai(x(t)) + Voixe) + V3 () + Vii(xe)

where x; € C([—hy, 0], ]R") t(s) = x(t+5),5 € [~hp, 0], and Vy ;(x(t)) = xT(£) Pix(t),

Vo) = [ PN (5)Qur(s)s

V) = [ /ﬁ ()Rix(2)dEds,

T . .
vt = [, [, { PRt Pl | P
It is easy to Verlfy that

wp || x(t) IP< Vile) <o |2 % ¢ 2 0.

Similar to (11), we have
Vi(xt) < IPV]‘(xt), Vl,] €S.

Taking derivative of V; ;(x(t)) along trajectories of any subsystem ith, we have

Vii(x(t)) = 2T () Px(t) + T (#) Pre(t)

= YA (xT () ATPix(t) + xT (1) AAT () P (t) + xT (¢ —

h(t))BI Pax()

+xT(t = h(t))AB] (1) Pix(t) + xT ()P Ax(t) + xT (£) PAA; () x(t)

xT(HPBix(t — h(t)) 4+ xT (£)P,AB; (£)x(t — h(t))].

Applying Lemma 2.1 and from (2) and (3), we get

2T () AAT (1) Pix(t) < e'xT () HHypx(t) + eqix” (#) PEL,E1iPix(t),
(t)P;ELEs;i Pix(t).

2xT(t — h(t))ABT (1) Pix(t) < ep'xT (t — h(t))HY; Hoix(t — h(t)) + egix”

(23)

(24)

(25)

(26)

(27)

(28)
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Next, by taking derivative of V,;(x¢), V3;(x;) and Vy;(x;), respectively, along the system
trajectories yields

Va,i(xe) < xT(0)Qux(t) — (1 — p)e PPOxT (£ — n(t))Qix(t — h(t)) — 2BVai(xr),

. t
Vi) < haax (ORx(0) = [ P (5)Rix(5)ds — 2V (),

Vi) < hag [x(ti(f,f(t)} [Sgggj[ o)
s s)i(siz)@))} B gli,ﬂ R
*25V4,z( Xt)-

Therefore, the estimation of derivative of V;(x;) along any trajectory of solution of (1) is given
by

. N xt) 1T x()
Vi(xt) < ZAi(t) Lc(t—h(t))} =i {x(t—h(t))} _Z,BVZ,i(xt)

i=1

t
_ / PPE=DxT () R;x(s)ds — 2BVa i(x)

t—h(t)

t . x(s) 17 [Sii iz, x(s)
a ./t—h(t) e LC(S - h(s))} {Ssz,i SZZJ LC(S - h(s))} *
,2‘8V4,i(xt). (29)

Fori € S, we have
N T
v , x(t) = | x(®)
CCIES v C] R I P |
Similar to Theorem 3.1, from (22) and (29), we get
ZA ) | Vilxiy) [l 07000, 1 > 1, (30)

2max{An(&i)}
(A (P)]
Fori € S, from (13), (14) and (29), we have

N T
xt) < i:Zl)\i(t) |:x(tji(2(f))} E“i {x(tx—(ii)(f))} 72/3V2,i(xt)

(2Bt ) (Vi) + Vi) g
M

where §; =
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Similar to Theorem 3.1, from (23) and (31), we get
N
Vi(xt) < Y Ai(0) || Vi) | e 8070, ¢ > (32)
i=1

min{A, (—Z;)}

1

max (B} 2

In general, from (28), (30) and (32), with the same argument as in the proof of Theorem 3.1, we
get

where {; = min{

1(6) N(H)-1
Vi(x;) < 1—[ lpe)ﬁr(tm*tmfl) % H lpeémhmefff(tnft,ﬂ)x | Vig(xto) I e—)f(t—tN(tH)/
m=1 n=I(t)+1
t > to. Using (24), we have
I(t) N(#)-1 )
Vi) < TTwx TT el || Viy(xy,) [ e 070, £ > .
By (25) and (26), we get

Vi(xe) <[ Vg (x,) | e W =000 > g,

Thus, by (27), we have
x(8) |< xs Xt ef%(/\*fv)(tft‘)), t>to,
[ () |l 0 0
a1
which concludes the proof of the Theorem 3.2. O

3.3 Robust exponential stability of switched system with time-varying delay and nonlinear
perturbation

In this section, we deal with the problem for robust exponential stability of the zero solution

of system (1).

Theorem 3.3 The zero solution of system (1) is robust exponentially stable if there exist positive

S11,i S12,i

real numbers €3;, €4;, €5, positive definite matrices P;, Q;, R; and {ST S
12,i ©22,i

} such that the following

conditions hold:

Al. (i) Fori € Sy,
Q; > 0. (33)

(if) Fori € Ss,
@; < 0. (34)

A2. Assume that, for any to the switching law guarantees that
— =+ *

in T (to,t) > AT+ A
t>tg TT(tg, 1) = A7 — A*

(35)
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where A* € (0, A™). Furthermore, there exists 0 < v < A* such that
(i) If the subsystem i € S, is activated in time intervals [t; _1,t; ),k =1,2,..., then

l?’ll/)—l/(tik—fik,1) § 0, k= 1,2,...,l(f). (36)
(ii) If the subsystem j € Ss is activated in time intervals [t;, _1,t;, ),k =1,2,..., then
I+ Cihat — v(tj, — t;, 1) <0, k=1,2,..,N(t) — 1. 37)

Proof. Consider the following Lyapunov functional:
Vilxr) = Vai(x(t)) + Va,i(xe) + Va,i(xe) + Vii(xr)

where x; € C([—hp, 0], R"), x4(s) = x(t+5),s € [—hp, 0] and
Vii(x(t) = xT (1) Px(t),

Vailx) = /th( PO (5)Qux(5)ds

V3i(xt) / /+S R;x(&)d&ds,
@ 17 {511,1 512,1} { x(¢) }
v = [ [ { x(§ - h(@)ﬂ ST, S |x(@ — h(g))| %%
It is easy to Ver1fy that
ay [ x() [7< Vilxe) < az || 2 |%, £ > 0. (38)

Similar to (11), we have
Vi(xt) < ¢Vj(xr), Vi, j € S. (39)

Taking derivative of V; ;(x(t)) along trajectories of any subsystem ith we have
Vii(x(t)) = 2T () Px(t) + T (#) Pre(t)
= % () [xT () AT Pix(t) + xT () AAT (1) Pix(t) + xT (t — h(t)) Bl Pix(t)
=1
+x
+x

T(t—=h(6)ABT () Pix(t) + fT (8, x(8), x(t = h(£))) Pix(t) + xT (£) PrAjx(t)
T(OPAA;(B)x(t) +xT (t=h(t)) +
+xl (DPifi(t, x(t), x(t—h

(t ()PiAB;(£)x(t — h(t))
(

)P'Bix
)]

)

From lemma 2.1, we have
2f (£, x(t), x(t = h(£))Prx(t) < fT (8, x(t), x(t — h(£)))W; fi(t, x(t), x(t = h(t)))
XT(i’)PiW,‘Pl‘X(t).

By choosing W; = €3;1; and from (4), we have
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Applying Lemma 2.1 and from (2) and (3), we get
26T (1) AA] (1) Pix(t) < €' xT (1) HijHyx () + eqix” (1) RESE4Pix(t),

2xT(t — h(t))AB] (1) Pix(t) < e xT (t — h(t))HE: Hsix(t — h(t)) + es;x” () ELEs;Pix (t).

Next, by taking derivative of V;;(x¢), V3;(x;) and Vj;(xt), respectively, along the system
trajectories yields

Vai(xi) < 2T (9)Qu () = (1= p)e O (= n(1)Qux(t = () = 28Vai(x1),
Vaslxe) < s (ORx(0) = [ FET(Rix(s)ds ~ 2pVa(x),

Vi) < [x(tx_(ﬁj(t))} ] )
L L(sx—(sh)@»} EEJ glﬁ,ﬂ s o)
—2BVyi(xt).

Then, the derivative of V;(x;) along any trajectory of solution of (1) is estimated by

- xt) 17 x(t)
w0 < 20 || sy 200
— t 2Py T (5)R.x(s)ds — i(x
Sy 2T O Rix()ds — 26Va(x)
ot apeen [ x(s) )T [S1i Sia x(s)
./t—h(t) ¢ LC(S - h(s))} {5{2,,- 522,1} LC(S - h(s))} ds
—2BViy;(xt). (40)

Fori € S, it follows from (40) that

. N xt) 17 x(t)
Vi(xt) < i:zl/\i(t) {x(t—h(t))} G)i {x(t —h(t))} . (41)
Similar to Theorem 3.1, from (33) and (41), we get
N
Vilxt) < Y Ai(e) [ Vi) | €510, 1 > 1. (42)
i=1

2max{An(©,)}

where(fi:m'
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Fori € S;, from (13), (14) and (40), we have
. N xt) 17 x(t)
Vz(xt) < izzl)\i(t) {x(t _ h(f))} ®i Lc(t _ h(t))} - Z,BVZ,i(xt)

~@+ 5 (Vi) + Vi) 3)

Similar to Theorem 3.1, from (34) and (43), we get

N

Vi(xr) < Y Ai() || Vi(xgg) [ e 610, 1 > 1, (44)
i=1
min{A,(—-0;)}

1

max(An (B} /2PF

In general, from (39), (42) and (44), with the same argument as in the proof of Theorem 3.1, we
get

where {; = min{

1(t) N(f)-1 )
Vi(xy) < 1—[ ¢e)t+(tm*tmfl) % H ¢€€i,,hM€fA’(trt”71)X | Vi, (x1,) || e <t_tN(t)—1)’
m=1 n=I(t)+1

t > tp. Using (35), we have
1(t) N(t)-1 )
Vi) < TTwx T webolasc || Viy(xy,) [ e 070, £ > .
m=1 n=I(t)+1

By (36) and (37), we get

Vi(xe) <[ Vg (x,) | e W00 > g,

Thus, by (38), we have
43 —3 (A =v)(t—to)
[ x(8) 1< /== [l xg [ €72 St >t
a1
which concludes the proof of the Theorem 3.3. O

4. Numerical examples

Example 4.1 Consider linear switched system (1) with time-varying delay but without matrix
uncertainties and without nonlinear perturbations. Let N = 2, S, = {1},S; = {2}. Let
the delay function be h(t) = 0.51sin’t. We have hy; = 051, 4 = 1.02,A(A; + By) =
0.0046, —0.0399, A(A,) = —0.2156,0.0007. Let § = 0.5.

Since one of the eigenvalues of A; + Bj is negative and one of eigenvalues of Aj is positive,
we can’t use results in (Alan & Lib, 2008) to consider stability of switched system (1). By using
the LMI toolbox in Matlab, we have matrix solutions of (5) for unstable subsystems and (6) for
stable subsystems as the following:

For unstable subsystems, we get
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p_ [41.6819 0.0001 0 = 247813 —0.0002] . _ [33.1027 —0.0001
17 10.0001 41.5691| "=~ |-0.0002 24.7848 | "1 — | —-0.0001 33.1044 |~

. [331027 —0.0001] . _ [-0.0372 —0.0023] . _ [50.0412 0.0001
1= 1_0.0001 33.1044 |”°121 = | —0.0023 0.7075 |’°221 = | 0.0001 50.0115|’
T [41.7637 —0.0001}

1= 1-0.0001 41.7920 | -

For stable subsystems, we get
P — (71.8776 2.3932 0, = 7.2590 —0.3265 R, — 10.4001 —0.4667
27 | 2.3932 110.8889| <% ~ | -0.3265 0.8745 |'"2  |—0.4667 1.2806 |’
- 12.7990 —0.4854 - —3.1787 0.0240 S — 4.6346 —0.0289
127104854 3.5031 |"7122 7 | 0.0240 —2.8307] "2~ |—0.0289 4.0835 |’
[16.9964 0.0394 Xon o 17.2639 —0.1536 Xono — —9.6485 —0.1466
0.0394 17.7152] 7112 | —0.1536 14.2310 | ' 122 — | —0.1466 —12.5573 ]’
oo — 16.9716 —0.1635 Y, — —3.4666 —0.1525 7 6.8776 —0.0574
2227 [-0.1635 13.8095 | /2~ |—0.1525 —6.3485| 7% T | —0.0574 5.7924 |-
By straight forward calculation, the growth rate is AT = ¢ = 28291, the decay rate is A~ =
¢ =0.0063, A(Q1,1) = 25.8187,25.8188, 58.7463, 58.8011, A(()p2) = —10.1108, —3.7678,
—2.0403, —0.7032 and A(Q3 ) = 1.4217,4.2448,5.4006, 9.1514, 29.3526, 30.0607. Thus, we may
take A* = 0.0001 and v = 0.00001. Thus, from inequality (7), we have T~ > 456.3226 T™. By
choosing T = 0.1, we get T~ > 45.63226. We choose the following switching rules:
(i) for t € [0,0.1) U [50,50.1) U [100,100.1) U [150,150.1) U ..., subsystem i = 1 is activated.
(ii) for t € [0.1,50) U [50.1,100) U [100.1,150) U [150.1,200) U ..., subsystem i = 2 is activated.
Then, by Theorem 3.1, the switching system (1) is exponentially stable. Moreover, the solution
x(t) of the system satisfies

Ty =

| x(£) ||< 11.8915¢ 70000035 "4 < [0, o0).

The trajectories of solution of switched system switching between the subsystems i = 1 and
i = 2 are shown in Figure 1, Figure 2 and Figure 3, respectively.

x1

x1,x2

100 150 200
time

Fig. 1. The trajectories of solution of linear switched system.



92 Time-Delay Systems

0.2

0.18 1

x1

0.16F o]

0.14r

0.12f

x1,x2

0.1
0.08
0.06
0.04

0.02r

. . . .
0 10 20 30 40 50
time

Fig. 2. The trajectories of solution of subsystem i = 1.

0.2

x1
X2

0.15

0.1r]

x1,x2

0.05 1.

-0.05

. . .
0 50 100 150 200
time

Fig. 3. The trajectories of solution of subsystem i = 2.

Example 4.2 Consider uncertain switched system (1) with time-varying delay and nonlinear
perturbation. Let N = 2, S, = {1}, Ss = {2} where
A — 0.1130 0.00013 B — 0.0002 0.0012
'~ 10.00015 —0.0033| "~ ~ |0.0014 —0.5002] ’

A, [~55200 1.0002 ] o [0.0245 0.0001
27| 1.0003 —6.5500| "2 ~ |0.0001 0.0237|’

0.2000 0.0000 0.1000 0.0000

Eii = Eai = {0.0000 0.2000} i = Hai = {0.0000 0.1000} iA=L

sint 0

bi=Fi= { 0 sint}’izl’z’
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At x(0,x(t=he) = | S ]
)
S

- 0.5x1 (#) sin(xq (¢
; fa(t, x(t), x(t = h(t))) = {0 5x5(t — h(t)) cos(x ))}
| fr(tx(8), x(t = h(E)) > = [0.1x1 (£) sin(x ()] + [0.1xa(f — i (t)) cos(x2(t))]*
< 0.01x% (t) +0.01x3 (t — h(t))
< 0.01 || x(¢) |2 +0.01 || x(t — h(t)) ||?
< O.0L[|| x(t) | + || x(t=h(#)) %
we obtain

I fu(t x(8), x (8 = h(£))) [|< 01 || () | +0.1 [ x( = h(£)) | -
The delay function is chosen as /(t) = 0.25sin® . From

| fa(t, x(£), x(t = k(1)) |[> = [0.5x1 () sin(x1 (£))]* + [0.5x5(t — h(t)) cos(x3(¢))]?
< 0.25x% () +0.25x3 (t — h(t))
<0.25 || x(t) |2 4025 || x(t — k(1)) ||
< 0.25[| x(t) || + || x(t —h(t) 17,

we obtain
| f2(t,x(t), x(t = h(t))) |I< 0.5 || x(t) [| +0.5 || x(t —h(t)) |-

We may take /1)y = 0.25, and from (4), we take y; = 0.1,6; = 0.1,y = 0.5, = 0.5. Note that
A(Aq) = 0.11300016, —0.00330016. Let B = 0.5, 4 = 0.5. Since one of the eigenvalues of A; is
negative, we can’t use results in (Alan & Lib, 2008) to consider stability of switched system
(1). From Lemma 2.4 , we have the matrix solutions of (33) for unstable subsystems and of
(34) for stable subsystems by using the LMI toolbox in Matlab as the following;:
For unstable subsystems, we get
€31 = 0.8901, €41 = 0.8901, €51 = 0.8901,
P — 0.2745 —0.0000 0, = 0.4818 —0.0000 Ri — 0.8649 —0.0000

1= [-0.0000 02818 |"~1 "~ |-0.0000 0.5097 |”"! ™ |-0.0000 0.8729
Siir = 0.8649 —0.0000 Sipr = 104 —0.1291 —0.8517

1L1=1-0.0000 0.8729 |’~121 —0.8517 0.1326
Sl 1.0877 —0.0000

2217 1-0.0000 1.0902
For stable subsystems, we get
e30 = 2.0180, e4 = 2.0180, e5, = 2.0180,
P 0.2741 0.0407 0 = 1.3330 —0.0069 R, — 1.0210 —0.0002

27 10.0407 0.2323| 7 =2 7 | -0.0069 1.3330 |’ 2~ |—-0.0002 1.0210
S _ 1.0210 —0.0002 S _ —0.0016 —0.0002

127100002 1.0210 |22~ | -0.0002 —0.0016] ’
Sy — { 0.8236 —0.0006}

’ —0.0006 0.8236

By straight forward calculation, the growth rate is AT = & = 85413, the decay
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rate is A= = ¢ = 0.1967, A(®1) = 0.1976,0.2079,1.1443,1.1723 and A(®,) =
—0.7682, —0.6494, —0.0646, —0.0588. Thus, we may take A* = 0.0001 and v = 0.00001.

Thus, from inequality (35), we have T~ > 43.4456 T'. By choosing T* = 0.1, we get
T~ > 4.34456. We choose the following switching rules:

(i) for t € [0,0.1) U[5.0,5.1) U [10.0,10.1) U [15.0,15.1) U ..., system i = 1 is activated.

(ii) for t € [0.1,5.0) U [5.1,10.0) U [10.1,15.0) U [15.1,20.0) U ..., system i = 2 is activated.
Then, by theorem 3.3.1, the switched system (1) is exponentially stable. Moreover, the solution
x(t) of the system satisfies

| x(t) || < 1.8770e~ 0000045 " < [0, 00).

The trajectories of solution of switched system switching between the subsystems i = 1 and
i = 2 are shown in Figure 4, Figure 5 and Figure 6, respectively.

1.4

x1
1.2 q

x2

x1,x2

time

Fig. 4. The trajectories of solution of switched system with nonlinear perturbations

5. Conclusion

In this paper, we have studied the exponential stability of uncertain switched system with
time varying delay and nonlinear perturbations. We allow switched system to contain stable
and unstable subsystems. By using a new Lyapunov functional, we obtain the conditions for
robust exponential stability for switched system in terms of linear matrix inequalities (LMIs)
which may be solved by various algorithms. Numerical examples are given to illustrate the
effectiveness of our theoretical results.
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x1,x2

time

Fig. 5. The trajectories of solution of system i = 1

0.7

x1
X2

051 1

0.4 9

x1,x2

0.3r q

0.2 1

0 0.5 1 1.5 2 25 3
time

Fig. 6. The trajectories of solution of system i = 2
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On Stable Periodic Solutions of One Time Delay
System Containing Some Nonideal Relay
Nonlinearities

Alexander Stepanov
Synopsys GmbH, St.-Petersburg representative office
Russia

1. Introduction

Problems of stabilization and determining of stablility characteristics of steady-state regimes
are among the central in a control theory. Especial difficulties can be met when dealing with
the systems containing nonlinearities which are nonanalytic function of phase. Different
models describing nonlinear effects in real control systems (e.g. servomechanisms, such as
servo drives, autopilots, stabilizers etc.) are just concern this type, numerous works are
devoted to the analysis of problem of stable oscillations presence in such systems.

Time delays appear in control systems frequently and are important due to significant impact
on them. They affect substantially on stability properties and configuration of steady state
solutions. An accurate simultaneous account of nonlinear effects and time delays allows to
receive adequate models of real control systems.

This work contains some results concerning to a stability problem for periodic solutions
of nonlinear controlled system containing time delay. It corresponds further development
of an article: Kamachkin & Stepanov (2009). Main results obtained below might generally
be put in connection with classical results of V.I. Zubov’s control theory school (see Zubov
(1999), Zubov & Zubov (1996)) and based generally on work Zubov & Zubov (1996).

Note that all examples presented here are purely illustrative; some examples concerning to
similar systems can be found in Petrov & Gordeev (1979), Varigonda & Georgiou (2001).

2. Models under consideration
Consider a system

Xx=Ax+cu(t—1), 1)
here x = x(t) € E", t > tg > T, Aisreal n x n matrix, ¢ € E", vector x(t), t € [tg — T, t¢], is
considered to be known. Quantity T > 0 describes time delay of actuator or observer. Control
statement u is defined in the following way:

u(t—=1)=f(o(t-1)), ct—1)=9"x(t-1), 1Y€E", |7]#0
nonlinearity f can, for example, describe a nonideal two-position relay with hysteresis:

my, o< er
my, o >1,

flo) = @
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here Iy < I, my < mp;and f(o(t)) = f— = f(o(t —0)) if o € [I3;15].

In addition to the nonlinearity (2) a three-position relay with hysteresis will be considered:
lo| <1,

o] € (Ip; 1), f-=0;

(S [—l,’ —10), f7 =mq,

= ’ 3
fo) =4 m, 1 7S ®
y, (S (10; l}, f7 = mpy,
o>

(herem; <m <mp, 0<Iy <l
Suppose that hysteresis loops for the nonlinearities are walked around in counterclockwise
direction.

3. Stability of periodic solutions

Denote x(t — tg, xp, 1) solution of the system (1) for unchanging control law u and initial
conditions (g, xg)-
Let the system (1), (3) has a periodic solution with four switching points §; such as

81 = x(Ty,84,mp), 8 =x(T1,81,0), 83 =x(Tp,8,my), 84=1x(T3353,0).
Lets;, i = 1,4 are points of this solution (preceding to the corresponding $;) such as
Vsi=1l, Vs2=-1l, 'ss=-lp, Ysas=1,
(let us name them Tpre-switching pointsT, for example), and
$1=x(7,81,mp), S =x(17,5,0), 83=ux(1,53,m1), 84=2x(T,540),

or
Sip1 =x(Ty8,u;), 8 =x(T,8,ui-1),

where
up =0, up=my, uz=0, uy=mp

(hereafter suppose that indices are cyclic, i.e. fori = 1,m one havei+1 = 1ifi = m and
i—1=mifi=1).
Denote

v; = Asiy1 +cuj, ki =7'v;.

Theorem 1. Let k; # 0and |[M| < 1, where

1
M=TIM;, M= (1-k o) AT,
i=4

then the periodic solution under consideration is orbitally asymptotically stable.
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Proof As
Ti—T
Sit1 :eA(Tf_T)éi+/() ATt ey dt, 5 =et sl+/ AT ey, dt,

then the expression for s; 1 can be written in a following form:

siq = eATis; 4 e / e Aeou; 1dt+/ A== oy, dt =
eATi (s +/ cu, 1dt+/ cu dt)

(sit1)y, = €M, (siv1)y, = Asipa +cup =y,

So,

and
d(v'sit1) =0=+"eids; + 9/v;dT;, dT; = —k; 1o/ Tids;,
dsiiq = eMids; — v, ki 1 4 eTids; = (I — k;lvi'y/) eAT" ds; = M;ds;.

Denote ds]{ the successive deviations of pre-switching points of some diverged solution
from s1. In such a case

dskJr1 H M; d51

The system under consideration causes continuous contracting mapping of some
neighbourhood of the point s; lying on hyperplane s = Iy, to itself. Use of fixed point principle
(Nelepin (2002)) completes the proof. [ ]

Example 1. Let T = 0.3,

~01-01 0 1 02
A=| 01-01 0, c=[1), v=| o],
0 0001 1 -1

myp = qil, lo = 01, [ =0.5.

System (1), (3) has periodic solution with four switching points; the pre-switching points are:

0.468349 0.005176
51~ 0.497302 |, sp~ | —0.000633 |, s3= —sq, S4= —Sp;
—0.006307 0.501036

and
T1 ~ 53.6354, T2 ~ 0.7973, T3 = Tlr T4 = Tz.

As [|[M|| ~ 0.0078 < 1, then the periodic solution is orbitally asymptotically stable.
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Similarly, the system (1), (3) may have a periodic solution with a pair of switching points 31 »
and a pair of pre-switching points s;  such as

§1 :x(T2/§21m2)/ A2 :x(Tllgllo)/
81 =x(t,51,m2), v's1 =1l & =2x(1,%,0), s =L
for some positive constants Tj . This solution will be orbitally asymptotically stable if

ki =7"vip #0, where v;=Asj+cu;, i#j, u;=0, uy=my,

and
| M| = H (I - kz_lvz'y'> eAT2 (I - kl_lvl'y') ATl <1
(the proof is similar to the previous one).
Example 2. Let T = 0.5,
-01-02 0 1 0.1
A= 02-01 0], c=[1), 9= 0],
0 0001 1 -1
lo =075 1=1, myy = F1.
Then the system (1), (3) has a periodic solution with pre-switching points
0.2727 0
s1 = 0.2886 |, sp = 0|, Tpy=149.6021, T, =0.7847,
—0.7227 -1
IM|| =~ 0.9286 < 1,
and the solution is orbitally asymptotically stable.
4. Some extensions (bilinear system, multiple control etc.)
Consider a bilinear system
¥ =Ax+ (Cx+c)u(t—1), 4)

In case of piecewise constant nonlinearity it is easy to obtain sufficient conditions for orbital
asymptotical stability of periodic solutions of this system.
Denote x;(t — tg, xp), i = 1,4 solution of the system

X =Aix+c;,
where (g, xg) are initial conditions and
A1 =A3=A, Ay=A+Cmy, Ay=A+Cmy, c¢1=c3=0, cp=cmy, c4=cCmy.

Lef the control u is given by (3) and the system (4), (3) has a periodic solution with four control
switching points (see the Theorem 1) 3; and "pre-switching" points s; such as

§i+1 = X (Tirgi) , ’)/151 = 10, ’)’,52 = —l, ’)/153 = —lo, ’)/IS4 =1

Denote

v = Ai5i+1 +cj, ki = ’)//Ul', i=1,4.
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Theorem 2. Ifk; # 0 and

1
IMI| = [T (1=K tony) AT (A=) <1,

i=4

then the periodic solution under consideration is orbitally asymptotically stable.

Proof As
sip1 =% (T —7,8) = (T, — T, %1 (T,51)) =

T Ti—t
— AT=T) (eA,-,lrsiJr/ eAifl(T—t)ci,ldt) +/
Jo 0

— ATHA—A)Tg AT T) /
0

eA"(T"_T_t)cidt =

T Ti—1
A (T, Ldt 4 +/ A==t .t
0

then

I — pATiH (A= AT

(si41)s, o (si1)T, = Ajsiz + .
1 1

So, asd (y'siz1) =0,

’y/eAiT"*(Ai*l*Ai)Tdsi = —kidT;, dsj 1= (I — k;lvi'y’) ATt (A= A)T g

and ds’f"‘1 = Mds]{. Use of fixed point principle completes the proof. [ ]

Example 3. Let, for example, T = 0.3,

—-0.1-0.05 0 0 005 0 1
A= 01-005 0], C=/(005 —-01005|, c=(1],
0 0 0.01 0-005 0 1

7 =(-0205-1), Ip=01, =05 my=FL

In such a case the system (4), (3) has periodic solution with pre-switching points

0.6819 —0.0534 —0.6096 0.1127
sp~ | 05383 |, sy~ | —00073 |, sy~ | —0639 |, sy~ | —0.0664 |,
0.0328 0.5070 —0.0979 —0.5557

T ~ 422723, T, ~0.8977, T3~ 33.5405, T, ~ 0.8969.

One can verify that k; # 0, and
|IM]| ~ 0.8223 < 1.

So, the solution under consideration is orbitally asymptotically stable.
Note that if matrices A, = A 4 Cm;  are Hurwitz, and
1 g1 1 g1
YAy temy <y, —v' Al cmy > Iy,

then the system (4), (2) has at least one periodic solution.
By the analogy with the system (1), a system with multiple controls can be observed:

X =Ax+cu (o1 (t— 7)) +cuz (02(t — ) - @)
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Suppose for simplicity that u; are simple hysteresis nonlinearities given by (2):

my, o<l .
ui(a):u(a):{m; U;>li ci=vx, i=12.

Denote x (t — to, X, 1, u2) solution of the system (5) for unchanging control laws u;, and
initial conditions (tg, xg). Let the system has periodic solution with four switching ($;) and
pre-switching (s;) points such as

§1 = x(T4/ §4/ my, mZ)/ A2 = (Tl/§1/ m]/mz)/ §3 = x(TZI §2/ mlrml)/ §4 = x(T3/ é\3/ my, ml)/
81 = x(t,81,mp,my), 8 = x(T,8p,my,mp), 83 =x(T,83,m1,my), 84 =x(T,84,mp,m7),
/ ! ! /

7151 = —li, 72 =—b, Y153=1L, 754 =1.

