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Preface 
 

Section 1: Soft Computing 

This section illustrates some general concepts of artificial neural networks, their 
properties, mode of training, static training (feedforward) and dynamic training 
(recurrent), training data classification, supervised, semi-supervised and unsupervised 
training. Prof. Belic Igor’s chapter that deals with ANN application in modeling, 
illustrating two properties of ANN: universality and optimization. Prof. Shoukry 
Amin discusses both symbolic and non-symbolic data and ways of bridging neural 
networks with fuzzy logic, as discussed in the second chapter including an application 
to the robot problem. Dr. Hajjari Tayebeh discusses fuzzy logic and various ordering 
indices approaches in detail, including defuzzification method, reference set method 
and the fuzzy relation method. A comparative example is provided indicating the 
superiority of each approach. The next chapter discusses the combination of ANN and 
fuzzy logic, where neural weights are adjusted dynamically considering the fuzzy 
logic adaptable properties. 

Dr. Medel Jeus describes applications of artificial neural networks, both feed forward 
and recurrent, and manners of improving the algorithms by combining fuzzy logic 
and digital filters. Finally Dr. Ghaemi O. Kambiz discusses using genetic algorithm 
enhanced fuzzy logic to handle two medical related problems: Hemodynamic control 
& regulation of blood glucose.  

Section 2: Recurrent Neural Network 

Recurrent Neural Networks (RNNs), are like other ANN abstractions of biological 
nervous systems, yet they differ from them in allowing using their internal memory of 
the training to be fed recurrently to the neural network. This makes them applicable for 
adaptive robotics, speech recognition, attentive vision, music composition, hand-writing 
recognition, etc. There are several types of RNNs, such as Fully recurrent network, 
Hopfield network, Elman networks and Jordan networks, Echo state network, Long 
short term memory network, Bi-directional RNN, Continuous-time RNN, Hierarchical 
RNN, Recurrent multilayer perceptron, etc. In this section, some of these types of RNN 
are discussed, as well as application of each type. Dr. Al-Mashhadany Yousif Illustrates 
types of ANN providing a detailed illustration of RNN, types and advantages with 
application to human simulator. This chapter discusses time-delay recurrent neural 
network (TDRNN) model, as a novel approach. Prof. Ge Hongwei’s chapter 
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demonstrates the advantages of using such an approach over other approaches using a 
graphic illustration of the results. Moreover, it illustrates its usage in non-linear systems. 
Dr Othman Razib M. describes in his chapter the usage of a combination of 
Bidirectional Recurrent Neural Network and Support vector machine (BRNN-SVM) with 
the aim of protein domain prediction, where BRNN acts to predict the secondary 
structure as SVM later processes the produced data to classify the domain. The chapter is 
well constructed and easy to understand. Dr. Rocha Brigida’s chapter discusses using 
Recurrent self-organizing map (RSOM) for weather prediction. It applies Self-Organizing 
Map (SOM), single layer neural network. To deal with the dynamic nature of the data, 
Temporal Kohonen Map (TKM) was implemented including the temporal dimension, 
which is followed by applying Recurrent Self-Organizing Map (RSOM) to open the 
window for model retraining. It proceeds to describe data preprocessing, training and 
evaluation in a comparative analysis of these three approaches. Dr. Baruch Ieroham 
describes the usage of different RNN approaches in aerobic digestion bioprocess 
featuring dynamic Backpropagation and the Levenberg-Marquardt algorithms. It 
provides sufficient introductory information, mathematical background, training 
methodology, models built, and results analysis. Dr. Tarkov Mikhail discusses using 
RNN for solving the problem of mapping graphs of parallel programs, mapping graph 
onto graph of a distributed CS as one of the approaches of over heading and 
optimization solutions. They used different mapping approaches, as Hopfield, achieving 
improvement in mapping quality with less frequency, Splitting that achieved higher 
frequency, Wang was found to achieve higher frequency of optimal solutions. Then they 
proposed using nesting ring structures in ”toroidal graphs with edge defect” and 
“splitting method”. Dr. Zgallai Walid A discusses the use of RNN in ECG classification 
and detection targeting different medical cases, adult and fetal ECG as well as other ECG 
abnormalities. In Prof. Micu Dan Doru’s work, Electromagnetic Interference problems 
are described and how they could be solved using artificial intelligence. The authors 
apply various artificial intelligence techniques featuring two models, one for evaluation 
of magnetic vector potential, and the other for self & mutual impedance matrix 
determination. Finally Dr. Ghazali Rozaida discusses the use of Jordan Pi-Sigma Neural 
Network (that featuring RNN) for weather forecasting, providing sufficient background 
information, training and testing against other methods, MLP and PSNN. 

We hope this book will be of value and interest to researchers, students and those 
working in the artificial intelligence, machine learning, and related fields. It offers a 
balanced combination of theory and application, and each algorithm/method is 
applied to a different problem and evaluated statistically using robust measures like 
ROC and other parameters. 

Mahmoud ElHefnawi 
Division of Genetic Engineering and Biotechnology, National Research Centre & 

Biotechnology, Faculty of Science, American University in Cairo,  
Egypt 

Mohamed Mysara (MSc). 
Biomedical Informatics and Chemoinformatics Group, National Research Centre, Cairo,  

Egypt 
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Neural Networks and Static Modelling 
Igor Belič 

Institute of Metals and Technology 
Slovenia 

1. Introduction 
Neural networks are mainly used for two specific tasks. The first and most commonly 
mentioned one is pattern recognition and the second one is to generate an approximation to 
a function usually referred to as modelling.  

In the pattern recognition task the data is placed into one of the sets belonging to given 
classes. Static modelling by neural networks is dedicated to those systems that can be 
probed by a series of reasonably reproducible measurements. Another quite important 
detail that justifies the use of neural networks is the absence of suitable mathematical 
description of modelled problem.  

Neural networks are model-less approximators, meaning they are capable of modelling 
regardless of any knowledge of the nature of the modelled system.  For classical 
approximation techniques, it is often necessary to know the basic mathematical model of the 
approximated problem. Least square approximation (regression models), for example, 
searches for the best fit of the given data to the known function which represents the model. 

Neural networks can be divided into dynamic and static neural (feedforward) networks, 
where the term dynamic means that the network is permanently adapting the functionality 
(i.e., it learns during the operation). The static neural networks adapt their properties in the 
so called learning or training process. Once adequately trained, the properties of the built 
model remain unchanged – static.  

Neural networks can be trained either according to already known examples, in which case 
this training is said to be supervised, or without knowing anything about the training set 
outcomes. In this case, the training is unsupervised.  

In this chapter we will focus strictly on the static (feedforward) neural networks with 
supervised training scheme.  

An important question is to decide which problems are best approached by implementation 
of neural networks as approximators. The most important property of neural networks is 
their ability to learn the model from the data presented. When the neural network builds the 
model, the dependences among the parameters are included in the model. It is important to 
know that neural networks are not a good choice when research on the underlying 
mechanisms and interdependencies of parameters of the system is being undertaken. In 
such cases, neural networks can provide almost no additional knowledge.    



 
Recurrent Neural Networks and Soft Computing 

 

4 

The first sub-chapter starts with an introduction to the terminology used for neural 
networks. The terminology is essential for adequate understanding of further reading.  

The section entitled ”Some critical aspects” summarizes the basic understanding of the topic 
and shows some of the errors in formulations that are so often made. 

The users who want to use neural network tools should be aware of the problems posed by 
the input and output limitations. These limitations are often the cause of bad modelling 
results. A detailed analysis of the neural network input and output considerations and the 
errors that may be produced by these procedures are given. 

In practice the neural network modelling of systems that operate on a wide range of values 
represents a serious problem. Two methods are proposed for the approximation of wide 
range functions.   

A very important topic of training stability follows. It defines the magnitude of diversity 
detected during the network training and the results are to be studied carefully in the course 
of any serious data modelling attempt.  

At the end of the chapter the general design steps for a specific neural network modelling  
task  are given .  

2. Neural networks and static modelling 
We are introducing the term of static modelling of systems. Static modelling is used to 
model the time independent properties of systems which implies that the systems behaviour 
remains relatively unchanged within the time frame important for the application. (Fig. 1). 
In this category we can understand also the systems which do change their reaction on 
stimulus, but this variability is measurable and relatively stable in the given time period. We 
regard the system as static when its reaction on stimulus is stable and most of all repeatable 
– in some sense - static. 

The formal description of static system (Fig. 1) is given in (1) 

 Ym(Xn, t) = f (Xn, Pu, t) (1) 

Where Ym is the m - dimensional output vector, 

Xn is the n – dimensional input – stimulus vector, 
Pu is the system parameters vector, 
t is the time. 

In order to regard the system as static both the function f and the parameters vector Pu do 
not change in time. 

 

),,( tPXf unnX mY
 

Fig. 1. The formal description of static system. 
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Under the formal concept of static system we can also imply a somewhat  narrower 
definition  as described in (1).  Here the system input – output relationship does not include 
the time component (2). 

 Ym (Xn) = f(Xn, Pu) (2) 

Although this kind of representation does not seem to be practical, it addresses a very large 
group of practical problems where the nonlinear characteristic of a modelled system is 
corrected and accounted for (various calibrations and re-calibrations of measurement systems). 

Another understanding of static modelling refers to the relative speed (time constant) of the 
system compared to the model. Such is the case where the model formed by the neural 
network (or any other modelling technique) runs many times faster than does the original 
process which is corrected by the model1.  

We are referring to the static modelling when the relation (3) holds true. 

 m << s (3) 

Where m represents the time constant of the model, and s represents the time constant of 
the observed system. Due to the large difference in the time constants, the operation of the 
model can be regarded as instantaneous. 

The main reason to introduce the neural networks to the static modelling is that we often do 
not know the function f (1,2) analytically but we have the chance to perform the direct or 
indirect measurements of the system performance. Measured points are the entry point to 
the neural network which builds the model through the process of learning. 

3. The terminology 
The basic building element of any neural network is an artificial neural network cell (Fig. 2 left). 
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Fig. 2. The artificial neural network cell (left) and the general neural network system (right) 

                                                 
1The measurement systems usually (for example vacuum gauge) operate indirectly. Through 
measurement of different parameters the observed value of the system (output) can be deduced. Such is 
the case with the measurement of the cathode current at inverted magnetron. The current is in nonlinear 
dependence with the pressure in the vacuum system. In such system the dependence of the current 
versus pressure is not known analytically – at least not good enough - to use the analytical expression 
directly. This makes ideal ground to use neural network to build the adequate model. 
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Each artificial neural network consists of a number of inputs (synapses) that are connected 
to the summing junction. The values of inputs are multiplied by adequate weights w 
(synaptic weights) and summed with other inputs. The training process changes the values 
of connection weights, thus producing the effect of changing the input connection strengths. 
Sometimes there is a special input to the neural cell, called the bias input. The bias input 
value is fixed to 1, and the connection weight is adapted during the training process as well. 
The value of summed and weighted inputs is the argument of an activation function (Fig. 3) 
which produces the final output of an artificial neural cell. In most cases, the activation 
function ( )x  is of sigmoidal2 type. Some neural network architectures use the mixture of 
sigmoidal and linear activation functions (radial basis functions are a special type of neural 
network that use the neural network cells with linear activation functions in the output layer 
and non-sigmoidal functions in the hidden layer).   

Artificial neural network cells are combined in the neural network architecture which is by 
default composed of two layers that provide communication with “outer world” (Fig. 2 
right). Those layers are referred to as the input and output layer respectively. Between the 
two, there is a number of hidden layers which transform the signal from the input layer to 
the output layer. The hidden layers are called “hidden” for they are not directly connected, 
or visible, to the input or output of the neural network system. These hidden layers 
contribute significantly to the adaptive formation of the non-linear neural network input-
output transfer function and thus to the properties of the system. 
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Fig. 3. The activation function ( )x of an artificial neural network cell. 

                                                 
2 One of the sigmoidal type functions is ( ) 1 /(1 )xx e   . 
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3.1 Creation of model – The training process 

The process of adaptation of a neural network is called “training” or “learning”. During 
supervised training, the input – output pairs are presented to the neural network, and the 
training algorithm iteratively changes the weights of the neural network.   

The measured data points are consecutively presented to the neural network. For each data 
point, the neural network produces an output value which normally differs from the target 
value. The difference between the two is the approximation error in the particular data 
point. The error is then propagated back through the neural network towards the input, and 
the correction of the connection weights is made to lower the output error.  There are 
numerous methods for correction of the connection weight. The most frequently used 
algorithm is called the error backpropagation algorithm. 

The training process continues from the first data point included in the training set to the 
very last, but the queue order is not important. A single training run on a complete training 
data set is called an epoch.  Usually several epochs are needed to achieve the acceptable 
error (training error) for each data point. The number of epochs depends on various 
parameters but can easily reach numbers from 100,000 to several million.  

When the training achieves the desired accuracy, it is stopped. At this point, the model can 
reproduce the given data points with a prescribed precision for all data points. It is good 
practice to make additional measurements (test data set) to validate the model in the points 
not included in the training set. The model produces another error called the test error, 
which is normally higher than the training error.      

4. Some critical aspects  
Tikk et al.  (2003)  and Mhaskar (1996) have provided a detailed survey on the evolution of 
approximation theory and the use of neural networks for approximation purposes. In both 
papers, the mathematical background is being provided, which has been used as the 
background for other researchers who studied the approximation properties of various 
neural networks. 

There is another very important work provided by Wray and Green (1994). They showed that, 
when neural networks are operated on digital computers (which is true in the vast majority of 
cases), real limitations of numerical computing should also be considered. Approximation 
properties like universal approximation and the best approximation become useless. 

The overview of mentioned surveys is given in (Belič, 2006). 

The majority of works have frequently been used as a misleading promise, and even proof, 
that neural networks can be used as the general approximation tool for any kind of function. 
The provided proofs are theoretically correct but do not take into account the fact that all 
those neural network systems were run on digital computers. 

Nonlinearity of the neural network cell simulated on a digital computer is realized by 
polynomial approximation. Therefore, each neural cell produces a polynomial activation 
function. Polynomial equivalence for the activation function is true even in the theoretical 
sense, i.e., the activation function is an analytical function, and analytical functions have 
their polynomial equivalents.    



 
Recurrent Neural Networks and Soft Computing 

 

8 

The output values of the neural network can be regarded as the sum of polynomials which 
is just another polynomial. The coefficients of the polynomial are changed through the 
adaptation of neural network weights. Due to the finite precision of the numeric calculations 
the contributions, of the coefficients with higher powers become lower from the finite 
precision of the computer. The process of training can no longer affect them.  This is also 
true of any kind of a training scheme. 

The work of Wray and Green (1994) has been criticized, but it nevertheless gives a very 
important perspective to the practitioners who cannot rely just on the proofs given for 
theoretically ideal circumstances. 

There are many interesting papers describing the chaotic behaviour of neural networks 
(Bertels, et.al., 1996), (Huang,  2008), (Yuan,  Yang, 2009), (Wang, et.al., 2011). The neural 
network training process is a typical chaotic process. For practical applications this fact must 
never be forgotten. 

Neural networks can be used as a function approximation (modelling) tool, but they neither 
perform universal approximation, nor can the best approximation in a theoretical sense be 
found. 

A huge amount of work has been done trying to find proofs that a neural network can 
provide approximation of continuous functions. It used to be of interest because the 
approximated function is also continuous and exists in a dense space. Then came the 
realization that, even if the approximated function is continuous, its approximation is not 
continuous since the neural network that performs the approximation consists of a finite 
number of building blocks. The approximation is therefore nowhere dense, and the function 
is no longer continuous. Although this does not sound promising, the discontinuity is not of 
such a type that it would make neural network systems unusable. This discontinuity must 
be understood in a numerical sense.  

Another problem is that neural networks usually run on digital computers, which gives rise 
to another limitation mentioned earlier: as it is not always possible to achieve the prescribed 
approximation precision, the fact that neural networks can perform the approximation 
with any prescribed precision does not hold. 

Furthermore, another complication is that continuity of the input function does not hold. 
When digital computers are used (or in fact any other measurement equipment), the 
denseness of a space and the continuity of the functions cannot be fulfilled for both  input 
and output spaces. Moreover, when measurement equipment is used to probe the input and 
output spaces (real physical processes), denseness of a space in a mathematical sense is 
never achieved.  For example, the proofs provided by Kurkova (1995) imply that the 
function to be approximated is in fact continuous, but the approximation process produces a 
discontinuous function. This is incorrect in practice where the original function can never be 
continuous in the first place. 

A three layer neural network has been proved to be capable of producing a universal 
approximation. Although it is true (for the continuous functions), this is not practical when 
the number of neural cells must be very high, and the approximation speed becomes 
intolerably low. Introducing more hidden layers can significantly lower the number of 
neural network cells used, and the approximation speed then becomes much higher. 
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Numerous  authors have reported on their  successful work regarding the neural networks 
as approximators of sampled functions. Readers are kindly requested to consult those 
reports and findings  to name but a few (Aggelogiannaki, et.al. 2007),  (Wena, Ma, 2008), 
(Caoa, et.al., 2008), (Ait Gougam, et.al., 2008), (Bahi, et.al., 2009),  (Wanga, Xub, 2010). 

4.1 Input and output limitations 

Neural networks are used to model various processes. The measurements obtained on the 
system to be modelled are of quite different magnitudes. This represents a problem for the 
neural network where the only neural network output (and often input) range is limited to 
the [0,1] interval. This is the case since the neural network cell activation function ( )x  (Fig. 
3) saturates output values at values 0 and 1. The users should be well aware of the processes 
as these are often the cause of various unwanted errors. 

For some neural network systems this range is expanded to the [-1,+1] interval. 

This is the reason why the input and output values of the neural network need to be 
preconditioned. There are two basic procedures to fit the actual input signal to the limited 
interval to avoid the saturation effect. The first process is scaling, and the second is 
offsetting. 

First, the whole training data set is scanned, and the maximal maxy  and minimal  

miny values are found. The difference between them is then the range which is to be scaled 
to the [0-1] interval.  From all values y  the value of miny  is subtracted (this process is called 
offsetting).  The transformation of the values is obtained by the equation 

 min

max min
' i
i

y y
y

y y





 (4) 

Here 'iy  represents the offset and scaled value that fits in the prescribed interval. The 
reverse transformation is obtained by the equation 

  min max min'i iy y y y y    (5) 

The process is exactly the same for the neural network input values, only the interval is not 
necessarily limited to the 0 – 1 values. 

This is not the only conditioning that occurs on input and output sides of the neural 
network. In addition to scaling, there is a parameter that prevents saturation of the system 
and is called scaling margin.  The sigmoidal function tends to become saturated for the big 
values of inputs (Fig. 3).  If the proper action is to be assured for the large values as well, 
then the scaling should not be performed on the whole [0,1] interval. The interval should be 
smaller for the given amount (let us say 0.1 for 10% shrinking of the interval). The corrected 
values are now 

 min

max min

(1 )( )'
2

m im
i

S y yS
y

y y
 

 


 (6) 
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where mS  represents the scaling margin.  

The reverse operation is obtained by the equation 

 
 

 
max min

min

'
2

1

m
i

i
m

S
y y y

y y
S

   
  


 (7) 

When selecting the value of 0.1mS  , this means that the actual values are scaled to the 
interval [0.05 , 0.95] (see Fig. 3). 

The training process is usually stopped when the prescribed accuracy is achieved on the 
training data set. However, there is still an important issue to discuss in order to understand 
the details. The parameter “training tolerance” is user set, and it should be set according to 
the special features of each problem studied.   

Setting the training tolerance to the desired value (e.g. 0.1) means that the training process 
will be stopped when, for all training samples, the output value does not differ from the 
target value by more than 10 % of the training set range. If the target values of the training 
set lie between 100 and 500, then setting the training tolerance parameter value to 0.1 means 
that the training process will stop when, for all values, the differences between the target 
and the approximated values will not differ by more than 40 ( 10% of 500-100). Formally this 
can be written with the inequality:  

  max min; T
i i Tfor all i y y y y     (8) 

Here T
iy  represents the target value for the ith  sample, iy  is the modelled value for the  ith 

sample, T is the training tolerance, and maxy , miny  are the highest and the lowest value of  
the training set.  

It is not common practice to define the tolerance with regard to the upper and lower values 
of the observation space. For the case when neural networks are used to approximate the 
unipolar functions, the absolute error dE is always smaller than the training tolerance 

 d TE    (9) 

The absolute error produced by the neural network approximation for the ith sample 
becomes: 

 
max

T
i id

i

y y
E

y


  (10) 

while the relative error is:   

 
T

i ir
i T

i

y y
E

y


  (11) 
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and the relation between the absolute and relative error is: 

 maxr d
i i T

i

y
E E

y
  (12) 

And furthermore 

 maxr
i T T

i

y
E

y
   (13) 

An important conclusion follows from the last inequality. At the values where T
iy is much 

smaller than maxy , the relative error becomes very high, and, therefore, the results of the 
modelling become useless for these small values. This implies that the span between maxy  

and miny  should not be too broad (depending on the particular problem but, if possible, 

not higher then two decades), otherwise the modelling will result in a very poor 
performance for the small values.  

To avoid this problem other strategies should be used.  

4.2 Approximation for wide range functions  

The usual study of neural network systems does not include the use of neural networks in a 
wide range of input and output conditions.  

As shown in the previous section, neural networks do not produce a good approximation 
when the function to be approximated spans over a wide range (several decades).  

The quality of approximation (approximation error) of small values is very poor compared 
with that of large ones. The problem can be solved by means of: 

a. Log/Anti Log Strategy; the common and usual practice is to take the measured points 
and to perform the logarithm (log10) function. The logartihmic data is then used as 
input and target values for the neural network; or   

b. segmentation strategy; the general idea is to split the input and output space into 
several smaller segments and perform the neural network training of each segment 
separately. This also means that each segment is approximated by a separate neural 
network (sub network). This method not only gives much better approximation results, 
but it also requires a larger training set (at least 5 data points per segment). It is also a 
good practice to overlap segments in order to achieve good results on segment borders.    

5. Training stability analysis   
The training process of a neural network is the process which, if repeated, does not lead to 
equal results.  Each training process starts with different, randomly chosen connection weights 
so the training starting point is always different. Several repetitions of the training process lead 
to different outcomes. Stability of the training process refers to a series of outcomes and the 
maximal and minimal values, i.e., the band that can be expected for the particular solution. 
The narrower the obtained band, the more stable approximations can be expected (Fig. 4). 
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The research work on the stability band has been conducted on 160 measured time profile 
samples. For each sample, 95 different neural network configurations have been 
systematically tested. Each test has included 100 repetitions of the training process, and each 
training process required several thousand epochs. From the vast database obtained, 
statistically firm conclusions can be drawn.  So much of work was necessary to prove the 
importance of the stability band. In practice users need to perform only one or two tests to 
get the necessary information. 
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Fig. 4. The different training processes produce different models. A possible outcome of an 
arbitrarily chosen training process falls within the maximal and minimal boundaries which 
define the training “stability band”. 

The procedure for the determination of the training stability band is the following: 

1. Perform the first training process based on the training data set and randomly chosen 
neural network weights. 

2. Perform the modelling with the trained neural network in the data points between the 
training data points. 

3. The result of the modelling is the first so-called reference model. This means that the 
model is used to approximate the unknown function in the space between the 
measured points. The number of approximated points should be large enough so the 
approximated function can be evaluated with sufficient density. Practically this means 
the number of approximated points should be at least 10 times larger than the number 
of measured data points (in the case presented, the ratio between the number of 
measured and the number of approximated points was 1:15). 

4. Perform the new training process with another set of randomly chosen weights. 
5. Compare the outcomes of the new model with the previous one and set the minimal 

and maximal values for all approximated points. The first band is therefore obtained 
and bordered by the upper and lower boundaries. 
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6. Perform the new training process with another set of randomly chosen weights. 
7. For each approximated point perform the test to see whether it lies within the established 

lower or upper boundary. If this is not the case, extend the particular boundary value.  
8. Repeat steps 6, 7 and 8 until the prescribed number of repetitions is achieved.  
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Fig. 5. The training stability upper boundary change vs. the number of separate training 
experiments. The training stability band does not change significantly after the 100th training 
experiment. 

The practical question is how many times should the training with the different starting 
values for the connection weights, be performed to assure that the training stability band no 
longer changes in its upper and lower boundaries. Fig. 5 shows the stability band upper 
boundary changes for each separate training outcome (the distance from existing boundary 
and the new boundary). The results are as expected, and more separate trainings are 
performed, lesser the stability band changes. The recording of the lower boundary change 
gives very similar results. Fig. 5 shows clearly that the changes after the 100th repetition of 
training do not bring significant changes in the training stability band. In our further 
experiments the number of repetitions was therefore fixed to 100. When dealing with any 
new modelling problem, the number of required training repetitions should be assessed.  

Only one single run of a training process is not enough because the obtained model shows 
only one possible solution, and nothing is really known about the behaviour of the 
particular neural network modelling in conjunction with the particular problem.  In our 
work, the spinning rotor gauge error extraction modelling was performed and  results were 
very promising (Šetina, et.al., 2006). However, the results could not be repeated.  When the 
training stability test is performed, the range of possible solutions becomes known, and 
further evaluation of adequacy of the used neural network system is possible. The training 
stability band is used instead of the worst case approximation analysis.  In the case where 
the complete training stability range is acceptable for the modelling purposes, any trained 
neural network can be used.  
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Fig. 6. The upper curve represents the band centre line, which is the most probable model 
for the given data, and the lower curve represents the band width. The points depict the 
measured data points that were actually  used for training. The lower curve represents the 
width of the training stability band. The band width is the smallest at the measured points 
used for training. 

When the band is too wide, more emphasis has to be given to find the training process that 
gives the best modelling. In this case, genetic algorithms can be used to find the best 
solution (or any other kind of optimization) (Goldberg, 1998). 

Following a very large number of performed experiments it was shown that the middle 
curve (centre line) (Fig. 6) between the maximal and minimal curve is the most probable 
curve for the observed modelling problem. The training stability band middle range curve 
can be used as the best approximation, and the training repetition that produces the model 
closest to the middle curve should be taken as best. 

Some practitioners use the strategy of division of the measured points into two sets: one is 
used for training purposes and the other for the model evaluation purposes. This is a very 
straightforward strategy, but it works well only when the number of the measured points is 
large enough (in accordance with the dynamics of the system–sampling theorem). If this is 
not the case, all measured points should be used for the training purposes, and an analysis 
of the training stability should be performed. 

6. The synthesis (design) of neural networks for modelling purposes 
Neural network modelling is always based on the measurement points which describe the 
modelled system behaviour. It is well known from the information theory that the observed 
function should be sampled frequently enough in order to preserve the system information. 
Practically, this means that the data should be gathered at least 10 times faster than the 
highest frequency (in temporal or spatial sense) produced by the system (Shannon’s 
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theorem). If the sampled data is too sparse, the results of the modelling (in fact any kind of 
modelling) will be poor, and the modelling tools can not be blamed for bad results. 

The synthesis of a neural network should be performed in several steps: 

1. Select the training data set which should be sampled adequately to represent the 
observed problem. Input as well as output (target) parameters should be defined. 

2. Check the differences between the maximal and minimal values in the training set (for 
input and output values). If the differences are too high, the training set should be 
segmented (or logarithmed), and for each segment the separate neural network should 
be designed. 

3. Set the first neural network which should consist of three layers (one being the hidden 
layer). Set the training tolerance parameter that satisfies the modelling needs. Choose 
an arbitrary number of neural cells in the hidden layer (let’s say 10) and start the 
training procedure. Observe the way in which the neural network performs the 
training. If the training process shows a steady decrease of the produced training error, 
the chosen number of neural cells in the hidden layer is sufficient to build the model. If 
the output error shows unstable behaviour and it does not decrease with the number of 
epochs then the number of cells in the hidden layer might be too small and should be 
increased. If the speed of the neural network output error decreases too slowly for 
practical needs, then another hidden layer should be introduced. It is interesting that 
the increase of number of neural cells in one hidden layer does not significantly 
improve the speed of training convergence. Only addition in a new hidden layer can 
lower the training convergence speed. Addition of too many hidden layers also can not 
guarantee better training convergence. There is a certain limit to a training convergence 
speed that can be reached with an optimal configuration, and it depends on the 
problem at hand.        

4. Perform the training stability test and decide whether further optimization is needed. It 
is interesting that the training stability band mostly depends on the problem being 
modelled and that the various neural network configurations do not alter it 
significantly.  