Denote

p1 = cimy +camp,  pp =cimy+cmy,  p3 =cimp +Ccmy, Py = Cc1mp + oMy,
v;=Asiy1+pi, =14 k=701, k=70, ki=703 k=704,
M; = (I - kl_lvlfy'2> Al M, = (I - kz_lvz'yD ALz,
Ms = (I — k;103’)//2> B, My = (I — k47104'yi> eATe,

It is easy to verify that the solution under consideration is orbitally asymptotically stable if
k; # 0and

1
[IMi

i=4

<1l

Example 4. Consider a trivial case:

_ )\1 0 o 1 o 0 [ o 0
A=(50) a=l) e=() n=(5) ==(2)
So the system can be rewritten as a pair of independent equations

X1 =Mx1+u (alx(t — Tl)) ,
Xp = Apxp +u (aox(t —1));

or
01 = Moy +agu (o (t— 1)),
0y = Ao + apu ((72(1’ — Tz)) .
Let, for example, Ay >0, Ay <0, Iy = —Ilp =—I, my = —my = —m, 7y = Tp = T. Denote

fi =Ml —a;A? (eAiT — 1) m, i=1,2.
Between switchings o looks as follows:

o;(t) = eMto;(0) + zxi/\;l (e’\it — 1) u, i=1,2.
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Suppose t1 is a positive constant such as

am ~
At

(041"1 n f1> QO5Mh g = 2 am=Mh
/\1 /\1 aym + )\1 ll
Similarly,
2 nom — /\ziz
=—In——==.
A2 wom + Aqly
If t; are commensurable quantities (i.e. t1/ty is rational number) then the system has a periodic solution
with the period T = LCM (t1, t).
This example also demonstrates that there can exist an almost periodic solution of the system (5) (as a
superposition of two periodic solutions with incommensurable periods) if t1/t, € T.
Let, for example,

5]

=01, M=-A=A=01 I=m=1.

Let us choose parameters o in such a way that t| = ty. It is easy to verify that the latest equality
holds true if

061—/\2\1 o le—/\iz ﬂ 1;1
o+ /\il ay + /\iZ ’ a2 iz
So,
al/\l
Ky =

(Al — aqm) AT + 20y mer™ — agm’
Let o = —1, then
wy ~ —0.979229,

then we can calculate lA1,2:
I} ~1.110552, [, ~ 1.087485.

And, finally,
t =ty ~ 4.460606.

The system under consideration has a T-periodic solution, T = t;. Let s’1 = (1 0), then

sh &~ (0.19809 1.02122), s3 = —s1, sS4 = —s4,
Ty = T3 ~ 107715, T, = Ty ~ 1.15315;

and
k+1 _ k _ 00
dsy = Mdsy, M= (1.1362... 1 > '
So,assyy =1, thends; = 0,
k+1 k
dslz =dsy,,
and the periodic solution under consideration cannot be asymptotically stable (of course this fact can be
established from other general considerations).
It is obvious that the system under consideration may have periodic solutions with greater amount of
switching points (depending of LCM (t1, t) value).

Similar computations can be observed in case of nonlinearity (3).
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5. Stability in case of multiple delays

In more general case the system under consideration can also contain several nonlinearities or
several positive delays 7; (i = 1, k) in control loop:

X(t) = +Cf<2% t—n), vi € E", vl #0. (6)

Let, for example, k =2, 71 =0, 7, = T, denote § = 71, ¥ = 72, i.e.
(t) = Ax(t) +cf (6(t) +o(t—1)), 6=9x o= )

Consider one simple particular case. Let f is given by the (2) and the system (7), (2) has a
periodic solution with two switching points $; , such as

§1 = X(Tg,§2,ﬂl2), §2 = X(Tl,§1,m1),
V814+9s1=h, Y%+9s2=0h.

Here
8 =e"Tsy +/ (T Demydt, § = 475 —|—/ (=D emydt.

Denote
/ n T ~ T
r= (eAT) T+, L=1L-— ’y’/ AT D emydt, =1 — ’y’/ eAT D emy dt.
0 0

then

Theorem 3. Let
v1 = Asp +cmy, vy = Asy +cmp, k1,2 = 1"’01,2 #0,

and
| (1= i oar) ! (1=K tour”) T

then the periodic solution under consideration is orbitally asymptotically stable.

<1,

Proof The proof is similar to the previous proofs. As d (I's;) = 0, then
dsi 1 = (I - kl_lvil“') eATids; = Mds;.

So, ds’l‘+1 = MM, ds]f, and use of fixed point principle completes the proof. ]

Note that here we can obtain sufficient conditions for the orbital stability in the alternative
way. Suppose

!
r=4+(e4)y, h=h+v / Algmadt, Ty =1y + / Aty dt,
01 = ASy+omy, vy = ASi+comy, ki =T'vy,

in such a case
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and the periodic solution will be orbitally asymptotically stable if k1 » 7# 0 and
H (I — k;lvzfl> AT (I — kflvlr/) AT

All the above statements we can reformulate in a similar way, defining the above vector T,
considering the switching points instead of pre-switching and re-defining threshold values [;
(or Iy, I in case of (3)).

Let us return to the system (6). In general case we can repeate the previous derivations. Let it
has a periodic solution with two control switching points $; 5, such as

k k
! !
Y visii=h, Y visi=Dh,
i=1 i=1

<L

where

S1=x (71,51,1', mz) , Sh=x (TirSZ,izml) ’

Ti
<€_AT1§1 — /
0

Then
k

Y i

e‘Atcmzdt> =1,
i=1

and .
F§] = l], ] = 1,2,
here
k / . k T R k T
r=Y% (e_AT"> v, hL=hL+ Z 72/0 e AMempdt, I =1+ Z 7{/ e~ Aomydt.

i=1

So the considered periodic solution will be orbitally asymptotically stable if k; , # 0 and

H (I — kfvﬂ’) AT (I _ kflvll"’) AT <1,

where

v = ASy +cmy, vy = A8 + cmp, k1,2 = 1"’01,2.
Of course the system considered can have periodic solutions with amount of control switching
points larger then two. Consider an example:

0.536 0
—1.108

—0.567

Example 5. Consider the system (6), (2). Let 71 = 0.013, 75 = 0.015,
0

C(EYE) () ()

075 1. 075
I, =01, I,=05.
System (1), (2) has periodic solution with six switching points:

0.25 —-7. =3.75
myp = F1,
0.69484
& ~ | —0.64902
2.12876
( 0.51706

—1.95858
3.43423

S4 =

0.06226
—1.91945
2.92801

1.08072
—0.87355
2.93260

) o
)

)
)

0.72238
—1.05935
2.95759

0.11909
—1.44650
2.05635

)
)
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Ty =~ 18724, T, ~ 04018, T3 ~6.8301, T4~ 04019, T5~1.6087, T, ~ 0.4084.

Let
/ !
r— (fATl) y1+ (e*ATZ) 72 ~ (0.552607 —1.144496 —0.584956) ,
A T T
Lh=1h+ 'yi/ e Memadt + 'yé/ e Momodt ~ —0.118450,
0 0
& Y By I Y
Lh=1+ 'yl/o e “emydt + 72/0 e “temydt =~ 0.518450,
then
' =T'83=10, T, =T34 =1
Denote

One can verify that

ki =T (A8 1 +cu;) #0, i=1,6.

Let
M; = (I — k7 (Asiq +euy) T

~——
(o
B
=
~

in such a case

1
[IMi| = 013771 < 1

i=6

M| =

and the periodic solution under consideration is asymptotically orbitally stable.

Let us obtain similar results for the system (4). Suppose for simplicity that
¥=Ax+ (Cx+c)f(6(t)+o(t—71)), 0=%4"x, oc=9'x 8)

Let f is given by the (2). Denote
AT T Ai(T
Ai=A+Cmy, c¢i=cmy, i=12 x(T,x)=eTx +/ ATt ¢, dt.
0

Let the system (8), (2) has a periodic solution with two switching points 3; » such as

§1 = XZ(TZr §2)/ §2 = xl(Tllgl)/
Vsi+a'si=0, 7

here . .
§1 = €A2T51 +/ €A2(T7t)C2dt, §2 = EAlTSZ + / EAl(T?t)Cldt.
0 0

SO/
')’3 S]+')// e ( t)CZdt"")’S]—l], r)/e Sz+')// e ( t)C]dt"")’Sz—lz,

or
!/ 7 !/ 7
F151 = ll/ F252 = lz,
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where
i !
| = (eAzT> I+, Ip= (eA1T> Y4+,
~ T N T
1= [T e, b=l [Tt
0 0
Let
v = A1sp+c1, v =Axs1 40, k= 1"’201, ky = 1"302.
Theorem 4. Ifky, # 0and
(1K oary) Pemsa=e (1 rigyry) AT (o] < 1,
where
Ai=A+Cm;, ¢ =cm; i=12.
Then the considered periodic solution is orbitally asymptotically stable.
Proof As
sp =x1 (T — 7, x2(7,81)) =
— 3A1T1+(A2_A1)T51 + €A1(T1—T) /T eAz(T—f)Czdt + /Tl—T eAl(Tl—T—t)Cldt’
0 0
(s2)g, = Mt (A AT, (s2)7, = A1sa+¢1 =1y,
then
0=d (FQSZ) = r’28A1T1+(A2_A1)Td51 + kldTl,
dT; = 7k1—11—~/2€A1T1+(A2—A1)Td51, and ds, = (I 7k1—101r12> eA1T1+(A2_A1)Td51.
Similarly,
dsy = (I _ k;102r11> €A2T2+(A1*A2)Td52.
In order to finalize the proof one can use the fixed point principle for s;. ]

In case of the system (8), (3) the sufficient conditions for orbital stability will change slightly.

Let the system has periodic solution with four control switching points 3;, i = 1,4, where

$iy1=x; (T1,8)-
Lets;, i = 1,4, are points on the trajectory of the solution such as

A

8 =xi_1(5:,7),

and

~la

Y Si + ,Ylsl' = lir ll = lOr 12 = 71/ 13 = 710/ l4 =1
In such a case .
§'eti1Ts; + 'AY'/O AT e ydt 4+ 9's; =1,

or

" ! " T
l"is,- = li/ i= 1,4, l"i = <€Ai’1T> ’? + Y, l,‘ = l,‘ — ”)\///0 EA"’l(Tit)Ci_ldt.
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Denote
/ -1 / AT+ (Ai1—A)T
v; = Aisi 1+c¢i, ki — ri 10i, Mi — (l — ki oI 1) eftiti (Aiza i)

Theorem 5. Letk; #0,i = 1,4, and

1

[TMm;

i=4

<1,

then the periodic solution is orbitally asymptotically stable.
Let us skip the proof, it is similar to the above one.
Example 6. Let A, c, l1, my o are the same as in the example 5,
—0.01 0 0
C= 0 0.005 0],
—0.01 0.01 0.005

and
%= Ax+ (Cx+c) f (—0.565x3(t) — 1.11x (t — 0.015) + 0.54x; (t — 0.1)),

where f is given by the (2). Le.

71=0, 1 =0.015 13=0.1,
71 =(00-0565), 5= (0-1110), ~53=(05400).

In such a case the system has a periodic solution with four switching points

8 ~ (1.1250 —1.0662 3.3411) , & (0.1806 —1.3848 2.0040) ,
8~ (0.7081 —0.6317 2.0672) , 8 ~ (0.5502 —2.1717 3.9062) ,
T1 =~ 1.5668, T, ~ 0.3846, T3 ~4.4353, T, ~ 0.3890.

Denote
A1,2 =A + lelz,
/ /
Ii=m+ (67A2T2) Y2+ (87A2T3> Y3 R (0.564337 —1.035933 —0.538052)',

=7+ (e‘Am)/ v+ (e—Alfs)/yg, ~ (0563215 —1.036110 —0.538057)

L&)
0

; ) A
=1+ 'yé/ e~ Mtemydt + 7§/ e~ emydt ~ —0.058212,
0
~ © A L&) A
bh=1l+9 / e~ Memydt + +4 / e~ M omydt & 0.458270.
Jo Jo
Then
IMs1 =T =10, Thé=This=Dh.
Let

v1 = A8 +cmy, vy = ApSz+cmy, v3 = A184+cmy, vy = A8+ cmpy,

©)
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One can easy verify that

k1 = 1“’201 7é 0, k2 = 1"’12;2 7& 0, k3 = 1"’203 7& 0, k4 = 1”’104 ?é 0.

Denote
My = (1 - kl_lvll"'2> M M, = (1 sz-lmr’l) Ml
M = (1 - k;lo3r’2) M M, = (1 —k4‘1041“’1) A2Ts,
and
4
[M]| = |] M|l =~ 0.3033 < 1.
i=1
So, as dsktl = Mdsk, the periodic solution under consideration is orbitally asymptoticall
1 1 P y asymp y
stable.

Similar results can be obtained in case of nonlinearity (3).

6. Perturbed system
Consider a system:
X =Ax+c(o(t) +u(t—1)), (10)

where ¢(t) is scalar T,-periodic continuous function of time. Let f is given by (3).
Consider a special case of the previous system (see Nelepin (2002), Kamachkin & Shamberov
(1995)). Letn =2,

F+g1y+ gy =ult—1)+¢(t), (11)
here y(t) € R is sought-for time variable, g1 » are real constants, o = a1y + a2)j, a1, are real
constants. Let us rewrite system (11) in vector form. Denote z’ = (y ), in that case

z=Pz+q(e(t)+u(t—1)), (12)
ut—1)=f(o(t—71)), =40z

p_ (_gg_;), qi(?)' “:(Z;)

Suppose that characteristic determinant D(s) = det (P — sI) has real simple roots A; 5, and
vectors g, Pq are linearly independent. In that case system (12) may be reduced to the

form (10), where
(M0 (1
= (o) =)

by means of nonsingular linear transformation

where

Ni(M) Ni(A2) d

D'(A) D'(A

z=Tx, T= Nzw Nz%/\ig , D'() = £ D)
D'(A1) D'(Az2)

2
. Nj(s) = )_aiDi(s), (13)
i

S:/\]‘

Djj(s) is algebraic supplement for element lying in the intersection of i-th row and j-th column
of determinant D(s).
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Note that
c=9"x, y=Ta

Furthermore, since
2
—1 .
Yi = — (D/ ()\i)) Za]N] ()\i), 1 21,2.
et

then 1
=M =)+ amAr), ve= (A —A) 7 ( +ands).

Transformation (13) leads to the following system:

X1 = Mg +f ((T(f - T)) + gU(t), (14)
If, for example,
a1 = —Mag,

then
11=0, T2=0ay, 0T=72%.

Function f in that case is independent of variable x;, and
0= M0+ 72 (f(1222(t = 7)) + @(t)).
Solution of the latest equation when f = u (Where u = my, my or 0) has the following form:

t
o (t, ty, 0p, u) = (1) gy oy Mot / e (u + q)(s)) ds.
Jty

Let us trace out necessary conditions for existing of periodic solution of the system (10), (3)
having four switching points 3;:

o =0(h,to+7,00,0), 0 =0(t1+7,1,0,0),
03 =0 (b, t1 +7T,00,my), 03 =0 (tr+7T,tr,03,m),
o4 =0 (t3,t0+17,03,0), 0y =0 (ts+7,13,04,0),
01 =0 (tg,t3+7,04,m2), 01 =0 (t4+7,t4,01,m2),

for some positive T;, i =1,4,and t; = t; 1 + T;. Denote u; =0, wup=my, uz=0, uy=
My, then

Oip1 =0 (t, tia+ 7T, 0(tig + 7T, tiy, 05, 1), Uy) =

ti1+T
= ¢h(li-D) (e)‘ﬂai + ettt D) / U et (w4 (1) dt) +

Jtig

ti
O / e M (u;+ (1)) dt = e™Tio; + K;,
t

i1t+T

where

t ti+T ti
K; = et (/ e Mlo(t) dt +/ e Mty g dt + e_)‘ztuidt) .

ti1 i tia+T
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So,

o 0 0 0 ™\ /oy Ky

ol et 0 0 0 ol K,

| | 0 e 0 0 o3 K3

04 0 0 2B o 04 Ky
and

o = (1—eMT) (KpeM (ATt 4 goeM (Tt D) 4 g eteTs 4 Ky ) = I,

oy = (1—eMT) (KzeM2 (Tt T+T) 4 Keo(TitTs) 4 KoeteTt 4 Ky) = —1,
o= (1- ehaT K4e)\2(T1+T2+T4) + Kle/\z(Tr‘rTz) 4 KzeAsz +K3) =—1p,
o= (1- eMT Kle)\Z(T1+T2+T3) + Kze/\z(T2+T%) 4 K3€A3T3 +Ky) =1,

here T = Ty + T> + T3 + T4 is a period of the solution (let it is multiple of T,). Consider the
latest system as a system of linear equations with respect to y,, m (for example), i.e.

o =Y1(m,v2) =l, 02=Yo(m, ) =—1, 03 ="T3(m 1) =—l, o4="T4(m1)=L

Suppose ¥; = —¥;, (it can be if the solution is origin-symmetric).
Denote .
lpi(t) = U(ti +t, ti, 0y, uifl) , te [0, T) ’
lpi(t)I(T(ti—f—T—l—t,fi—l-T,(ATl,ui), tG[O,TZ’—T)
Following result may be formulated.

Theorem 6. Let the system
Y1(m, 72) = lo,
lIIZ(’/”/ 72) =L

has a solution such as for given <y = (0, y2) " and m conditions

P1(t) > -1, te]o, 1),

1P1(t)>*l, te [0, Tlf’l'),

¢2(t) > —lo, t e [O, T),

1[)2(1’) > —lp, te€ [0, T — T), (15)
P3(t) <1, telo, 1),

lpg(t) <l, t e [O, T3—T),

1[34(1’) > lo, t e [0, T),

l/J4(t) > Iy, te [O, Ty — T)

are satisfied. In that case system (14) has a stable T-periodic solution with switching points §;, if
M <0 and

-1
TT,” €N

Proof In order to prove the theorem it is enough to note that under above-listed conditions

system (14) settles self-mapping of switching lines ¢ = I;. Moreover, for any x(/) lying on
switching line,

xgiﬂ) = e)‘lTxgi) +0, OcR,
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and in general case (® # 0) the latter difference equation has stable solution only if A; < 0. m
In order to pass onto variables z; it is enough to effect linear transform (13).

Note that conditions (15) may be readily verified using mathematical symbolic packages.

Of course the statement Theorem 6 is just an outline. Further investigation of the system (11)
requires specification of ¢ function, detailed computations are quite laborious.

On the analogy with the previous section a case of multiple delays can be observed.

7. Conclusion

The above results suppose further development. Investigation of stable modes of the
forced system (10) is an individual complex task (systems with several delays may also be
considered). Results similar to obtained in the last part can be outlined for periodic solutions
of the system (10) having a quite complicated configuration (large amount of control switching
point etc.).

Stabilization problem (i.e. how to choose setup variables of a system in order to put its steady
state solution in a prescribed neighbourhood of the origin) was not discussed. This problem
was elucidated in Zubov (1999), Zubov & Zubov (1996) for a bit different systems.
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1. Introduction

The presence of a time delay is a common property of many technological processes. In
addition, a part of time delay systems can be unstable or have integrating properties.
Typical examples of such processes are e.g. pumps, liquid storing tanks, distillation columns
or some types of chemical reactors.

Plants with a time delay often cannot be controlled by usual controllers designed without
consideration of the dead-time. There are various ways to control such systems. A number
of methods utilise PI or PID controllers in the classical feedback closed-loop structure, e.g.
(Park et al., 1998; Zhang and Xu, 1999; Wang and Cluett, 1997; Silva et al., 2005). Other
methods employ ideas of the IMC (Tan et al., 2003) or robust control (Prokop and Corriou,
1997). Control results of a good quality can be achieved by modified Smith predictor
methods, e.g. (Astrém et al., 1994; De Paor, 1985; Liu et al., 2005; Majhi and Atherton, 1999;
and Matausek and Micic, 1996).

Principles of the methods used in this work and design procedures in the 1IDOF and 2DOF
control system structures can be found in papers of authors of this article (Dostal et al., 2001;
Dostél et al., 2002). The control system structure with two feedback controllers is considered
(Dostél et al., 2007; Dostal et al., 2008). The procedure of obtaining controllers is based on the
time delay first order Padé approximation and on the polynomial approach (Kucera, 1993).
For tuning of the controller parameters, the pole assignment method exploiting the LQ
control technique is used (Hunt et al., 1993). The resulting proper and stable controllers
obtained via polynomial Diophantine equations and spectral factorization techniques ensure
asymptotic tracking of step references as well as step disturbances attenuation. Structures of
developed controllers together with analytically derived formulas for computation of their
parameters are presented for five typical plant types of integrating and unstable time delay
systems: an integrating time delay system (ITDS), an unstable first order time delay system
(UFOTDS), an unstable second order time delay system (USOTDS), a stable first order plus
integrating time delay system (SFOPITDS) and an unstable plus integrating time delay
system (UFOPITDS). Presented simulation results document usefulness of the proposed
method providing stable control responses of a good quality also for a higher ratio between
the time delay and unstable time constants of the controlled system.
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2. Approximate transfer functions

The transfer functions in the sequence ITDS, UFOTDS, USOTDS, SFOPITDS and UFOPITDS
have these forms:

G- M
Co(e) = — e @

K 748
&= e D) ©)
Gy 5(9) :ﬁ et 4

Using the first order Padé approximation, the time delay term in (1) - (4) is approximated by

TS 2-148 5)

24748
Then, the approximate transfer functions take forms

G (s):K(Z—rds):bO—bls ©)
Al s(2+17,8)  s*+as

where b, _2K , bp=Kand a; -2 for the ITDS,
Td Td
K((2-17,s by —bys
Gnle) =229 ___boby %
(zs=-1)(2+7;8) s +mas+a
with b, :g,b1 :E, aq :—i, a :M and t4# 2t for the UFOTDS,
TTd T TTd TTd
Cas(s) = K(2—-1,5) - boz— bys ®)
(7y5=1) (5 +1)(2+1745)  s° +a,5" +ay5—ay
where
by = 2K by = K = 2 ’u1:2(11—12)—rd,
1727, 17 177 177
a, :M and tq4 # 211 for the USOTDS, and,
11727
K(2-7,s by —b;s
Gaas(e) == ___ Wh ©)

Cs(rs21)(2+745)  $°+aps? +ays
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+
where b, :g, b, :E, a :ii, a, _2rEy and t; # 2t for the SFOPITDS and
TTy T TT, TT,
UFOPTDS, respectively.
All approximate transfer functions (6) - (9) are strictly proper transfer functions
b(s
Gale) =2 (10
a(s)

where b and a are coprime polynomials in s that fulfill the inequality degb <dega.

The polynomial a(s) in their denominators can be expressed as a product of the stable and
unstable part

a(s)=a’(s)a (s) 11)
so that for ITDS, UFOTDS, USOTDS and SFOPITDS the equality

dega =dega-1 (12)
is fulfilled.

3. Control system description

The control system with two feedback controllers is depicted in Fig. 1. In the scheme, w is
the reference, v is the load disturbance, e is the tracking error, uo is the controller output, y is
the controlled output, u is the control input and Ga represents one of the approximate
transfer functions (6) - (9) in the general form (10).

Remark: Here, the approximate transfer function Ga is used only for a controller derivation.
For control simulations, the models G; - Gs are utilized.

Both w and v are considered to be step functions with Laplace transforms

The transfer functions of controllers are assumed as

Q) =1 Rgy=11) (14)
p(s)

where §,randp are polynomials in s.

Fig. 1. The control system.



116 Time-Delay Systems

4. Application of the polynomial method

The controller design described in this section follows the polynomial approach. General
requirements on the control system are formulated as its internal properness and strong
stability (in addition to the control system stability, also the controller stability is required),
asymptotic tracking of the reference and load disturbance attenuation. The procedure to
derive admissible controllers can be performed as follows:

Transforms of basic signals in the closed-loop system from Fig.1 take following forms (for
simplification, the argument s is in some equations omitted)

Y(s)= % [rW(s)+pV(s)] (15)
E(9) == [ (a5 + B W () - bpV(S)] (16)
Us) = %[r W(s)+pV(s)] (17)
where
d(s) = a(s) p(s) + b(s) [ r(s) +4(s)] (18)

is the characteristic polynomial with roots as poles of the closed-loop.
Establishing the polynomial ¢ as

#(s) = r(s) +4(s) (19)

and substituting (19) into (18), the condition of the control system stability is ensured when
polynomials p and ¢ are given by a solution of the polynomial Diophantine equation

a(s)p(s) +b(s)(s) = d(s) (20)

with a stable polynomial 4 on the right side.

With regard to transforms (13), the asymptotic tracking and load disturbance attenuation are
provided by divisibility of both terms ap+bg and p in (16) by s. This condition is fulfilled
for polynomials p and g having forms

p(s)=sp(s), §(s)=sq(s). (1)

Subsequently, the transfer functions (14) take forms

_46) _ 1)
Q)= RO @

and, a stable polynomial p(s) in their denominators ensures the stability of controllers (the
strong stability of the control system).

The control system satisfies the condition of internal properness when the transfer functions
of all its components are proper. Consequently, the degrees of polynomials g and r must
fulfil these inequalities
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degg<degp, degr<degp+1. (23)

Now, the polynomial ¢ can be rewritten to the form

t(s) =7(s)+sq(s) . (24)

Taking into account solvability of (20) and conditions (23), the degrees of polynomials in
(19) and (20) can be easily derived as

degt=degr=dega, degg=dega—-1, degp>dega—1, degd>2dega. (25)

Denoting deg a = n, polynomials f, ¥ and g have forms

) =St 1(s)= D s, ge)=3 g, (26)

i=0 i=0 i=1

and, relations among their coefficients are
nn=ty, ri+q;=t; fori=1,...,n (27)

Since by a solution of the polynomial equation (20) only coefficients t; can be calculated,
unknown coefficients 7; and g; can be obtained by a choice of selectable coefficients

Vi € <0,1> such that

r=yit;, g=1-y)t; for i=1,...,n. (28)

The coefficients y; divide a weight between numerators of transfer functions Q and R.
Remark: 1f y;=1for all i, the control system in Fig. 1 reduces to the 1DOF control
configuration (Q = 0). If y; =0 for all i, and, both reference and load disturbance are step
functions, the control system corresponds to the 2DOF control configuration.

The controller parameters then result from solutions of the polynomial equation (20) and
depend upon coefficients of the polynomial d. The next problem here is to find a stable
polynomial d that enables to obtain acceptable stabilizing and stable controllers.

5. Pole assignment

The polynomial d is considered as a product of two stable polynomials g and m in the form
d(s) = g(s)m(s) (29)

where the polynomial g is a monic form of the polynomial g’ obtained by the spectral

factorization

[sa(s)] @[sa(s)]+b*(s)b(s) = £ (s) 8'(5) (30)

where ¢ > 0 is the weighting coefficient.
Remark: In the LQ control theory, the polynomial g’ results from minimization of the

quadratic cost function
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J=

o3

{ 1)+ pi? ()t 31)

where e(t) is the tracking error and #(t) is the control input derivative.

The second polynomial m ensuring properness of controllers is given as

m(s)=a*(s)=s+ 2 (32)
Ta
for both ITDS and UFOTDS,
m(s)=a*(s) :[s+£](s+l] (33)
7, 7,

for the USOTDS, and,

m(s) = [s +%J(s+%). (34)

for both UFOPITDS and SFOPITDS.

The coefficients of the polynomial d include only a single selectable parameter ¢ and all
other coefficients are given by parameters of polynomials b and a. Consequently, the closed
loop poles location can be affected by a single selectable parameter. As known, the closed
loop poles location determines both step reference and step load disturbance responses.
However, with respect to the transform (13), it may be expected that weighting coefficients y
influence only step reference responses.

Then, the monic polynomial g and derived formulas for their parameters have forms

8(5) ="+ 85" + 15+ & (35)
for both ITDS and UFOTDS, where

2K |1 1( 4K 2 4
80:_\F’ 8§1= _[_ 82+K2]/ =, T=&1t7 (36)
g N AT \/; 7]

for the ITDS, and,
w2t glzi\/{m,dlgzﬂjwz,;l,
T T @ Q
dN® d 37)
% :L\/Zrzrﬁ\/Igl +47% + r§
TTd ¢
for the UFOTDS, and,

8(5)254+8353+g252+815+80 (38)
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for USOTDS, SFOPITDS and UFOPITDS, where

g_ZK B 41<g+1<21+4
77, \/7 71777, ? 712 T22 4 712 72275 (39)
2 4K l+4(2'12+2'22)+2'§ [z 411
&2 ¢glg?} 07\ @ T%T%Td 7 &3 \/agZ 75 le 1_22
for the USOTDS, and,
2K 1 a2
rrd \/7 1= o\ 77,4 82 2 )
(40)
2 +i L_K 1 = i +i+i
82 =,148183 o =y p ;&3 \/*82 rf, 2
for both SFOPITDS ans UFOPITDS.
The transfer functions of controllers are
2
(= B5H0 g S thsth @)
S+ Po s(s+po)
for both ITDS and UFOTDS, and,
qs2+q s+q 78S + 1,82 + 15+,
_ 13 2 1 , R(S)Z 3 2 1 0 (42)

7+ pys+py s(s> + py5+po)
for the USOTDS, SFOPITDS and UFOPITDS.

6. Controller parameters

For the sake of limited space, formulas derived from (20) for all considered systems together
with conditions of the controllers’ stability are introduced in the form of tables. Parameters r;
and g; in (41) and (42) can then be calculated from ¢; according to (28).

T 1
Po =82 +Zd(281 +7,380) s to =7 8o

1 T
t :g(gl +7,80), t :ﬁ(z& +7,480)

po > 0 for all 14

Table 1. Controller parameters for the ITDS



120 Time-Delay Systems

_ . _
28, +74(81 +7d80) +2

Po= 2t -1y

<N

1 1
to =%80 b :?[Po +7(81+7480) ], b :?[r(po ~2)-1]

po>0for 1y <2t

Table 2. Controller parameters for the UFOTDS

T 2
28, +T1{282 +74(% +7d80)} +7

1 1
s P1=8+t—
2t -1y 31

Po=

1
to :%go b :f[igo +71(81+ (%2 +Td)g0)]

1 477 4r 1
ty :?H(#‘* a1 —72]170 —[_2+ 1}[83 7118 +—J—T17281:H
Tq 7y 51

1
t3 :T—z{ﬁ(Po -8)-%3 _r_}
1

p1>0forall T4, po > 0 for 14 < 211

Table 3. Controller parameters for the USOTDS

T 1
Po=&2 +Id(281 +7480), 1 :83+;

1 1 1
f=28 =i[g1 +(t+74)80 |, b :R[(Zfﬂ“fd)(z& +7480) + 277480 |

ty = %[221 + Td30]

p1, po> 0 for all 14
Table 4. Controller parameters for the SFOPITDS

2
dg5+ (20 + Td)(gz +%dgl +280j+4
T

B 2
Po= /P1—83+?