5. At step 4, the design of the neural network is completed and it can be applied to model 
the problem     

Usually, one of the modelled parameters is time. In this case, one of the inputs represents 
the time points when the data samples were taken. Fig. 6 shows the model of  degassing a 
vacuum system where the x axis represents the time in minutes and the y axis represents the 
total pressure in the vacuum system (in relative  numerical  values). In this case, the only 
input to the neural network was time and the target was to predict the pressure in the 
vacuum chamber.  

7. The example of neural network modelling 
Suppose we are to model a bakeout process in a vacuum chamber. The presented example 
should be intended for industrial circumstances, where one and the same production 
process is repeated in the vacuum chamber. Prior to the production process, the entire 
system must be degassed using an appropriate regime depending on the materials used.  
The model of degassing will be used only to monitor the eventual departure of the vacuum 



 
Recurrent Neural Networks and Soft Computing 

 

16

chamber pressure temporal profile. Any difference in the manufacturing process as it is the 
introduction of different cleaning procedures might result in a different degassing profile. A 
departure from the usual degassing profile should result in a warning signal indicating 
possible problems in further production stages.   

For the sake of simplicity, only two parameters will be observed, time t and pressure in the 
vacuum chamber p. Practically, it would be appropriate to monitor temperature, heater 
current, and eventual critical components of mass spectra as well.  

First, it has to be determined which parameters are primary and which are their 
consequences. In the degassing problem, one of the basic parameters is the heater current, 
another being time. As a consequence of the heater current, the temperature in the vacuum 
chamber rises, the degassing process produces the increase of pressure and possible 
emergence of critical gasses etc.  Therefore, the time and the heater current represent the 
input parameters for the neural network, while parameters such as temperature, pressure, 
and partial pressures are those to be modelled.    

In the simplified model, we suppose that, during the bakeout process, the heater current 
always remains constant and is only switched on at the start and off after the bakeout. We 
also suppose that there is no need to model mass spectra and temperature. Therefore, there 
are two parameters to be modelled, time as the primary parameter and pressure as the 
consequence (of constant heater current and time). 

Since the model will be built for the industrial use, its only purpose is to detect possible  
anomalies in the bakeout stage. The vacuum chamber is used to process the same type of 
objects, and no major changes are expected to happen in the vacuum system as well.  
Therefore, the bakeout process is supposed to be repeatable to some extent.  

Several measurements are to be made resulting in the values gathered in Table 1.. 
 

Time [min] Numeric values  of pressure 
30 0.51 
60 0.95 
90 0.96 

120 1.40 
180 2.40 
240 2.13 
360 1.00 
480 0.56 
600 0.30 

Table 1. Measurements of bakeout of the vacuum system. The time–pressure pairs are the 
training set for the neural network. 

The model is built solely on the data gathered by the measurements on the system.  As 
mentioned before, neural networks do not need any further information on the modelled 
system. 
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Once input (time t) and output (pressure p) parameters are determined, the neural network 
architecture must be chosen. The undertaking theory suggests that one hidden layer neural 
network should be capable of producing the approximation. Nevertheless, from the 
practical point of view, it is a better choice to start with a neural network with more then 
one hidden layer. Let us start with two hidden layers and with 10 neurons in each hidden 
layer. One neuron is used for the input layer and one for the output layer. The configuration 
architecture can be denoted as 1 10 10 1 (see Fig 2 right).  

The measured values are the training set, therefore, the neural network is trained to 
reproduce time–pressure pairs and to approximate pressure for any point in the space 
between them.  

Once the configuration is set and the training set prepared, the training process can start. It 
completes successfully when all the points from the training set are reproduced within the 
set tolerance (1% or other appropriate value). A certain number of training epochs is used 
for the successful training completion. 

The result of training is a neural network model which is, of course, only one of many 
possible models. For any serious use of such model, the training process should be repeated 
several times and the outcomes should be carefully studied. With several repetitions of 
training process on the same training set, the training stability band can be determined. Fig. 
7 shows the training stability band for the training set from the Table 1 and for the neural 
network configuration 1 10 10 1, where dots represent the measured points included in the 
training set.  
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Fig. 7. The training stability band for the presented example. The measured points are 
depicted with dots, and their numeric values are given in Table 1. 
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If the training stability band is narrow enough, there is no real need to proceed with further 
optimisation of the model, otherwise the search for optimal or, at least, a sufficient model 
should continue. 

It is interesting to observe the width of the training stability band for different neural 
network configurations. Fig. 8 provides the results of such study for the training set from the 
Table 1. It is important to notice that the diagram on Fig. 8 shows the average stability band-
width for each neural network configuration. Compared to the values of the measured 
dependence, the average widths are relatively small, which is not always the case for 
maximal values of a training stability band. It would be more appropriate for certain 
problems to observe the maximal value of training stability band width instead of the 
average values.  

On the other hand, the width of the training stability band is only one parameter to be 
observed. From the practical point of view, it is also important to know how time 
consuming the training procedure for different configurations really is. Fig. 9 provides some 
insights into this detail of neural network modelling.  Even a brief comparison of Fig. 8 and 
Fig. 9 clearly shows that neural networks that enable a quick training process are not 
necessary those which also provide the narrowest training stability band. 
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Fig. 8. Dependence of the average width of the training stability band versus the neural 
network configuration.  
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Fig. 9. Dependence of the average number of epochs versus the neural network 
configuration. The higher number of epochs needed usually means faster. 

Fig. 10 is a representation of two properties: the average number of epochs (x axis), and the 
average training stability band width (y axis). Each point in the graph represents one neural 
network configuration. Interesting configurations are specially marked.  It is interesting that 
the configuration with only one hidden layer performs very poorly.  Even an increased 
number of neurons in the neural network with only one hidden layer does not improve the 
situation significantly.  

If we seek for the configuration that will provide best results for the given trainig data set, 
we will try to provide the configuration that trains quickly (low number of epochs) and 
features the lowest possible training stability band width.  Such configurations are 1 20 20 20 
1 and 1 15 20 15 1. If we need the lowest possible training stability band-width then we will 
choose the configuration 1 5 15 20 1.  
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Fig. 10. The optimisation process seeks the neural network that uses both the lowest possible 
number of epochs while producing an approximation with the narrowest training stability 
band. Each dot on the graph represents one neural network configuration. Interesting 
configurations are highlighted. 

8. Conclusions 
The field of neural networks as a tool for approximation (modelling) is very rapidly 
evolving. Numerous authors have reported their research results on the topic.   

In this chapter, two very important issues of the theory of approximation are questioned. 
One is the universality of approximation, and the second is the best approximation 
property. Both properties are not applicable to the neural networks that run on digital 
computers.  

Theoretically, it has been proven that a three layer neural network can approximate any 
kind of function. Although this is theoretically true, it is not a practical situation since the 
number of epochs needed to reach the prescribed approximation precision drops 
significantly with the increase in the number of hidden layers.  

The newly introduced concept of approximation of wide-range functions by using 
logarithmic or segmented values gives the possibility to use neural networks as 
approximators in special cases where the modelled function has values spanning over 
several decades.  

The training stability analysis is a tool for assessment of training diversity of neural 
networks. It gives information on the possible outcomes of the training process. It also 
provides the ground for further optimization. 
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The important conclusions from the presented example are that the nature of the modelled 
problem dictates which neural network configuration performs the most appropriate 
approximation, and that, for each data set to be modelled, a separate neural network 
training performance analysis should be performed. 
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1. Introduction  
FRS (Fuzzy Rule Systems) and ANNs (Artificial Neural Networks) have gained much 
popularity due to their capabilities in modeling human knowledge and in learning from 
data, respectively. Fuzzy systems have the advantage of allowing users to incorporate 
available experts' knowledge directly in the fuzzy model [2]. Thus, decisions made by fuzzy 
systems are transparent to the user (i.e. the reasons behind the decisions made are clearly 
understood by tracing the decision and finding out which rules fired and contributed to it). 
However, there are many parameters whose values are arbitrary. These values have to be 
"guessed" by a fuzzy system designer, yet they largely influence the system behavior. Thus, 
a fuzzy system is as good as its programmer. 

On the other hand, ANNs have the advantage of being universal functions approximators, 
requiring only sample data points and no expert knowledge [3]. Despite their advantages, 
they are essentially black box models. This means that the reasons behind their decisions are 
concealed in the knowledge acquired in the trained weights. However, these usually have 
no clear logical interpretation. Thus, their reliability is questionable. 

To combine the advantages of both systems while overcoming their disadvantages, two 
approaches have been proposed in literature. The first is rule extraction from weights of 
trained ANNs [4]-[7]. However, the proposed approaches often yield some "un-plausible" 
rules, thus rule pruning and retraining is often required. For examples, some rules may be 
impossible i.e. their firing depends on conditions that can never occur in reality (impossible 
antecedents). For example, a rule dictating that a certain action is to be taken in case time is 
negative. The second approach is ANFIS [8], which attempts to cast the fuzzy system as an 
ANN with five layers. Although, only two of these layers are adaptable, this model is still 
more complicated to build and train than a conventional feed-forward ANN for two main 
reasons. First, the user’s expertise is required to choose appropriate consequent (output) 
membership functions. Second, the desired output needs to be known a priori. This may not 
be possible for several applications including design problems, inverse problems and high 
dimensional problems. For example, in a robot path tracking problem, the ANN is required 
to predict the correct control input. In such application, the desired performance is known 
but no real-solid rules exist, especially, if the robot is required to be self-adaptive. Similarly, 
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consider a car shape optimization problem. The ANN is required to estimate the shape 
parameters required to achieve certain air resistance during car motion. Constraints on the 
shape parameters exist; however, no clear rule database exists relating shape parameters to 
the desired performance. 

The present work proposes a new approach that combines the advantages of fuzzy systems 
and ANNs through a simple modification of ANN's activation calculations. The proposed 
approach yields weights that are readily interpretable as logical consistent fuzzy rules 
because it includes the “semantic” of both input and output variables in the 
learning/optimization process. 

The rest of the chapter is organized as follows. Section II describes the proposed framework. 
Section III demonstrates its effectiveness through a case study. Section IV shows how it to 
can be generalized to solve optimization problems. An illustrative example is given for this 
purpose. Finally, Section V concludes the chapter with a summary of the advantages of the 
proposed approach. 

2. The proposed approach 
Fig.1 shows a typical feed-forward ANN with a single hidden layer of sigmoid neurons. 
Conventionally, the output of such an ANN is given by: 

 
1 1

N Nh i
p

k jk hij ji
j= i=

o = w sig w x + b
 
 
 
 

    (1) 

where p
hij j jk h iiw ,b ,w ,x ,N ,N , ko  are the weight of the connection between the ith input to the 

jth hidden neuron, the bias of the jth hidden neuron, the weight of the connection between the 
jth hidden neuron and the kth  output neuron, the number of hidden neurons, the number of 
inputs (elements in each input pattern), the kth output, respectively. The number of output 
neurons is oN . 

 
Fig. 1. Architecture of a typical feed-forward ANN 
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It has been proved in [1] that the sigmoid response to a sum of inputs is equivalent to 
combining the sigmoid response to each input using the fuzzy logic operator "ior" 
(interactive or). The truth table of the “ior” operator is shown in table 1. The truth table can 
be readily generalized to an arbitrary number of inputs. Eq.(1) can, thus, be interpreted as 
the output of a fuzzy inference system, where the weight jkw is the action recommended by 

fuzzy rule j. However, this  jkw  does not contribute directly to the ANN output. Instead, its 

contribution to the output is weighted by the sigmoid term 
1

Ni
p

hij ji
i=

sig w x + b
 
 
 
 
 .  

The sigmoid term corresponds to the degree of firing of the rule, which judges to what 
extent rule ‘j’ should participate in the ANN final decision. Moreover, the inference is based 
on 'ior' rather than the product/‘and’ fuzzy operator used in ANFIS. It is clear from the 'ior' 
truth table that the ‘ior’ operator decides that a rule fully participate in the ANN final 
decision if all its inputs satisfy their corresponding constraints or if some of them does, 
while the others are neutral. On the other hand, it decides that the rule should not 
participate if one or some of the inputs do not satisfy their constraints, while the others are 
neutral. In the case that some of the inputs completely satisfy the constraints; while others 
completely violate them, the rule becomes neutral participating by half-weighted 
recommended action in the final ANN output. The mathematical expression for "ior" is as 
follows [1]: 

 
1

1 2

1 2 2

............
. .................

1 . 1 ........... 1 . ............

2 n

n

n 1 n

ior(a ,a , ,a ) =
a a a

( a ) ( a ) ( a )+ a a a  
 (2) 

In linguistic terms, an antecedent formed by "ior-ing" several conditions, is equivalent to 
replacing the conventional phrase:  "if A & B & --- then" with "So long as none of the 
conditions A, B, … are violated --- then".  Throughout the paper we will use the Mnemonic 
"SLANCV" as a shortcut for this phrase.  Thus we can say that Eq. 1 can be restated as a set 
of rules taking the following format: 

 / /

1,2,...

p
j i hij jk jki

i

SLANCV x > b N w then o = w

i = ,N


 

Despite the successful deployment of the “ior” based rule extraction in several applications 
([1], [6] and [7]), it has several disadvantages. For example, the weights and biases of a 
hidden neuron have no direct clear logical interpretation. This makes the incorporation of 
available knowledge difficult. Such knowledge is of great use in accelerating the ANN 
training procedure. Besides, leaving weights and biases values unconstrained often lead to 
some un-plausible rules (rules with impossible antecedent) that need pruning. Therefore, to 
overcome these disadvantages, our approach is to modify Eq.(1) as follows:   

 
1 1

N Nh i
pc c c

k jk hij iji
j= i=

o = w sig w (x b )
 
 
 
 

    (3) 



 
Recurrent Neural Networks and Soft Computing 

 

26

where, c
hijw  are the weights joining input i to hidden neuron j, and c

jkw  are the weights 

joining hidden neuron j to output neuron k. 

The superscript 'c' denotes that these weights are constrained. In general, a constrained 
variable cPar that directly appears in Eq. (3) is related to its corresponding free optimization 
variable Par by the following transformation: 

  
  max

c Par
Par = Parmx Parmn  sig + Parmn

Parmx, Parmn

 
 
 
 

 (4) 

where, Parmx,Parmn are the maximum and minimum values of the parameter, respectively. 