21 -1,

1 1
to :?go' t :f[gl +(T+Td)go]r

1[( 4r 8 (4r 8 1 2
ty :E{[——ljpo -—g; —(—+1jg2 -8 ——} P :—[T(Po ~82)—28; __}
7] 7] Ty X7 K 4

p1>0for all T4, po> 0 for 14 < 2t

Table 5. Controller parameters for the UFOPITDS
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7. Simulation results

The simulations were performed by MATLAB-Simulink tools. For all simulations, the unit
step reference w was introduced at the time ¢ = 0 and the step load disturbance v after
settling of the step reference responses.

7.11TDS

In the transfer function (1), let K = 1. The responses in Fig. 2 for t; = 5 show the effect of ¢
upon the control quality. An increasing value ¢ improves control stability, and, by choosing
its value higher, aperiodic responses can be obtained. Simulation results shown in Fig. 3
demonstrate the influence of parameters y on the control responses. Their smaller values
accelerate step reference responses but they do not affect load disturbance responses. Higher
values of y can lead to overshoots and oscillations. The effect of parameters y on the control

1.2
RPN =
1.0 T
08 4
]
06+
To04l = ¢=100
- — =400
02 — 9=900
0.0 | | | | | | | I 1
0 20 40 60 80 100 120 140 160 180

Time

Fig. 2. ITDS: controlled output responses (ts =5, v = - 0.1, y1 =2 = 0)

1.0 S
!/ w
0.8 iI/
=06 7/
Soal i 7, =1,=0
04 " - —v=7,=025
02 I.’/ -y, =y,=04
0.0 | | | | |
0 20 40 60 80 100
Time

Fig. 3. ITDS: controlled output response (tq =5, v =- 0.1, ¢ = 900).

1.0
0.8
0.6
04
£ 0.2
> 0.0
=-0.2
>.0.4 1) L
2t 7] p
oL —=y,=7,=04
) | T |
0 50 100 150 200
Time

Fig. 4. ITDS: Control input and controlled output responses (ts = 5, ¢ = 900)
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Fig. 5. ITDS: Controller parameters’ dependence on ¢ (ts = 5)

input can be seen in Fig.4. Their higher values result in greater control inputs and their
changes. This fact can be important in control of realistic processes. Dependence of the

controller parameters on ¢ for t; =5 is shown in Fig. 5.

7.2 UFOTDS

In this case, the parameters in (2) have been chosen as K = 4, © = 4. The effect of ¢ on the
control responses is similar to the ITDS, as shown in Fig. 6. The control responses for
limiting values y1 = y2 =1 and y1 = y2 = 0 (corresponding to the 1IDOF and 2DOF structure)
are in Fig. 7. The responses document unsuitability of the 1DOF structure application. The
control response for 14 = 4 is shown in Fig. 8. The presented response without any overshoots
documents usefulness of the proposed method also for relatively high values of t4. The
responses in Fig. 9 demonstrate robustness of the proposed method against changes of ..

1.0
0.8
=06
=04
02

0.0
0

40
Time

Fig. 6. UFOTDS: controlled output responses (14 =2, v =-0.1,y1 =y2=0)
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i KN
= 1.5 4 ’ " '\.\
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]
0.0 T T T T T T T T
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Fig. 7. UFOTDS: controlled output responses (ts = 2, v = - 0.05, ¢ = 400)
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Fig. 8. UFOTDS: controlled output response (t; =4, v = - 0.05, ¢ = 2500, y1 = y2 = 0)
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Fig. 9. Robustness against a change of t; (v = - 0.1, ¢ =400, y; =y2 = 0)

The controller parameters were computed for a nominal model with t; = 2 and subsequently
used for perturbed models with the +10% and +25% estimation error in the 1.

7.3 USOTDS

In this case, the parameters in (3) were selected to be K =1, 11 = 4, 12 = 2. Analogous to

controlling

the UFOTDS, the responses in Fig. 10 prove applicability of the proposed

method also for an USOTDS with a relatively high ratio between the time delay and an
unstable time constant (ts /11 = 1). The responses in Fig. 11 demonstrate the possibility of
extensive control acceleration, and, also high sensitivity of the control responses to the
selection of parameters y.

1.0 O PTLi s
w o e re ..
0.8 — I., "' ‘Il"
i
%07,
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---- ¢=900
0274 —— ¢=2500
0.0 T T T T T T T T T
0 50 100 150 200 250 300 350 400 450

Time

Fig. 10. USOTDS: controlled output responses (ts =4, v = - 0.05, y1 = y2 = y3 = 0)
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Fig. 11. USOTDS: controlled output responses (ts =2, v = - 0.05, ¢ =100, y3 = 0)

7.4 SFOPITDS

For this model, the parameters in (4) have been chosen as K =1, t = 4, s = 4. A suitable
selection of parameters ¢ and y provides control responses of a good quality, as illustrated in

Figs. 12 and 13.
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Fig. 12. SFOPITDS: controlled output responses (ts =4, v = - 0.05, y1 =2 =v3 = 0)
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Fig. 13. SFOPITDS: controlled output responses (t; = 4, v = - 0.05, ¢ = 900).

7.5 UFOPITDS
Here, the model parameters in (4) have been chosen the same as for the SFOPITDS. With

regard to the presence of both integrating and unstable parts, the UFOPITDS belongs to
hardly controllable systems. However, the control responses in Fig. 14 document usefulness
of the proposed method also for such systems. Obviously, for higher values t; also higher
values of ¢ have to be chosen. Moreover, for this system, only the 2DOF structure with zero

parameters y should be used as follows from Fig. 15.
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Fig. 14. UFOPITDS: controlled output responses (14 =3, v =-0.025, y1 =12 =3 =0)
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Fig. 15. UFOPITDS: controlled output responses (t; = 2, v = - 0.05, ¢ = 100)

8. Conclusions

The problem of control design for integrating and unstable time delay systems has been
solved and analysed. The proposed method is based on the Padé time delay approximation.
The controller design uses the polynomial synthesis and results of the LQ control theory.
The presented procedure provides satisfactory control responses for the tracking of a step
reference as well as for the step load disturbance attenuation. The procedure enables tuning
of the controller parameters by two types of selectable parameters. Using derived formulas,
the controller parameters can be automatically computed. As a consequence, the method
could also be used for adaptive control.

9. Acknowledgment

This work was supported by the Ministry of Education of the Czech Republic under the
grant MSM 7088352101.

10. References

Astrbm, KJ., C.C. Hang, and B.C. Lim (1994). A new Smith predictor for controlling a
process with an integrator and long dead-time. IEEE Trans. Automat. Contr., 39, pp.
343-345.

De Paor, M. (1985). A modified Smith predictor and controller for unstable processes with
time delay. Int. ]. Control, 58, pp. 1025-1036.



126 Time-Delay Systems

Dostdl, P., Bobél, V., and Prokop, R. (2001). Design of simple controllers for unstable time
delay systems using LQ control theory. Proceedings of European Control Conference
ECC’01, pp. 3026-3031, Porto, Portugal.

Dostdl, P., Bobal, V., and Sysel, M. (2002). Design of controllers for integrating and unstable
time delay systems using polynomial method. Proceedings of 2002 American Control
Conference, pp. 2773-2778, Anchorage, Alaska, USA.

Dostél, P., Gazdos, F., and Bobal, V. (2007). Design of controllers for processes with time
delay by polynomial method. Proceedings of European Control Conference ECC'07, pp.
4540-4545, Kos, Greece.

Dostdl, P., Gazdos, F., and Bobdl, V. (2008). Design of controllers for time delay systems Part
II: Integrating and unstable systems. Journal of Electrical Engineering, 59, No 1, pp. 3-
8.

Hunt, KJ., Sebek, M., and Kucera, V. (1993). H, control problems. In Hunt, K.J. (ed.),
Polynomial methods in optimal control and filtering, pp. 29-55, Peter Peregrinus Ltd.,
London.

Kucera, V. (1993). Diophantine equations in control - A survey. Automatica, 29, pp. 1361-
1375.

Liu, T, Cai, Y.Z,, Gu, D.Y., and Zhang, W.D. (2005). New modified Smith predictor scheme
for integrating and unstable processes with time delay. IEE Proc. Control Theory
Appl., 152, pp. 238-246.

Majhi, S., and Atherton, D.P. (1999). Modified Smith predictor and controller for processes
with time delay. IEE Proc. Control Theory Appl., 146, 359-366.

Matausek, M.R., and Micic, A.D. (1996). A modified Smith predictor for controlling a
process with an integrator and long dead-time. IEEE Trans. Aut. Control, 41, pp.
1199-1203.

Park, J.H., Sung, SSW., and Lee, 1. (1998). An enhanced PID control strategy for unstable
processes. Automatica, 34, pp. 2596-2610.

Prokop, R., and Corriou, J.P. (1997). Design and analysis of simple robust controller. Int. J.
Control, 70, pp. 905-921.

Silva, G.J., Datta, A., and Bhattacharyya, S.P. (2005). PID controllers for time-delay systems.
Birkhauser, Boston.

Tan, W., Marquez, H.J., and Chen, T.W. (2003). IMC design for unstable processes with time
delay. . Process Control, 13, pp. 203-213.

Wang, L., and Cluett, W.R. (1997). Tuning PID controllers for integrating processes. IEE
Proc. Control Theory Appl., 144, pp. 385-392.

Zhang, W.D., and Xu, XM. (1999). Quantitative performance design for integrating
processes with time delay. Automatica, 35, pp. 719-723.



7

Decentralized Adaptive Stabilization for
Large-Scale Systems with Unknown Time-Delay

Jing Zhou and Gerhard Nygaard
International Research Institute of Stavanger, Thormohlensgate 55, 5008 Bergen,
Norway

1. Introduction

In dealing with a large-scale system, one usually does not have adequate knowledge of the
plant parameters and interactions among subsystems. The decentralized adaptive technique,
designed independently for local subsystems and using locally available signals for feedback
propose, is an appropriate strategy to be employed. In the context of decentralized adaptive
control, a number of results have been obtained, see for examples Ioannou (1986); Narendra
& Oleng (2002); Ortega (1996); Wen (1994). Since backstepping technique was proposed, it has
been widely used to design adaptive controllers for uncertain systems Krstic et al. (1995). This
technique has a number of advantages over the conventional approaches such as providing
a promising way to improve the transient performance of adaptive systems by tuning design
parameters. Because of such advantages, research on decentralized adaptive control using
backstepping technique has also received great attention. In Wen & Soh (1997), decentralized
adaptive tracking for linear systems was considered. In Jiang (2000), decentralized adaptive
tracking of nonlinear systems was addressed, where the interaction functions satisfy global
Lipschitz condition and the proposed controllers are partially decentralized. In Wen &
Zhou (2007); Zhou & Wen (2008a;b), systems with higher order nonlinear interactions were
considered by using backstepping technique.

Stabilization and control problem for time-delay systems have received much attention, see
for examples, Jankovic (2001); Luo et al. (1997); Wu (1999), etc. The Lyapunov-Krasovskii
method and Lyapunov-Razumikhin method are always employed. The results are often
obtained via linear matrix inequalities. Some fruitful results have been achieved in the past
when dealing with stabilizing problem for time-delay systems using backstepping technique.
In Ge et al. (2003), neural network control cooperating with iterative backstepping was
constructed for a class of nonlinear system with unknown but constant time delays. Jiao
& Shen (2005) and Wu (2002) considered the control problem of the class of time-invariant
large-scale interconnected systems subject to constant delays. In Chou & Cheng (2003), a
decentralized model reference adaptive variable structure controller was proposed for a
large-scale time-delay system, where the time-delay function is known and linear. In Hua et al.
(2005), the robust output feedback control problem was considered for a class of nonlinear
time-varying delay systems, where the nonlinear time-delay functions are bounded by known
functions. In Shyu et al. (2005), a decentralized state-feedback variable structure controller
was proposed for large-scale systems with time delay and dead-zone nonlinearity. However,
in Shyu et al. (2005), the time delay is constant and the parameters of the dead-zone are
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known. Due to state feedback, no filter is required for state estimation. Furthermore, only
the stabilization problem was considered. A decentralized feedback control approach for a
class of large scale stochastic systems with time delay was proposed in Wu et al. (2006). In
Hua et al. (2007) a result of backstepping adaptive tracking in the presence of time delay
was established. In Zhou (2008), we develop a totally decentralized controller for large scale
time-delays systems with dead-zone input. In Zhou et al. (2009), adaptive backstepping
control is developed for uncertain systems with unknown input time-delay.

In fact, the existence of time-delay phenomenon usually deteriorates the system performance.
The stabilization and control problem for time-delay systems is a topic of great importance
and has received increasing attention. Due to the difficulties on considering the effects of
interconnections and time delays, extension of single-loop results to multi-loop interconnected
systems is still a challenging task, especially for decentralized tracking. In this chapter,
the decentralized adaptive stabilization is addressed for a class of interconnected systems
with subsystems having arbitrary relative degrees, with unknown time-varying delays, and
with unknown parameter uncertainties. The nonlinear time-delay functions are unknown
and are allowed to satisfy a nonlinear bound. Also, the interactions between subsystems
satisfy a nonlinear bound by nonlinear models. As system output feedback is employed,
a state observer is required. Practical control is carried out in the backstepping design to
compensate the effects of unknown interactions and unknown time-delays. In our design, the
term multiplying the control effort and the system parameters are not assumed to be within
known intervals. Besides showing stability of the system, the transient performance, in terms
of L, norm of the system output, is shown to be an explicit function of design parameters and
thus our scheme allows designers to obtain closed-loop behavior by tuning design parameters
in an explicit way.

The main contributions of the chapter include: (i) the development of adaptive compensation
to accommodate the effects of time-delays and interactions; (ii) the use of new
Lyapunov-Krasovskii function in eliminating the unknown time-varying delays.

2. Problem formulation

Considered a system consisting of N interconnected subsystems modelled as follows:

. 0 N N
X; = Ajx; + ®;(y;)0; + {bi:| ui+ Y iyt —5(1) + Y fi(t ), (1)
j=1 j=1

yi:ciTxi, fori=1,...,N, 2)
0
. bim, @;1(y:)

A= 0 Lovxm-1 | ,bi=1 1 |, ®(y) = : ,
0 . 0 bio @;,,(vi)

¢ =1[1,0,...,0T. ®3)

where x; € R, u; € R and y; € R! are the states, input and output of the ith subsystem,
respectively, ; € R’ and b; € R™+! are unknown constant vectors, ®;(y;) € R"*"i is
a known smooth function, f;;(t,y;) = [ ilj(t, y]»),...,fg’(t, y]-)]T € R" denotes the nonlinear
interactions from the jth subsystem to the ith subsystem for j # i, or a nonlinear un-modelled

part of the ith subsystem for j = i, h;; = [h}j,..., h?j"]T € R™ is an unknown function,
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the unknown scalar function 7j(t) denotes any nonnegative, continuous and bounded
time-varying delay satisfying

HH<g<1, @

where T; are known constants. For each decoupled local system, we make the following
assumptions.

Assumption 1: The triple (A;, b;, ¢;) are completely controllable and observable.
Assumption 2: For every 1 < i < N, the polynomial b; ,,,,s™ + - - - + b; 15 + b; ¢ is Hurwitz.
The sign of b; ,,, and the relative degree p;(= n; — m;) are known.

Assumption 3: The nonlinear interaction terms satisfy

fii(byp)| < Tifi(E vy, 5

where ¥ij are constants denoting the strength of interactions, and f_j(yj), j=12,...,N are
known positive functions and differentiable at least p; times.
Assumption 4: The unknown functions h;;(y;(t)) satisfy the following properties

iy ()] < il (y;(8) )y, N

where P_Lj are known positive functions and differentiable at least p; times, and Z]f] are positive
constants.

Remark 1. The effects of the nonlinear interactions fi; and time-delay functions h;; from other
subsystems to a local subsystem are bounded by functions of the output of this subsystem. With these
conditions, it is possible for the designed local controller to stabilize the interconnected systems with
arbitrary strong subsystem interactions and time-delays.

The control objective is to design a decentralized adaptive stabilizer for a large scale system
(1) with unknown time-varying delay satisfying Assumptions 1-4 such that the closed-loop
system is stable.

3. Design of adaptive controllers

3.1 Local state estimation filters

In this section, decentralized filters using only local input and output will be designed to
estimate the unmeasured states of each local system. For the ith subsystem, we design the
filters as

vi,t = Ai,OVi,l + enl,(n,—t)uil 1=0,..., m; (7)
&io = Aiokio + kivi, 8
Ei = AjoZi + ®i(yi), ©)

where v;, € R", & € R",E; € R"*7i, the vector k; = [ki1, ..., kin]T € R" is chosen such
that the matrix A; o = A; — ki(eni,l)T is Hurwitz, and e; ; denotes the kth coordinate vector in
R!. There exists a P; such that P;A; o + (A;o)TP; = —3I, P; = PiT > 0. With these designed
filters, our state estimate is

mi
Xi(t) = &0+ Zi0i + ) bixvir, (10)
k=0
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and the state estimation error €; = x; — X; satisfies

N N
é = Ajoei + ) fij(ty;) + ) hij(yi(t — (1)) (11)
=1 =1

Let Ve, = el-TPl-el-. It can be shown that

N N
Ve, < —€ei +2N || P |12 Y0 |l £t yy) |2 42N [ Py |12 3 | iy (¢ = (8))) 17 . (12)

j=1 j=1
Now system (1) is expressed as

N
Ui = bim, 0 (m,2) + Gi02) + 8 O +€ip+ Y fija(ty))
j=1

N
+ Y i (vt =), (13)
=1
Vi (myg) = Vi(mig+1) — KigVi(ma)y, 4=2,--,pi—1 (14)
vi,(mi,p,v) = Ui,(m,v,p,v+1) - ki,pivi,(mi,l) +uj, (15)
where
5 = (0,0 (m—12)7- -+ Vi (02) Bi2 + PialT, ©; = [bim, .-, big, 6]17, (16)

and i (m;,2)7 €120 §i,(0,2), Z;» denote the second entries of v; ,,,., €;, ; o, &; respectively, fii,l (t, y]-)
and h;j1(y;(t — 7j(t))) are respectively the first elements of vectors f;;(t,y;) and hyj(y;(t —

7 (1))

Remark 2. It is worthy to point out that the inputs to the designed filters (7)-(9) are only the local
input u; and output y; and thus totally decentralized.

Remark 3. Even though the estimated state is given in (10), it is still unknown and thus not employed
in our controller design. Instead, the outputs v;,, & o and ; from filters (7)-(9) are used to design
controllers, while the state estimation error (11) will be considered in system analysis.

3.2 Adaptive decentralized controller design

In this section, we develop an adaptive backstepping design scheme for decentralized output
tracking. There is no a priori information required from system parameter ©; and thus they
can be allowed totally uncertain. As usual in backstepping approach in Krstic et al. (1995), the
following change of coordinates is made.

Zi1 = Yi (17)
Zi,q = 'Ul-,(mi,q) — 0(1‘,,1,1, q= 2,3,... s Pis (18)

where a; ;1 is the virtual control at the g-th step of the ith loop and will be determined in
later discussion, p; is the estimate of p; = 1/b; ;..
To illustrate the controller design procedures, we now give a brief description on the first step.
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e Step 1: Starting with the equations for the tracking error z; ; obtained from (13), (17) and (18),
we get

N
2i1 = b,V (my2) + Ci02) + 0] O +ein+ Y fija(ty))
j=1
N
+ Y hija(tyi(t —Ti(t)))
j=1

N
= bimin + bimZip + Gi02) + 5l +ep+ ). fija(ty;)

j=1
N
+ Y hija(tyi(t—T(t))). (19)
=1
The virtual control law «; ; is designed as
aig = Piki1, (20)

&1 = —(cin + 1) zin — Bzia (Fiyn)” = Afzin (i) — Ci02) — 97 6, (21)

where c; 1, 1;1,[7and A} are positive design parameters, 0, and p; are the estimates of ®; and
pi, respectively. Using fi; = p; — p;, we obtain

bim i = b, PiRi1 = &;1 — by, Pilki 1, (22)
5T® + bz mi%i2 = 5 ®i + Ei,m,zi,Z + Bi,m,zi,Z
= 80 + (0 (m,2) — i) (€ mps1)1) | O + bim,zi
= (8; — pitie(y, +mi+1),1)T(:)i + b m,zin, (23)
where
i = [Vi,(m,2), Vi (m—1,2)7 - -+ Viy(02)- &i2 T ®;q)". (24)
From (20)-(23), (19) can be written as
, - 2 - 2
zin = —¢i1zi1 — Linzin — [zia (fi(yi))” — Afziq (hi(yi))
+€i 2+ (i — pid;, 1er smit11) O = by i1 i + bz
+Zf1]1 ty] +Zh1]1 t }/]( (t)))/ (25)
]_

where @; = ©; — ©,, and €(rrmi+1)1 € Rri+mi+1 We now consider the Lyapunov function

vi=

1

Lor e b
(2i1)* + 50/ T;10; + =2

1
. 0; 7 — Ve, (26)
27, 1

NI»—‘
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where I'; is a positive definite design matrix and 'y; is a positive design parameter. Examining
the derivative of V! gives

4 T B
V6 =242 — O] 1710, — 2 pipi + —V,
Vi 2liq

< —cin(zin)® = lin(zin)* — lf(zi,l)z(ﬁ'(zi,l))z - /\f(zi,l)z(fli(yi))z

1 N - 1 ’ _ A
— €l €+ bimzi1zin — b | Pi—r 7581 (bim,)Rinzi1 + Pi]
2l;1 7

+O]T'Ti(8; — pittie (s im1)1)%i1 — O
N
Zfz]l (t, ;) Z hija(tyi(t—7i(t))) +€i2)zin

N
+ﬂN P 12 Z hij(ty;(t—Ti(£))) |I* +Z I £i(t ;) 1*). (27)
i, j=1
Then we choose
pi = —7isgn(bim) iz, (28)
T = <5i - ﬁi&i,1e(r,-+m,-+1),1) Zi1- (29)

Letl;1 = 31}1 and using Young’s inequality we have

N
—lin(zi)* + Y fija (b yj)zin <5 » Z I fija(typ) 1% (30)
= 4l £
N
~Lia(zi)* + 2’1111 tyi(t —7i(t)))zip < i, I Zhij,l(t/yj(f*'fj(f))) & (31)
] 1, i—
7 2 1 7 7 2 1 2
—li1(zin)" +eipzin — =€ € < —11(zi1)" te€ipzin — +(€ip)
411',1 411',1
_ 1
= —Ti1(zi1 — 5+—€ip)* 0. (32)
211',1

Substituting (28)-(32) into (27) gives
. 1 = 2 - 2 4
V< —cin(zin)? - E%‘T‘Ei =1 (zip)? (fivi)” = A (i) (Riyi))” + bimzinzi
i,
N

= _ N
+6](5a ~ 17160 + 1P I 1 | 5(t) 1P+ zwmaww
b j=1 1j=1

N N
+ﬁumwznmmwwqmmﬁ4lHZmlwm—NDW?em
[ j=1
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eStepg(qg=2,...,p;,i=1,...,N): Choose virtual control laws

N a1\ 2 _ on;
®jo = —bjmzi1— (Ci,z +1i ( 5 yll) ) Zip + By + aT:l)’lriTi,z, (34)
i i
Bw -1 2 8 1
Qjg = —Zig-1— (Ci,q +1ig ( f;yql ) >]Zw + B,q + a(gl T[T,
=1 5y, o, 5
—( Z Zi,k al’,]f_l )l"i 4 ! (51', (35)
k=2 00; ;i
ao‘i,q—l

Ti,q = Ti,qfl — a—yiéizilq, (36)
where cl ig 9 =3,...,p; are positive design parameters, and Ei,q, q=2,...,p; denotes some
known terms and its detailed structure can be found in Krstic et al. (1995).

Then the local control and parameter update laws are finally given by

Wi = Qip; = Ui (mypi41) (37)
éi = l"l-rl-,pi. (38)

Remark 4. The crucial terms [ z;, (f,(y,)) in (21) and A}z (h (y,)) are proposed in the controller
design to compensate for the effects of interactions from other subsystems or the un-modelled part of its
own subsystem, and for the effects of time-delay functions, respectively. The detailed analysis will be
given in Section 4.

Remark 5. When going through the details of the desi I\fgn procedures, we note that in the
equations concerning Zig,q = 1,2,...,p;, just functions .~ fija (t,y;) from the interactions and
Z]-Iil hij1(t,y;(t — 7;(t))) appear, and they are always together with €; 5. This is because only y; from
the plant model (1) was used in the calculation of &; 4 for steps q =2,..., p;.

4. Stability analysis

In this section, the stability of the overall closed-loop system consisting of the interconnected
plants and decentralized controllers will be established.
Now we define a Lyapunov function of decentralized adaptive control system as

oo 1 1 bim|
o 1.0 Tp. . Tr—1g )
vi= Y (510 tae j€i) + 5 OTT 16, + i Eat (39)

From (12), (20), (33), (35)-(38), and (49), the derivative of V; in (39) satisfies

Qi
<X Cig(zig)? — 17 (22 (Fiyi))? = Af(zin)? (i (i)
=

Pi 1 N
+ 2 TN | P; H2 (2 l hl](t y](t_T Hz + Z | £ ij ty] | )

q=1"4q =1
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T (Nz I figa(tyy) 12 +NZ | i (et = ) |2)

j=1 j=
1 . L Wig1\, o, 1
——— €le; P ety ) -
aT;, €; € +q§2 iq ( v ) (Zz,q) l
iy g [N N
+ 551 (2]"1;,1(@%) + ;hij,l (t/]/j(f - Tj)) +eip | zig| - (40)
= =
Using Young's inequality and let /; ; = 31_1-,,1, we have
o (i1 ? onjg 1 N Y
I al . )2 il (b y)zi s < = Ly |3, 41
() (g L fin)ag < - Ll ) Py )
_ alxl‘,q,1 2 P alxl‘,q,1 T
—lig <Tyz) (zig)” + Tyiei,zzi,q 41 —€ € <0, (42)
- Boci,q_l 2 2 aleq 1
- li,q s (Zi,q) + Zhljl (t, ]/]( ))qu
a 2
1]1 t}/] )) H . (43)
Then from (40),
‘ S 2 1 7 (0 \2(T, 2
Vi< — Z Ci,q(zi,q) - Z 41 7€ € — (Zzl) (fl(yl)) —A; (Zi,l) (hi(yi(t))
q=1 q=1

Pi N 9 N ) N )
+ 2 | AP k) 1P+ 3 I fia(tyg) |
q=1 14 j=1 j=1

i N N 3
. Z T (4 H Pi HZ 2 H hij(i’,y]'(i’ 71_].)) HZ + 2 H hij,l(t/yj(t *Tj)) |2) . (44)
q=1 *"14 =

j=1

From Assumptions 3 and 4, we can show that

i N
D i (4 IP; |7 Z I £, y;) |17 +Z | fija(tyj) IZ) 2%] Fw)))? @)
q=1 719

=1

=1 j=1

Pi N N N
Yoo (4P & Z i,y — 1) |17+ 21 I i (£, (¢ =) |17
=

N
< Y (R (t =) (it — 1)), (46)

j=1
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where v;; = O(7; ) indicates the coupling strength from the jth subsystem to the ith subsystem
depending on l,,q, I P; || and O('yi]-) denotes that ;; and O(¥ l-]-) are in the same order
mathematically, and ¢;; = O(lej)

Then the derivative of V; is given as

Oiq T

pi
vV, < — Z Ci,q(zi,q)z - Z 4l 5 € € — (le) (fl(yl)) /\;F(Zil) (E (vt ))2

- Z%; (Fyy) + Z i () (¢ =gy — ) @)

To tackle the unknown time-delay problem, we introduce the following Lyapunov-Krasovskii
function

Wi = Z U L () )

1—T

The time derivative of W; is given by

. N Li 1 2 _ 2
wx;;(l_ffj [ (D)D) = s [ ¢ = 50wt = 50)] ) (19)
]:

Now define a new control Lyapunov function for each local subsystem

VE=Vi+ W
L1 1 bi |
2 T Tr—1 2
= —(z;,)"+ = Pe; @ T; 0, + L
q; (2( in) 21,# ) 2% 29,
N L ot B 2
] 1
+ — / hi(y;(s))yi(s)) . 50
L% oy (F0O)36) (50)
Therefore, the derivative of V’
0 Pi Pi 1 T el 2 _ 2
VE< =) ciglzig) ——e; € — 1 (filyi)zin) ™ — Af (hi(yi(t)ziq)
q=1 q=1 4li,q

+ Z%J <f1 Y y]) + Z < (vj y]) : (51)

Clearly there exists a constant j such that for each v;; satisfying y;; < ')/;‘]-, and

N N
> viif =) 7 (52)
= =

Constant 'yl* stands for a upper bound of ;.
Simialy, there exists a constant 1 such that for each 1;; satisfying 1;; < i} i and

N
A > Zt], = zf AF > 1]11 1fi (33)
j=
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Now we define a Lyapunov function of overall system
N
V=Y V. (54)

Now taking the summation of the last four terms in (51) and using (52) and (53), we get

N

N N
1:21 [li* (ﬁ(yi)zi,1)2 - A (Hi(yi(f)zi,l)z +]; Vij (fj(yj)yj)z +]; : —]Tj (hj(yj)]/j>2]
1 |: ( Z’Y]l) fl yl ]/1 (A* Z - ) ]/1)}/1)2] <0.(55)

N pi N pi
=Y ) ciglzig)? ZZ ? <o. (56)

i=1g=1 i=lg= 1

M=

1

Therefore,

This shows that V is uniformly bounded. Thus z; 1, . . ., z 5., Pi, 0,, €; are bounded. Since Zi1is
bounded, y; is also bounded. Because of the boundedness of y;, variables v; ;, §; o and E; are
bounded as A;j is Hurwitz. Following similar analysis to Wen & Zhou (2007), we can show
that all the states associated with the zero dynamics of the ith subsystem are bounded under
Assumption 2. In conclusion, boundedness of all signals is ensured as formally stated in the
following theorem.

Theorem 1. Consider the closed-loop adaptive system consisting of the plant (1) under Assumptions
1-4, the controller (37), the estimator (28) and (38), and the filters (7)-(9). There exist a constant 'Y?j
such that for each constant vy;; satisfying 7y;; < 'Y?j and 1;; satisfying 1;; < L:-;- i,j =1,...,N,all the
signals in the system are globally uniformly bounded.

We now derive a bound for the vector z;(t) where z;(t) = [Zi,lzzi,2/~-~/zi,p,]T- Firstly, the
following definitions are made.
c? = miny1<4<p,Cig (57)
(o)
Izl =/ [ =) 12t 8)

From (56), the derivative of V can be given as
V< -z, (59)
Since V is nonincreasing, we obtain

1

Iz B = [ =00 P dt < 5 (V(0) = Vieo)) < 5V(0). (60)
1 1
Similarly, the output y; is bounded by
o0 1
lyil3 = [ o) < —v(o). Q)
0 i1
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Theorem 2. The Ly norm of the state z; is bounded by

[ zi(t) 2 < \/7 VvV (62)

V(0). (63)

i <
i lI3 < \/ﬁ

Remark 6. Regarding the output bound in (63), the following conclusions can be drawn by noting
that ©;(0), p;(0), €(0) and y;(0) are independent of ¢; 1,T;, 'y;.

o The transient output performance in the sense of truncated norm given in (62) depends on the initial
estimation errors ®;(0), p;(0) and €;(0). The closer the initial estimates to the true values, the better
the transient output performance.

o This bound can also be systematically reduced down to a lower bound by increasing T';, 'y;-, Ciq -

5. Simulation example

We consider the following interconnected system with two subsystems.

. 01 2 2 0
= {0 O} x1+{ gl 51}914‘ {bl}”l'*‘fl-&-hl, Y1 =x11 (64)
e {0 O}pr {yz 1+yz} 0+ {bz} up +f2+hy, y2 =227, (65)

where 8; = [1, 1]T,0, = [0.5, 1]T, by = by = 1, the nonlinear interaction terms f; = [0, y3 +
sin(y1)]Tf2 = [0.2y2 +y», 0], the external disturbance hy = 0,hy = [y1(t —11), y2(t —
7 (t)]". The parameters and the interactions are not needed to be known. The objective is to
make the outputs y; and y, converge to zero.

The design parameters are chosen as c1; = c1p = 2,¢01 = 0 = 3,111 = Lip = 1,11 =
by =21f =15 =5 = A3 =59 = 2,7, = 2,T1 = 05I3,T, = I3, ;, = g = 1,
P10 = P20 =1,019 = [1 1, 1] ,0, = [0.6,1,1]T. The initials are set as y;(0) = 0.5,y(0) =
1, ©1(0) = [0.5,0.8,0.8]T,0,(0) = [0.6,0.8,0.8]T. The block diagram in Figure 1 shows the
proposed control structure for each subsystem. The input signals to the designed ith local
adaptive controller are y;, §; o, &;, v; 0. Figures 2-3 show the system outputs y; and y». Figures
4-5 show the system inputs u1 and uy (). All the simulation results verify that our proposed
scheme is effective to cope with nonlinear interactions and time-delay.

6. Conclusion

In this chapter, a new scheme is proposed to design totally decentralized adaptive
output stabilizer for a class of unknown nonlinear interconnected system in the presence
of time-delays. Unknown time-varying delays are compensated by using appropriate
Lyapunov-Krasovskii functionals. It is shown that the designed decentralized adaptive
controllers can ensure the stability of the overall interconnected systems. An explicit bound
in terms of L, norms of the output is also derived as a function of design parameters. This
implies that the transient the output performance can be adjusted by choosing suitable design
parameters.
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Time-delay
Vi (t-9 Interactions ’
T Subsystem i
Vi (J#i) — Interactions Vi
U,
v A
: . Filter
v, Filter Sio
=, Filter
Y Vi0 ét"’ov =i v Parameter
Backstepping controller . update laws
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't _Stepl pi
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_Y__ v _ \ < o,
' _Step2 .
U; Ti2

Fig. 1. Control block diagram.
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Fig. 4. Input u;.

Fig. 5. Input ujp.
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Qatar

1. Introduction

Time delay systems are widely encountered in many real applications, such as chemical
processes and communication networks. Hence, the problem of controlling time-delay
systems has been investigated by many researchers in the past few decades. It has been found
that controlling time-delay systems can be a challenging task, especially in the presence of
uncertainties and parameter variations. Several techniques have been studied in the analysis
and design of time delay systems with parameter uncertainties. Such techniques include
robust control Mahmoud (2000; 2001), He control Fridman & Shaked (2002); Mahmoud &
Zribi (1999); Yang & Wang (2001); Yang et al. (2000), and sliding mode control Choi (2001;
2003); Edwards et al. (2001); Gouaisbaut et al. (2002); Xia & Jia (2003). For time-delay systems
with parametric uncertainties Nounou & Mahmoud (2006); Nounou et al. (2007), adaptive
control schemes have been developed. The main contribution in Nounou & Mahmoud
(2006) is the development of two delay-independent adaptive controllers. The first one
is an adaptive state feedback controller when no uncertainties appear in the controller’s
state feedback gain. This adaptive controller stabilizes the closed-loop system in the sense
of uniform ultimate boundedness. The second controller is an adaptive state feedback
controller when uncertainties also appear in the controller’s state feedback gain. This adaptive
controller guarantees asymptotic stabilization of the closed-loop system. In Nounou et al.
(2007), the authors focused on the stabilization of the class of time-delay systems with
parametric uncertainties and time varying state delay when the states are not assumed to
be measurable. For this class of systems, the authors developed two controllers. The first
one is a robust output feedback controller when a sliding-mode observer is used to estimate
the states of the system, and the second one is an adaptive output feedback controller
when a sliding-mode observer is used to estimate the states of the system, such that the
uncertainties also appear in the gain of the sliding-mode observer. In the case where uncertain
time-delay systems include a nonlinear perturbation, several adaptive control approaches
have been introduced Cheres et al. (1989); Wu (1995; 1996; 1997; 1999; 2000). In Cheres et al.
(1989); Wu (1996), the authors developed state feedback controllers when the state vector is
available for measurement and the upper bound on the delayed state perturbation vector
is known. For the case where the upper bound of the nonlinear perturbation is known,
more stabilizing controllers with stability conditions have been derived in Wu (1995; 1997).
However, in many real control problems, the bounds of the uncertainties are unknown. For
such a class of systems, the author in Wu (1999) has developed a continuous time state
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feedback adaptive controller to guarantee uniform ultimate boundedness for systems with
partially known uncertainties. For a class of systems with multiple uncertain state delays
that are assumed to satisfy the matching condition, an adaptive law that guarantees uniform
ultimate boundedness has been introduced in Wu (2000). In all of the papers discussed above,
the authors investigated delay-independent stabilization and control of time-delay systems.
Delay-dependent stabilization and He control of time-delay systems have been studied
in De Souza & Li (1999); Fridman (1998); Fridman & Shaked (2003); He et al. (1998); Lee et al.
(2004); Mahmoud (2000); Wang (2004). In Mahmoud (2000), the author discussed stabilization
conditions and analyzed passivity of continuous and discrete time-delay systems with
time-varying delay and norm-bounded parameter uncertainties. The results in Mahmoud
(2000) have been extended in Nounou (2006) to consider designing delay-dependent adaptive
controllers for a class of uncertain time-delay systems with time-varying delays in the
presence of nonlinear perturbation. In Nounou (2006), the nonlinear perturbation is assumed
to be bounded by a weighted norm of the state vector, and for this problem adaptive
controllers have been developed for the two cases where the upper bound of the weight is
assumed to be known and unknown.

An inherent assumption in the design of all of the above control algorithms is that
the controller will be implemented perfectly. Here, the results in Nounou (2006) are
extended to investigate the resilient control problem Haddad & Corrado (1997; 1998); Keel
& Bhattacharyya (1997), where perturbation in controller state feedback gain is considered.
Here, It is assumed that the nonlinear perturbation is bounded by a weighted norm of
the state such that the weight is a positive constant, and the norm of the uncertainty of
the state feedback gain is assumed to be bounded by a positive constant. Under these
assumptions, adaptive controllers are developed for all combinations when the upper bound
of the nonlinear perturbation weight is known and unknown, and when the value of the
upper bound of the state feedback gain perturbation is known and unknown. For all these
cases, asymptotically stabilizing adaptive controllers are derived.

This chapter is organized as follows. In Section 2, the problem statement is defined. Then,
in Section 3, the main stability results are presented. In Section 4, the design schemes are
illustrated via a numerical example, and finally in Section 5, some concluding remarks are
outlined.

Notations and Facts: In the sequel, the Euclidean norm is used for vectors. We use wT, w1,
and ||[W]| to denote, respectively, the transpose of, the inverse of, and the induced norm of
any square matrix W. We use W > 0 (>, <, < 0) to denote a symmetric positive definite
(positive semidefinite, negative, negative semidefinite) matrix W, and I to denote the n x n
identity matrix. The symbol e will be used in some matrix expressions to induce a symmetric
structure, that is if the matrices L = LT and R = RT of appropriate dimensions are given,

then
L N | L N
e R| [ N' R |
Now, we introduce the following facts that will be used later on to establish the stability
results.
Fact 1: Mahmoud (2000) Given matrices X1 and X, with appropriate dimensions, it follows

that
T+ 8 < alEE] 4aX)¥y, Va>o0.
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Fact 2 (Schur Complement): Boukas & Liu (2002); Mahmoud (2000) Given constant matrices (),
O, 3 where O = Q] and 0 < Oy = Q) then O + QJ O, '3 < 0if and only if

0 QO -0, O3
{03 —0, <0 or QBT 0 < 0.
2. Problem statement
Consider the class of dynamical systems with state delay

X(t) = Aox(t) + Agx(t — T) + Bou(t) + E (x(t), t) 1)

where x(t) € R" is the state vector, u(t) € R™ is the control input, E (x(t),t) : R" x R — R"
is an unknown continuous vector function that represents a nonlinear perturbation, and 7
is some unknown time-varying state delay factor satisfying 0 < 7 < T+, where the bound
77 is a known constant. The matrices A,, A;, and B, are known real constant matrices
of appropriate dimensions. The nonlinear perturbation function is defined to satisfy the
following assumption.

Assumption 2.1. The nonlinear perturbation function E (x(t),t) satis es the following inequality
[[E (x(£), ) [| < 0% [|x(B)]], @
where 8% is some positive constant.

In this chapter, resilient delay-dependent adaptive stabilization results are established for the
system (1) when uncertainties appear in the state feedback gain of the following control law:

u(t) = (K+AK)x(t) + pu(t)Ix(t), (3)

where Z € R™*" is a matrix whose elements are all ones, ji(t) € R is adapted such that
closed-loop asymptotic stabilization is guaranteed, K € R™*" is a state feedback gain, and
AK(t) € R™ " is the time varying uncertainty of the state feedback gain that satisfies the
following assumption.

Assumption 2.2. The uncertainty of the state feedback gain satis es the following inequality
[|AK ()] < 07, )
where p* is some positive constant.

Before we proceed, we start be expressing the delayed state as Mahmoud (2000)
0
¥(t—1) = x(t) —/ i(t+s)ds ®)

= x(t)—/o [Ao x(t+5) +Agx(t —T+s)+Bou(t+s) —E(x(t+s),t+s)]ds

—T

Hence, if we define A,; = Ao + Ay, then the system (1) can be expressed as
x(t) = Aggx(t)+ Agn(t) + Bou(t) + E (x(t),t), (6)
0
n(t) = —/ [Ag x(t+5)+Agx(t —T+5s) +Bou(t+s) +E (x(t+s),t+5s)] ds.
-7

Here, resilient delay-dependent stabilization results are established for the system (6)
considering the following cases:
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1. The nonlinear perturbation function satisfies Assumption 2.1 such that 6* is assumed
to be a known positive constant, and the uncertainty of the state feedback gain satisfies
Assumption 2.2 such that p* is assumed to be a known positive constant.

2. The nonlinear perturbation function satisfies Assumption 2.1 such that 6* is assumed
to be a known positive constant, and the uncertainty of the state feedback gain satisfies
Assumption 2.2 such that p* is assumed to be an unknown positive constant.

3. The nonlinear perturbation function satisfies Assumption 2.1 such that 6* is assumed to
be an unknown positive constant, and the uncertainty of the state feedback gain satisfies
Assumption 2.2 such that p* is assumed to be a known positive constant.

4. The nonlinear perturbation function satisfies Assumption 2.1 such that 6* is assumed to
be an unknown positive constant, and the uncertainty of the state feedback gain satisfies
Assumption 2.2 such that p* is assumed to be an unknown positive constant.

3. Main results

In the sequel, the main design results will be presented.

3.1 Adaptive control when both 6* and p* are known

Here, we wish to stabilize the system (6) considering the control law (3) when both 6* and p*

are known. Let us define z(t) = u(t)x(t), and let the Lyapunov-Krasovskii functional for the
transformed system (6) be selected as:

Va(x) £ Vi(x) + Va(x) + V3(x) + Va(x) + Va(x)+ Ve(x) + Vo(x) + Ve(x), (7)
where
Vi(x) = x'(t)Px(t), )
ix) = n /O /tt xT(0)A] Apx(a)dads, )
+s
Va(x) = n /T/tts T w) Aj Ag x(w) da ds, (10)
Vi(x) = 13 /O/t x"(a) K"B) BoK x(«) da ds, (11)
Vs(x) = 1y /O/t a) AKT(£)B) BoAK(t) x(a) da ds, (12)
Ve(x) = 13 /O/t «) TTB] BoT z(a) da ds, (13)
Vo(x) = g /O /t+ E'(x ) da ds, (14)
Vs(x) = pA(t), (15)

wherery > 0,75 > 0,73 > 0,74 > 0,75 > 0 and rg > 0 are positive scalars, and P = PT e
R"™ > 0. It can be shown that the time derivative of the Lyapunov-Krasovskii functional is

Vu(x) = Vl(x) + Vz(x) + Vg(x) + V4(x)+V5(x)+ V(,(x) + V7(x) + Vg(x), (16)
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where
Vi(x) = x'(H)Px(t)+x" (H)Px(t),
) 0
Vo(x) = Trix' (HA] Aex(t) frl/ xT(t45)A] Aox(t+s)ds,
J=T
) 0
Va(x) = Trx (DAJAg() —ra [ 2T (45— D)A] Agx(t+s —T)ds,
J—=T
) 0
Vi(x) = Tr3xT(t)KTBJBOKx(t)—r3/ x " (t4 )K" B BoKx(t+s)ds,
-7
Vs(x) = Trax' (£)AK(t) "B, BoAK(t)x(t)
0
—1y LTxT(t+s)AKT(t—l—s)BOTBOAK(t—i—s)x(t—I—s)ds,
. 0
Ve(x) = Tr5zT(t)ITBOTBoIz(t)—r5/ 2" (t+5)T " B, BoZz(t +s)ds,
-7
. 0
Vo(x) = Tre E'(x,t) E(x,t) —r(,/ E"(x,t+5) E(x,t +5) ds,
-7

Vs (%) 2 p(t) ).

The next Theorem provides the main results for this case.

17)

(18)
(19)

(20)

(1)
(22)

(23)
(24)

Theorem 1: Consider system (6). If there exist matrices 0 < X = X1 € R, Y € RMx",
Z € R and scalars €7 > 0,ep > 0,e3 > 0, €4 > ¢ €5 > eand e > € (where ¢ is an arbitrary

small positive constant) such that the following LMI

ApgX + X Aoy +BoY + VT BS AT txaT otz
+7F (61 + e+ e3+eg+ 65+ 86) AgA] ° d
° —TTeql 0 0 <0,
° ° —1tey] 0
o o o —1tesl

has a feasible solution, and K = YX =1, and u(t) is adapted subject to the adaptive law

i) = Proj {ar sgn () |Ix(t)]2+ ez p(t) [|x(OI u(t) |,
where Proj{-} Krstic et al. (1995) is applied to ensure that |p(t)| > 1 as follows

{ p(t) iflpt) =1
pHy=4 1 ifo<put)<1
-1 if-1<u(t) <o,

and the adaptive law parameters are selected such that

1
a1 < =5 [THra (p*)? 1B Bol| + 776 (6%)* + 207 | PBol | + 2/ | PBo || +26°) 1P|,
and 1

ay < *§T+1’5HITBJBOI||,

then the control law (3) will guarantee asymptotic stabilization of the closed-loop system.

(25)

(26)

(27)

(28)
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Proof Asshown in (16), the time derivative of V;(x) is

Va(x) = Vi(x) + Va(x) + V3(x) + Va(x) + Vs(x) + Ve(x) + Vz(x) + Vi(x),
= x " (OPx(t) + 2T (H)Px(t) + Va(x) + Va(x) + Va(x) + Vs(x) + Vs(x)
+ V7(x) + Vg(x). (29)

Using the system equation defined in (6) and the control law (3), we have
Va(x) = x'(t) [PAOd + Al P+ PBK+K'B/ P] x(t)
—2x T (t)PA, /_OTon(t‘FS)dS*ZXT(t)PAd /_OT Agx(t—T+s)ds
—2x " (t)PA, /_OTBon(tJrs)dsf2xT(t)PAd/_OTBOAK(t+s)x(t+s)ds
—2x " (t)PA, /_OTy(tJrs)Bon(tJrs)ds72xT(t)PAd /_OTE(X,t+S)dS

+2x T (£)PBoAK (8)x () 4+ 2u(t)x T (£)PBoZx(t) +2x T (t)PE(x,t)
+ Va(x) 4+ Va(x) + Va(x) + Vs(x)+ Ve(x) + Vo(x) + Vg(x). (30)

By applying Fact 1, we have

0
—2xT(t)PAd/ Apx(t+s)ds
J =T

IN

0
rfl ./7T x"(s)PA4A] Px(s)ds

0
+r1/ xT(t+5)A) Apx(t+s)ds

—T

T+rf1xT(t)PAdA;Px(t)

IN

0 T T
+r1 x' (t+95)A, Aox(t +s)ds, (31)
—T
where r; is a positive scalar. Similarly, if rp, r3 and r4 are positive scalars, we have
0
—2xT(1)PA, / Agx(t—T+s)ds < TTrylxT (F)PASA] Px(t)
—T

0
—l—rz/ xT(t—748)A) Agx(t — T +5)ds, (32)

-7

0
—2xT(t)PAd./7 BoKx(t+s)ds < Ty lxT (DPAGAT Px(1)

0
+r3/ x"(t+5)K"B, BoKx(t+s)ds,  (33)
—T

and
—2xT(£)PA, [°_ BoAK(t+5)x(t +5)ds < Try 'xT (t)PAZA] Px(t) (34)
trg [0 xT(t+5)AKT (t+5)B BoAK(t + 5)x(t +s)ds.
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Now, let 15 be a positive scalar, then using Fact 1 we have
T 0 T 0
—2x (t)PAd/ u(t+s)BoZx(t+s)ds = —2x (t)PAd/ BoZz(t + s)ds
—T —T

0
< trrs'x " (H)PAGA] Px(t) + 15 / 2" (t+5)T "By BoZz(t +s)ds. (35)
—T
Also, if r4 is a positive scalar, then using Fact 1 we have
0
— 2xT(t)PAd/ E(x,t+s)ds < T+r6’1xT(t)PAdA‘;'—Px(t)
—T
0
+r6/ E"(x,t+5)E(x,t +s)ds. (36)
-7
It is known that
2u(t)x " (£)PBoTx(t) < 2[[PBZ|| [u(t)| [|x(t)| | (37)
Also, using Assumption 2.1, it can be shown that

2xT (H)PE(x,t) < 2||P|| 6" [|x(t)]|> (38)

Using equations (31)- (38) and equations (17)- (24) (with the fact that 0 < T < ) in (30), we
have
Valx) < x"(H)&x(t) 4+ tTrax " (£)AKT (£)B, BoAK(t)x(t)
+7 152" ()T "By BoZz(t) + T r6E " (x, £)E(x,£) + 20| [PBo|| ||x ()]

+2[|PBOZ|| [1(8)] [|x(£)]2 + 26% || P[] ||x(£)[|> +2 pe(t) (). (39)
where
E = PAy+ALP+PBK+K'BJP+1TrA) Ao+ 1A Ay +1r3B,KK' B,
+tt (rl_l +ryt gt b gt 4 ré_l) PA4A] P. (40)

To guarantee that x' (£)Ex(t) < 0, it sufficient to show that £ < 0. Let us introduce the

linearizing terms, X = P~1, Y = KX,and Z = XB,K. Also, let €& = rfl, & = r;l, &3 = r;l,

eg =71, ', e5 =rs ' and g = r, '. Now, by pre-multiplying and post-multiplying Z by X’ and
invoking the Schur complement, we arrive at the LMI (25) which guarantees that Z < 0, and
consequently x " (£)Zx(t) < 0. Now, we need to show that the remaining terms of (39) are
negative definite. Using the definition of z(t) = u(t)x(t), we know that

Thrsz () By BoZz(t) < Trs || By BoZ|| i (t) ||x (8] (41)
Also, using Assumptions 2.1 and 2.2 , we have
THE T (x, HE(x, t) < Thrg (0°)% [|x(1)| %, (42)
and

Thrax T (HAKT (£)BJ BoAK(1)x(t) < Tra (p%)? [|B] Bol| [|x(£)] [ (43)
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Now, using (41)- (43), the adaptive law (26), and the fact that |p(t)| > 1, equation (39) becomes
y = %12
Va(x) < xT(DEx(t) + 777 (0%) [1Bg Bol| ||x(1)]1* + 775 ||Z 7By BoZ|| 2 (t) ||x(1)]?
2 *
+T16 (6%)7 [[x(8)]12 + 207 |PBol| [|x(£)[|* + 2| |PBoZ|| ()] || ()2
+26% (P[] | |x(5)] * + 201 [1(8)] |[x(8)]? + 20 (1) [ (1) (44)
It can be easily shown that by selecting a1 and a5 as in (27) and (28), we guarantee that
Va(x) < x"(H)Ex(t), (45)
where Z < 0. Hence, V,(x) < 0 which guarantees asymptotic stabilization of the closed-loop

system. |

3.2 Adaptive control when 6* is known and p* is unknown

Here, we wish to stabilize the system (6) considering the control law (3) when 6* is known
and p* is unknown. Before we present the stability results for this case, let us define §(t) =
0(t) — p*, where p(t) is the estimate of p*, and j(t) is error between the estimate and the true
value of p*. Let the Lyapunov-Krasovskii functional for the transformed system (6) be selected
as:

Vi(x) 2 Va(x) + Ve(x), (46)

where V;(x) is defined in equations (7), and Vy(x) is defined as

Vo(x) = (1+0") [F(D), (47)
where its time derivative is ‘ .
Va(x) =2 (1+0")p(t) f(H). (48)
Since p(t) = p(t) — p*, then §(t) = p(t). Hence, equation (48) becomes
Vo(x) =2 (1+07) [p(t) —p7] p(b)- (49)

The next Theorem provides the main results for this case.

Theorem 2: Consider system (6). If there exist matrices 0 < X = XT e pnxn gy ¢ pmxn
Z € R and scalars e1 > 0,ep > 0,e3 > 0, ¢4 > ¢, €5 > e and eg > € (where ¢ is an arbitrary
small positive constant) such that the LMI (25) has a feasible solution, and K = Y X1, and u(t) and
0(t) are adapted subject to the adaptive laws

i) = Proj{[B1 sen (u(t)) + B2 w(t)+ B sgn (u(t)) p(8) L [Ix(OI 2 p(t)}  (50)
7 [Ix(@) (51)
where Proj{-} Krstic et al. (1995) is applied to ensure that | (t)| > 1 as follows:

-
—~
~
~—

p(t) i lp(H) =1
p(t) =4 1 fO<u(t) <1
-1 if-1<u(t) <0,
and  the  adaptive  law  parameters  are  selected  such  that = B <

3 [r6 (002 £ 21[PBII| +20" |IP||], B2 < —detrs|IZTBIBoll, v > hrtnal[BY B,
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Bs < —v, and p(0) > 1, then the control law (3) will guarantee asymptotic stabilization of the
closed-loop system.

Proof The time derivative of V}(x) is
Vo(x) = Va(x) + Vo(x). (52)

Following the steps used in the proof of Theorem 1 and using equation (49), it can be shown
that
Vo(x) < x"()Ex(t) + T ra(0)? |BJ Bol| [|x(1)[1>+ v rs ||Z7BJ BoZ|| #2(t) ||x(1)]?
2
+T716 (6%)% [[x(8)]12 + 20" |PBol| [|x(£)[|* + 2| |PBOZ|| ()] || ()2
+26%([ P[] ||x(5)]* +2 u(t) () +2 (1+p*) [0(t) — p*] (t), (53)
where E is defined in equation (40). Using the linearization procedure and invoking the Schur
complement (as in the proof of Theorem 1), it can be shown that E is guaranteed to be negative
definite whenever the LMI (25) has a feasible solution. Using the adaptive laws (50)- (51)
in (53) and the fact that |p(t)| > 1, we get
Vo(x) < xT()Ex(t) + T ra (0%)? [|By Bol| [|x(8)]1>+ T Frs [|Z7 By BoZ|| 2(t) [|x(8)]|>
+7 776 (6%) [[x(1)[17 + 20 |[PBo|| ||x(#)|
+2||PBOZ]| (1) [x(£)|[* +26%(|P|| ||x(t)|
+2B1 ()] [1x(8)]* + 282 2 (t) ||x(D)] 1> + 283 p(8) [u()] |[x(D)[1> +29p(t) | |x(B)[]?
—290" [|x(1)[1> = 290" p(t) [|x(1)] > = 27 (0*)* |Ix(£)] . (54)
Using the fact that |p(t)] > 1 and arranging terms of equation (54), it can be shown
that Vy(x) < 0 if we select By < —1 [r+r6 (0)2 +2 ||PB,Z]|| +20* ||pu}, By <

—37¥rs5||ZTBJ BoZ||, and B3 < —7, where 7y needs to be selected to satisfy the following
two conditions:

1
v > §T+74HBOTBOH, (55)
and
2[|PB,|| — 27 +2yp(t) <O0. (56)
Hence, we need to select 7y such that
1 . T ||PB,|
v > max{ir r4||By Boll , 1-p(t) |- (57)

Itis clear that when p(t) > 1, we only need to ensure thaty > 37774||B) Bo||. Note that from
equation (51), p(t) > 1 can be easily ensured by selecting 9(0) > 1and v > 1t¥r4||B] Bo||
to guarantee that §(t) in equation (51) is monotonically increasing. Hence, we guarantee that

(58)

=
=
IN
=
_'
=
[1]
=
=

where E < 0. Hence, Vj,(x) < 0 which guarantees asymptotic stabilization of the closed-loop
system. ]
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3.3 Adaptive control when 6* is unknown and p* is known

Here, we wish to stabilize the system (6) considering the control law (3) when 6* is unknown
and p* is known. Since * is unknown, let us define 6(t) = 6(t) — 6*, where 8(t) is the
estimate of 6*, and 6 (t) is error between the estimate and the true value of 0*. Also, let the
Lyapunov-Krasovskii functional for the transformed system (6) be selected as:

Ve(x) 2 Val(x) + Va(x), (59)
where o
Vip(x) = (1+6%) [0(1)]", (60)
where its time derivative is
Vip(x) = (1+9 )6 (t) (t),
— 2 (1+46%) [0(t) — 6%] 6(p). 61)

The next Theorem provides the main results for this case.

Theorem 3: Consider system (6). If there exist matrices 0 < X = X1 € R, Y € RMx",
Z € R and scalars e7 > 0,3 > 0,e3 > 0, 4 > ¢ €5 > eand e > € (where ¢ is an arbitrary
small positive constant) such that the LMI (25) has a feasible solution, and K = VX1 and u(t) is
adapted subject to the adaptive laws

i(t) = Proj {8y sgn (u(t)) [[x(D)>+ 8 () [[x(H)F+35 sgn (u(t)) 6(t) ||x(1)| % (iR

() = x|lx®I> (63)

where Proj{-} Krstic et al. (1995) is applied to ensure that |u(t)| > 1 as follows

pt) iflp(H) =1
p(t) =4 1 f0<u(t) <1
-1 if-1<u(t)<0
and  the  adaptive  law  parameters  are  selected  such  that &y <

— [IIPBoZ|| +*rg (0*)?[1B] Bol [ +p°|IPBoll], &2 < —3e'nsl|IZTBIBIIl, &5 < —x,

K > %T+r6 and 0(0) > 1, then the control law (3) will guarantee asymptotic stabilization of the

closed-loop system.