Comparing Eqs. (1) and (3), it is clear that our approach introduces two simple, yet effective, 
modifications: 

 First, in Eq. (3), whij is taken as a common factor to the bracket containing the input and 
bias. Second, there is a bias corresponding to each input (bij). Using these two 
modifications, Eq.(3) has a simple direct fuzzy interpretation.  

   0 0

 1,2,...

p pc c c c
ij hij ij hiji i

c
jk jk i

SLANCV x > b ifw > ,x < b ifw < then

o = w ,where i = ,N
 

 

First Input Second Input IOR Output 
0 0 0 
0 0.5 0 
1 0.5 1 

0.5 0.5 0.5 
1 0 0.5 
0 1 0.5 
1 1 1 

0.5 1 1 
0.5 0 0 

Table 1. Truth Table of the IOR- Operator. 

This direct interpretation makes it easy for the designer to incorporate available 
knowledge through appropriate weight initialization; as will be made clear in the adopted 
case study.  

 The weights and biases included in Eq. (3) are constrained according to limits defined 
by the system designer. This ensures that the deduced rules are logically sound and 
consistent. 

Furthermore, often, the nature of a problem poses constraints on the ANN output. Two 
possible approaches; are possible; to satisfy this requirement:  

 Modifying Eq.(2) by replacing the sigmoid with a normalized sigmoid.  
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1

1

1 1

Ni
pc c

hij ijiNh i=c
k jk N Nh ij= pc c

hij iji
j= i=

sig w (x b )

o = w

sig w (x b )

 
 
 
 
 
 
 
 




 
 (5) 

 Adding a penalty term to the objective function used in the ANN training so as to 
impose a maximum limit to its output.  

In this research, we adopted the first approach. 

To apply the proposed approach to a particular design problem, there are essentially three 
phases 

1. Initialization and knowledge incorporation: In this phase, the designer defines the 
number of rules (hidden neurons) and chooses suitable weights and biases constraints.  

2. Training phase. 
3. Rule Analysis and Post-Rule-Analysis Processing: The weights are interpreted as fuzzy 

rules. A suitable method is used to analyse the rules and improve the system 
performance based on the insight gained from this rule analysis. 

 
 

 
 

Fig. 2. Parameters used to describe the path tracking problem. 
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3. Case study: Robot path tracking 
In this example, an ANN is adapted to assist a differential-wheel robot in tracking an 
arbitrary path.   Fig. 2 illustrates the geometry of the problem. The robot kinematic model, 
the need for a closed loop solution, the choice of a suitable representation for the ANN’s 
inputs and outputs as well as the initialization, training and interpretation of the weights of 
the obtained ANN, are discussed below. 

3.1 The robot kinematic model  

The kinematic model of the robot is described by the following equations:  

 

cos

sin
R

R

X = v θ

Y = v θ

θ = ω






   (6) 

Where  

R RX ,Y ,θ,ω  

represent the horizontal, vertical components of the robot linear velocity v, its orientation 
angle and its angular velocity, respectively. Once a suitable control algorithm determines 

andv ω  , it is straightforward to determine the corresponding νr , νl values by solving 
the following 2 simultaneous equations: 

 
2

r lv + v
v =   r lv v

ω=
l
  (7) 

where l is the distance between the right and left wheels to yield:   

 
2v 2v

2 2r l
+ωl ωl

v = ,v =


 (8) 

It is clear from (7) that an average positive (negative) velocity indicates forward (reverse) 
motion along the robot current axis orientation. Similarly, it is clear from (8), that a positive 
(negative) difference between νr and νl indicates a rotate-left or counter-clockwise (rotate-
right or clockwise) action. In case both wheels speeds are equal in magnitude and opposite 
in sign, the robot rotates in-place. 

3.2 Open vs closed loop solutions of the path tracking problem 

Consider a path with known parametric representation     x t ,y t . In this case, the robot 

reference linear and angular velocities (denoted andref refv ω  ) can  be calculated based 

on the known desired performance. For the robot to follow the desired path closely, its 
velocity should be tangent to the path. Thus the reference velocities can be computed 
using: 
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   
 

2 2

1sin

ref

ref
ref

v = x t + y t

y td
w =

dt v

 
 
 
 

 

  (9) 

Applying the control inputs (  and ref refv ω ) (or equivalently (vr and vl)) to the robot would 

enable it; in the absence of noise and other types of inaccuracies; to follow the required path. 
This open loop design will be called the "direct forcing case".  

However, to assist the ANN in learning the concept of a path (not an instance of a path) as 
well as making it robust against disturbances, we need to find a closed-loop control law. 
This is not straightforward because the kinematics model is nonlinear. In what follows, our 
objective is to show how the proposed ANN-based framework can provide reliable closed-
loop control; of the form shown in Fig. (3); compared to the direct forcing case. In Fig. (3), 
the role of the Robot kinematics simulator is to predict the robot location at the current time 
step given its current control inputs. 

For the purpose of illustration, we will restrict our case study to the following family of 
paths: 

    30 1 and 1 1x t = bt; < b < y t = ct ; < c <   

where  't' is the time vector= [0 (start time):0.05(time step):1 (final time)]. 

The ANN is trained on randomly chosen 11 members of this family and tested on different 
11 members of the same family. To demonstrate the robustness of the proposed approach an 
additive disturbance (of uniform distribution) is added to both andv ω . The value of the 
disturbance can reach up to 200% of v value and 100% of ω  value. 

3.3 Choice of the ANN’s inputs and outputs 

Several possible input-output choices exist. The first has been reported in [11]. The time is 
the input and the speeds are the output. An alternative choice is to consider the coordinates 
(x, y) of each point on the path; as inputs; and the corresponding actions (speeds); as output. 
The third choice is to input the path as a whole as a single input vector and the 
corresponding sequence of actions (speeds) as a single output vector.  All these choices 
share two fundamental disadvantages. First, it is impossible to interpret the trained weights 
as fuzzy rules. Furthermore, the ANN does not learn the "concept" of path tracking in 
general. Instead, it learns to track a single path only. In addition, the first and second choices 
do not explicitly capture the relation between consecutive path points. To   overcome these 
limitations, we investigated different combinations of ANN inputs and outputs.  

Only the two input-output combinations, that produced the best results, are discussed: 

i. Case “A”:  

The inputs to the ANN are chosen to be:  
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Fig. 3. A typical closed loop Block diagram for the flow of information in the Robot Path 
Tracking Problem 

 the distance ‘ ρ ’ to the goal point,    2 2
G R G Rρ= X X + Y Y   

 the angle ‘ ’ that the robot needs to rotate to orient itself in the direction of the goal.  

Refering to Fig. (2),    is calculated using the following equations: 

1tan G R

G R

Y Y
β =

X X
  
   

, = θ+ β   

 the deviations between the actual and reference robot linear and angular velocities   
(vref  – vrob) and ( ref robω ω ) 

The outputs are the corrections (increase/ decrease) ( inc incv ,ω ) needed for   (v, ω ) to keep 
following the required path.   Fig. 4 shows the block diagram of this system. 

ii. Case “B” 

The inputs and outputs are as in case A, with the following two additional inputs: 

 the previous control inputs  (v, ω ). 

Fig. 5 shows the block diagram of this system. 
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Fig. 4. Block diagram of the system in case study case A 

3.4 Initialization and knowledge incorporation phase 

Knowledge of the range of each input and output variables helps in the proper initialization 
of both the weights and biases. Recall that iN  is the number of inputs, oN  is the number of 
outputs, hN  is the number of hidden neurons (which corresponds to the number of rules 
used by the ANN in decision making). Biases are stored in a matrix Bc of dimensions iN  x  

hN : Thus, each column of Bc corresponds to a certain rule. Each entry (row number, column 
number), in Bc, contains the threshold to which the corresponding input is compared in a 
particular rule (corresponding to that column). The weights connecting the inputs to the 
hidden neurons are stored in a matrix Whc of dimensions iN  x  hN . As before, each column 
corresponds to a certain rule. This time, however, the sign of the number in each entry (row 
number , column number), in Whc, controls the comparison operator with the corresponding 
threshold stored in Bc (negative corresponds to ”less than”, while positive corresponds to 
”greater than”). Thus, each column from Bc together with the corresponding column from 
Whc determine the antecedent of a 'SLANCV' rule. The weights connecting the hidden 
neurons to the output neurons are stored in a matrix Woc of dimensions hN  x  oN . The 
numbers in each row of Woc indicate the outputs (consequents) suggested by a certain rule. 
Such an interpretation of the weights/bias matrices as rules antecedents/ consequents helps 
in  selecting suitable initial values for the ANN's parameters as well as understanding its 
decisions after training. For example, at initialization, the values in each row of Bc should be 
constrained to lie within the range of possible values for this input. For instance, if the third 
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input is ρ , then the entries in the third row of Bc should all be positive. Similarly, if the first 
output is the velocity correction incv  then the first column of Woc can take both negative 
/positive small values to allow the ANN to increase or decrease the robot speed while 
avoiding instability. 

 
Fig. 5. Block diagram of the system in case study case B 

3.5 Training phase  

To train the ANN, the following objective function is minimized: 

 
1 1

1
N Kp i

p
i

p p= i=

objg = ρ
N   (10) 

where ‘ p
iρ ’ is the distance between the desired location on the pth path and the 

corresponding robot's actual location at the ith time instant,  iK  is the number of points 
along the path to be tracked and pN  is the number of paths used in training. Since the 
objective function is not a closed form function (in the ANN weights and biases) and can 
only be computed through a simulator, a numerical optimization algorithm is used [10], 
[11], where gradients are computed using a numerical version of the Broyden–Fletcher–
Goldfarb–Shanno (BFGS)  optimization algorithm. The gradients are calculated numerically 
using the following formula: 
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2ε

i i

i

Objg Objg(Par + ε) Objg(Par ε)
=

Par
  


 (11) 

where ε is a very small number, typically 1110ε =   . iPar  is the ith element of the vector Par 

For case ‘A’, the number of adjustable parameters is 2* (4 (inputs) * 4 (hidden neurons/ 
rules)) + 4 (hidden neurons)* 2 (outputs), which equals 40 parameters. For case B, the 
number of adjustable parameters is 2* (6 (inputs) * 7 (hidden neurons/ rules)) + 7 (hidden 
neurons)* 2 (outputs), which equals 98 parameters . Figs. (6 and 7) show the results for cases 
'A' and 'B', respectively. 

It is clear that case 'B' is more robust to disturbance. However, both cases clearly outperform 
the open loop (direct forcing) case.  

The fact that case 'B' produced better results is to be expected. Certainly, feedback provides 
memory to the system and helps in accumulating knowledge, which is an essential aspect of 
learning.  We tried two types of feedback; direct feedback in which the ANN learns the link 
between its own outputs ( inc incv ,ω ) and the errors in performance and indirect feedback in 
which the ANN learns the link between a certain action (v,ω ) and the errors in performance. 
The second memory type produced better results. Appendix A compares these results obtained 
using our approach with those obtained using conventional ANN [1,6,7] and ANFIS [8]. 

 
Fig. 6. Results for case A. It is clear that closed loop ANN-based control is more robust to 
disturbances than open-loop direct forcing 
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Fig. 7. Results for case B. It is clear that closed loop ANN-based control is more robust to 
disturbances than open-loop direct forcing. It is evident that adding to the ANN inputs the 
control actions at the previous step improved the results compared to those of case A. 

3.6 Rule extraction, analysis and post-processing 

Following the guidelines given in section 3.4, rule extraction from the trained weights and 
biases becomes straightforward.  

Fig. (8) illustrates how the rules, for case 'A', have been extracted. The discovered rule-base 
is summarized as follows : 
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Fig. 8. An illustration of the rules extraction from weights and biases matrices.  

0.3354632, 0.0125876, 0.6606180, 0.0061404
0.9311723, 0.8552953

0.485575, 0.6095190, 0.7308372, 0.3436044

ref rob ref rob

inc inc

ref rob ref rob

SLANCV v v > ω ω > ρ > α <

then increase v by v = increase ω by ω =
SLANCV v v < ω ω > ρ > α >

then d

  

   

0.1034854 0.3097751
0.2589412, 0.8426717, 0.5563425, 0.2103250

0.4279759, 0.7131302
0.6266

inc inc

ref rob ref rob

inc inc

ref rob

ecrease v by v = increase ω by ω =
SLANCV v v > ω ω < ρ > α <

then decrease v by v = decrease ω by ω =
SLANCV v v <


   

 
 040, 0.9027552, 0.6558773, 0.1211869

0.5549105, 0.5208952
ref rob

inc inc

ω ω < ρ > α >

then increase v by v = decrease ω by ω =

  



 

Similarly, the rule-base for case 'B' is summarized as follows: 

1.1800783, 0.5797996, 0.3283071, 0.1895662,
1.2352848, 0.3088343

0.6156011 0.8038080
1.258573, 0.817993, 0.4339714,

ref rob ref rob

inc inc

ref rob r

SLANCV v > ω < v v > ω ω >

ρ > α > then
increase v by v = increase ω by ω =

SLANCV v > ω > v v < ω

  



  0.0552364,
1.246724, 0.2514984

0.6117282, 0.4437878
0.2235206, 0.7800814, 0.7777185, 0.7120344,

1.5151515, 0.0003327

ef rob

inc inc

ref rob ref rob

ω >

ρ > α > then
decrease v by v = increase ω by ω =

SLANCV v < ω > v v < ω ω <

ρ > α < then
decr




   


0.4927100, 0.0680181

1.4049258, 0.3766352, 0.0756778, 0.7105109,
0.1169906, 0.2358675

0.2173556, 0.35925

inc inc

ref rob ref rob

inc inc

ease v by v = decrease ω by ω =
SLANCV v > ω < v v < ω ω <

ρ < α < then
decrease v by v = decrease ω by ω =

 
   


  29

0.9930632, 0.8202830, 0.1180958, 0.6506539,
0.1156700, 0.2116636

0.3642978 0.8061992

ref rob ref rob

inc inc

SLANCV v < ω > v v > ω ω <

ρ > α < then
increase v by v = decrease ω by ω =

   


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0.7807096, 0.4849204, 0.4796375, 0.5922044,
1.2921157, 0.2758564

0.3424317, 0.8207999
0.5131913, 0.2240559, 0.4493099,

ref rob ref rob

inc inc

ref rob

SLANCV v < > v v > ω ω >

ρ > α > then
increase v by v = increase ω by ω =

SLANCV v < ω > v v < ω

 

   0.7691425,
1.0904348, 0.2174491

0.5255254, 0.8943484

ref rob

inc inc

ω >

ρ < α > then
decrease v by v = increase ω by ω =





 

In order to improve system performance and remove any inconsistencies, the rules above must 
be analysed. The following rule analysis procedure is limited to case 'B'. This procedure is 
assisted by a plot of the DOF (Degree-Of-Firing) of each rule (output of sigmoid) versus time. 
Such plots help in visualizing which rules the ANN is applying at each time instant and 
judging the decision/ performance made at this particular time. In particular, it is highly 
useful to identify dominant rules  (rules having relatively high outputs) at the time a wrong 
decision is made.  Correction is then possible by retraining the ANN keeping all rules fixed 
except the faulty dominant one. For example,  as shown in Fig. 9, at the time the deviation 
from the desired path becomes maximum, rule 5 is dominant followed by rule 4. Accordingly, 
three different strategies, have been attempted, to retrain the ANN, to improve its 
performance. In all three strategies, all rules have been kept fixed except: 

- for the first strategy: rule 5 (5th   column of Whc ,5th column of Bc  and the 5th row of Woc), 
- for the second strategy: both the degrees of firing of rules 4 and 5 (4th and 5th  column of 

Whc ), and their then part (4th and 5th  row of Woc), 
- for the third strategy: the degree of firing of rule 5 and its then part (5th   column of Whc  

and the 5th row of Woc), with the addition of a new rule (rule  8) whose SLANCV part is 
the same as that of rule 5 (8th  column of Bc is same as its 5th column) but whose DOF (8th 
column of Whc) and consequent part (or then part) (8th  row of Woc) are to be determined 
by the training algorithm. The idea is to insert a new rule that co-fires with the 
malfunctioning rule to provide some correcting action. For our case study, this last 
strategy gave us the best results. The results after retraining are shown in Fig. 10. 