Proof The time derivative of V.(x) is
Ve(x) = Val(x) + Vip(x). (64)

Following the steps used in the proof of Theorem 1 and using equation (61), it can be shown
that

Ve(x) < x"(HEx(t) 4+t (H)AKT (8)B,) BoAK(E)x(t) + 77 rsz (1) T 7B, BoZz(t)
+Thr6E " (x,1)E(x, 1) + 20%||PBo|| [|x(1)[|* + 2/|PB/Z] | u(6)] [lx(6)]?
+20%|[P|| [ |x(DI* +2 (1) () +2 (1+6) [0(t) —6°] (1), (65)
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where = is defined in equation (40). Using the linearization procedure and invoking the
Schur complement (as in the proof of Theorem 1), it can be shown that = is guaranteed to
be negative definite whenever the LMI (25) has a feasible solution. Now, we need to show
that the remaining terms of (65) are negative definite. Using the definition of z(t) = u(#)x(t),
we know that

t¥rsz ()T B, BoZz(t) < t¥rs [|T By BoZ|| p?(t) [|x(t)[|% (66)
Also, using Assumptions 2.1 and 2.2, we have
THreE T (x, 1) E(x, 1) < 7776 (09)% ||x(1)][%, (67)
and
Hrax T (H)AK T (£)B) BoAK(£)x(t) < tHry (0°)? ||B, Bol | ||x(£)]|>. (68)
Now, using (66)- (68), the adaptive laws (62)- (63), and the fact that |u(t)| > 1, equation (65)
becomes
Ve(x) < x"(0)3x(t) + 71y (0)? [1By Bol| [1x(6)|[ + T trs [|1Z7 By BoZ|| 2(t) [[x(t)||?
+7Tr6 (0°)7 ||x(8)|[2 + 207 |[PBo|| [1x(£)|* + 2| [PBoZ]| [u(t)] [ x(t)]]?
6+ 26%(|P|| [[x(£)|[* + 281 [(t)] [|x(8)[|* + 28, w(t) [|x(1)|?
+203 |u(t)] 6() [1x(8)[[> + 2 [u(£)] B(t) [[x ()| — 2xc 6" [|x(t)|[?
+2 0% B(t) ||x(1)| 2 — 2 (6%)% [|x(t)]]. (69)

It can be shown that Vc(x) < 0 if the adaptive law parameters 61, dy, and J3 are selected as
stated in Theorem 3, and « is selected to satisfy the following two conditions: x > %T+76 and

[|P|| — x 4+ x@(t) < 0. Hence, we need to select « such that

1+ |P|] }
K > maxq =T g, = . 70
{2 5 16 (70)

It is clear that when #(t) > 1, we only need to ensure that x> %T+r6. Note that from
equation (63), §(t) > 1 can be easily ensured by selecting (0) > 1and x > 1trgto
guarantee that f(t) in equation (63) is monotonically increasing. Hence, we guarantee that

Ve(x) < x"(H)Ex(t), (71)

where E < 0. Hence, V;(x) < 0 which guarantees asymptotic stabilization of the closed-loop
system. |

3.4 Adaptive control when both 6* and p* are unknown
Here, we wish to stabilize the system (6) considering the control law (3) when both 6* and p*
are unknown. Here, the following Lyapunov-Krasovskii functional is used

Va(x) = Ve(x) + Vii(x), (72)

where V;(x) is defined in equations (59), and V17 (x) is defined as

Vi (x) = (1+0%) [6(1)]%, (73)
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where its time derivative is

Vin(x) =2 (1+p%) p(t) f(t). (74)
Since p(t) = p(t) — p*, then §(t) = p(t). Hence, equation (74) becomes
Via(x) =2 (1+ %) [o(8) — *] (1) 75)

The next Theorem provides the main results for this case.

Theorem 4: Consider system (6). If there exist matrices 0 < X = X1 € R, Y € RM*",
Z € R and scalars €7 > 0,3 > 0,e3 > 0, €4 > ¢ €5 > eand e > € (where ¢ is an arbitrary
small positive constant) such that the LMI (25) has a feasible solution, and K = YX 1, and u(t) is
adapted subject to the adaptive laws

() = Proj{ A sgn(u(t)) [1x(DIP + A2 u(t) ||x(1)]2

+As sgn (u(t) O(1) (DI + s sgn (u(D) p(1) [Ix(DIEu(t)},  (76)
it = ollx(®lp (77)
b = cllx®)IP (78)

where Proj{-} Krstic et al. (1995) is applied to ensure that |p(t)| > 1 as follows

{ p(t) i lp(H) =1
pt)=9 1 f0<pu()<1
-1 if-1<u(t) <0

and the adaptive law parameters are selected such that Ay < —][||PB.Z||], Ay <
—3Ttrs||ITBI BoZ||, A3 < —0, Ay < —¢, 0 > 37716, ¢ > JTVr4||B) Bol|, 6(0) > 1 and
0(0) > 1, then the control law (3) will guarantee asymptotic stabilization of the closed-loop system.

Proof The time derivative of V;(x) is
Va(x) = Ve(x) + Vi (x). (79)

Following the steps used in the proof of Theorem 3 and using equation (75), it can be shown
that
Va(x) < xT(OEx(t) + T rax (H)AKT (£)B] BoAK()x(t)
+1 %15z (1)I "By BoZz(t) + T rE" (x,t)E(x, t) +20*||PB,|| ||x(t)]|?
+2[|PBZ| [p(t)] [|x(#)[|* +20%||P|] ||x(£)|[* +2 u(t) fit)
2 (1467 [(t) —07] 0() +2 (1+p7) [p(5) = p°] A(1), (80
where = is defined in equation (40). Using the linearization procedure and invoking the Schur

complement (as in the proof of Theorem 1), it can be shown that = is guaranteed to be negative
definite whenever the LMI (25) has a feasible solution. Using the adaptive laws (76)- (78)
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in (80) and the fact that |p ()| > 1, we get

V(x) < xT(DEx() + T rg (o) [1By Boll [[x(0)]1* + 775 [|ZTB) BoZ| #(2) ||x(1)]
+77r6 (0°) [|x(8)]2 + 207 |PBo|| ||x())I[* +2I|PBoZ| [(t)] []x(1)]1”
+260°[[P| ||x(8)] 1 + 241 [i(D)] ||x ()11 + 242 2 (1) ||x (1) ?
+2 (D] 0(t) [lx(O)1 + 244 [(5)] p(#) [[x(D)]* + 20 [u(£)] B(2) [[x(8)]>

0

A

—20 0% ||x(8)] 1>+ 200 6(t) [[x(1)|]* =20 (6%) [[x())|1* +2¢ |u(£)] (1) ||x(1)]
=26 p" [[x()|* +2¢ p* p(t) [x(D)|* = 25 (p")* |Ix()]1* (81)

Arranging terms of equation (81), it can be shown that V;(x) < 0 if the adaptive law
parameters A1, Ay, A3, and A4 are selected as stated in Theorem 4, and ¢ and ¢ are selected
to satisfy the following conditions: ¢ > 1t¥rg, 2||P|| — o+ 0B(t) < 0, ¢ > $77r4||B] Bol|,

and ||PB,|| — ¢ + ¢p(t) < 0. Hence, we need to select o and ¢ such that

14 1P| }

o > max<{ =T 'rg, - , 82
{3t — (52)
1 + T HPBOH

¢ > max{zr r4HB°BOH'1—pA(t) . (83)

It is clear that when 8(t) > 1 and p(t) > 1, we only need to ensure that ¢ > 177r¢ and
¢ > YtFr4||B) B,||. Note that from equations (77)- (78), (t) > 1and p(t) > 1 can be easily
ensured by selecting 0(0) > 1and p(0) > 1 and o and ¢ as stated in Theorem 4 to guarantee
that 6(t) and p(t) are monotonically increasing. Hence, we guarantee that

Va(x)

IN

xT(t) 2 x(t), (84)

where E < 0. Hence, V;(x) < 0 which guarantees asymptotic stabilization of the closed-loop
system. ]

Remarks:

1. The results obtained in all theorems stated above are sufficient stabilization results, that is
asymptotic stabilization results are guaranteed only if all of the conditions in the theorems
are satisfied.

2. The projection for u may introduce chattering for y and control input u Utkin (1992). The
chattering phenomenon can be undesirable for some applications since it involves high
control activity. It can, however, be reduced for easier implementation of the controller.
This can be achieved by smoothing out the control discontinuity using, for example, a low
pass filter. This, however, affects the robustness of the proposed controller.

4. Simulation example

Consider the second order system in the form of (1) such that

2 11 1 -05 0
A”"{zz —33} » Bo= {Ql} 'Ad"{ 0 —12}' (85)
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Resilient delay-dependent adaptive control when both 0 and pw are known
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Fig. 1. Closed-loop response when both 6* and p* are known

and " = 0.1. Using the LMI control toolbox of MATLAB, when the following scalars are
selected as €1 = €y = €3 = €4 = €5 = g5 = 1, the LMI (25) is solved to find the following

matrices:
| 07214 0.1639

“ | 01639 0.2520

Using the fact that K = YX ™!, K is found to be K = [ —1.6173 —3.6695 |. Here,
for simulation purposes, the nonlinear perturbation function is assumed to be E(x(t)) =
[ 1.2]x1(8)], 1.2 [x(t)] ]T, where x(t) = [ x1(t), x2(t) }T. Based on Assumption 2.1,
it can be shown that 6* = 1.2. Also, the uncertainty of the state feedback gain is assumed to
be AK(t) = [ 0.1sin(t) 0.1cos(t) ]. Hence, based on Assumption 2.2, it can be shown that
p* =0.1

X Y =[ -17681 —1.18%9 |. (86)

4.1 Simulation results when both 6* and p* are Known

For this case, the control law (3) is employed subject to the initial conditions x(0) = [—1, 1]
and p(0) = 1.5. To satisfy the conditions of Theorem 1, the adaptive law parameters are
selected as w; = —10 and ay = —0.5. The closed-loop response of this case is shown in Fig. 1,
where the upper two plots show the response of the two states x1 () and x,(t), and third and
fourth plots show the projected signal () and the control u(t).

4.2 Simulation results when 6* is known and p* is unknown

For this case, the control law (3) is employed subject to the initial conditions x(0) = [—1, 1]
and p(0) = 1.5 and p(0) = 1.1. To satisfy the conditions of Theorem 2, the adaptive law
parameters are selected as f; = —10, B = —0.5, f3 = —0.2, and vy = 0.1. For this case, the
closed-loop response is shown in Fig. 2, where the upper two plots show the response of the
two states x1(f) and x,(t), third plot shows the projected signal y(t), the fourth plot shows
0(t) and the fifth plot shows the control u(t).
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Resilient delay-dependent adaptive control when " is known and p' is unknown
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Fig. 2. Closed-loop response when 6* is known and p* is unknown

Resilient delay-dependent adaptive control when 0’ is unknown and pu is known
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Fig. 3. Closed-loop response when 6* is unknown and p* is known

4.3 Simulation results when 6* is unknown and p* is known

For this case, the control law (3) is employed subject to the initial conditions x(0) = [—~1, 1]
and p(0) = 1.1 and 4(0) = 1.1. To satisfy the conditions of Theorem 3, the adaptive law
parameters are selected as 9y = —5, 0 = —2, 3 = —1.5and k = 1. For this case, the
closed-loop response is shown in Fig. 3, where the upper two plots show the response of the
two states x1 () and x,(t), third plot shows the projected signal y(t), the fourth plot shows
0(t) and the fifth plot shows the control u(t).
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Resilient delay-dependent adaptive control when both 0 and p' are unknown
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Fig. 4. Closed-loop response when both 6* and p* are unknown

4.4 Simulation results when both 6* and p* are unknown

For this case, the control law (3) is employed subject to the initial conditions x(0) = [~1, 1]
and (0) = 1.1,6(0) = 1.1and p(0) = 1.1. To satisfy the conditions of Theorem 4, the adaptive
law parameters are selected as Ay = =5, A = =1, A3 = =15, A4 = =15,0 =1,and g = 1.
For this case, the closed-loop response is shown in Fig. 4, where the upper two plots show
the response of the two states x1(¢) and x,(t), third plot shows the projected signal yu(t), the
fourth plot shows (t), the fifth plot shows g(t), and the sixth plot shows the control u(t).

5. Conclusion

In this chapter, we investigated the problem of designing resilient delay-dependent adaptive
controllers for a class of uncertain time-delay systems with time-varying delays and a
nonlinear perturbation when perturbations also appear in the state feedback gain of the
controller. It is assumed that the nonlinear perturbation is bounded by a weighted norm
of the state vector such that the weight is a positive constant, and the norm of the uncertainty
of the state feedback gain is assumed to be bounded by a positive constant. Under these
assumptions, adaptive controllers have been developed for all combinations when the upper
bound of the nonlinear perturbation weight is known and unknown, and when the value of
the upper bound of the state feedback gain perturbation is known and unknown. For all these
cases, asymptotically stabilizing adaptive controllers have been derived. Also, a numerical
simulation example, that illustrates the design approaches, is presented.
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1. Introduction

Time-delay frequently occurs in many practical systems, such as chemical processes,
manufacturing systems, long transmission lines, telecommunication and economic systems,
etc. Since time-delay is a main source of instability and poor performance, the control
problem of time-delay systems has received considerable attentions in literature, such as [1]-
[9]. The design approaches adopt in these literatures can be divided into the delay-
dependent method [1]-[5] and the delay-independent method [6]-[9]. The delay-dependent
method needs an exactly known delay, but the delay-independent method does not. In other
words, the delay-independent method is more suitable for practical applications.
Nevertheless, most literatures focus on linear time-delay systems due to the fact that the
stability analysis developed in the two methods is usually based on linear matrix inequality
techniques [10]. To deal with nonlinear time-delay systems, the Takagi-Sugeno (TS) fuzzy
model-based approaches [11]-[12] extend the results of controlling linear time-delay systems
to more general cases. In addition, some sliding-mode control (SMC) schemes have been
applied to uncertain nonlinear time-delay systems in [13]-[15]. However, these SMC
schemes still exist some limits as follows: i) specific form of the dynamical model and
uncertainties [13]-[14]; ii) an exactly known delay time [15]; and iii) a complex gain design
[13]-[15]. From the above, we are motivated to further improve SMC for nonlinear time-
delay systems in the presence of matched and unmatched uncertainties.

The fuzzy control and the neural network control have attractive features to keep the
systems insensitive to the uncertainties, such that these two methods are usually used as a
tool in control engineering. In the fuzzy control, the TS fuzzy model [16]-[18] provides an
efficient and effective way to represent uncertain nonlinear systems and renders to some
straightforward research based on linear control theory [11]-[12], [16]. On the other hand,
the neural network has good capabilities in function approximation which is an indirect
compensation of uncertainties. Recently, many fuzzy neural network (FNN) articles are
proposed by combining the fuzzy concept and the configuration of neural network, e.g.,
[19]-[23]. There, the fuzzy logic system is constructed from a collection of fuzzy If-Then
rules while the training algorithm adjusts adaptable parameters. Nevertheless, few results
using FNN are proposed for time-delay nonlinear systems due to a large computational
load and a vast amount of feedback data, for example, see [22]-[23]. Moreover, the training
algorithm is difficultly found for time-delay systems.
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In this paper, an adaptive TS-FNN sliding mode control is proposed for a class of nonlinear
time-delay systems with uncertainties. In the presence of mismatched uncertainties, we
introduce a novel sliding surface design to keep the sliding motion insensitive to
uncertainties and time-delay. Although the form of the sliding surface is as similar as
conventional schemes [13]-[15], a delay-independent sufficient condition for the existence of
the asymptotic sliding surface is obtained by appropriately using the Lyapunov-Krasoviskii
stability method and LMI techniques. Furthermore, the gain condition is transformed in
terms of a simple and legible LMI. Here less limitation on the uncertainty is required. When
the asymptotic sliding surface is constructed, the ideal and TS-FNN-based reaching laws are
derived. The TS-FNN combining TS fuzzy rules and neural network provides a near ideal
reaching law. Meanwhile, the error between the ideal and TS-FNN reaching laws is
compensated by adaptively gained switching control law. The advantages of the proposed
TS-FNN are: i) allowing fewer fuzzy rules for complex systems (since the Then-part of fuzzy
rules can be properly chosen); and ii) a small switching gain is used (since the uncertainty is
indirectly cancelled by the TS-FNN). As a result, the adaptive TS-FNN sliding mode
controller achieves asymptotic stabilization for a class of uncertain nonlinear time-delay
systems.

This paper is organized as follows. The problem formulation is given in Section 2. The
sliding surface design and ideal sliding mode controller are given in Section 3. In Section 4,
the adaptive TS-FNN control scheme is developed to solve the robust control problem of
time-delay systems. Section 5 shows simulation results to verify the validity of the proposed
method. Some concluding remarks are finally made in Section 6.

2. Problem description

Consider a class of nonlinear time-delay systems described by the following differential
equation:

5(t) = (A+ DAY + Y (Ag + Ay )t~ dy)
+Bg ™ (x)(u(t) + (X))

X(t) = ‘//(t)’t € [_dmax O] (1)

where x(f)eR" and u(t)eR are the state vector and control input, respectively; d, € R
(k=1, 2, .., h)is an unknown constant delay time with upper bounded d,,,; A and Ay
are nominal system matrices with appropriate dimensions; AA and AA, are time-varying
uncertainties; x(t) is defined as X(t)=[x(t) x(t—d;) - x(t—d,)]";h() is an unknown
nonlinear function containing uncertainties; B is a known input matrix; g(-) is an unknown
function presenting the input uncertainties; and w(t) is the initial of state. In the system (1),
for simplicity, we assume the input matrix B=[0 --- 0 1]” and partition the state vector
x(t) into [x;(t) x,(H]" with x;(t)e R"™ and x,(t) € R . Accompanying the state partition,
the system (1) can be decomposed into the following:

Xy () = (Aqq + AA)x() + ZQﬂ (Agirr + AA g1 )xy (E—dy)

N @
+HAp +AAR)X(E) + D (Agn + AAgn) o (E—dy)
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. h
(1) = (Agy + A () + D (Agian + DA g )% (= dy)

h
+H(Agy + AR )X () + D7, (A + AA i )Xo (= dy) ®)
+87 () (u(t) + h(X(1)))
where A;, Ay, AA;, andAAy; (for i,j=1,2 and k=1, .., h) with appropriate

dimension are decomposed components of A, Ay, AA,and AA, , respectively.
Throughout this study we need the following assumptions:

Assumption 1: For controllability, g(x)>0 for x(t)elU., where U.CR" Moreover,
g(x)eL, if x(t)eL,.

Assumption 2: The uncertainty h(x) is bounded for all x(¢).

Assumption 3: The uncertain matrices satisfy

[AAll AAlZ] = chl [Ell ElZ] (4)

[AAdkll AAdklZ] = D2C2 [Edkll EdklZ] (5)

for some known matrices D;, C;, E;;, and Eyy; (for i=1, 2) with proper dimensions and
unknown matrices C; satisfying |C;[|<1 (for i=1, 2).

Note that most nonlinear systems satisfy the above assumptions, for example, chemical
processes or stirred tank reactor systems, etc. If g(x) is negative, the matrix B can be
modified such that Assumption 1 is obtained. Assumption 3 often exists in robust control of
uncertainties. Since uncertainties AA and AA; are presented, the dynamical model is closer
to practical situations which are more complex than the cases considered in [13]-[15].

Indeed, the control objective is to determine a robust adaptive fuzzy controller such that the
state x(t) converges to zero. Since high uncertainty is considered here, we want to derive a
sliding-mode control (SMC) based design for the control goal. Note that the system (1) is not
the Isidori-Bynes canonical form [21], [24] such that a new design approaches of sliding
surface and reaching control law is proposed in the following.

3. Sliding surface design

Due to the high uncertainty and nonlinearity in the system (1), an asymptotically stable
sliding surface is difficultly obtained in current sliding mode control. This section presents
an alternative approach to design an asymptotic stable sliding surface below.

Without loss of generality, let the sliding surface denote

S(t)=[-A 1 Jx(t)=Ax(t)=0 ©6)

where AeR"Pand A= [-A 1] determined later. In the surface, we have x,(f)= Ax;(t).
Thus, the result of sliding surface design is stated in the following theorem.

Theorem 1: Consider the system (1) lie in the sliding surface (6). The sliding motion is
asymptotically stable independent of delay, i.e., }Ln}oxl(t)’ X,(t)=0, if there exist positive

symmetric matrices X , Q, and a parameter A satisfying the following LMI:
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Given ¢ >0,
Subjectto X >0, Q, >0

N 3
a0, ®
NZl _Is
where
Ny * ¢ 0
N.. — XA;m + KTAgnz - "
e z )
XAghll + KTA;hlZ 0 - _Qh
E X +ApK 0 0 0
N 0 Ej1 X+ EpK - B X+ EjpK
2 - .
1 DI 0 - 0
DI 0 0,

W =
No=ApX + XAl + ApK+KTAL +37 Qs

K=AX; I, =diag{el, eI, 61,6 '1,} in which I,, I, are identity matrices with proper
dimensions; and (*) denotes the transposed elements in the symmetric positions. [ |
Proof: When the system (1) lie in the sliding surface (6), the sliding motion is described by
the dynamics (7). To analysis the stability of the sliding motion, let us define the following
Lyapunov-Krasoviskii function

V(t)=x] (P, () + Y j (0)Qyx, (v)ddo

where P>0 and Q, >0 are symmetric matrices. The time derivative of V(t) along the

dynamics (7) is

V(1) =T (1)(Q +)(t)

where
Qo ® O 0
0 - (Agmn +AnA)' P —Q; () ()
T : NG
(Ag + AdhlZA)TP 0 - =Q,

J
Qo = (A +AAp) P+ P(A +AA,) + k’:le
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el WO
T
Q. - [DoCo(Eyyy +EpA)f PO o 0
2 = . L
: .0
T
[D,Co(Eppy +EpA)) PO - 0

T
Qyg = PD;Cy(Eqy + EpA) + [chl(Ell + Ele)] p

Note that the second term Q, can be further rewritten in the form:

Q, - BCE+E'CTDT

where
PD, PD,
p=| * 9 &9 0
: : 0 G,
0 0
E_{ElﬁEHA 0 0 0 }
0 Eqg +EqpA - Bygq + EyppA

with C satisfies C'C<I, for identity matrix I, from Assumption 3. According to the
matrix inequality lemma [25] (see Appendix I) and the decomposition (9), the stability
condition Q<0 is equivalent to

Q, +[ET f)}[;l LfT:l <0

After applying the Schur complement to the above inequality, we further have

o 07,
MZl _Ia

where
Ej +EpA 0 0 0
0 Eipy +EipA -+ Epy +EppA
M= prp 0 " 0
| .
DIp 0 0,

By premultiplying and postmultiplying above inequality by a symmetric positive-definite
matrix diag{XI, ,I,} with I,, I, are identity matrices with proper dimensions, the LMI

addressed in (8) is obtained with X =P and Q, = XQ,X . Therefore, if the LMI problem
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has a feasible solution, then the sliding dynamical system (7) is asymptotically stable, i.e.,
limx; (t)=0. In turn, from the fact x,(¢) = Ax;(¢) in the sliding surface, the state x,(¢) will
t—o0

asymptotically converge to zero as t — . Moreover, since the gain condition (8) does not
contain the information of the delay time, the stability is independent of the delay.

After solving the LMI problem (8), the sliding surface is constructed by A = KP . Therefore,
the LMI-based sliding surface design is completed for uncertain time-delay systems.

Note that the main contribution of Theorem 1 is solving the following problems: i) the
sliding surface gain A appears in the delayed term x,(f—d;) such that the gain design is
highly coupled; and ii) the mismatched uncertainties (e.g., AA;;, AAyqq, AAjy, AAygp ) is
considered in the design. Compared to current literature, this study proposes a valid and
straightforward LMI-based sliding mode control for highly uncertain time-delay systems.
The design of exponentially stable sliding surface, a coordinate transformation is used
o(t)=e’"x,(t) with an attenuation rate y >0 . When o(t)is asymptotically stable, the state
x,(t) exponentially stable is guaranteed (see Appendix II or [26],[28] in detail).

Based on Theorem 1, the control goal becomes to drive the system (1) to the sliding surface
defined in (6). To this end, let us choose a Lyapunov function candidate V, = g(x)S* /2.
Taking the derivative the Lyapunov V, along with (1), it renders to

Vo(H) = g()S(H5(t) + §(x)S*(t) / 2

= 5(1)| 8EIA{(A + M)+ T (A + DA )x(t ) |
+8(x)S%(t) / 2+ u(t) + h(X)

If the plant dynamics and delay-time are exactly known, then the control problem can be
solved by the so-called feedback linearization method [24]. In this case, the ideal control law

.
u 1ssetto

o' () = (30N X, (A + Mgt~ )

10
+HA+AA)x]|(t) + g(x)S%(t) / 2+ k¢S(t) +h(x)} 1o

where k is a positive control gain. Then the ideal control law (10) yields V.(t) satisfying
V,(t)<0.

Since V,(t)>0 and V,(t)<0, the error signal S(t) converges to zero in an asymptotic
manner, i.e., limS(t) =0. This implies that the system (1) reaches the sliding surface S(t)=0
for any start inifial conditions. Therefore, the ideal control law provides the following result.
Unfortunately, the ideal control law (10) is unrealizable in practice applications due to the
poor modeled dynamics. To overcome this difficulty, we will present a robust reaching

control law by using an adaptive TS-FNN control in next section.

4. TS-FNN-based sliding mode control

In control engineering, neural network is usually used as a tool for modeling nonlinear
system functions because of their good capabilities in function approximation. In this
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section, the TS-FNN [26] is proposed to approximate the ideal sliding mode control law
u"(t) . Indeed, the FNN is composed of a collection of T-S fuzzy IF-THEN rules as follows:
Rulei:

IFZ, is G;; and ---and Z,; is G,; THEN

T
Uy, (£) = 2gVsg + 201+ + Zy Uiy =2

for i=1,2,---,ny , where ny is the number of fuzzy rules; z, ~z,; are the premise variables

is the fuzzy output with tunablev; =[v,, vy - ©;

composed of available signals; u ino

and properly chosen signal z=[z, z; - z, ! ; éij (z;)(j=1,2,-+,n;) are the fuzzy sets
with Gaussian membership functions which have the form ézj(ij) =exp(—(z; - mij)2 /(c2))

where my; is the center of the Gaussian function; and o;; is the variance of the Gaussian

function.
Using the singleton fuzzifier, product fuzzy inference and weighted average defuzzifier, the

inferred output of the fuzzy neural network is u, :zzl 1:(Z)z" v; where

w@=a3) /3" @), 2=[7 %, - z,] and @(z)= ;?;G,..(z,) . For simplification,
define two auxiliary signals
. T T T
5—[2 Mo Z oy o Z ﬂnd
T
9:[0{ U; e UZR:| .

In turn, the output of the TS-FNN is rewritten in the form:

u,(H)=¢"0 (13)

Thus, the above TS-FNN has a simple structure, which is easily implemented in comparison
of traditional FNN. Moreover, the signal z can be appropriately selected for more complex
function approximation. In other words, we can use less fuzzy rules to achieve a better
approximation.

According to the uniform approximation theorem [19], there exists an optimal parametric
vector 6 of the TS-FNN which arbitrarily accurately approximates the ideal control law
u"(t) . This implies that the ideal control law can be expressed in terms of an optimal TS-
FNNas u (t)=&"6+2(x) where £(x) is a minimum approximation error which is assumed
to be upper bounded in a compact discussion region. Meanwhile, the output of the TS-FNN
is further rewritten in the following form:

u, =u &0 -5 (x) (14)

where §=60-6 is the estimation error of the optimal parameter. Then, the tuning law of
the FNN is derived below.
Based on the proposed TS-FNN, the overall control law is set to

u(t)=u,(t) +u(t) (15)
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where u,(t) is the TS-FNN controller part defined in (13); and wu.(f) is an auxiliary
compensation controller part determined later. The TS-FNN control u,(t) is the main tracking
controller part that is used to imitate the idea control law u (t) due to high uncertainties,
while the auxiliary controller part u.(t) is designed to cope with the difference between the
idea control law and the TS-FNN control. Then, applying the control law (15) and the
expression form of u,,(t) in (10), the error dynamics of S is obtained as follows:

8(x)S(t)
= QA (A+ A1)+ T, (Ag+ Mgy (= d) |
+h(x)+u (1) +ET0 - 2(x) +u.(t)

=—kS(t) - % (X)S(t) + ET0 — & (x) +u(t)

where the definition of u"(f) in (10) has been used. Now, the auxiliary controller part and

tuning law of FNN are stated in the following.

Theorem 2: Consider the uncertain time-delay system (1) using the sliding surface designed
by Theorem 1 and the control law (15) with the TS-FNN controller part (14) and the
auxiliary controller part

1, (£) =—5'sgn(S(t)

The controller is adaptively tuned by
o(t) =-nyS(H)S 17)

S(t) = —-n15|S(8) (18)

where 77, and 75 are positive constants. The closed-loop error system is guaranteed with
asymptotic convergence of S(t), x;(t), and x,(f), while all adaptation parameters are
bounded. [ |
Proof: Consider a Lyapunov function candidate as

SIS0+ —-0(0) 8(t) +--5%(1)

2 Ty s

where 5(t) = 5‘(15)—5 is the estimation error of the bound of £(x) (i.e., sup,|&(x)|<5). By
taking the derivative the Lyapunov V, (t) along with (16), we have

V, (1) = g(x)S()S() + - g()S(8) + — (1) b(t) +—S(d (1)
2 2 o s

=~k S*(t) - S(t)z (x) - S|S(t)| + S()E" O (t) + nié(t)T a(t)
4

—(8(t)-8)|S(8) + 5 (15(t)
s
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When substituting the update laws (17), (18) into the above, V, (t) further satisfies

V,(t) :—kaZ(t)—S(t)E(x -5|s(t)
kaZ —(8-|g@)))|set)|
—k;S(t)

Since V,(t)>0 and V,(t)<0, we obtain the fact that V,(t)<V,(0), which implies all S(t),
6(t) and &(t) are bounded. In turn, $(t)e L, due to all bounded terms in the right-hand
side of (16). Moreover, integrating both sides of the above inequality, the error signal S(t) is
L, -gain stable as

Ky [ S2(2)dz <V, (0) -V, (1) <V, (0)

,(0) is bounded and V,(t) is non-increasing and bounded. As a result, combining
the facts that S(t), S(t)e L, and, S(t)eL, the error signal S(t) asymptotically converges to
zero as t — o by Barbalat's lemma. Therefore, according to Theorem 1, the state x(t) will is
asymptotically sliding to the origin. The results will be similar when we replace another
FNNIJ[26] or NN[27] with the TS-FNN, but the slight different to transient.

where V,

5. Simulation results

In this section, the proposed TS-FNN sliding mode controller is applied to two uncertain
time-delay system.
Example 1: Consider an uncertain time-delay system described by the dynamical equation

(1) with x(t) =[x (t) x2(t) x5(t)],
—10 + sin(t) 1 1+ sin(t)
A+AA(t)= 1 —8—cos(t) 1-cos(t)
5+cos(t) 4+sin(t) 2+ cos(t)
1+ sin(t) 0 1+ sin(t)
Ay +AA ()= 0 1+cos(t) 1+ cos( t)]
3+sin(t) 4+cos(t) 2+sin(t)

B=[0 0 1] =1and h(X)=0.5]x|+|x(t - )| +sin(t) .
It is easily Checked that Assumptions 1~3 are satisfied for the above system. Moreover, for

Assumption 3, the uncertain matrices AA;;(t), AAH(t), AAsq(t), and AA,,(t) are
decomposed with

10 T
Dy =D, =E;=Ey = 0 1 rElzzEzzz[1 1] ’

Co(F) = sin(t) 0 Co ) = sin(f) 0
i )_{ 0 —COS(t):|/ 2 )_{ 0 cos(t)}
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First, let us design the asymptotic sliding surface according to Theorem 1. By choosing
& =0.2 and solving the LMI problem (8), we obtain a feasible solution as follows:

A=[0.4059 0.4270]
 [9.8315 0.2684
T 102684 61525

_ [85.2449 29772
T | 29772 51.2442

The error signal S is thus created from (6).