 
Fig. 9. Preliminary results of case B before post-rule analysis processing. The dashed curves 
represent the  degree of firing of each rule with time. It is clear that rule 5 is the dominant 
rule at the time the deviation from the desired path became maximum. 
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Fig. 10. Results of case B after retraining with only the parameters corresponding to rules 5 
degree of firing and its “then” part allowed to vary in addition to adding a new rule 8 with 
the same SLANCV part as rule 5 to co-fire with it and to provide corrective action. It is clear 
that this retraining improved the results. 



 
Recurrent Neural Networks and Soft Computing 

 

38

3.7 Discussion 

Although the rule analysis method presented, helped in improving the results, it still needs 
improvement. In fact, rule analysis is a rather complex task. Understanding the logic behind 
the rules (why each rule recommends a particular consequent given a certain antecedent) is 
not simple for the following reasons:  

1. Rules operate in parallel and collectively.  Each rule recommends a certain consequent 
depending on the context of the neighbouring rules. Collectively, the overall decision 
helps achieving the desired objective. 

2. According to the training algorithm, rules recommend certain consequents in order 
to minimize the desired objective function which is a function of the robot 
kinematics. 

3. Rules are derived through batch (off-line) training.  Therefore, the overall objective 
function is minimized over time and not at a particular instant (rules are derived 
based on a global point of view). Therefore, a rule may not sound reasonable to 
employ at a certain moment. This what makes it necessary to train an ANN over a 
certain family of curves. Different families of curves are expected to require different 
global rules. 

4. Rule analysis is a trial and error process. Its complexity is proportional to the 
dimensionality (number of independent variables). 

4. Directions for future research: Solving general optimization problems 
The proposed approach can be applied to general optimization problems and not just path-
tracking. From an abstract point of view, any optimization problem can be mapped to a 
goal-tracking problem in which: 

 The goal point is the desired performance or desired objective function value. 
 The input is the absolute difference between the objective function value at the current 

solution and the desired objective function value. 
 The output is the correction, to the current solution, recommended by the ANN.  This is 

fed-back as an input to the ANN at the next iteration. 
 Time evolution corresponds to iterations. 

Hence, over the different iterations the ANN is expected to suggest a sequence of corrections 
that helps in approaching the required objective function value.  

This approach to optimization is expected to be less prune to local minima trapping, 
provides better insight into the nature of the investigated problem and can easily deal with 
multi-objectives/ errors optimization. For example, in the robot path tracking 
problem, ref rob ref rob,ρ,v v ,ω ω   were  error measures that, ideally are required to be all 

zeros. In this case, the robot perfectly tracks the desired path and remains tangent to it at all 
times. This property (being tangent at all times) is desirable, from a practical point of view, 
because even if the robot path is close to the desired path but with too many frequent 
changes of orientation, wear out will occur to the robot parts and it will be questionable 
whether the robot can, practically, makes these moves).  
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4.1 Illustrative example: Minimizing the camel benchmark function 

The camel objective function is defined as follows 

   
4

2 2 2 21
1, 2 1 1 1 2 2 2 1 24 2.1 4 4 3 3, 2 2.

3Sixh
x

f x x = ·x + ·x + x ·x + + ·x ·x ; x x
 

         
 

 

 
Fig. 11. Camel function objective function. 

The global minimum is        1, 2 1, 21.0316 0.0898,0.7126 0.0898, 0.7126f x x = ; x x = , .    

Fig. 11 shows a plot of the camel objective function. 

 
Fig. 12. Block diagram of the system used to find the global minimum of the camel objective 
Function. 
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To apply the proposed ANN-based approach to find the global minimum of this function,  the 
closed loop system in Fig. 12 has been adopted. The inputs to the ANN are the values of 

1 2andx x  at the previous iteration, the absolute difference between the desired value of the 
objective function at the current iteration and its current actual value. The outputs of the ANN 
are the recommended corrections to 1 2andx x  (increase or decrease). The ANN weights and 
biases were estimated numerically as before such that the ANN minimize the camel objective 
function. The desired value for the objective function at any iteration is chosen to be slightly 
less than its current value (For example, for decrratio=0.85, the desired objective function at a 
certain iteration =decrratio* the actual objective function value corresponding to the current 
solution). This idea is borrowed from [13], where it has been recommended to be adopted with 
any optimization method. The ANN has been trained, as before, using a numerical BFGS 
algorithm, where the objective function to be minimized is defined as :  

 FObjg = ρ  (12) 

where, Fρ  is the absolute difference between the desired objective function value and its actual 
value at the last iteration. The rules extracted from the trained ANN are as follows:  

   

1 2

1 1inc 2 2inc

1 2

1 1inc 2 2inc

0.6755704, 1.5209156, 0.0161157,
0.0668506 0.0203858

1.4023561, 0.4688876, 0.1058053,
0.0617143 0.0195689

SLANCV x > x > ρ >
decrease x by x = decrease x by x =

SLANCV x > x > ρ >
increase x by x = decrease x by x =

S

 



1 2

1 1inc 2 2inc

1 2

1 1inc 2 2inc

0.6147782, 0.1270187, 1.504679,
0.0301060 0.0128413

0.0459426, 0.3802873, 0.5840457,
0.0279751 0.0338863

LANCV x > x < ρ <
increase x by x = decrease x by x =

SLANCV x > x > ρ <
decrease x by x = decrease x by x =



 

 

Fig. 13 shows the results (the objective function value versus iteration number). Clearly, the 
ANN-based optimization technique found the global optimal (The initial solution was 

1 22.5, 2.5x = x = ). When using the BFGS technique to minimize the camel objective 
function, with the same learning rate, the algorithm completely diverged. For a lower learning 
rate, direct BFGS reached the global optimal. However, ANN-based optimization offers 
greater promise for higher dimensions/ multi-objective/ error problems and provides insight 
into the solution through the analysis of the derived rules. A key reason for the robustness of 
the ANN-based optimization over direct optimization is that it explores the objective function 
and derives problem-dependent heuristics (as opposed to meta-heuristics). 

An important direction for future investigation is the use of concepts borrowed from 
“robust optimization” to enhance the quality of the rules extracted from the ANN. Robust 
optimization concepts can be applied at two different levels: 

 At the action level, we can include noise during ANN training. The error in path-
tracking can be defined as a function of the difference between the average expected 
location and the desired location as well as the variance (or standard deviation of this 
error). This will make the ANN develop a decision strategy that is more prudent and is 
less likely to cause divergence from the desired path, in case of disturbance. 
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Fig. 13. The results of using the proposed approach to find the global minimum of the camel 
objective function. The top figure shows the degree of firing of the different rules versus 
iteration number. The bottom figure depicts the objective function value versus iteration 
number. The approach successfully converged to the global minimum. 
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 At the weights/biases level, robust optimization can be used to develop robust rules. 
Rules are robust when they are reachable from different weight initializations (i.e. they 
are not sensitive to a particular initialization) and lead to acceptable performance when 
subject to small perturbations.   

5. Conclusion 
We believe that merging symbolic AI (logic) with non-symbolic AI (ANNs) through our 
new proposed framework can achieve the following advantages: 

1. The resulting learning system is transparent to the user and its reliability can be easily 
assessed.  A suitable strategy has been outlined for improving its reliability based on 
the analysis of the extracted rules. 

2. The system is robust to noisy inputs and disturbances. 
3. The logic-based approach to optimization can be less prune to local minima trapping. 
4. The approach is applicable to a broad class of engineering problems where the 

corresponding correct output to a certain example input is not necessarily available (but 
a means of assessing the fitness of the output is available through simulation or 
practical measurements). 

We do not claim that the proposed approach can outperform existing approaches in all 
problems, however, we can certainly claim that we offered researchers, a framework truly 
worthy of investigation for complex optimization, control and design problems. The best 
approach will always remain problem-dependent which is the charm and challenge of 
engineering optimization. 
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7. Appendix A 
In this appendix, we apply the conventional ANN formulation ([1] ,[6] ,[7]) and ANFIS [8] to 
case 'B' of the adopted case study. It is noteworthy that strict application of the conventional 
ANN or ANFIS to this case study is not possible because the desired system output is unknown 
(it is not possible to evaluate the objective function except by using the robot simulator). 
Therefore, the numerical BFGS has been used, as before, in the training phase with the same 
objective function defined in Eq. (9). As said earlier, with the conventional ANN formulation 
the output of the ANN described in Eq. (1) can be interpreted as fuzzy rules of the form: 

 / /

1,2,...

p
j i hij jk jki

i

SLANCV x > b N w then o = w

i = ,N

  
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The fact that the antecedent of a rule depends on both the bias of the corresponding hidden 
neuron and the weights from inputs-to this hidden neuron makes it difficult the use of 
known inputs constraints in weights/biases initialization. Thus, we are forced to use small 
random weights and biases initially, train the ANN, extract the rules and then re-train in 
case some of the rules yield un-plausible antecedents. For our case study, 3 out of the 7 rules 
had un-plausible antecedents. For example, one of the rules stated: 
 

 

1.1959689, 0.1675315, 0.8878251, 0.1353403,
2.7918388, 0.2060677,
6.6637447, 5.8271221

ref rob ref rob

inc inc

SLANCV v < w > v v > ω ω >

ρ < α <
decrease v by v = decrease ω by ω =

  

 
 

 

 

Clearly comparing ρ  to a negative threshold is not logical.  

Fig. 14 illustrates a typical ANFIS architecture for the case of a 2 inputs  1, 2x x  single 

output, 2 rules example. ijA  is the membership function of the ith input in the jth rule. The 

DOF of a rule is computed using the 'Product' operator, i.e. it is the product of the output of 
the membership functions of a certain rule (Layer 2). NORM units (Layer 3) divides the 
individual DOF of each rule by the sum of DOF of all rules to produce a normalized degree 
of firing jw . Layer 4 computes the consequent of each rule j for each output k, jkf  as a 

function of the inputs 
1

Ni

jk ijk jk
i

f = p + r

 . The overall system output is computed as a 

weighted sum of the different rules consequents (
1

Nh

jk jk
j=

f = w f , hN  is the number of rules 

which equals 2 in Fig. 14). Similarly, to be able to compare our approach to ANFIS [8], we 
use the same block diagram given in Fig. 5 but replacing the typical feed-forward ANN with 
an ANFIS.  The ANFIS formulation does not impose restrictions on membership function's 
choices. Therefore, sigmoid membership functions have been chosen, for the purpose of 
comparison with our approach. In this case, the membership function of the jth rule takes the 
form:  

  sig ij ij i ijA = a x c  

Our approach can be viewed as a modified ANFIS system with the 'Product' operator 
replaced by the 'ior' operator and with 0ijkp = . As indicated by the results (Fig. 15), these 

modifications enhance the performance considerably.  ANFIS training involves the 
estimation of the parameters ,ijk jkp r  for each rule contributing to the output as well as the 

membership functions parameters ij ija ,c  of each rule. The extracted rules after training are 

as follows: 
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It is clear from Fig. 15, that both the conventional ANN and ANFIS produce inferior results 
to those obtained using the proposed approach (refer to Fig. 7). Thus, the proposed 
modifications to conventional ANNs succeeded in producing an improved ANFIS system 
capable  of  outperforming both conventional ANNs and ANFIS for problems where the 
desired ANN output is not known a priori (like in the path tracking case study). 
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Fig. 14. Architecture of a typical ANFIS system for a 2 inputs single output example 
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Fig. 15. Shows the results for using conventional ANNs and ANFIS instead of the proposed 
formulation for  case B. By comparing these results with those in Fig. 7 , the superiority of 
the proposed approach-thanks to Allah- is clear. 
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1. Introduction 
Fuzzy set theory has been studied extensively over the past 30 years. Most of the early 
interest in fuzzy set theory pertained to representing uncertainty in human cognitive 
processes (see for example Zadeh (1965)). Fuzzy set theory is now applied to problems in 
engineering, business, medical and related health sciences, and the natural sciences. In an 
effort to gain a better understanding of the use of fuzzy set theory in production 
management research and to provide a basis for future research, a literature review of fuzzy 
set theory in production management has been conducted. While similar survey efforts have 
been undertaken for other topical areas, there is a need in production management for the 
same. Over the years there have been successful applications and implementations of fuzzy 
set theory in production management. Fuzzy set theory is being recognized as an important 
problem modeling and solution technique.  

Kaufmann and Gupta (1988) report that over 7,000 research papers, reports, monographs, 
and books on fuzzy set theory and applications have been published since 1965.  

As evidenced by the large number of citations found, fuzzy set theory is an established 
and growing research discipline. The use of fuzzy set theory as a methodology for 
modeling and analyzing decision systems is of particular interest to researchers in 
production management due to fuzzy set theory’s ability to quantitatively and 
qualitatively model problems which involve vagueness and imprecision. Karwowski and 
Evans (1986) identify the potential applications of fuzzy set  theory to the following areas 
of production management: new product development, facilities location and layout, 
production scheduling and control, inventory management, quality and cost benefit 
analysis. Karwowski and Evans identify three key reasons why fuzzy set theory is 
relevant to production management research. First, imprecision and vagueness are 
inherent to the decision maker’s mental model of the problem under study. Thus, the 
decision maker’s experience and judgment may be used to complement established 
theories to foster a better understanding of the problem. Second, in the production 
management environment, the information required to formulate a model’s objective, 
decision variables, constraints and parameters may be vague or not precisely measurable. 
Third, imprecision and vagueness as a result of personal bias and subjective opinion may 
further dampen the quality and quantity of available information.  Hence, fuzzy set 
theory can be used to bridge modeling gaps in descriptive and prescriptive decision 
models in production management research.  
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2. Fuzzy ranking and neural network 
Ordering fuzzy subsets is an important event in dealing with fuzzy decision problems in 
many areas. This issue has been of concern for many researchers over the years. Also, in the 
last several years, there has been a large and energetic upswing in neuroengineering 
research aimed at synthesizing fuzzy logic with computational neural networks. The two 
technologies often complement each other: neural networks supply the brute force 
necessary to accommodate and interpret large amounts of sensor data and fuzzy logic 
provides a structural framework that utilizes and exploits these low-level results. As a 
neural network is well known for its ability to represent functions, and the basis of every 
fuzzy model is the membership function, so the natural application of neural networks in 
fuzzy models has emerged to provide good approximations to the membership functions 
that are essential to the success of the fuzzy approach. Many researchers evaluate and 
analyze the performance of available methods of ranking fuzzy subsets on a set of selected 
examples that cover possible situations we might encounter as defining fuzzy subsets at 
each node of a neural network. Along with prosperity of computer and internet technology, 
more and more pepole used e-learning system to lecture and study. Therefore, how to 
evaluate the students' proficiency by arranging is the topic that deverses our attention. This 
chapter focus on fuzzy ranking approaches to evaluate fuzzy numbersas a tool in neural 
network.  

3. Ranking fuzzy numbers 
In many applications, ranking of fuzzy numbers is an important component of the decision 
process. Since fuzzy numbers do not form a natural linear order, like real numbers, a key 
issue in operationalzing fuzzy set theory is how to compare fuzzy numbers. Various 
approaches have been developed for ranking fuzzy numbers. In the existing research, the 
commonly used technique is to construct proper maps to transform fuzzy numbers into real 
numbers so called defuzzification. These real numbers are then compared. Herein, in 
approaches (; Abbasbandy & Asady, 2006; Abbasbandy & Hajjari, 2009, 2011; Asady, 2010; S. 
J. Chen & S. M. Chen, 2003, 2007, 2009; Deng & Liu, 2005; Deng et al., 2006; Hajjari, 2011a; 
Hajjari, 2011b; Z.-X. Wang et al. 2009) a fuzzy number is mapped to a real number based on 
the area measurement. In approaches (L. H. Chen & Lu, 2001, 2002; Liu & Han, 2005), 
  cut set and decision-maker's preference are used to construct ranking function. On the 
other hand, another commonly used technique is the centroid-based fuzzy number ranking 
approach (Cheng, 1998; Chu, & Tsao, 2002; Y.J. Wang et al. 2008). It should be noted that 
with the development of intelligent technologies, some adaptive and parameterized 
defuzzification methods that can include human knowledge have been proposed. 
Halgamuge et al. (Halgamuge et al. 1996) used neural networks for defuzzification. Song 
and Leland (Song & Leland, 1996) proposed an adaptive learning defuzzification technique. 
Yager (1996) proposed knowledge based on defuzzification process, which becomes more 
intelligent. Similar to methods of Filve and Yager (Filev & Yager, 1991), Jiang and Li (Jiang & 
Li, 1996) also proposed a parameterized defuzzification method with Gaussian based 
distribution transformation and polynomial transformation, but in fact, no method gives a 
right effective defuzzification output. The computational results of these methods are often 
conflict. 
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We often face difficultly in selecting appropriate defuzzification, which is mainly based on 
intuition and there is no explicit decision making for these parameters. For more 
comparison details on most of these methods, in this chapter we review some of ranking 
methods. 

4. Basic notations and definitions 
4.1 Definition 

First, In general, a generalized fuzzy number A  is membership ( )A x  can be defined as 
(Dubios & Prade, 1978) 

 

















,0
)(

)(

)(

otherwise
dxcxR
cxb
bxaxL

x
A

A

A


  (1)  

where 0 1   is a constant, and    : , 0,AL a b  ,     : , 0,AR c d    are two strictly 

monotonical and continuous mapping from R  to closed interval  0, . If 1  , then A is a 
normal fuzzy number; otherwise, it is a trapezoidal fuzzy number and is usually denoted by 

( , , , , )A a b c d    or ( , , , )A a b c d  if 1  .  

In particular, when b c , the trapezoidal fuzzy number is reduced to a triangular fuzzy 
number denoted by ( , , , )A a b d   or ( , , )A a b d  if 1  .Therefore, triangular fuzzy 
numbers are special cases of trapezoidal fuzzy numbers. 

Since AL and AR  are both strictly monotonical and continuous functions, their inverse 

functions exist and should be continuous and strictly monotonical. Let    1 : , 0,AL a b    

and    1 : , 0,AR a b    be the inverse functions of ( )AL x and ( )AR x , respectively. Then 
1 ( )AL r  and  1 ( )AR r  should be integrable on the close interval  0, . In other words, both 

1
0

( )AL r dr
   and 1

0
( )AR r dr

   should exist. In the case of trapezoidal fuzzy number, the 

inverse functions 1 ( )AL r  and 1 ( )AR r  can be analytically expressed as 

. 1( ) ( ) /AL r a b a r      0 1   

1( ) ( ) /AR r d d c r      0 1   

The set of all elements that have a nonzero degree of membership in A , it is called the 
support of A , i.e. 

  ( ) | ( ) 0AS A x X x    (2) 

The set of elements having the largest degree of membership in A , it is called the core of A , 
i.e. 
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 ( ) | ( ) sup ( )A A
x X

C A x X x L x


 
   
 

  (3) 

In the following, we will always assume that A  is continuous and bounded support ( )S A . 
The strong support of A  should be  ( ) ,S A a d . 

4.2 Definition  

The addition and scalar multiplication of fuzzy numbers are defined by the extension 
principle and can be equivalent represented in (Zadeh, 1965; Ma et al., 1999; Dubois & 
Prade, 1980) as follows.  

For arbitrary  1 1( ), ( )A AA L r R r   and  we define addition  1 1( ), ( )B BB L r R r   A B and 
multiplication by scalar 0k   as 

 
 
   

( ) ( ) ( )

( ( ) ( )

( ) ( ), ( ) ( ).

A B r A r B r

A B r A r B r

kA r kA r kA r kA r

  

  

 

 

To emphasis, the collection of all fuzzy numbers with addition and multiplication as defined 
by (8) is denoted by E, which is a convex cone. The image (opposite) of  ( , , , )A a b c d  is 

( , , , )A d c b a       (Zadeh, L.A, 1965; Dubois, D. and H. Prade, 1980). 

4.3 Definition 

A function    : 0,1 0,1f    is a reducing function if is s  increasing and (0) 0f   
and (1) 1f  . We say that s is a regular function if ( ) 1 / 2f r dr  . 

4.4 Definition   

If A  is a fuzzy number with r-cut representation,  1 1( ), ( )A AL r R r   and s is a reducing 

function, then the value of A  (with respect to s); it is defined by 

 
1 1 1
0

( ) ( )[ ( ) ( )]A AVal A f r L r R r dr    (4) 

4.5 Definition 

If A  is a fuzzy number with r-cut representation  1 1( ), ( )A AL r R r  , and s is a reducing function 
then the ambiguity of A  (with respect to s) is defined by 

  
1 1 1
0

( ) ( )[ ( ) ( )]A AAmb A f r R r L r dr     (5) 

Let also recall that the expected interval ( )EI A  of a fuzzy number A  is given by 
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1 11 1
0 0

( ) ( ) , ( )A AEI A L r dr R r dr       . (6) 

Another parameter is utilized for representing the typical value of the fuzzy number is the 
middle of the expected interval of a fuzzy number and it is called the expected value of a 
fuzzy number A  i.e. number A  is given by (Bodjanova, 2005) 

 1 11 1
0 0

1( ) ( ) ( ) .
2 A AEV A L r dr R r dr        (7) 

4.6 Definition  

The first of maxima (FOM) is the smallest element of ( ).core A i.e. 

 min ( ).FOM core A  (8) 

4.7 Definition  

The last of maxima (LOM) is the greatest element of ( ).core A i.e. 

 max ( ).LOM core A   (9) 

4.8 Definition  

For arbitrary fuzzy numbers  1 1( ), ( )A AA L r R r   and  1 1( ), ( )B BB L r R r   the equality 

        
    
 
 

1/22 21 11 1 1 1
0 0

( , ) ( ) ( ) ( ) ( )A B A BD A B L r L r dr R r R r dr   (10) 

is the distance between A and B. The function ( , )D A B is a metric in E and ( , )E D  is a 
complete metric space. 

The ordering indices are organized into three categories by Wang and Kerre (Wang & Kerre, 
2001) as follows: 

 Defuzzification method: Each index is associated with a mapping from the set of fuzzy 
quantities to the real line. In this case, fuzzy quantities are compared according to the 
corresponding real numbers. 

 Reference set method: in this case, a fuzzy set as a reference set is set up and all the 
fuzzy quantities to be ranked are compared with the reference set. 

 Fuzzy relation method: In this case, a fuzzy relation is constructed to make pair wise 
comparisons between the fuzzy quantities involved. 

Let M be an ordering method on E. The statement two elements 1A  and 2A  in E satisfy that 
1A  has a higher ranking than 2A  when M is applied will be written as 1 1A A  by M. 
1 1A A and 1 1A A  are similarly interpreted. The following reasonable properties for the 

ordering approaches are introduced by Wang and Kerre (Wang & Kerre 2001). 
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1. For an arbitrary finite subset   of E  and 1 ,A  1 1.A A  
2. For an arbitrary finite subset   of E  and 2

1 2 1 2( , ) ,A A A A   and 2 1 ,A A we should 
have 1 2A A . 

3. For an arbitrary finite subset   of E  and 3
1 2 3 1 2( , , ) ,A A A A A   and 2 3 ,A A we 

should have 1 3.A A  
4. For an arbitrary finite subset   of E  and 2

1 2( , ) ,A A   inf{supp( 1A )}> 
sup{supp( 2A ), we should have 1 2.A A  

5. For an arbitrary finite subset   of E  and 2
1 2( , ) ,A A   inf{supp( 1A )}> 

sup{supp( 2A )}, we should have 1 2.A A  
6. Let 1 2 1 3, ,A A A A  and 2 3A A  be elements of E . If 1 2 ,A A  then 1 3 2 3.A A A A    

5. Ranking indices 
a. Methods of centroid point 

In order to determine the centroid points 0 0( , )x y  of a fuzzy number A , Cheng (Cheng, 
1998) provided a formula then Wang et al. (Y. M. Wang et al., 2006) found from the point of 
view of analytical geometry and showed the corrected centroid points as follows: 

 

0

1 1
0 0

0 1 1
0 0

( ) ( )

( ) ( )

( ) ( )
.

( ) ( )

b c d
A Aa b c

b c d
A Aa b c

A A

A A

xL x dx xdx xR x dx
x

L x dx dx R x dx

yR y dy yL y dy
y

R y dy L y dy

 

 

 

 

 


 

   


  
  

 

 

 (11) 

For non-normal trapezoidal fuzzy number ( , , , , )A a b c d   formulas (11) lead to following 
results respectively. 

 

0

0

1
3 ( ) ( )

1 .
3 ( ) ( )

dc ab
x a b c d

d c a b

c d
y

d c a b


 
        

 
     

 (12) 

Since non-normal triangular fuzzy numbers are, special cases of normal trapezoidal fuzzy 
numbers with b c , formulas (12) can be simplified as 

  

 0

0

1
3

.
3

x a b d

y


  



 (13) 
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In this case, normal triangular fuzzy numbers could be compared or ranked directly in 
terms of their centroid coordinates on horizontal axis.  

Cheng (Cheng, 1998) formulated his idea as follows: 

 2 2
0 0( ) ( ) ( ) .R A x A y A   (14) 

To overcome the drawback of Cheng's distance Chu and Tsao's (Chu & Tsao, 2002) 
computed the area between the centroid and original points to rank fuzzy numbers as: 

 0 0( ) ( ). ( ).S A x A y A  (15) 

Then Wang and Lee (Y. J. Wang, 2008) ranked the fuzzy numbers based on their 0x ’s values 
if they are different. In the case that they are equal, they further compare their 0y ’s values to 
form their ranks.  

Further, for two fuzzy numbers A and B  if 0 0( ) ( )y A y B  based on 0 0( ) ( ),x A x B  then 
A B . 

By shortcoming of the mentioned methods finally, Abbasbandy and Hajjari (Abbasbandy & 
Hajjari 2010) improved Cheng's distance centroid as follows: 

 2 2
0 0( ) ( ) ( ) ( )IR A A x A y A   (16) 

Where  

 

 

 

 

1 1 1
0

1 1 1
0

1 1 1
0

1 ( ) ( ) 0,

( ) 0 ( ) ( ) 0,

1 ( ) ( ) 0.

A A

A A

A A

L x R x dx

A L x R x dx

L x R x dx



 

 

 

 


  



 











  (17) 

However, there are some problems on the centroid  point methods. In next section, we will 
present a new index for ranking fuzzy numbers. The proposed index will be constructed by 
fuzzy distance and centroid point.   

b. Method of D-distance (Ma et al. 2000)  

Let all of fuzzy numbers are positive or negative. Without less of generality, assume that all 
of them are positive. The membership function of a R  is ( ) 1,a x   if x a and ( ) 0a x   if 
x a . Hence if 0a   we have the following 

0
1 0

(0)
0 0.

x
x




  
 

Since 0( ) ,x E  left fuzziness and right fuzziness are 0, so for each A E   
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  
1

1 2 1 1/2
0 2

0

( , ) ( ) ( ) .A AD A L r R r dr   
  
  
    (18) 

Thus, we have the following definition 

5.1 Definition  

For A  and ,B E define the ranking of A  and B  by saying  

0 0

0 0

0 0

( , ) ( , ),
( , ) ( , ),
( , ) ( , ).