Next, the TS-FNN (11) is constructed with n; =1, nz =8, and n, =4. Since the T-S fuzzy
rules are used in the FNN, the number of the input of the TS-FNN can be reduced by an
appropriate choice of THEN part of the fuzzy rules. Here the error signal S is taken as the
input of the TS-FNN, while the discussion region is characterized by 8 fuzzy sets with
Gaussian membership functions as (12). Each membership function is set to the center
m; =-2+4(i-1) /(ng —1) and variance o; =10 for i=1,..., ng and j=1. On the othTer
hand, the basis vector of THEN part of fuzzy rules is chosen as z=[1 x;(t) x,(f) x3(t)] -
Then, the fuzzy parameters v; are tuned by the update law (17) with all zero initial
condition (i.e., v;(0)=0 forall j).

In this simulation, the update gains are chosen as 7, =0.01 and 75 =0.01. When assuming
the initial state x(0)=[2 1 1]T and delay time d(t)=0.2+0.15c0s(0.9t), the TS-FNN
sliding controller (17) designed from Theorem 3 leads to the control results shown in Figs. 1
and 2. The trajectory of the system states and error signal S(f) asymptotically converge to
zero. Figure 3 shows the corresponding control effort.

2.5 T T T T T T T T T

Fig. 1. Trajectory of states x;(t) (solid); x,(t) (dashed); x;(t) (dotted).
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time

_4:|_ -

—-B0 1 1 1 1 1 1 1 1 1
o 1.

Fig. 3. Control effort u(t).
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Example 2: Consider a chaotic system with multiple time-dely system. The nonlinear system
is described by the dynamical equation (1) with x(f) =[x,(t) x,(t)],
2(t) = (A+ AA)x(t) + Bg™ (x) (u(t) + h(X))
+(Ag +AA  )x(t—0.02)
+(Ayy + AA )x(t—0.015)

where ¢7'(x)=45,

A 0 25 AA = sin(t) sin(t)
L oa) { 0 0 }
25

A o o _[cos(t) cos(t)

7 0.01 0.01}’ ‘ﬂ_Los(t) sin(t)}
__ 0 0 | cos(t) cos(t)

A“’_o.m o.oJ'AAdzLin(t) Cos(t)}'
h(x)= E[_(Exl(t)) +0.01x; (t - 0.02)

+0.01x3 (¢ —0.015) + 25cos(t)]

If both the uncertainties and control force are zero the nonlinear system is chaotic system
(cf. [23]). It is easily checked that Assumptions 1~3 are satisfied for the above system.
Moreover, for Assumption 3, the uncertain matrices AA;;, AAj;,, AAyq1, AAjn AAgprr s
and AA;,, are decomposed with

Dy =D, =Ej; =Ey =Ej;1 =Ejp =Eyy =Eyp =1

C, =sin(t), C, = cos(f)

First, let us design the asymptotic sliding surface according to Theorem 1. By choosing
£=02 and solving the LMI problem (8), we obtain a feasible solution as follows:
A=1.0014, P=0.4860, and Q; =Q, =0.8129 . The error signal S(t) is thus created.

Next, the TS-FNN (11) is constructed with n; =1, ny =8, and. Since the T-S fuzzy rules are
used in the FNN, the number of the input of the TS-FNN can be reduced by an appropriate
choice of THEN part of the fuzzy rules. Here the error signal S is taken as the input of the
TS-FNN, while the discussion region is characterized by 8 fuzzy sets with Gaussian
membership functions as (12). Each membership function is set to the center
m; =-2+4(i-1) /(ng 1) and variance o; =5 for i=1,..., ng and j=1. On t}‘T1e other
hand, the basis vector of THEN part of fuzzy rules is chosenas z=[75 x,(t) x,(t)] . Then,
the fuzzy parameters v; are tuned by the update law (17) with all zero initial condition (i.e.,
0;(0)=0 forall j).

In this simulation, the update gains are chosen as 7, =0.01 and 75 =0.01. When assuming
the initial state x(0)=[2 -2], the TS-FNN sliding controller (15) designed from Theorem 3
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leads to the control results shown in Figs. 4 and 5. The trajectory of the system states and
error signal S asymptotically converge to zero. Figure 6 shows the corresponding control
effort. In addition, to show the robustness to time-varying delay, the proposed controller set
above is also applied to the uncertain system with delay time d,(t)=0.02 +0.015co0s(0.9¢) .
The trajectory of the states and error signal S are shown in Figs. 7 and 8, respectively. The
control input is shown in Fig. 9

4 T T T T T T T T T

3. -

Fig. 4. Trajectory of states x;(t) (solid); x,(t) (dashed).

Fig. 5. Dynamic sliding surface S(t).
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Fig. 7. Trajectory of states x;(t) (solid); x,(t) (dashed).
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Fig. 8. Dynamic sliding surface S(t).
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Fig. 9. Control effort u(t).
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5. Conclusion

In this paper, the robust control problem of a class of uncertain nonlinear time-delay
systems has been solved by the proposed TS-FNN sliding mode control scheme. Although
the system dynamics with mismatched uncertainties is not an Isidori-Bynes canonical form,
the sliding surface design using LMI techniques achieves an asymptotic sliding motion.
Moreover, the stability condition of the sliding motion is derived to be independent on the
delay time. Based on the sliding surface design, and TS-FNN-based sliding mode control
laws assure the robust control goal. Although the system has high uncertainties (here both
state and input uncertainties are considered), the adaptive TS-FNN realizes the ideal
reaching law and guarantees the asymptotic convergence of the states. Simulation results
have demonstrated some favorable control performance by using the proposed controller
for a three-dimensional uncertain time-delay system.
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Appendix |

Refer to the matrix inequality lemma in the literature [25]. Consider constant matrices D, E
and a symmetric constant matrix G with appropriate dimension. The following matrix
inequality

G+DC(t)E+E'CT()D" <0

for C(t) satisfying CT (t)C(t)< R, if and only if, is equivalent to

G+[ET DJ[S_;R SOJ[;T}O

for some ¢ >0. [ |

Appendix Il

An exponential convergence is more desirable for practice. To design an exponential sliding
mode, the following coordinate transformation is used

o(t)=e"x,(t)

with an attenuation rate y >0 . The equivalent dynamics to (2):

G(t) = ye' x, (t) + e %y (1)

= A,o(t)+ Y, e Mo(t—d,) (A1)

where

Ag =yl 4+ Ay — ApA—AA —AApA,

Aadk = Adkll - AdklZA - AAdk 1~ AAdkle

; the equation (A.1) and the fact /%o (t —d,)=e"'x,(t —d,) have been applied. If the system
(A.1) is asymptotically stable, the original system (1) is exponentially stable with the decay
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taking form of x,(t)=e'o(t) and an attenuation rate y . Therefore, the sliding surface
design problem is transformed into finding an appropriate gain A such that the subsystem

(A.1) is asymptotically stable.
Consider the following Lyapunov-Krasoviskii function

V(t) =o' ()Po(t)+ Y r_ &2 jidk o7 (0)xQu0(v)do

where P>0 and Q, >0 are symmetric matrices.
Let the sliding surface S(t) =0 with the definition (6). The sliding motion of the system (1) is
delay-independent exponentially stable, if there exist positive symmetric matrices X, Q
and a parameter A satisfying the following LMI:

Given ¢ >0

Subjectto X >0, Q, >0

N *
{ n 0 } <0 (A.2)
N21 _Ig
where
Ny ) O 0
XA +K Ay Q1 () ()
N.. = 4111 4112 1
11 E N t. . (*)
XApn +K A, 0 - —Q,
EpX +ApK 0 0 0
0 Ei X+ EpK o B X+ EppK
Na=l pr 0 g 0
| .
D} 0 0,

Np=ApX + XAL + ApK+KTAL + 3 e, ;

K=AX; I, =diag{el,,&l, e 'I,,6'I,} in which I, I, are identity matrices with proper
dimensions; and (*) denotes the transposed elements in the symmetric positions.

If the LMI problem has a feasible solution, then we obtain V(t)>0 and V(t)<0. This
implies that the equivalent subsystem (A.1) is asymptotically stable, i.e., limo(f)=0. In
turn, the states x;(t) and x,(t) (here x,(t)=Ax;(t)) will exponentially convtc?roée to zero as
t— . As a result, the sliding motion on the manifold S(t)=0 is exponentially stable.
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Moreover, since the gain condition (A.2) does not contain the delay time d,, the sliding
surface is delay-independent exponentially stable. [ |
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Recent Progress in Synchronization of
Multiple Time Delay Systems

Thang Manh Hoang
Hanoi University of Science and Technology
Vietnam

1. Introduction

The phenomenon of synchronization of dynamical systems was reported by the famous
Dutch scientist Christiaan Huygens in 1665 on his observation of synchronization of two
pendulum clocks. And, chaos theory has been aroused and developed very early (since
1960s) with efforts in many different research fields, such as mathematics (Li & Yorke, 1975;
Ruelle, 1980; Sharkovskii, 1964; 1995), physics (Feigenbaum, 1978; Hénon, 1976; Rossler,
1976), chemistry (Zaikin & Zhabotinsky, 1970; Zhabotinsky, 1964), biology (May, 1976) and
engineering (Lorenz, 1963a;b; Nakagawa, 1999), etc (Gleick, 1987; Stewart, 1990). However,
until 1983, the idea of synchronization of chaotic systems was raised by Fujisaka and
Yamada (Fujisaka & Yamada, 1983). There, the general stability theory of the synchronized
motions of the coupled-oscillator systems with the use of the extended Lyapunov matrix
approach, and the coupled Lorenz model was investigated as an typical example. A typical
synchronous system can be seen in Fig.1. In 1990, Pecora and Carroll (Pecora & Carroll, 1990)
realized chaos synchronization in the form of drive-response under the identical synchronous
scheme. Since then, chaos synchronization has been aroused and it has become the subject
of active research, mainly due to its potential applications in several engineering fields such
as communications (Kocarev et al., 1992; Parlitz et al., 1992; Parlitz, Kocarev, Stojanovski &
Preckel, 1996), lasers (Fabiny et al., 1993; Roy & Thornburg, 1994), ecology (Blasius et al., 1999),
biological systems (Han et al., 1995), system identification (Parlitz, Junge & Kocarev, 1996),
etc. The research evolution on chaos synchronization has led to several schemes of chaos
synchronization proposed successively and pursued, i.e., generalized (Rulkov et al., 1995),
phase (Rosenblum et al., 1996), lag (Rosenblum et al., 1997), projective (Mainieri & Rehacek,
1999), and anticipating (Voss, 2000) synchronizations. Roughly speaking, synchronization
of coupled dynamical systems can be interpreted to mean that the master sends the driving
signal to drive the slave, and there exists some functional relations in their trajectories during
interaction. In fact, the difference between synchronous schemes is lied in the difference of
functional relations in trajectories. In other words, a certain functional relation expresses the
particular characteristic of corresponding synchronous scheme. When a synchronous regime
is established, the expected functional relation is achieved and synchronization manifold is
usually used to refer to such specific relation in a certain coupled systems.

Time delay systems have been studied in both theory (Krasovskii, 1963) and
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application (Loiseau et al., 2009). The prominent feature of chaotic time-delay systems
is that they have very complicated dynamics (Farmer, 1982). Analytical investigation on
time-delay systems by Farmer has showed that it is very easy to generate chaotic behavior
even in systems with a single equation with a single delay such as Mackey-Glass'’s, Ikeda’s.
Recently, researchers have been attracted by synchronization issues in coupled time-delay
systems. Accordingly, several synchronous schemes have been proposed and pursued.
However, up-to-date research works have been restricted to the synchronization models of
single-delay (Pyragas, 1998a; Senthilkumar & Lakshmanan, 2005) and multiple time delay
systems (MTDSs) (Shahverdiev, 2004; Shahverdiev et al., 2005; Shahverdiev & Shore, 2005).
There, coupling (or driving) signals are in the form of either linear or single nonlinear
transform of state variable. Those models of synchronization in coupled time-delay systems
can be used in secure communications (Pyragas, 1998b), however, the security is not
assured (Ponomarenko & Prokhorov, 2002; Zhou & Lai, 1999) due that there are several
advanced reconstruction techniques which can infer the system’s dynamics. From such the
fact, synchronization of MTDSs has been intensively investigated (Hoang et al., 2005). In
this chapter, recent development for synchronization in coupled MTDSs has been reported.
The examples will illustrate the existence and transition in various synchronous schemes in
coupled MTDSs.

The remainder of the chapter is organized as follows. Section 2 introduces the MTDSs
and its complexity. The proposed synchronization models of coupled MTDSs with various
synchronous schemes are described in Section 3. Numerical simulation for proposed
synchronization models is illustrated in Section 4. The discussions and conclusions for the
proposed models are given in the last two sections.

Master driving signal Slave
dx/dt=F, (x.t) DS(t) dy/dt=F(y,DS()1

Fig. 1. A typical synchronous system.

2. Multiple time-delay systems

2.1 Overview of time-delay feedback systems
Let us consider the equation representing for a single time-delay system (STDS) as below

dx

= —wx+ f(x(t— 1)) M
where a and T are positive real numbers, T is a time length of delay applied to the
state variable. f(x) = 7% and f(x) = sin(x) are well-known time-delay feedback

systems; Mackey-Glass (Mackey & Glass, 1977) and Ikeda (Ikeda & Matsumoto, 1987)
systems, respectively. a and/or T can be used for controlling the complexity of chaotic
dynamics (Farmer, 1982). An analog circuit model (Namajtnas et al., 1995) of STDSs is
depicted in Fig. 2. The dynamical model of the circuit can be written as

dU  Uyp(t) — U(t)
dat CoRo @

where Unp(t) = f(U(t — T)). Apparently, the equations given in Egs. (1) and (2) has the same
form.
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Chaos synchronization of coupled STDSs has been studied and experimented in several

U(t-1)

Unp(t) u(t)
f(.) —1—+——=
Rg

T

Fig. 2. Circuit model of single delay feedback systems

fields such as circuits (Kim et al., 2006; Kittel et al., 1998; Namajtinas et al., 1995; Sano
et al., 2007; Voss, 2002), lasers (Celka, 1995; Goedgebuer et al., 1998; Lee et al., 2006;
Masoller, 2001; S. Sivaprakasam et al., 2002; Zhu & WU, 2004), etc. So far, most of research
works in this context have focused on synchronization models of STDSs (Pyragas, 1998a;
Senthilkumar & Lakshmanan, 2005), in which Mackey-Glass (Mackey & Glass, 1977) and
Ikeda (Ikeda & Matsumoto, 1987) systems have been employed as dynamical equations for
specific examples. Up to date, there have been several coupling methods for synchronization
models of STDSs, i.e., linear (Mensour & Longtin, 1998; Pyragas, 1998a) and single nonlinear
coupling (Shahverdiev & Shore, 2005). In other words, the form of driving signals is either
x(t) or f(x(t—1)).

Recently, MTDSs have been interested and aroused (Shahverdiev, 2004). That is because of
their potential applications in various fields. A general equation representing for MTDSs is as

P
Wt Yomif(x(t ) ©
i=1

where m;, 7; € (1; > 0)R. It is clear that MTDSs can been seen as an extension of STDSs.
STDSs, MTDSs exhibit chaos.

Chaos synchronization models of MTDSs has been aroused by Shahverdiev et
al. (Shahverdiev, 2004; Shahverdiev et al., 2005). So far, the studies are constrained to
the cases that the coupling (or driving) signal is in the form of linear (x()) or single nonlinear
transform of delayed state variable (f (x(t — 7))). A synchronization model using STDSs with
linear form of driving signal can be expressed by

Master: ;
o= —ax+ f(x(t=7)) )
Driving signal:
DS(t) = kx ®)
Slave: J
Y = —ay+ fly(t— 1)) + DS(1) (6)

dt
where k is coupling strength. A synchronization model using MTDSs with linear form of
driving signal can be expressed by
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Master: »
dx
Wt Yomif(x(t 1) )
i=1
Driving signal:
DS(t) = kx (8
Slave: ,
d
T = —ay+ Y mif (y(t = 7)) + DS(1) ©)
i=1

In the synchronous system given in Egs. (7)-(9), if the driving signal is in the form of
DS(t) = kf(x(t — 1)), the synchronous system becomes synchronization of MTDSs with
single nonlinear driving signal.

In theoretical, such above synchronization models do not offer advantages for the secure
communication application due to the fact that their dynamics can be inferred easily by
using conventional reconstruction methods (Prokhorov et al., 2005; Voss & Kurths, 1997).
By such the reason, seeking for a non-reconstructed time-delay system is important for
the chaotic secure communication application. One of the disadvantages of state-of-the-art
reconstruction methods is that MTDSs can not be reconstructed if the measured time series
is sum of multiple nonlinear transforms of delayed state variable, i.e. ) f(x(t — 7;)). This

]
is the key hint for proposing a new synchronization model of MTDSs. In the next section,
the synchronization models of coupled MTDSs are investigated, in which the driving signal

is sum of nonlinearly transformed components of delayed state variable, }_ f(x(t — 7;)). The
]

conditions for synchronization in particular synchronous schemes are considered and proved
under the Krasovskii-Lyapunov theory. The numerical simulation will demonstrate and verify
the prediction in these contexts.

2.2 The complexity analysis for MTDSs

The complexity degree of MTDSs is confirmed that MTDSs not only exhibit hyperchaos, but
also bring much more complicated dynamics in comparison with that in single delay systems.
This will emphasis significances of MTDSs to the secure communication application. In order
to illustrate the complicated dynamics of MTDSs, the Lyapunov spectrum and metric entropy
are calculated. Lyapunov spectrum shows the complexity measure while metric entropy
presents the predictability to chaotic systems. Here, Kolmogorov-Sinai entropy (Cornfeld
et al., 1982) is estimated with

KS=YA; forA;>0 (10
i

The two-delays Mackey-Glass system given in Eq. (11) is studied for this purpose. The
complexity degree with respect to values of parameters and of delays is shown by varying
«, m; and 7;. There are several algorithms to calculate the Lyapunov exponents of dynamical
systems as presented in (Christiansen & Rugh, 1997; Grassberger & Procaccia, 1983; Sano &
Sawada, 1985; Zeng et al., 1991) and others. However, so far , all of the existing algorithms
are inappropriate to deal with the case of MTDSs. Here, estimation of Lyapunov spectrum is
based on the algorithm proposed by Masahiro Nakagawa (Nakagawa, 2007)

X1,

1+x¥§)

x x
== x4y ——2 0 T m2 (11)
xg

dt 1+
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Shown in Fig. 3(a) is largest Lyapunov exponents (LLE) and Kolmogorov-Sinai entropy with
some couples of value of 1 and m,. In this case, the value of 73 and 1, is set at 2.5 and 5.0,
respectively. The chaotic behavior exhibits in the specific value range of . Moreover, the
range seems to be wider with the increase in the value of |my| + |my|. It is clear to be seen
from Fig.3 that the possible largest LEs and metric entropy in this system (approximately 0.3
for largest LEs and 1.4 for metric entropy) are larger in comparison with those of the single
delay Mackey-Glass system studied by ].D. Farmer (Farmer, 1982) (approximately 0.07 for
largest LEs and 0.1 for metric entropy). It means that the chaotic dynamics of MTDSs is much
more complicated than that of single delay systems. As a result, it is hard to reconstruct and
predict the motion of MTDSs.

Largest Lyapunov Enponents versus  at different values of m  andm Kolmogorov-Sinai Entropy versus ot different values of m | andm

o (Bit7s)

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 T2 3 4 5 6 7 8 9
o (arb. units) a (arb. units)

(a) LLEs versus « (b) Kolmogorov-Sinai entropy versus «

Fig. 3. Largest LEs and Kolmogorov-Sinai entropy versus « of the two delays Mackey-Glass
system.

Illustrated in Figs. 4 and 5 is the largest LEs as well as Kolmogorov-Sinai entropy with respect
to the value of m1 and my. There, the value of &, 7y and 1, is kept constant at 2.1, 2.5 and
5.0, respectively. Noticeably, the two-delays system is with weak feedback in the range of
small value of mj, or the two-feedbacks system tends to single feedback one. In such the
range, the curves of largest LEs and Kolmogorov-Sinai entropy are in ‘V’ shape for negative
value of mj as depicted in Figs. 4(a) and 4(b). This is also observed in the curves of metric
entropy in Fig. 4(b). In other words, the dynamics of MTDSs are intuitively more complicated
than that of STDSs. By observing the curves in Figs. 5(a) and 5(b), these characteristics in the
case of changing the value of my are a bit different. The range of my offers the ‘V’ shape is
around 3.0 for large negative values of 111, i.e., —14.5 and —9.5. It can be interpreted that this
characteristic depends on the value of delays associated with m;. As a particular case, the
result shows that the trend of largest LEs and metric entropy depends on the value of 71 and
my.

In Fig. 6, the largest LEs and Kolmogorov-Sinai entropy related to the value of 7y and T, are
presented, and it is clear that they strongly depend on the value of 7y and 1>. There, the value
of other parameters is set at m; = —15.0, mp = —10.0 and & = 2.1. The system still exhibits
chaotic dynamics even though the dependence of largest LEs and metric entropy on the value
of 7y and 1 is observed.

In summary, the dynamics of MTDSs is firmly more complicated than that of STDSs. In other
words, MTDSs present significances to the secure communication application.
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Largest Lyapunov Enponents versus m | at different values of m

Kolmogorov-Sinai Entropy versus m _ at different values of m
09 T T T

2 2

KS (bits/s)
o

o L g . 1»

0 3 6 -5 -10 -5 0 5 10 1
m, (arb. units) m, (arb.units)

(a) LLEs versus (b) Kolmogorov-Sinai entropy versus 111

Fig. 4. Largest LEs and Kolmogorov-Sinai entropy versus 1 of the two-delays Mackey-Glass
system.

Largest Lyapunov Enponents versus m , at different values of m Kolmogorov-Sinai Entropy versus m , at different values of m |

1

o (BIt/S)

A

0 2 4 02
m, (arb. units) m, (arb. units)

(a) LLEs versus m; (b) Kolmogorov-Sinai entropy versus 11,

Fig. 5. Largest LEs and Kolmogorov-Sinai entropy versus i, of the two-delays Mackey-Glass
system.

3. The proposed synchronization models of coupled MTDSs

We consider synchronization models of coupled MTDSs with restriction to the only one
state variable. In addition, various schemes of synchronization are investigated on such
the synchronization models. The main differences between these proposed models and
conventional ones are that dynamical equations for the master and slave are in the
form of multiple time delays and the driving signal is constituted by sum of nonlinear
transforms of delayed state variable. The condition for synchronization is still based on the
Krasovskii-Lyapunov theory. Proofs of the sufficient condition for considered synchronous
schemes will also be shown.

3.1 Synchronization of coupled identical MTDSs
We start considering the synchronization of MTDSs with the dynamical equations in the form
of one dimension defined by
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Largest Lyapunov Enponents versus , and 7, Kolmogorov-Sinai Entropy versus <, and <,

- -7, varying, 1,=5.0
07*’{ . B <0, varying, 7,=2.5| | 12

——1, varying, 7,=5.0

- 7, varying, 7,=25 | |

g 2 Freoox o
f ol S
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5! o * 0
04 o, ! »“ s
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02 :w +
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(a) LLEs versus 11 and 1 (arb. units) (b) Kolmogorov-Sinai entropy versus 7; and T

(arb. units)

Fig. 6. Largest LEs and Kolmogorov-Sinai entropy versus 71 and 1, of the two-delays
Mackey-Glass system.

Master:

P
% = —ax+ Z m;f (x,) (12)
i=1

Driving signal:

Mo

DS(t) = Y kif (xry.,) (13)

j=1

Slave:
dy P
o =~ + Y nif(ys) + DS(1) (14)
i=1

where a,m;, n;, ki, 7;(7; > 0) € R; integers P, Q (Q < P), f(.) is the differentiable generic
nonlinear function. xr, and y, stand for delayed state variables x(t — 7;) and y(t — T;),
respectively. Note that, the form of f(.) and the value of P are shared in both the master’s
and slave’s equations. As shown in Eq. (13), the driving signal is constituted by sum of
multiple nonlinear transforms of delayed state variable, and it is generated by driving signal
generator (DSG) as illustrated in Fig. 7. The master’s and slave’s equations in Egs. (12)
and (14) with {P = 1, f(x) = 75} and {P = 1, f(x) = sin(x)} turn out being the
well-known Mackey-Glass (Mackey & Glass, 1977) and Ikeda systems (Ikeda & Matsumoto,
1987), respectively.

It is clear to observe from the proposed synchronization model given in Eqgs. (12)-(14) that

|
|
| | Master DSG [t Slave
|

Fig. 7. The proposed synchronization model of MTDSs.

the structure of slave is identical to that of master, except for the presence of driving signal in
the dynamical equation of slave.
In consideration to the synchronization condition, so far, there are two strategies (Pyragas,
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1998a) which are used for dealing with synchronization of time-delay systems. The first one
is based on the Krasovskii-Lyapunov theory (Hale & Lunel, 1993; Krasovskii, 1963) while
the other one is based on the perturbation theory (Pyragas, 1998a). Note that, perturbation
theory is used suitably for the case that the delay length is large (; — 0). And, the
Krasovskii-Lyapunov theory can be used for the case of multiple time-delays as in this context.
In the following subsections, this model is investigated with different synchronous schemes,
i.e., lag, anticipating, projective-lag, and projective-anticipating.

3.1.1 Lag synchronization
As a general case, lag synchronization refers to the means that the slave’s state variable is
retarded with a time length in compared to the master’s. Here, lag synchronization has
been studied in coupled MTDSs described in Eqs. (12)-(14) with the desired synchronization
manifold defined by

y(t) = x(t — 1) (15)
where 7; € R is a time-delay, called a manifold’s delay. We define the synchronization error
upon expected synchronization manifold in Eq. (15) as

At) = y(t) —x(t =) (16)
And, the dynamics of synchronization error is

an  dy  dx(t —1y)

P T an
P

By applying the delay of 7; to Eq. (12), we get dx(;?m = —ax(t — 1)+ ¥ mif(Xq4q,)-
i=1

x(t—14)

Then, substituting dT, Yr, = X1 + Ag, and Eq. (14) into Eq. (17), the dynamics of
synchronization error becomes

dA  dy  dx(t—1y)

dt  dt dt

P Q P
—ay+ Y mif () + ) kjf<xfp+f>] - [—ax(t —w)+ Lomif(rorn)| )
i=1 j=1 j

i=1

P Q P
= —aA+ Z nif(xTi-FTd + ATi) + ijf(xTP+j) - Z mif(xTi-FTd)
i=1 =1 i=1
Tp4j =Ti+ T4 (19)

It is assumed that delays in Eq. (18) are chosen so that Eq. (19) is satisfied. Hence, Eq. (18) is
rewritten as

A PR

P
= —aA+ § :nif(xTi+Td + ATi) -
dt = T
i=1 i=1,j=1

[mi - k]} f(xg47,) (20)

m; — k] =n; (21)

It is easy to realize that the derivative of f(x + ) — f(x) = f'(x)d exists if f(.) is differentiable,
bounded, and ¢ is small enough. Also suppose that the value of coefficients in Eq. (20) is
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adopted so as the relation in Eq. (21) is fulfilled in pair. Note from Egs. (19) and (21) that only
some components in the master’s and slave’s equations are selected for such the relations.
Therefore, Eq. (20) reduces to

A P
it = —aA+ Z ”if/(x’fi+Td + Ar)By (22)
i=1
By applying the Krasovskii-Lyapunov theory (Hale & Lunel, 1993; Krasovskii, 1963) to the
case of multiple time-delays, the sufficient condition to achieve lim; o A(t) = 0 from Eq. (22)
is expressed as
P
w> ) Inif sup |f(xrz,)| (23)
i=1

where sup |f(.)| stands for the supreme limit of [f'(.)|. It is easy to see that the sufficicent
condition for synchronization is obtained under a series of assumptions. Noticably, the linear
delayed system of A given in Eq. (22) is with time-dependent coefficients. The specific
example shown in Section 4 with coupled modified Mackey-Glass systems will demonstrate
and verify for the case.
Next, combination synchronous scheme will be presented, there, the mentioned synchronous
scheme of coupled MTDSs is associated with projective one.