A B iff d A d B
A B iff d A d B
A B iff d A d B

 
 
  

 
   

5.2 Property   

Suppose A  and ,B E  are arbitrary, therefore 

If A B  then .A B    

If B A  and  1 2 1 2 1 2 1 2( ) ( ) ( ) ( )A A B BL r R r L r R r      for all  0,1r  then   .B A  

5.3 Remark  

The distance triangular fuzzy number 0( , , )A x   of 0  is defined as following: 

 2 2 2 1/2
0 0 0( , ) 2 / 3 / 3 ( ) .d A x x            (19) 

The distance trapezoidal fuzzy number 0 0( , , , )A x y   of 0  is defined as following 

 2 2 2 1/2
0 0 0 0( , ) 2 / 3 / 3 ) .d A x x y            (20) 

If A B it is not necessary that A B . 

If A B and 1 2 1 2 1/2 1 2 1 2 1/2( ( ) ( ) ) ( ( ) ( ) )A A B BL r R r L r R r       then .A B  

c. Method of sign distance (Abbasbandy & Asady 2006) 

5.4 Definition  

For arbitrary fuzzy numbers  1 1( ), ( )A AA L r R r   and  1 1( ), ( )B BB L r R r    the function  

 
1

1 1 1
0 0

( , ) ( ( ) ( ) ) .
p p p

A AD A A L x R x dx  
  
 
  (21) 

is the distance between  A  and B . 
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5.5 Definition  

Let ( ) : { 1,1}A E   be a function that is defined as follows: 

1 1 1
0

( ) [ ( ) ( )]A AA sign L r R r dr     

Where 

1 1 1
0

1 1

1 ( ( ) ( )) 0
( )

1 ( ( ) ( )) 0

A A

A A

L r R r
A

L r R r


 

 

  
 







 

5.6 Remark  

1. If supp ( ) 0A   or inf 1( ) 0AL r   then ( ) 1A  . 
2. If supp ( ) 0A   or sup 1( ) 0AR r   then ( ) 1A   . 

5.7 Definition  

For A E , 0 0( , ) ( ) ( , )pd A A D A   is called sign distance.  

5.8 Definition  

For A  and B E define the ranking order of A and B by pd on E . i.e. 

0 0

0 0

0 0

( , ) ( , )
( , ) ( , )
( , ) ( , )

i j p i p j

i j p i p j

i j p i p j

A A iff d A d A

A A iff d A d A

A A iff d A d A

 

 

  

 

   

5.9 Remark  

1. The function pd , sign distance has the Wang and Kerre's properties  . 

2. The function pd , sign distance for 1p   has the following properties   

if  

inf {supp ( ),A  supp ( ),B  supp ( ),A C  supp ( )B C } 0  

or 

sup {supp ( ),A  supp ( ),B  supp ( ),A C  supp ( )B C } 0  

3. Suppose A and B E are arbitrary then  
a. If A B  then A B , 

b. If B A  and 1 1 1 1( ) ( ) ( ) ( ) ( ) ( )
p p pp

A A B BA L r R r B L r R r           
   

 , that for all   0,1r  

then .B A , 
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4. If A B  it is not necessary that A B . Since if A B  and 
1 1 1 1( ) ( ) ( ) ( ) ( ) ( )

p p pp
A A B BA L r R r B L r R r            

   
 that for all   0,1r  then .B A , 

5. If  A B  then .A B    

Therefore, we can simply rank the fuzzy numbers by the defuzzification of 0( , ).pd A  By 

Remark 3.12 part (5) we can logically infer ranking order of the image of the fuzzy numbers. 

d. Method of H-distance 

5.10 Definition  

A continuous function    : 0,1 0,1s  with the following properties is a source function 

(0) 0,s   (1) 1,s   ( )s r  is increasing, and 
1

0

1( ) .
2

s r dr   

In fact, a reducing has the reflection of weighting the influence of the different r-cuts and 
diminishes the contribution of the lower r-levels. This is reasonable since these levels arise 
from values of membership function for which there is a considerable amount of 
uncertainty. For example, we can use ( ) .s r r  

5.11 Definition  

For A  and B E  we define H-distance of A and B by  

   1 1* 1( , ) ( ) ( ) ( ) ( )
2H HD A B Val A Val B Amb A Amb B d A B        (22) 

 

where Hd  is the Housdorf metric between intervals and  1.  is the 1-cut representation of a 
fuzzy number. 

e. Method of source distance (Ma et al., 2000) 

5.12 Definition  

For A  and B E  we define source distance of A and B by  

 1( , ) ( ) ( ) ( ) ( ) max{| |,| |} ,
2s s s s s A B A BD A B Val A Val B Amb A Amb B t t m m        

 

where [ , ]A Am t  and  [ , ]B Bm t  are the cores of fuzzy numbers  A  and B  respectively.  

5.13 Property  

The source distance metric sD  is a metric on TRE  and a pseudo-metric on .E  
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f. Method of magnitude (Abbasbandy & Hajjari 2009) 

For an arbitrary trapezoidal fuzzy number 0 0( , , , )A x y   with parametric 

form  1 1( ), ( )A AA L r R r  , we define the magnitude of the trapezoidal fuzzy number A as 

  1 1 1
0 00

1( ) ( ( ) ( ) ) ( ) .
2 A AMag A L r R r x y f r dr      ( )f r r  (23) 

 

where the function ( )f r is a non-negative and increasing function on  0,1  with 

(0) 0, (1) 1f f   and 
1

0

1( ) .
2

f r dr   for example, we can use. The resulting scalar value is 

used to rank the fuzzy numbers. The larger ( )Mag A , the larger fuzzy number. Therefore for 
any two fuzzy number A  and B E . We defined the ranking of A  and B  by the ( )Mag A  
on E  as follows 

( ) ( )Mag A Mag B  if and only if  A B . 

( ) ( )Mag A Mag B  if and only if  .A B  

( ) ( )Mag A Mag B  if and only if  A B . 

Then we formulate the order   and   as A B  if and only if A B  or A B , A B  if and 
only if A B  or A B . In other words, this method is placed in the first class of Kerre's 
categories(X. Wang & Kerre 2001). 

g. Method of promoter operator (Hajjari & Abbasbandy 2011) 

Let ( , , , )A a b c d  be a non-normal trapezoidal fuzzy number with r  cut 

representation  1 1( ), ( ) .A AA L r R r  . Consequently, we have 

 
2(3 2)( ) (3 2)( )( ) .

12 12
b c a d

Mag A
 

 
   

   (24) 

 

It is clear that for normal trapezoidal fuzzy numbers the formula (24) reduces to 

 5 1( ) ( ) ( ).
12 12

Mag A b c a d     (25) 

In the following, we use an example to illustrate the ranking process of the proposed 
method. 

Moreover, for normal fuzzy numbers we have 

 
1 1 1 1 1
0

1( ) ( ( ) ( ) (1) (1)) ( ) .
2 A A A AMag A L r dr R r L R f r dr           (26) 
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h. Methods of deviation degree 

Ranking L-R fuzzy numbers based on deviation degree (Z.X. Wang et al., 2009)  

5.14 Definition  

For any groups of fuzzy numbers 1 2, ,..., nA A A  in E  with support sets ( ), 1, . . ., .iS A i n  

Let 1 ( )n
ii

S S A


  and min infx S  and max sup .x S  Then minimal and maximal reference 

sets minA  and maxA  are defined as 

 
min

max

max min
,

( )
0, ,

   



A

x x
if x S

x xx
otherwise

  (27) 

 
max

min

max min
,

( )
0, .

   



A

x x
if x S

x xx
otherwise

     (28) 

5.15 Definition  

For any groups of fuzzy numbers 1 2, ,..., nA A A  in E , let minA  and maxA be minimal and 
maximal reference sets of these fuzzy numbers, respectively. Then left and right deviation 
degree of , 1, . . ., ,iA i n  are defined as follows: 

 minmin

1( ) ( )itL
i A Ax

d x L x dx    

  max

max

1( ) ( )
i

xR
i A Au

d x R x dx    (29) 

where it  and , 1,2,...,iu i n  are the abscissas of the crossover points of 
iAL  and 

min
,A  

and 
iAR  and 

max
,A  respectively. 

5.16 Definition  

For any groups of fuzzy numbers Ai = (ai, bi, ci, di, ) in E , its expectation value of centroid is 
defined as follows: 

  
( )

( )

i

i
i

i

i

d
Aa

i d
Aa

x x dx
M

x dx








 (30) 

 min

max min

i
i

M M
M M

 



 (31) 
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where  max 1 2max , ,..., nM M M M  and Mmin = min{M1, M2, ..., Mn} 

Based on mentioned formulae, the ranking index value of fuzzy numbers 
, 1, . . ., ,iA i n  is given by 

 
max min

max min

, , 1,2,..., ,
1 (1 )

, 1,2,..., .
1


 

  
   

L
i i

R
i i

i L
i

R
i

d
M M i n

d
d

d
M M i n

d




  (32) 

Now, by using (15), for any two fuzzy numbers Ai  and Aj the ranking order is based on the 
following rules. 

1. i jA A  if and only if ,i jd d  

2. i jA A  if and only if ,i jd d  

3. i jA A  if and only if .i jd d  

 The revised method of ranking L-R fizzy number based on deviation degree (Asady, 
2010)  

Asady (Asady, 2010) revised Wang et al. (Z.X. Wang et al. 2009) method and suggested 
(.)D operator for ranking of fuzzy numbers as follows: 

Consider two fuzzy numbers A  and B  the ranking order is based on the following 
situations: 

1. If  ( ) ( ),D A D B  then .A B  
2. If  ( ) ( ),D A D B  then .A B  
3. If  ( ) ( ),D A D B  then  

if * *, ( ) ( ) A B D A D B   then ,A B  

if * *, ( ) ( ) A B D A D B   then ,A B  

else .A B   

where 

 ( )
1

L
A

R
A

D
D A

D


  (33) 

  
*( )

1

L
A

R
A

D
D A

D




  (34) 

where       
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  1 1 1
min0

( ) ( ) 2L
A A AD R x L x x dx     (35) 

  1 1 1
max0

2 ( ) ( )R
A A AD x R x L x dx     (36) 

Ranking fuzzy numbers based on the left and the right sides of fuzzy numbers (Nejad & 
Mashinchi, 2011)  

Recently Nejad and Mashinchi (Nejad & Mashinchi, 2011) pointed out the drawback of 
Wang et al. (Z.X. Wang et al. , 2009) hen they presented a novel ranking method as 
follows. 

5.17 Definition  

Let ( , , , , ), 1,2,..., , i i i i iA a b c d i n  are fuzzy numbers in E ,  min 1 2min , ,..., na a a a  and  

 max 1 2max , ,..., .nd d d d  The areas L
is  and R

is  of the left and right sides of the fuzzy 

number iA  are defined as 

  1
min0

( )L
i As L r a dr

      (37) 

   .)(
0

1
max drrRds A

R
i  


   (38) 

Based on above definitions, the proposed ranking index is 

 .,...,2,1,
)1(1

ni
s
ss

i
R
i

i
L
i

i 






  (39) 

Then the ranking order follows next rules. 

1. i jA A  if and only if ,i js s  

2. i jA A  if and only if ,i js s  

3. i jA A  if and only if .i js s  

To obtain the reasonable they added two triangular fuzzy numbers 0A  and 1nA  , where  

  
0 0 0 0

0 0 0 0

0 0

( , , ),
2 , min{ , 1,2,..., },
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Then they ranked fuzzy numbers 1 2, ,..., nA A A  based on the ranking area values 1 2, ,..., ns s s .  

Nevertheless, the new ranking method has drawback. 

In the next section, we discuss on those methods that based on deviation degree by a 
number numerical counter examples. 

6. Discussion and counter examples 
6.1 Example  

Let two fuzzy numbers A= (3,6,9) and B= (5,6,7) from (Z.-X. Wang et al., 2009) as shown in 
Fig. 1. 

 
Fig. 1. Fuzzy numbers A=(3,6,9)  and B=(5,6,7)  

Through the approaches in this paper, the ranking index can be obtained as  
Mag (A)=Mag(B)=12  and EV(A) = EV(B) = 6. Then the ranking order of fuzzy numbers is  
A  B. Because fuzzy numbers A and B have the same mode and symmetric spread, most of 
existing approaches have the identical results. For instance, by Abbasbandy and Asady's 
approach (Abbasbandy & Asady, 2006), different ranking orders are obtained when 
different index values p are taken. When p = 1 and p = 2 the ranking order is the same, i.e.,  
A  B Nevertheless, the same results produced when distance index, CV index of Cheng's 

approach and Chu and Tsao's area are respectively used, i.e., xA = xB = 6 and 1
3A By y    

then from Cheng's distance and Chau and Tsao's area we get that R(A) = R(B) = 2.2608,  
S(A) = S(B) = 1.4142  respectively. 

From the obtained results we have A  B, for two triangular fuzzy numbers A=(3, 6, 9)  and 
B=(5, 6, 7). Now we review the ranking approaches by promoter operator. Since A and B 
have the same ranking order and the same centroid points we then compute their 

ambiguities. Hence, from (Deng et al., 2006) it will be obtained amb(A) = 1 and 1( )
3

amb B   . 

Consequently, by using promoter operator we have 
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The ranking order is A B Through the proposed approach by Wang et al., the ranking 
index values can be obtained as d1 = 0.1429 and d2 = 0.1567. Then the ranking order of fuzzy 
numbers is also A B. 

In the following, we use the data sets shown in Chen and Chen (S. J. Chen et al. 2009) to 
compare the ranking results of the proposed approaches with Cheng method (Cheng, 1998), 
Chu and Tsao's method (Chu & Tsao 2002) and Chen and Chen (S. J. Chen et al. 2009). The 
comparing of ranking results for different methods will be explained in the following. 

For the fuzzy numbers A and B shown in Set 1 of Fig. 4, Cheng's method (Cheng, C. H., 
1998), Chu's method (Chu, T. and Tsao, C., 2002), Chen and Chen's method (Chen, S. J. and 
Chen, S. M., 2007; Chen, S.-M. and Chen, J.-H., 2009) and Mag- method (Abbasbandy, S. and 
Hajjari, T., 2009) get the same ranking order A B. 