3.1.2 Projective-lag synchronization
In this section, the lag synchronization of coupled MTDSs is investigated in a way that the
master’s and slave’s state variables correlate each other upon a scale factor. The dynamical
equations for synchronous system are defined in Eqs. (12)- (14). The desired projective-lag
manifold is described by

ay(t) = bx(t — 1) (24)
where a2 and b are nonzero real numbers, and 1; is the time lag by which the state variable of
the master is retarded in comparison with that of the slave. The synchronization error can be
written as

A(t) = ay(t) — bx(t — 14), (25)
And, dynamics of synchronization error is
an  dy  dx(t — 1)

By substituting appropriate components to Eq. (26), the dynamics of synchronization error
can be rewritten as

dA P Q P
W o | cay+ )+ L k)|~ | —axtt - )+ Cmifeni)| @)
i=1 =1 i=1

Moreover, i, can be deduced from Eq. (25) as

_ bxgig +Ag

. (28)

Yt
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And, Eq. (27) can be represented as

dA P bxrir +Bg, | & i
dr =a | —ay+ Z nif(%) + Z kjf(pr+]‘) —b 70(3((1’ - Td) + Z mif(xTi-‘er)
i=1 j=1 i=1
(29)
Let us assume that the relation of delays is as given in Eq. (19), 7p;; = 7; + 74. The error

dynamics in Eq. (29) becomes

A s bxz i + Ag
o= Y anf () — (b — aky) f (vo,) (30)
i=1,j=1
The right-hand side of Eq. (28) can be represented as
bxr i, + Ar
% = Xgq7, + ATﬁﬂpp) (31)
where Ti(ﬂp Pisa time-delay at which the synchronization error satisfies Eq. (31). By replacing
right-hand side of Eq. (31) to Eq. (30), The error dynamics can be rewritten as
A fas
G —ad+ 12, . an; f (Xz 4z, + Ar,.(””")) — (bm; — akj) f (xz,47,) (32)
i=1,j=
Suppose that the relation of parameters in Eq. (32) as follows
bm; —ak; = an; (33)

If A_(yp) is small enough and f (.) is differentiable, bounded, then Eq. (32) can be reduced to

dA P ,
il —aA + ;ﬂnzf (xTi‘FTd)ATi(“W') (34)
i=

By applying the Krasovskii-Lyapunov theory (Hale & Lunel, 1993; Krasovskii, 1963) to this
case, the sufficient condition for synchronization is expressed as

P
a> Y Jani|sup |f' (xg47,)| (35)
i=1

It is clear that the main difference of this scheme in comparison with lag synchronization is
the existence of scale factor. This leads to the change in the synchronization condition. In fact,
projective-lag synchronization becomes lag synchronization when scale factor is equivalent to
unity, but the relative value of « is changed in the sufficient condition regarding to the bound.
This allows us to arrange multiple slaves with the same structure which are synchronized
with a certain master under various scale factors. Anyways, the value of n; and k; must be
adjusted correspondingly. This can not be the case by using lag synchronization as presented
in the previous section, that is, only one slave with a certain structure is satisfied.
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3.1.3 Anticipating synchronization

In this section, anticipating synchronization of coupled MTDSs is presented, in which the
master’s motion can be anticipated by the slave’s. The proposed model given in Eqs. (12)-(14)
is investigated with the desired synchronization manifold of

y(t) = x(t+ 1) (36)

where 7; € R is the time length of anticipation. It is also called a manifold’s delay because
the master’s state variable is retarded in compared with the slave’s. Synchronization error in
this case is

A(t) =y(t) —x(t+ 1) (37)

Similar to the scheme of lag synchronization, the dynamics of synchronization error is written

as

dy _dy  dx(t+ 1)
at T a T A (38)

(t+Td) _

P
By substituting —ax(t+ 1)+ ¥ mif(xq—7,), Yo = Xg—1, + Dy, and % into Eq.
i=1

(38), the dynamics of synchronization error is described by

A dy  dx(t+ 1)
dt — dt dt

P Q P
—ay+ L mif () + ) kjf(Xm,-)] - [ax(t )+ Lmif(ns)| )
1= =

i=1

P Q P
—aA+ Y nif (X +0g) + ) kif (xzp.,) — Y omif (xq-z,)
' i=1

i=1 j=1
Assume that 7p, ; in Eq. (39) are fulfilled the relation of
Tp4j =T — T4 (40)

delays must be non-negative, thus, 7; must be equal to or greater than 7; in Eq. (19).
Equation (39) is represented as

dA &
E = —aA+ Z 1f Xg—7y + AT, Z [ ] xTr T ) (41)
=1 i=1,j=1

Applying the same reasoning in lag synchronization to this case, parameters satisfies the
relation given in Eq. (21). Equation (41) reduces to

dA P /
n = —aA + Z”if (xg—1,) A 42)
i=1

And, the Krasovskii-Lyapunov theory (Hale & Lunel, 1993; Krasovskii, 1963) is applied to Eq.
(42), hence, the sufficient condition for synchronization for anticipating synchronization is

P
a> Y |nifsup |f (xg—)] (43)
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It is clear from (35) and (43) that there is small difference made to the relation of delays in
comparison to lag synchronization, and a completely new scheme is resulted. Therefore, the
switching between schemes of lag and anticipating synchronization can be obtained in such a
simple way. This may be exploited for various purposes including secure communications.

3.1.4 Projective-anticipating synchronization
Obviously, projective-anticipating synchronization is examined in a very similar way to that
dealing with the scheme of projective-lag synchronization. The dynamical equations for
synchronous system are as given in Eq. (12)- (14). The considered projective-anticipating
manifold is as

ay(t) = bx(t + 1) (44)
where a and b are nonzero real numbers, and 7, is the time lag by which the state variable
of the slave is retarded in comparison with that of the master. The synchronization error is
defined as

A =ay—bx(t+ 1) (45)
Dynamics of synchronization error is as

da  dy  dx(t+ 1)

By substituting % and W to Eq. (46), the dynamics of synchronization error becomes

A P g P

Tl A Yonif(yo) + Y kif(xz.,)| =D {M(f + 1)+ Y mif (Xg-1,) (47)
i=1 =1 i=1

It is clear that y, can be deduced from Eq. (45) as

_ bxgr + Ay

}/T,» a (48)
Hence, Eq. (47) can be represented as
A P bxr o4+ Ar, &
i =a|—ay+ Z nif(f) + ijf(xTP+j)
i=1 j=1
P
_b [achd +) mif(xTi_Td)] (49)
i=1

Similar to anticipating synchronization, the relation of delays is chosen as given in Eq. (40),
Tp+j = T; — Ty- The error dynamics in Eq. (49) is rewritten as

A £ bxg 7, +Ag
e+ Y [amf(%) = (bm; — akj) f (x7-,) (50)
i=1,j=1

The right-hand side of Eq. (48) can be equivalent to

bxy—z, + Ay,

a =Xy t+ A-ri(“'”’) (61)
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where Ti(app Jisa time-delay satisfying Eq. (51). Therefore, the error dynamics can be rewritten
as

A fas

ar - —aA+ i7§71 an;f (xg—z, + AT,.(“””)) — (bm; — akj)f(x’fi*Td) (52)

Suppose that the relation of parameters in Eq. (52) is as given in Eq. (33), bm; —ak; = an;.

A_(app) is small enough, f(.) is differentiable and bounded, hence, Eq. (52) is reduced to

T

dA P ,
ar —aA+ Z‘Z”if (xTi*Td)AT_(“W’) (53)
i=1 !

The sufficient condition for synchronization can be expressed as

P
a> Y |ang|sup |f'(xg-7,)| (54)
i=1

It is easy to see that the change from anticipating into projective-anticipating synchronization
is similar to that from lag to projective-lag one. It is realized that transition from the lag to
anticipating is simply done by changing the relation of delays. This is easy to be observed on
their sufficient conditions.

3.2 Synchronization of coupled nonidentical MTDSs

It is easy to observe from the synchronization model presented in Eqgs. (12)-(14) that the
value of P and the function form of f(.) are shared in the master’s and slave’s equations.
It means that the structure of the master is identical to that of slave. In other words, the
proposed synchronization model above is not a truly general one. In this section, the proposed
synchronization model of coupled nonidentical MTDSs is presented, there, the similarity in
the master’s and slave’s equations is removed. The dynamical equations representing for the
synchronization are defined as

Master: ,
dx
E:_m+2mﬂmumg (55)
i=1 i
Driving signal:
& (ps)
DS(t) = Zkffj (XT_(DS)) (56)
j=1 !
Slave: .
d
= —ay+ YmifY (y,0) + DS(1) (57)
i=1 i

where &, m;, 13, kj, Ti(M), Tj(DS), Ti(S)

X, ij(Ds) and yri(s) stand for x(t — Ti(M)), x(t — 1'].(DS)) and y(t — Ti(s)), respectively. fi(M)(.),

€ R, P, Q and R are integers. The delayed state variables

f].(DS) (.) and fi(s) (.) are differentiable, generic, and nonlinear functions. The superscripts (M),

(S) and (DS) associated with main symbols (delay, function, set of function forms) indicate
that they are belonged to the master, slave and driving signal, respectively.
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The non-identicalness between the master’s and slave’s configuration can be clarified by

defining the set of function forms, S = {F;i = 1..N}, in which F; (i = 1..N) represents for

the function form of £{*(), f{”*)(.) and £{'(.) in Eqs. (55)-(57). The subsets of Sy, Ss and

Spsc are collections of function forms of the master, slave and DSG, respectively. It is assumed
that the relation among subsets is Spsg € Spr U Sg. It is easy to realize that the structure of
master is completely nonidentical to that of slave if S; = Sy N Sg = ®. Otherwise, if there are
I components of nonlinear transforms whose function forms and value of delays are shared

(M) _ ()

between the master’s and slave’s equations, i.e.,, S = Sy N Sg # P and T; for

i = 1..I. These components are called identicalness ones which make pairs of { f(M) (x_)) vs.

T

FE)(y 9)} fori = 1.1

Theref(l)re, there are two cases needed to consider specifically: (i) the structure of master is
partially identical to that of slave by means of identicalness components, and (ii) the structure
of master is completely nonidentical to that of slave. In any cases, it is easy to realize from
the relation among Sy, Ss and Spgg that the difference between the master’s and slave’s
equations can be complemented by the DSG’s equation. In other words, function forms and
value of parameters will be chosen appropriately for the driving signal’s equation so that
the Krasovskii-Lyapunov theory can be used for considering the synchronization condition
in a certain case. For simplicity, only scheme of lag synchronization with the synchronization
manifold of y(t) = x(t — 1) is studied, and other schemes can be extended as in a way of
synchronization of coupled identical MTDSs.

3.2.1 Structure of master partially identical to that of slave
Suppose that there are I identicalness components shared between the master’s and slave’s
equations, hence, Egs. (55) and (57) can be decomposed as

Master: ! P
dx
i=1 ! i=I+1 !
Slave:
dy L s R ()
=t Y+ Y mif{P ) + DS() 9)
i=1 ' i=I+1 ’

where f. i(M) is with the form identical to f i(s) and Ti(M) = Ti(s) for i = 1..I. They are pairs of
identicalness components. The driving signal’s equation in Eq. (56) is chosen in the following
form

I Q
DS(t) = Lo kif ™ e o)+ 3 kif 7 (x00) (60)
j=1 1 j=I+1 /

where forms of f].(DS)(.) for j = 1..I are, in pair, identical to that of fi(M) as well as of fi(s) for
i = 1..1. Let’s consider the lag synchronization manifold of

y(t) = x(t - 1) (61)

And, the synchronization error is

A(t) = y(t) — x(t — 1) (62)
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Hence, the dynamics of synchronization error is expressed by

A dy  dx(t—7)

dt — dt dt
I I
S DS
= —ay+ Z”if,-( ) )+ Z (ys)+ ijf]-( )(xT_(Ds>)+
i=1 i=I+1 K j=1 i
LGS SR}
+ ) kif; (x s) +ax(t—14) — Zm,f Hd) - Y mf; (x o .)
j=I+1 i=I+1 !
(63)
By applying delay of T( ) to Eq. (62), Yo can be deduced as
Yoo =X, .+ B (64)
By substituting y(Tl,S) to Eq. (63), the dynamics of synchronization error can be rewritten as
dA Lo s L (ps
L R ! )(xT(5)+ Z o TAE)+ ijf]-( (x_os)
i=1 ! i=I+1 ! j=1 ]
Q (DS P
+ Y kS 2 mif e ) = 3 it )
j=I+1 =I1+1

(65)
Suppose that the relation of delays in the fourth and sixth terms at the right-hand side of Eq.
(65) is

T]-(DS) = Ti(M) +1 (= Ti(s) +14) forji=1.1 (66)
Hence, Eq. (65) can be reduced to
B aa A I ki) fM) " k09
e Z nif gy T89) = Z;(mi —ki) i () +j=§1 if (ij(DS))_
P R
i:;t mifi™ ( )+ l 21 i ( 5y T09)
(67)

Also suppose that function forms and value of parameters of the fourth term of Eq. (67) (the
second right-hand term of Eq. (60)) are chosen so that the last three terms of Eq. (67) satisfy
the following equation

P

S f(DS)
Y kif T e e) = 1 mif ™ (x o g) T Z nifY g, TB) =0 (68)

.- j T
j=I1+1 i=I+1 i=I+1
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Let us assume that Q = P + R — I. The first left-hand term is decomposed, and Eq. (68)
becomes

Z kI+]1f[+]1 ( Z kP+]2fp+]2( )

ﬂ* (69)

- Z m1+1f1+z )+T + Z ”1+1f1+z( ) bz +hs) =0

Ti+i

Undoubtedly, Eq. (69) can be fulfilled if followmg assumptions are made: kyyj1 = myy,

Tl(fjsl) = TI(+1) + 14 and forms of fI+]1 (.) are identical to that of fl(f)( ) fori, jl =1..(P—1),
and kpyjp = —npy, Tl(,?jz) = TI(+)1 + 14, A_s) is equal to zero as well as the form of fP+]2( ) is

I+z

identical to that of in(.) fori,j2 = 1..(R — I). Thus, Eq. (67) can be represented as

dA : M
T Z nif” g, T AT}5>) - i_zl(mi — k) f} )(XTI(M)Hd) (70)
According to above assumptions, Ti(s) = ’l'i(M) and forms of f i(M) (.) being identical to those of

fi(M)( ) for i = 1..I have been made. Here, further suppose that functions fl.(M)(.) and fi(s)(.)
are bounded. If synchronization errors A ) are small enough and m; — k; = n; fori = 1..I,

Eq. (70) can be reduced to

dA
= bt Z nif¥ X647 ) B0 (71)

where fi(s)’(.) is the derivative of fi(s)(.). By applying the Krasovskii-Lyapunov theory (Hale
& Lunel, 1993; Krasovskii, 1963) to the case of multiple time-delays in Eq. (71), the sufficient
condition for synchronization can be expressed as

i
a> Y |n|sup (72)

i=1

£ (X )

It turns out that the difference in the structures of the master and slave can be complemented
in the equation of driving signal. In order to test the proposed scheme, Example 5 is
demonstrated in Section 4, in which the master’s equation is in the heterogeneous form and
the slave’s is in the multiple time-delay Ikeda equation.

3.2.2 Structure of master completely nonidentical to that of slave

In this section, the synchronous system given in Eqgs. (58)-(59) is examined, in which there
is no identicalness component shared between the master’s and slave’s equations. In other
words, the function set is of S; = Sy N Sg = ®. Therefore, the driving signal’s equation
must contain all function forms of the master’s and slave’s equations or Spgg = SprU Ss and
Q = P + R. The driving signal’s equation Eq. (56) can be decomposed to

s (05),
= ’12‘41 kjl il x D5 )+ 22 kP+]2fp+]2( )) (73)
1= j2=



Recent Progress in Synchronization of Multiple Time Delay Systems 197

And, the synchronization error Eq. (62) can be represented as below

A dy  dx(t—1)
dt ~ dt dt

R
= —ay+ 2 nif o) + 2 kinf i 09

+ Z kP+]2fp+]2( ) +ax(t — 1) Z mlf +Td) (74)
2=1

R
— —aA+ Z nifi(S)(yTi(S)) + Z kP-&-jZf[(J?.?z)(xT(DS)

+ Z kllfjl P Zmzf £y ,)

j1=1

By substituting Y from Eq. (64) into Eq. (74), the dynamics of synchronization error is
rewritten as

dA
T = —aA+ Z 1f 41, + A.[i ]; kP+]2fp+]2( ))

(75)
+ Z k]lfﬂ 4 (0s)) — Z{mif,-(M)(xT;M)Hd)
i=

j1=1

Assume that value of parameters and function forms of the first right-hand term of Eq. (73)
are chosen so that the relation between the last two right-hand terms of Eq. (75) is as

Z knfir® Z mif M {0 47,) =0 (76)
j1=1 /
Equation Eq. (76) is fulfilled if the relation is as kj; = m;, Tj<1DS) = Tl.(M) + 14 and the form

of f].(lDS)(.) is identical to that of fi(M)(.) for i,j1 = 1.P. At this point, the dynamics of
synchronization error in (75) can be reduced to

dA R S
i —aA + Z‘inif; )(Xﬂ(s)_’_Td + A . 2211 kP+]2fP+]2( ) (77)
i= j

As mentioned, the form of f(s)() is identical to that of fl(??jz)() in pair. Here, we suppose
(DS) _ (5)

that coefficients and delays in Eq. (77) are adopted as kp+]2 = —njand T, 2 =T + 14 for
i,j2=1.P.If A ) is small enough and functions f are bounded, Eq. (77) can be rewritten
as X

aA S

At Y i ) CHUNSLNT (78)
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where fl-(s)/ (.) is the derivative of fl-(s) (.). Similarly, the synchronization condition is obtained
by applying the Krasovskii-Lyapunov (Hale & Lunel, 1993; Krasovskii, 1963) theory to Eq.
(78); that is

Q> Z |n;] sup | f (79)

V(o)

It is undoubtedly that for a certain master and slave in the form of MTDS, we always
obtained synchronous regime. Example 6 in Section 4 is given to verify for synchronization of
completely nonidentical MTDSs; the multidelay Mackey-Glass and multidelay Ikeda systems.

4. Numerical simulation for synchronous schemes on the proposed models

In this subsection, a number of specific examples demonstrate and verify for the general
description. Each example will correspond to a proposal in above section.

Example 1:

This example illustrates the lag synchronous scheme in coupled identical MTDSs given in
Section 3.1.1. Let’s consider the synchronization of coupled six-delays Mackey-Glass systems
with the coupling signal constituted by the four-delays components. The dynamical equations
are as

Master: ,
dx =6 Xt
— = —ax+ Z m; : (80)
at a1+
Driving signal:
& xpy
DS(t) = Y kj ; (81)
j=1 1+ xTP+/
Slave:
Wy ién i DS(1) 82)
dt Y S

1)2

Moreover, the supreme limit of the function f’(x) is equal to (b atx = (b“) (Pyragas,
1998a). The relation of delays and of parameters is chosen as: T7 =T+ B=T+T
To = Tg + Ty, Tio = T5 + Ty, M1 — k1 = n1, my — ko = np, m3 = n3, my — k3 = ny, ms — kg = ns,
Mg = Ng.

The value of delays and parameters are adopted as: b = 10, « = 12.3, m; = —20.0,
my = —15.0, mg = —1.0, my = —16.0, ms = —25.0, mg = —1.0, n; = —1.0, n, = —1.0,
nz = —1.0, ng = —1.0, ng = -1.0, ne = -1.0, k1 = —-19.0, kz = —14.0, k3 = —15.0, k4 =240,
Ty =05617=1217=23153=34"17=4517=5617=67 17 =68 1=79, 19 =101,
Tip = 11.2. Tllustrated in Fig. 8 is the simulation result for the synchronization manifold of
y(t) = x(t — 5.6). Obviously, the lag existing in the state variables is observed in Fig. 8(a).
Establishment of the synchronization manifold can be seen through the portrait of x(t — 5.6)
versus y(t) in Fig. 8(b). Moreover, the synchronization error vanishes in time evolution as
shown in Fig. 8(c). As a result, the desired synchronization manifold is firmly achieved.
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(c) Synchronization error A(t) = y(t) — x(t — 5.6)
Fig. 8. Simulation result of lag synchronization of coupled six-delays Mackey-Glass systems.

Example 2:

This example demonstrates the description of anticipating synchronization of coupled
identical MTDSs given in Section 3.1.3. The anticipating synchronous scheme is examined
in coupled four-delays Ikeda systems with the dynamical equations given as follows

Master:

dx =
i —ax + 1221 m; sinxr, (83)
Driving signal:
Q=2
DS(t) = Y kjsinxq,, (84)
j=1

Slave:

dy =
=Wt 1; nisinyq + DS(t) (85)
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Following to above description, the relation of parameters and delays is chosen as: m; = ny,
my —ky = np, mz = nz, my —ky = ny, Ts = T2 — Ty, T = Ta — Ty. Anticipating synchronization
manifold considered in this example is y(t) = x(t + 1), and chosen 7; = 6.0. The adopted
value of parameters and delays for simulation are as: « = 2.5, m; = —0.5, mp = —13.5,
my = —06, my = —14.6, n; = —05, 1, = —09, ng = —06, ny = —0.2, ky = —12.6,
kz =144, T = 1.5, T = 7.2, T3 = 2.6, Ty = 8.4, T5 = 1.2, Tg = 2.4.

The simulation result is displayed in Fig. 9. It is realized from Fig. 9(a) that the slave
anticipates the master’s motion, and the synchronization manifold of y(t) = x(t + 6.0) is
established as illustrated in Fig. 9(b), with vanishing synchronization error as depicted in
Fig. 9(c).
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(c) Synchronization error A(t) = y(t) — x(t + 6.0)

Fig. 9. Simulation result of anticipating synchronization of coupled four-delays Ikeda
systems

Example 3:

To support for projective-lag synchronization as given in Section 3.1.2, this example deals
with synchronization of coupled six-delays Mackey-Glass systems with the driving signal
constituted by the four-delays components. The dynamical equations are expressed in Egs.
(80)- (82). For the synchronization manifold of ay(t) = bx(t — 14), the relations between
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the value of delays and parameters are chosenas 77 = 7, + 7, T8 = Ty + T, T9 = Ty + T4,
To = T4+ T, by —aky = anq, bmy —aky = any, my = n3, bmy — aks = any, ms = ns,
bmg — aky = ang. According to Eq. (35), the sufficient condition for synchronization is

P=6

o> lang| sup |f' (xz47,)] - (86)
i—1

The value of delays and parameters adopted for simulation are 2 = 1.0, b = 3.0, ¢ = 10,
0a=63"1=56T7=6717=341=451=56175=231=12 17 =123, 1% =90,
9 = 11.2, 79 = 6.8, my = —8.0, mpy = —7.0, m3 = —0.3, my = —6.7, ms = —0.2, mg = —5.4,
ny = —0.6, ny = —0.5, nz = —0.3, ng = —0.8, ng = —0.2, neg = —0.7, k1 = —234, kz = —20.5,
ks = —19.3,and kg = —15.5.

The simulation result is illustrated in Fig. 10 with synchronization manifold of 1.0y(t) =
3.0x(t — 5.6). The scale factor can be seen by means of the scale of vertical axes in Fig. 10(a).
The scale factor can also be observed via the slope of the synchronization line in the portrait
of x(t — 5.6) versus y(t) shown in Fig. 10(b). Moreover, the synchronization error is reduced

with respect to time as displayed in Figs. 10(c). However, the level of A(Tfp ) in the linear

approximation given in Eq. (31) is dependent on the difference between the value of a and
b, 6 = a —b. Therefore, examination on the impact of § = a — b on the synchronization
error is necessary. As presented in Fig. 10(d) is the relation between the means square error
(MSE) of the synchronization error in whole synchronizing time and § = a — b. It is clear that
synchronization error is lowest when 6 =0 ora = b.

Example 4:

The description given in Section 3.1.4 is illustrated in this example. Projective-anticipating
synchronization of coupled five-delays Mackey-Glass systems is examined with three-delays
driving signal. The dynamical equations are as

Master: s
dx — Xg;
=t Z; M s (87)
Driving signal:
DS(t) = Qzak il (88)
= 71+ X%
Slave: s
dy = Yz,
& _JT 4 DS(t
T ay+i:21n,1+y%+ S(t) (89)

The synchronization manifold of ay(t) = bx(t + 1) is studied with the relation of delays
and parameters chosen as: g = 7| — T3, 7 = T3 — T3, T8 = T5 — Ty, bmy —aky = any,
my = np, bmz — aky = ansz, my = ng, bms — aks = ans. The value of parameters and delays for
simulation is setat: a = —2.5,b = 1.5, &« = 16.3, c = 10, m; = —16.2, my = —0.3, m3 = —14.5,
my = —1.0, ms = —18.6, ny = —04, np = —0.3, nz = —0.8, ng = —1.0, ns = —0.7, k1 =10.12,
kz = 9.5, k3 = 11.86, Ty = 4.6, T = 4.8, T = 3.8, T3 = 6.2, T4 = 55, T5 = 4.6, Tg = 0.6, T7 = 2.0,
T8 — 0.4.

The simulation result is depicted in Fig. 11 with the synchronization manifold of —2.5y(t) =
1.5x(t 4 4.6). It is easy to observed the scale factor by means of the scale of vertical axes in
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Fig. 10. Simulation result of projective-lag synchronization of coupled six-delays

Mackey-Glass systems

Fig. 11(a). The scale factor can also be observed via the slope of the line illustrated in the

portrait of x(t 4 4.6) versus y(t) in Fig. 11(b).

Example 5:

Synchronization model in this example demonstrate the lag synchronization of partially
identical MTDSs with the general description has been presented in Section 3.2.1. The master’s

and slave’s equations are chosen as
Master:

dt

dx . ) .
— = —ax+ mlsmxT(M) + mzsznxT(M) + I’VZ3511’ZXT(M)+
1 2 3

xT(M) XT(M) (90)

5

+ 4

My + ms
1+25, 14+x0,
Ty T
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Fig. 11. Simulation result of projective-anticipating synchronization of coupled five-delays
Mackey-Glass systems

Slave:
dy _ ay + nysin + npsin +
ar = Y 1 yTl(s) 2 yTz(s) 1)
+ nasiny_s) + ngsiny_s) + DS(¢)
) Ty
It is easy to observe that the sets of function forms are Sy = {sinz, ‘H»LZS’ ﬁ}, Sg =
{sinz}. Thus, S; = Sy NSs = {sinz} and Spsc € SmUSs = {sinz, {75, 15} Itis
assumed that Tl(M) = Tl(s) and TZ(M) = TZ(S), thus, the pairs of identicalness components are

{smle(M) vs. smyrl(s)} and {smxTZ(M) vSs. smyrz(s)}. Therefore, the equation for driving signal

must be chosen as

DS(t) = klsinle(Ds) + kzsinxTz(Ds) + kzsinx_(ps)+

e
X_(ps) X_(ps) (92)
T, e . .
+ ky = g + ks 5 0 + kgsinx_(ps) + kysinx_(ps)
1+ X 0s) 1+x T
4

(
{09 K
Following to the assumption described in the above description for the manifold of y(t) =

x(t — 14), the relation of delays and coefficients is chosen as: my — kg = n1, my —ky = np, k3 =

m3, ky = my, ks = ms, kg = —ns3, k; = —ny, T1<DS) = Tl(M) +7(= Tl(s) +7), T2<DS) = TZ(M) +14
(= TZ(S) + 1), TBEDS) = TB(M) + 14, TAEDS) = T4(M) + 74, T5(DS) = T5(M) + 14, TéDS) = TBES) + 14, and
T7(DS) = Tis) + 74. In simulation, the value of parameters are adopted as: & = 2.0, m; = —15.4,

my = —160, my = —0.35, my = —20.0, ms = —185, 1y = —02, ny = —0.1, n3 = —0.25,
ny = —0.4,ky = =152, ky = —15.9, ks = —0.35, k; = —20.0, ks = —185, ks = 0.25, k; = 0.4,
™M =34, M — 45 M — 65, 7™ =53, 7™ — 29,79 =34, % —45,% =20,

o =73, 7P = 104, P9 = 115, 7{P%) = 135, 7"¥) = 123, /("9 = 9.9, 7[P%) = 9y,
and ©\%) = 143,
7

The simulation result illustrated in Fig. 12 shows that the manifold of y(t) = x(t —7.0) is
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established and maintained. The manifold’s delay can be seen in Fig. 12(a) and Fig. 12(b). The
synchronization error vanishes eventually as given in Fig. 12(c), it confirms the synchronous
regime of nonidentical MTDSs.

g 15 20
£ 0 4 £
= 2 10
x | &
-15 1 | R g 4
=t £
g 1°] tg=7.0 >
g 0 ! -10
e
> 15 ‘ : w w : -20
0 5 10 15 20 25 30 -20 -10 0 10 20
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(a) Time series of x(t) and y(t) (b) Portrait of x(t — 7.0) versus y(t)
1.0
5 05
=
¥
X 00
=
i
< -05

0 20 40 60 80 100
t (arb.units)

(c) Synchronization error A(t) = y(t) — x(t —7.0)
Fig. 12. Simulation result of lag synchronization of partially identical MTDSs.

Example 6:

In this example, the demonstration for lag synchronization of completely nonidentical MTDSs
given in Section 3.2.2 is presented. the equations representing for the master and slave are as
Master:

dx xTI(M) xTZ(M) xT3(M)
- = —ax+ my 6 + my 8 ms 10 (93)
dt 1+ X 1+ ) 1+ X
1 2 3
Slave:
dy _ Ky + nisin + npsin + nasin +
at WM }/Tl(s) 25HY () 3 yrg(s) (94)
+ nysiny_s) + DS(t)
4
It is clear that the sets of function forms are Sy = {175, 175 1750}, Ss = {sinz},

S; = SpqNSg = ®. Thus, the subset of function form for DSG is Spsg € Sy USg =
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{sinz, ﬁzzé, i +ZzS ; TZZN }, and the driving signal’s equation must be chosen as

le(DS) Tk xTZ(DS) Lk XTS(DS)

6 2 3 3 10
14 x4 14 x4 1+x (Ds)

7 T 7

2

DS(f) = ky

(95)

+ k4sinxT(Ds) + k5sinxT(Ds) + k6sinxT(Ds) + kysinx_(ps)
4 5 6

7

Following to the general description above, the chosen relation of delays and coefficients for

the manifold of y(t) = x(t — ty) are as: ky = mq, ky = mp, kz = m3, kg = —ny, ks = —np, kg =
—ng, ky = —ny, TfDS) = Tl(M) + 1y, ’1'2(DS) = 72(M) + 1y, TBEDS) = ’c_,sM) + 1y, TiDS) = Tl(s) + 1y,
TEEDS) = TZ(S) + 14, TéDS) = Tés) + 14, and T7(DS) = Tés) + 7;5. And, the value of parameters

and delays are adopted for simulation as: « = 2.5, m; = —15.5, my = —20.2, m3 = —184,
ny = —0.3, ny = —0.2, nz = —0.4, nyg = —0.6, k1 = —155, kz = —20.2, k3 = —184, k4 =03,
ks = 02, ks = 04, k7 = 0.6, 7y = 5.0, ™ = 28, t{™ = 64, ™ = 39, <% = 17,

¥ =65 7% = 41, 7° =80, ©P9 = 78 ¢"9 = 114, P9 = 89, 7{"9) = 67,
P9 =115, 7% = 9.1,and ©\"¥ = 130.

Shown in Fig. 13 is the time series of state variables, the portrait of x(t — 5.0) versus y(¢)
and synchronization error A(t) = y(t) — x(t — 5.0), and it is easy to realize that the desired
manifold is created and maintained.

5. Discussion

In this section, the discussion is given on four aspects, i.e., the sufficient condition for
synchronization, the connection between the synchronous schemes in the proposed models,
the form of driving signal and the complicated dynamics of MTDSs in compared to
STDSs. These will confirm the application of the proposed synchronization model in secure
communications.

Firstly, the sufficient conditions for synchronization given in Egs. (23), (35), (43), (54), (72)
and (79) are loose for adopting value of parameters and delays. It is dependent on value of
parameters and not on delays since f/(x) is not a piecewise function with respect to x. This
allows to arrange multiple slaves being synchronized with one master at the same time.
Secondly, it is easy to realize from the connection between the synchronous schemes
that transition from lag synchronization to anticipating one can be done by changing the
relation between delays in DSG from tp,; = 7+ 75 to Tpy; = T — 7y (see Eqgs. (19)
and (40)). Moreover, the sufficient condition for lag synchronization is identical to that for
anticipating synchronization as presented in Eqgs. (23) and (43). Besides, transition from
lag synchronization with the synchronization manifold of y(f) = x(t — 1;) in Eq. (15) to
projective-lag synchronization with the manifold of ay(t) = bx(t — 7;) given in Eq. (24) has
been done by changing the relation between parameters from m; — k; = n; to bm; — ak; = an;
(see Egs. (21) and (33)); a,b are nonzero real numbers. Similar to the case of transition
from lag synchronization to anticipating one, projective-anticipating synchronization has
been achieved by changing the relation between delays in projective-lag synchronization
from 1p; = T+ 1 to Tpy; = T — 7y (see Eqgs. (19) and (40)) whereas the relation
between parameters and the sufficient condition for synchronization have been kept intact
(see Egs. (33), (35) and (54)). As a special case, if the value of 7, is set to zero, then lag and
anticipating synchronization will become the scheme of complete synchronization of MTDSs
and the schemes of projective-lag and projective-anticipating synchronizations turn into the
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(c) Synchronization error A(t) = y(t) — x(t — 5.0)
Fig. 13. Simulation for lag synchronization of completely nonidentical MTDSs.

projective synchronization of MTDSs.

Thirdly, in the proposed model of identical MTDSs, it is observed that the driving signals
given in Egs. (13) and (56) are in the form of sum of nonlinear transforms, and they are
commonly used for considering all the synchronous schemes. The reason for choosing
such the form is to obtain synchronization error dynamics being in the linear form. Then,
the Krasovskii-Lyapunov theory is applied to get sufficient condition for synchronization.
Assumptions made to f(.) being differentiable and bounded as well as obliged relations made
to parameters and delays are also for this reason. This must be appropriate to given forms of
the master and slave.

Lastly, earlier part of the paper has been mentioned the prediction that MTDSs may hold
more complicated dynamics than STDSs do. This has been confirmed from the result of
numerical simulation given in Section 2.2. It is well-known that Lyapunov exponents and
metric entropy are measure of complexity degree for chaotic dynamics. That is, in the specific
example of two-delays Mackey-Glass system, it is possible to obtain dynamics with LLE of
approximate 0.7 and metric entropy of around 1.4 as shown in Fig. 6 by adopting suitable
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value of parameters and delays. Recall that, in the specific example of single time-delay
Mackey-Glass system examined by J.D. Farmer (Farmer, 1982), LLE and metric entropy were
reported at around 0.07 and 0.1, respectively. The “V’ shape of LLE and metric entropy with
respect to my and m; in Figs. 4 and 5 illustrates more intuitively. At small value of m;, the
two-delays system tends to be single time-delay system due to weak feedback. The shift of
“V’ shape in the case of m3 = 3.0 can be interpreted that there is some correlation to value of
delays. Here, 15 associated with m; holds largest value. Undoubtedly, MTDSs holds dynamics
which is more complicated than that of STDSs.

6. Conclusion

In this chapter, the synchronization model of coupled identical MTDSs has been presented,
in which the coupling signal is sum of nonlinear transforms of delayed state variable. The
synchronous schemes of lag, anticipating, projective-lag and projective-anticipating have
been examined in the proposed models. In addition, the synchronization model of coupled
nonidentical MTDS has been studied in two cases, i.e., partially identical and completely
nonidentical. The scheme of lag synchronization has been used for demonstrating and
verifying the cases. The simulation result has consolidated the general description to the
proposed synchronous schemes. Noticeably, combination between synchronous schemes of
projective and lag/anticipating is first time mentioned and investigated.

The transition between the lag and anticipating synchronization as well as between the
projective-lag to projective-anticipating synchronization can be yielded simply by adjusting
the relation between delays while the change from the lag to projective-lag synchronization
and from the anticipating to projective-anticipating synchronization has been realized by
modifying the relation between coefficients. Similarly, other synchronous schemes of coupled
nonidentical MTDSs can be investigated as ways dealing in the synchronization models of
identical MTDSs, and synchronous regimes will also be established as expected. This allows
the synchronization models becoming flexible in selection of working scheme and switch
among various schemes.

In summary, the proposed synchronization models present advantages to the application of
secure communications in comparison with conventional ones. Advantages lie in both the
complexity of driving signal and infinite-dimensional dynamics.
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1. Introduction

Time delays are often encountered by practical control systems while they are acquiring,
processing, communicating, and sending signals. Time delays may affect the system
stability and degrade the control system performance if they are not properly dealt with.
Taking the classical robot control problem as an example, the significant effect of time delay
on the closed-loop system stability has been highlighted in the bilateral teleoperation, where
the communication delay transmitted through a network medium has been received
widespread attention and different approaches have been proposed to address this problem
(Hokayem and Spong, 2006). In addition, examples like processing delays in visual systems
and communication delay between different computers on a single humanoid robot are also
main sources that may cause time delays in a robotic control system (Chopra, 2009), and the
issue of time delay for robotic systems has been studied through the passivity property.

For systems with time delays, both delay dependent and delay independent control
strategies have been extensively studied in recent years, see for example (Xu and Lam, 2008)
and references therein. For the control of nonlinear time delay systems, model based Takagi-
Sugeno (T-S) fuzzy control (Tanaka and Wang, 2001; Feng, 2006; Lin et al., 2007) is regarded
as one of the most effective approach because some of linear control theory can be applied
directly. Conditions for designing such kinds of controllers are generally expressed as linear
matrix inequalities (LMIs) which can be efficiently solved by using most available software
like Matlab LMI Toolbox, or bilinear matrix inequalities (BMIs) which could be transferred
to LMIs by using algorithms like iteration algorithm or cone complementary linearisation
algorithm. From the theoretical point of view, one of the current focus on the control of time
delay systems is to develop less conservative approaches so that the controller can stabilise
the systems or can achieve the defined control performance under bigger time delays (Chen
et al., 2009; Liu et al., 2010).

Tracking control of robotic manipulators is another important topic which receives
considerable attention due to its significant applications. Over the decades, various
approaches in tracking control of nonlinear systems have been investigated, such as
adaptive control approach, variable structure approach, and feedback linearisation
approach, etc. Fuzzy control technique through T-S fuzzy model approach is also one



212 Time-Delay Systems

effective approach in tracking control of nonlinear systems (Ma and Sun, 2000; Tong et al.,
2002; Lin et al., 2006), and in particular, for robotic systems (Tseng et al., 2001; Begovich et
al.,, 2002; Ho et al., 2007).

In spite of the significance on tracking control of robotic systems with input time delays, few
studies have been found in the literature up to the date. This chapter attempts to propose an
H., controller design approach for tracking control of robotic manipulators with input
delays. As a robotic manipulator is a highly nonlinear system, to design a controller such
that the tracking performance in the sense of H, norm can be achieved with existing input
time delays, the T-S fuzzy control strategy is applied. Firstly, the nonlinear robotic
manipulator model is represented by a T-S fuzzy model. And then, sufficient conditions for
designing such a controller are derived with taking advantage of the recently proposed
method (Li and Liu, 2009) in constructing a Lyapunov-Krasovskii functional and using a
tighter bounding technology for cross terms and the free weighting matrix approach to
reduce the issue of conservatism. The control objective is to stabilise the control system and
to minimise the H., tracking performance, which is related to the output tracking error for
all bounded reference inputs, subject to input time delays. With appropriate derivation, all
the required conditions are expressed as LMlIs. Finally, simulation results on a two-link
manipulator are used to validate the effectiveness of the proposed approach. The main
contributions of this chapter are: 1) to propose an effective controller design method for
tracking control of robotic manipulator with input time delays; 2) to apply advanced
techniques in deriving less conservative conditions for designing the required controller; 3)
to derive the conditions properly so that they can be expressed as LMIs and can be solved
efficiently.

This chapter is organised as follows. In section 2, the problem formulation and some
preliminaries on manipulator model, T-S fuzzy model, and tracking control problem are
introduced. The conditions for designing a fuzzy H., tracking controller are derived in
section 3. In section 4, the simulation results on stability control and tracking control of a
nonlinear two-link robotic manipulator are discussed. Finally, conclusions are summarised
in section 5.

The notation used throughout the paper is fairly standard. For a real symmetric matrix W,
the notation of W >0 (W <0) is used to denote its positive- (negative-) definiteness. |/ refers
to either the Euclidean vector norm or the induced matrix 2-norm. I is used to denote the
identity matrix of appropriate dimensions. To simplify notation, * is used to represent a
block matrix which is readily inferred by symmetry.

2. Preliminaries and problem statement

2.1 Manipulator dynamics model

To simplify the problem formulation, a two-link robot manipulator as shown in Fig. 1 is
considered.

The dynamic equation of the two-link robot manipulator is expressed as (Tseng, Chen and
Uang, 2001)

M(@)q+V(q9)q+G(g)=u 1)

where
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Fig. 1. Two-link robotic manipulator.

M(q)={ EI;H +m2-21f m11112(5151§+clcz)}
m,l,1,(s;8,%c;c,) m,l,

o 0 -q,
V(q,9)=m,l1,(c,c,-8,¢,) - 0

91
G(q)= |:'(m1 +m,)l,gs, :|

-m,l,gs,

and q=[q1,q2]T and u=[uy,uz]T denote the generalised coordinates (radians) and the control
torques (N-m), respectively. M(q) is the moment of inertia, V(q, q ) is the centripetal-Coriolis
matrix, and G(q) is the gravitational vector. m; and m; (in kilograms) are link masses, I; and
I (in meters) are link lengths, g=9.8 (m/s2) is the acceleration due to gravity, and s;=sin (q1),
sp=sin (qz), c1=cos (qi), and c=cos (qo). After defining x1=qi, X2=q,, x3=q,, and x4=(,,
equation (1) can be rearranged as

X;7X, + Wy
X,=f (}) 481, ()u; +g 1, ()u, + w,
X3 =X, + Wy
X, =5 () +8 5 (U, t8 (¥u, + W,
where w1, Wy, w3, ws denote external disturbances, and
£ (x)= (8,€,7¢48,)
1 (%) 2 2 2.2
L1, [(m,+m,)-m,(s;s,+c,c,)" [[m,],1,[(s;5, +¢; ¢, )x5-m,15x;
N 1
L1,[(m,+m,)-m,(s;s,%¢,c, )2 [[(m,+m,)l,gs,-m,l,gs,(s,5,+c;C, )]
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f,(x) = (81€,-15,)
LiL,[(m, +m,)-m,(s;s,+c;¢, )2]['(m1 +m, )IfX§ +m,L,1,(s;s,tcic, )Xi]
1
+
LL,[(m,+m,)-m,(s;s, +C1C2)2 [[-(m, +m, )L gs, (5,8, +¢,¢,)+(m, +m, )1, gs, |

2
m,l;

gn(¥)=

mzlﬂg[(m1 +m,)-m,(s,8,+c;C, )2]

-m,l,1,(s:8,%¢,¢,)

g12(X)

mzlﬂi[(m1 +m,)-m,(s,s,+¢,C, )2]
-m,l,1,(s:8,%¢,¢,)
mzlfli [(m, +m,)-m,(s;s,+c;C, )2 |

gn(X)=

(m, +m2)1%
mzlfli [(m, +m,)-m,(s,s,+c;C, )2 |

gx(X)=

Note that the time variable t is omitted in the above equations for brevity.

2.2 T-S fuzzy model

The above described robotic manipulator is a nonlinear system. To deal with the controller
design problem for the nonlinear system, the T-S fuzzy model is employed to represent the
nonlinear system with input delays as follows:

Plant rule i

IF 0,(t)is Nit, ..., 0,(t) is Ny, THEN

x(t)=A;x(t)+B,u(t-t)+Ew(t)

y(®)=Cx(®) ©)
x(0)=x,,u(t)=p(t)t €[-7,0],i=1,2,... k

where Nj is a fuzzy set, 8(t)=[6,(t),...0,(t)]" are the premise variables, x(t) is the state vector,

and wi(t) is external disturbance vector, A; and B; are constant matrices. Scalar k is the
number of IF-THEN rules. It is assumed that the premise control variables do not depend on
the input u(t). The input delay t is an unknown constant time-delay, and the constant T>0 is
an upper bound of t.

Given a pair of (x(t),u(t)), the final output of the fuzzy system is inferred as follows

>'<(t)=i h; (1)) (A x(t)+B,u(t-1)+Ew(t))
y()=Cx(®) )

x(0)=x,,u(ty=(t)t € [50]

wherehi(e(t))=zpli(6}:t2)),pi(S].(t))=li[Nii(6j(t)) and N;(6;(t)) is the degree of the

membership of 6,(t) in Nj. In this paper, we assume that p,;(8;(t)) 20for i=1,2,....k and
> 1, (6(t) > 0 for all t. Therefore, h,(B(t))> 0 for i=1,2,...k and Y - h,(6(t)=1.
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2.1 Tracking control problem
Consider a reference model as follows

%, (H=A X, (H)+r(t)
Y ()=Cox.(t)

where x(t) and r(t) are reference state and energy-bounded reference input vectors,
respectively, A, and C; are appropriately dimensioned constant matrices. It is assumed that
both x(t) and x.(t) are online measurable.

For system model (3) and reference model (5), based on the parallel distributed
compensation (PDC) strategy, the following fuzzy control law is employed to deal with the
output tracking control problem via state feedback.

Control rule

©)

IF 0, (t) is Ni, ..., 0, (t) is Nip THEN

u(t)=K X)) +Kyx, (1), i=1,2,... k 6)

Hence, the overall fuzzy control law is represented by

()= R OO XK, (013 R COKO ?

where Kij;, and Ky, i=1,2,...k, are the local control gains, and Ki=[Ky, Kz] and
XO=[x"(t)x ()]'. When there exists an input delay T, we have that

k
u(t—r)=zhi(B(t—r))[Klix(t—r)+K2ixr(t—T)], so, it is natural and necessary to make an
i=1

assumption that the functions h;(0(t)), i=1,2,... )k, are well defined for all te[-t,0], and
satisfy the following properties h;(0(t-t)) >0 for i=1,2,...k and Zi{:lhi(ﬁ(tq)):l. For
convenience, let h;=h,(0(t)), h,(t)=h,(0(t-1)), x(t)=x(t-1), and u(t)=u(t-1) . From here, unless

confusion arises, time variable t will be omitted again for notational convenience.
With the control law (7), the augmented closed-loop system can be expressed as follows

§=i hyh, (1) A X+B,X(1)+E¥]
ij=1 ®)

where

N Ai 0|5 _ BiKlj BiKZj _ Bi _D T— E O C— e w —
A= N B,= 0 o 17 o [K, K,]=BK;E= 01 C=[C -C]v= L ey

The tracking requirements are expressed as follows

1. The augmented closed-loop system in (8) with v=0 is asymptotically stable;

2. The H, tracking performance related to tracking error e is attenuated below a desired
level, i.e., it is required that
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lel, <v[¥1. ©)

for all nonzero v e L,[0,%0) under zero initial condition, where y>0 .

Our purpose is to find the feedback gains K; (i=1,2,...,k) such that the above mentioned two
requirements are met.

3. Tracking controller design

To derive the conditions for designing the required controller, the following lemma will be
used.

>0,
* S,

scalar T<T and vector function X:[-T,0] > R" such that the following integration is well
defined, then

S, S
Lemma 1: (Li and Liu, 2009) For any constant matrices S;; 20,S,,, S,, 20 ,{ " 12}

T
X S, S, S Iz X
x(v) S5» Sy Ssz x(t) (10

J‘: x(s)ds Su Sp Sy .[: x(s)ds

-T

IN

t Sn S12
_TLT[XT(S),xT(s)]{* SJ&EZH

We now choose a delay-dependent Lyapunov-Krasovksii functional candidate as

V=X"PX+T[_(s-(t-Dn" (5)Sn(s)ds (11)

~ S, S S, S
where ﬂ(5>=[XT(S),xT(S>]TIP>O'S{ ., su]sn>o,sﬂ>0[il 512}0,
22 2

The derivative of V along the trajectory of (8) satisfies

V=2X"Px+Tn "S- [_n’(s)Sn(s)ds (12)
If follows from (8) that
k — — — .
0=2[X"T,+x" (\)T, +§<TT3+d4vT][z hihj(T)[Aix+Bijx(T)+EV]-xJ (13)
ij=1
ie.,
T, X
T, - = X(7)

k
0=2> hh@[X" X'() X" ¥']
ij=1 Ts
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TA, TB, -T, TE
TA, TB, -T, TE
TA, TB, -T, TE <
K d,A, d,B, -dI d,E %
SShh@Ix K@ v e X (14)
i1 TA, TB; -T, TE X
. TA, T,B, -T, TE v
TA, TB, -T, TE
d,A, dB;, -d]l dE

where Tq, T, and T3 are constant matrices, and ds is a constant scalar. Note that d4 is
introduced as a scalar not a matrix because it is convenient to get the LMI conditions later.
Using the above given equality (14) and Lemma 1, and adding two sides of (12) by
e"e-y’V'V, it is obtained that

. . ) S X
V+eley’v'v < ZXTPx+T[xT,XT]{ ) 12}H+eTe-Y2VTV
Sy, | X
T
T
X S, Sp S S

+ o x(1) Sy S» Sp x(t)
J‘: x(s)ds Su Sp Sy J.: x(s)ds

(15)
T, X
k : T, |-~ = —-[ X()
=T =T =T =T 2
+2;hihj(T)[x X' X' V] I [A, B 1 E] -
d,I v
& T
=Z;hihi(T)§ Zij§
1=
t T .
where §T=[§T X" (1) (L i(s)ds) x" VT} and
[¥2S,,-S,+T,A, S,+T,B, P+T°S _ ]
S _2  TE+d,AT
+AIT/+C'C +ATT) T, +AI'T!
S,,+T,B; _ _
* 2 77 sl T+BIT)  T,E+d,B]
+B;T,
;= * * S, 0 0 (16)
T’S,,-T, _
* * * T,E-d,I
-TJ 3 4
. . . . d,E+d,E"
i YT
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It can be seen from (15) that if %, <0, then V+e'e-y’v'¥<0 can be deduced and therefore
lell, <y|¥], can be established with the zero initial condition. When the disturbance is zero,
i.e, v=0, it can be inferred from (15) that if =; <0, then V<0, and the closed-loop system
(8) is asymptotically stable.

By denoting To=d,T1,Ts=d3T1, where d; and d3 are given constants, pre and post-multiplying
both side of (16) with diag[Q, Q, Q, I, Q] and their transpose, defining new variables Q=T/,
5,=Q5,Q", 5,=Q5,,Q", 5,,=Q05,,Q", P=QPQ", and K;=K,Q", %, <0 is equivalent to

ThuSatAQ - SutBK o PHTS. g oar
+QA/+QC'CQ"  +d,QA -Q"+d,QA{
5,,+d,BK, d KB .
* 2 g SR Bk
+d, KB/ -d,Q"
* * _éll 0 0 <0 (17)
TS,,-d -
* * * T ZZT 3Q d3E~d4Q
-d,Q
. . . d,E+d,E"
i v
which is further equivalent to Z; <0 by the Schur complement, where
= . R .
Tf’u'szz B Szz+B:Kj 30 P+T'S, B E+d, QAT QC'
+AQ"+QAT  +d,QA’ -Q'+d;QA]
5,+d,BK. _ d.K'BT .
* oG P dE+d,KTBf 0
+d KB} -d,Q"
gel " Y S 0 0 0 (18)
T°S,,-d =
* * * T 22T 3Q d3E-d4Q 0
-d,Q
. . . . d,E+d,E" 0
.
| * * * * * | |

In terms of the above given analysis, we now summarise the proposed tracking controller
design procedure as:

i.  define value for T and choose appropriate values for dy, d3, and ds.

ii. solve the following LMIs

(19)

(20)
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F’“ S“} >0 (21)
* SZZ

If there exist P>0,S,, >0, S,, >0 and real matrices Q, S,,, Kj (=1,...k) satisfying LMIs (19-
21), then the closed-loop system (8) is asymptotically stable for any 0<t<T and the
tracking performance defined in (9) can be achieved.

iii. obtain the control gain matrices as

K =Kj (QT)_l (22)

4. Numerical example

This section takes two-link robotic manipulator as an example and evaluates the proposed
controller design approach through numerical simulations. In the reference (Tseng, Chen
and Uang, 2001), the T-S fuzzy model with nine rules is used to represent the original
nonlinear manipulator system with acceptable accuracy when link masses m;=m,=1 (kg),
link lengths 1;=I>=1 (m), and angular positions are constrained within [ -11/2, /2], where
triangle type membership functions are used for all the rules.

To show the effectiveness of the proposed controller design method, the stability control of
the robotic manipulator with and without input delays is firstly evaluated. For comparison
purpose, we introduce a so-called robust controller from (Sun, et al., 2007), which was
designed using a region based rule reduction approach and obtained with one rule to
reduce the complexity caused by the number of fuzzy rules. The design result for this
controller with a decay rate 0.5 was given as

_{-115.6439 -49.9782 -13.4219 -3.7453} )

14.6547  -3.4203 -62.7788 -22.1846

The simulation results for the nonlinear model (1) with initial condition x(0)=[1.2,0,-1.2,0]T
and controller (23) without input delays are shown in Fig. 2.

It is seen from Fig. 2 that all the state variables converge to the equilibrium states from initial
conditions quickly. We now introduce input delays to the two control inputs. As an
example, input delays for both control inputs are given as 24 ms, and the simulation results
for all state variables are shown in Fig. 3.

It is observed that the state variables do not converge to equilibrium states in this case and
hence controller (23) is not able to stabilise the system when input time delays are given as
24 ms.

Following the similar idea given in (Sun, et al., 2007), a robust controller which uses only
one rule and considers the fuzzy model as a polytopic uncertain model can also be designed
using the presented conditions (19-21). We now use the reference model as

01 0 0
|6 5 0 0
“lo o 0o 1/
0 0 -6 -5

A



220 Time-Delay Systems

States

!
0 05 1 15 2 25 3 35 4 45 5
Time (s)

Fig. 2. State responses for controller (23) without input delays.

10~

States

!
o 05 1 15 2 25 3
Time (s)

Fig. 3. State responses for controller (23) with input delay as 24 ms.
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0 0100 0 O -10 O

which aims on reducing tracking errors on state variables x; and x3;, the LMIs (19-21) are
feasible to find a solution, and the controller gain matrix is obtained as

. — /10 0 0 0 -10 0 0 O
choose T =30 ms, d,=0.1, d3=0.1, d4=0.1, and define C= ,

| -52.5581 -14.8674 0.7159 -0.0785 33.3479 5.8168 -5.0603 -0.6409 4
-0.6312 -0.5382 -31.8608 -8.5689 -1.9704 -0.2084 22.7118 3.7215 @4)

To check the stability control performance of the designed controller (24), the reference
input and external disturbances are all set as zero, and the initial conditions are same to the
above used values. The simulation results with controller (24) are now shown in Fig. 4 when
input delays are given as 30 ms.

States

I I | I | I I |
1 15 2 25 3 35 4 45 5
Time (s)

Fig. 4. State responses for controller (24) with input delays as 30 ms.

It is seen from Fig. 4 that all the state variables converge to equilibrium states no matter the
existence of the input time delays, which shows the effectiveness of the designed controller
(24) when the input time delays are considered in the controller design procedure.

As controller (24) is designed using the tracking controller design conditions (19-21), its
tracking control performance can be checked as well when the reference inputs are
provided. As those done in (Tseng, Chen and Uang, 2001), we define reference input as

r(t)=[0, 8sin(t), 0, 8cos(t)]T and to validate its robustness, the external disturbances are given
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as wi1=0.1sin(2t), w>=0.1cos(2t), w3=0.1cos(2t), and wy=0.1sin(2t). The initial condition is
assumed to be [x1(0),x2(0),x3(0),x4(0)]7™=[0.5, 0, -0.5, 0]T, and the input time delays are
assumed to be 30 ms. Under these conditions, the simulation responses for both the
reference state variables and actual state variables are shown in Fig. 5 for x; (left) and x3
(right), respectively. From Fig. 5, it is observed that the actual state variables are able to
track the reference state variables although there is a big difference at the beginning due to
different initial values. It proves that the designed controller (24), in spite of its simplicity in
structure, can stabilise the nonlinear manipulator system and can basically track the
reference state variables.

Actual state variable Actual state variable
------- Reference state variable -+==+:- Reference state variable

State variable x,
)
State variable x;

-0.5

L L 5 L
o 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time (s) Time (s)

Fig. 5. State responses for the designed controller (24) with input delays as 30 ms.

Nevertheless, from Fig. 5, it is also seen that the tracking performance is not really desirable
as the differences between the reference state variables and the actual state variables can be
easily identified, in particular, for state variable x; (left). The poor tracking performance
realised by controller (24) comes from the reasons that it is one rule based controller and
therefore it is weak in achieving good performance for the original model which is
approximated with nine rules.

We now design a fuzzy tracking controller through PDC strategy by using the proposed
approach. Using the same parameter values for T, d, ds, ds, and C, the LMIs (19-21) are
feasible to find a solution, and the controller gain matrices for nine rules are given as
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1

-115.9265 -19.4020 -51.6975 -9.0525 101.1323 12.6747 45.3281 5.8894
-53.0984 -9.4817 -58.7058 -9.9765 48.3992 6.1958 51.9449 6.5429

| -141.9683 -23.5791 02777 -0.3129 124.8768 15.4512 -2.2731 0.0976
2 -3.4846 -0.5815 -88.7399 -14.9675 0.2146 0.2869 80.2204 9.8727

_| -115.5704 -19.0475 55.4697 9.1381 102.6000 12.5192 -52.2332 -6.1268
} 54.2377 9.4285 -55.4358 -9.5060 -51.7672 -6.2518 52.6118 6.3387

K, =
¢ 1.2587 -0.3380 -90.8831 -15.0851 -0.9041 0.1750 80.8721 9.9366

~

5

{-146.4229 -23.9600 0.6201 -0.1205 126.9068 15.6729 -3.3843 —0.0513}

-121.6095 -19.5529 -50.2643 -8.9250 101.9231 12.7272 44.6201 5.8019
-51.8299 -9.3220 -62.0814 -10.0800 47.5336 6.0782 52.4858 6.5645

K.= -145.5178 -23.8434 -0.1544 -0.2041 126.2843 15.5980 -2.9193 0.0002

o 0.3571 -0.4417 -90.2942 -15.0410 -0.5286 0.2197 80.6263 9.9110
K.= -115.6616 -19.0441 55.1637 9.1441 102.6047 12.5166 -52.2722 -6.1372
a 54.5435 9.4487 -55.3558 -9.5095 -51.7828 -6.2513 52.6340 6.3439

| -142.5607 -23.6137 0.4674 -0.2926 125.0556 15.4695 -2.3887 0.0840
87| -2.8051 -0.5295 -89.1068 -14.9940 0.1127 0.2772 80.3652 9.8887

9

-116.9415 -19.5309 -50.5115 -8.8252 101.8508 12.7564 44.0836 5.7350
{ -52.3753 -9.3980 -59.5804 -10.1199 47.9301 6.1423 52.7279 6.6383}
The tracking performance implemented by this fuzzy controller is shown in Fig. 6. It can be
seen that the differences between the reference state variables and the actual state variables
are largely reduced for both state variables. The tracking performance is therefore improved
even with the existence of input time delays.
It is noted that in the proposed controller design approach, several parameters like d,, ds,
and ds, need to be defined before starting to solve the LMIs. These parameters could be
optimised in terms of the tolerable maximum input delays T, tracking performance y, and
feasible solutions to LMIs (19-21), etc. The weights on matrix C will also play an important
role in obtaining a good tracking performance. Higher weight value on one state variable
will generally result in a controller which can reduce the tracking error on this state variable
in comparison to other variables. However, these parameters need to be considered
altogether and some possible optimisation algorithms, such as genetic algorithms (GAs),
could be used to find the sub-optimal parameters, which, however, is beyond the scope of
this chapter, and will not be further discussed.
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Actual state variable

Actual state variable

------- Reference state variable ++++++- Reference state variable

State variable x,
State variable x;

5 L L 5 L L
o 2 4 6 8 10 12 14 16 18 20 o 2 4 6 8 10 12 14 16 18 20
Time (s) Time (s)

Fig. 6. State responses for the proposed fuzzy tracking controller with input delays as 30 ms.

5. Conclusions

In this chapter, the tracking control problem for a robotic manipulator with input time
delays is studied. To deal with the nonlinear dynamics of robotic manipulator, the T-S fuzzy
control strategy is applied. To reduce the conservativeness in deriving conditions for
designing such a tracking controller, the most advanced techniques in defining Lyapunov-
Krasovskii functional and in solving cross terms are used. To achieve good tracking
performance, the tracking error in the sense of H., norm is minimised. The sufficient
conditions are derived as delay-dependent LMIs, which can be solved efficiently using
currently available software like Matlab LMI Toolbox. The solution is also dependent to the
values of d2, d3, d4, and the weights on matrix C, which may further provide the space to
improve the performance of the designed controller. Numerical simulations are applied to
validate the performance of the proposed approach. The results show that the designed
controller can achieve good tracking performance regardless of the existence of input time
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delays. This topic is going to be further studied with considering modelling errors,
parameter uncertainties, and actuator saturations.
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