4. For the fuzzy numbers A and B shown in Set 2 of Fig. 4, Cheng's method (Cheng, C. H., 
1998), Chu 's method (Chu, T. and Tsao, C., 2002) and Mag- method (Abbasbandy, S. 
and Hajjari, T., 2009) get the same ranking order A  B, which is unreasonable. Whereas 
by applying the promoter operator the ranking order is the same as Chen and Chen's 
method (Chen, S. J. and Chen, S. M., 2007; Chen, S.-M. and Chen, J.-H., 2009), i.e. A B. 

5. For the fuzzy numbers A and B shown in Set 3 of Fig. 4, Cheng's method (Cheng, C. H., 
1998), Chu and Tsao's method (Chu, T. and Tsao, C., 2002) and Mag- method 
(Abbasbandy, S. and Hajjari, T., 2009) get an inaccurate ranking order A  B whereas by 
applying the promoter operator the ranking order is the same as Chen and Chen's 
method  (Chen, S. J. and Chen, S. M., 2007; Chen, S.-M. and Chen, J.-H., 2009) i.e. A B. 

6. For the fuzzy numbers A and B shown in Set 4 of Fig. 4, Cheng's method (Cheng, C. H., 
1998), Chu and Tsao's method (Chu, T. and Tsao, C., 2002), Chen and Chen's method 
(Chen, S. J. and Chen, S. M., 2007; Chen, S.-M. and Chen, J.-H., 2009) and Mag- method 
(Abbasbandy, S. and Hajjari, T., 2009) get the same ranking order: A B. 

7. For the fuzzy numbers A and B shown in Set 5 of Fig. 2, Cheng's method (Cheng, C. H., 
1998), Chu and Tsao's method (Chu, T. and Tsao, C., 2002) cannot calculate the crisp-
value fuzzy number, whereas Chen and Chen's method (S. J. Chen, 2009) and Mag  
Mag- method (Abbasbandy & Hajjari, 2009) get the same ranking order: A B. 
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Fig. 2.  
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Table 1. 
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8. For the fuzzy numbers A and B shown in Set 6 of Fig. 2, Cheng's method (Cheng, C. H., 
1998), Chu and Tsao's method (Chu & Tsao, 2002), Chen and Chen's method (S. J. Chen 
&  S. M. Chen, 2007;  S.-M. Chen & J.-H. Chen, 2009) and Mag- method (Abbasbandy & 
Hajjari, 2009) get the same ranking order: A B. 

9. For the fuzzy numbers A and B shown in Set 7 of Fig. 2, Cheng's method (Cheng, 1998), 
Chu and Tsao's method (Chu & Tsao, 2002), Chen and Chen's method (S. J. Chen et al. 
2009) get the same ranking order: B A , whereas the ranking order by Mag- method 
(Abbasbandy & Hajjari, 2009) is A B . By comparing the ranking result of Mag- 
method with other methods with respect to Set 7 of Fig. 2, we can see that Mag- method 
considers the fact that defuzzified value of a fuzzy number is more important than the 
spread of a fuzzy number. 

10. For the fuzzy numbers A and B shown in Set 8 of Fig. 2, Cheng's method (Cheng, 1998), 
Chu and Tsao's method (Chu & Tsao, 2002), Chen and Chen's method (S. J. Chen et al., 
2009) and Mag- method (Abbasbandy & Hajjari, 2009) get the same ranking 
order: A B C  , whereas the ranking order by Chen and Chen's method is A C B  . 
By comparing the ranking result of mentioned method with other methods with respect 
to Set 8 of Fig. 4, we can see that Chen's method considers the fact that the spread of a 
fuzzy number is more important than defuzzified value of a fuzzy number. 

The idea of ranking fuzzy numbers by deviation degree is useful, but a significant 
approaches should be reserved the important properties such that 

     A B B A  
     A B A C B C  
     A B B C A C  

Now we give some numerical example to show the drawback of the aforementioned 
methods.  

6.2 Example  

Given two triangular fuzzy number (0.2,0.5,0.8)A   and (0.4,0.5,0.6)B   (Nejad & 
Mashinchi, 2011), which are indicated in Fig. 3.  

The ranking order by Nejad and Mashinchi is A B . The images of two numbers A  and B  
are A=(-0.8, -0.5, -0.2), B=(-0.6, -0.5, -0.4) respectively, then the ranking order is -B-A. 

On the other hand, ranking order for A  and B and their images by Wang et al.'s method 
and Asady's revised are ,   A B A B  respectively.  

This example could be indicated that all methods are reasonable. However, we will show 
that functions of all three methods are not the same in different conditions. 

6.3 Example  

Consider the three triangular fuzzy numbers A=(1, 2, 6), B = (2.5, 2.75,3) and C = (2, 3, 4), 
which are taken from Asady's revised (Asady, 2010) (See Fig. 4). 
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Utilizing Nejad and Mashinchi's method the ranking order is A B C   and the ranking 
order of their images will be obtained -C-A-B, which is illogical. 

By using Wang et al.'s method the ranking order is B  A  C and for their images is    
-A  -C  -B, which is unreasonable too.  

From point of revised deviation degree method (Asady, 2010) the ranking orders are  
B AC, -C-A-B, respectively.  

From this example, it seems the revised method can rank correctly. 

In the next example, we will indicate that none of the methods based on deviation degree 
can rank correctly in all situations.  

 
Fig. 3.  



 
Ranking Indices for Fuzzy Numbers 

 

69 

 
Fig. 4. 

6.4 Example  

Let the triangular fuzzy number (1,2,3)A   and the fuzzy number (1,2,4)B  with the 
membership function (See Fig. 5)  
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Using Asady's method the ranking order is obtained .A B  However, the ranking order of 
their images is ,BA    which is unreasonable. 

From mentioned examples, we can theorize that ranking fuzzy numbers based on deviation 
degree cannot rank fuzzy numbers in all situations.  
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Fig. 5. 

7. Conclusion  
With the increasing development of fuzzy set theory in various scientific fields and the need 
to compare fuzzy numbers in different areas. Therefore, Ranking of fuzzy numbers plays a 
very important role in linguistic decision making, neural network and some other fuzzy 
application systems . Several strategies have been proposed for ranking of fuzzy numbers. 
Each of these techniques has been shown to produce non-intuitive results in certain case. In 
this chapter, we reviewed some recent ranking methods, which will be useful for the 
researchers who are interested in this area. 
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1. Introduction 
1.1 Neural net 

An artificial neural net is a computational model which imitates natural biological system 
actions, through neurons that adapt their gains as occurs in the brain, and these are  
interconnected constructing a neural net system (Nikola, 1996) (Medel, García y Sánchez, 
2008), shown in figure 1. 

 
Fig. 1. Neural Network Interconnections (Source: Benedict Campbell 2008). 

The Biological neuron is described illustratively in figure 2, taking into account a biological 
description. 

In traditional concepts a neuron operates receiving signals from other neurons through 
bioelectrical connections, called synapses. The combination of these signals, in excess of a 
certain threshold or activation level, will result in the neuron firing that is sending a signal on 
to other interconnected neurons. Some signals act as excitations and others as inhibitions to a 
neuron firing.  

These acts applied in a hundred billion interconnected neurons generate "thinking actions". 

Each neuron has a body, called the soma. The soma is much like the body of any other cell, 
containing the cell nucleus, various bio-chemical factors and other components that support 
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ongoing activity, and surround the soma dendrites. The dendrites have the receptor 
functions with respect to signals generated by other neurons. These signals combined may 
determine whether or not that neuron will fire. 

 
Fig. 2. Basic Biological Neuron with its elements. 

If a neuron fires, an electrical impulse noise is generated. This impulse starts at the base, called 
the hillock, of a long cellular extension, called the axon, and proceeds down the axon to its ends. 
The end of the axon is split into multiple ends, called the buttons. The buttons are connected to 
the dendrites of other neurons and the resulting interconnections are the previously discussed 
synapses. (In figure 2, the buttons do not touch other dendrites having a small gap generating 
an electrical potential difference between them; i.e., if a neuron has fired, the electrical impulse 
noise that has been generated stimulates the buttons and results in electro-chemical activity 
which transmits the signal across the synapses dendrites actions). 

Commonly, the neuron maintains an electrical interval potential  35, 65  milli-volts; but 
when a neuron fires an electrical impulse noise it increases its chemical electric energy 
releasing an electrical potential  90, 110  milli-volts. This impulse noise is transmitted with 

an interval velocity  0.5, 100  in meters per second and is distributed on average in a 1  
milli-second. The fast rate repetition on average corresponds to 10  milli-seconds per firing. 

Considering an electronic computer whose signals travel on average at 9
sec2.0 10 mX   (speed 

of electrical energy in a wire is 0.7 of that in air), whose impulse noises last for ten 
nanoseconds and may repeat such an impulse noise in each succeeding 10  nano-seconds. 
Therefore, an electronic computer has at least a two thousand times advantage in signal 
transmission speed considering the biological basic neuron, and a thousand times advantage 
in signal fire repetition. This difference in velocity manifests itself in at least one important 
way; the human brain is not as fast as an arithmetic electronic computer, which is many 
times faster and hugely more capable of patterns recognition and perception relationships. 
The main advantage of the brain in respect to other electronic devices is it is capable of "self-
programming" with changing external stimuli, known as “adaptability”. In other words, it 
can learn dynamically and in all conditions.  

Naturally, the brain has developed the neuron ways changing their response to new 
stimulus so that similar events may affect future neighborhood responses. The adaptability 
of a brain corresponds to survival actions. 
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1.2 Neural network structure  

The computational Neural Network structures are based on biological neural 
configurations. The basic neural network is a model neuron, shown in figure 2, consisting of 
Multiple Inputs and a Single Output (MISO structure). Each input is modified by a weight, 
which multiplies the input value. The neuron combines these dendrite weight inputs and if 
the soma biological actions exceed a threshold value, then the nucleus in biological sense 
and activation function in computational actions, determines its output answer. In an 
electronic computational device as shown in Figure 3, a behavioral additional condition has 
the answer close to the real neuron actions.  

 
Fig. 3. Neuron device computational model 

Meanwhile understanding how an individual neuron operates many researches generate the 
way neurons organize themselves and the mechanisms used by arrays of neurons to adapt 
their behavior to external bounded stimuli. There are a huge number of experimental neural 
network computational structures, and actually laboratories and researchers continue 
building new neural net configurations. 

The common computational neural net used, is called back-propagation network and is 
characterized with a mathematical structure model, which knows its behavioral stability 
conditions (bounded inputs and bounded output, BIBO conditions). 

Intuitively it is built taking a number of neurons and arrays them forming a layer. A layer is 
formed having all inputs and nodes interconnected with others nodes, but not both within 
the same node. A layer finishes with a node set connected with a succeeding layer or 
outputs giving the answer. The multiple layers are arrayed as an input layer, multiple 
intermediate layers and an output layer as shown in Figure 4; where the intermediate layers 
do not have inputs or outputs to the external world and are called hidden layers.  

Back-propagation neural networks are usually fully connected. This means that each neuron 
is connected to every output from the preceding layer.  
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Fig. 4. MISO Back-propagation Network with three layers. 

The layers are described as: input, distributing the signals from the external world; hidden, 
categorizing the signals; and the output collecting all features detected and producing a 
response. However the problem of the layers has many descriptions considering the set of 
optimal weights. 

1.3 Neural network operation 

The output of each neuron is a function of its inputs and weights, with a layer as described 
recursively in (1). 

 1( ) ( ) ( ) ( )j n nj jW k u k w k W k  . (1) 

In where the basic function has the form   
1

( ) ( ) ( )
n

j n ij
i

W k u k w k


 . 

The output neural net answer is a convolution operation shown in (2). 

  ( ) ( ) ( )j jy k F k W k  . (2) 

The ( )jW k  value is convoluted with a threshold value giving an approximate biological 

neural net answer, but in a computational sense it is active considering a ( )jt k , known as an 

activation function. The activation function usually is the sigmoid function shown in Figure 
5. The output answer ( )jy k , is the neural net response, observing that the threshold function 

corresponds to biological electrical potential [90, 110] mill-volts needed in synopsis 
operations. 



 
Neuro-Fuzzy Digital Filter 

 

77 

 
Fig. 5. Sigmoid Function as a neural net firing an electrical impulse noise. 

The biological or computational fire answers correspond to threshold conditions that 
accomplish the excitation functions that permit generating an answer giving many inputs. 
Generally, the weights are selected intuitively in the first step; but with adaptive 
consideration can be adjusted to seek the desired answer.    

2. Neural network adapting its weights usign fuzzy logic  
The adaptation in a neural net means that it adapts its weights with a law action, seeking the 
convergence to the output desired answer. The difference between the desired ( ( )jd k ) and 

actual responses ( ( )jy k ) is known as convergence error ( ( )je k ) and is defined as (3) and is 

shown in figure 6. 

 ( ) ( ) ( ).j j je k d k y k   (3) 

The law action could be a sliding mode, proportional gain in its weight and other non-linear 
models that allows the neural net system converging to the desired answer with respect to 
the input set. 

 
Fig. 6. Neuronal Weights Adjustment using a law action. 
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The adaptive back-propagation procedure is described in (4) 

 ' ( ) ( ) ( )i j i j ju k u k L k   (4) 

Where   corresponds to law action considered by neural net designer. 

Now applying the concept considered above with respect to neural net adjusting weights 
using fuzzy logic concepts gives a great advantage over traditional concepts such as the 
forgetting factor and sliding modes in other action laws. 

The neural net that has adaptive weights is known as a digital identification filter, therefore, 
the neural net in where the adaptation process considered fuzzy inferences is known as a 
Neuro-Fuzzy Digital Filter.  

A fuzzy neural net classifies, searches and associates information (Huang, Zhu and Siew, 
2006) giving a specific answer value in accordance with a reference desired signal process, 
constructing a control volume described as 2ˆ{( ( ), ( ))}N j jT y k y k R   where a variant 

scheme has the form   2
1

ˆ ˆ: {( ( ), ( )), ( )}
N

N N N j j k
T Y Y T y k y k k R


     inside the 

membership intervals delimited by a Knowledge Base (KB) (Schneider y Kandel, 1996), 
with dynamical and bounded moments. The responses set into the KB represents all the 
possible correct filter responses (Gustafsson, 2000) (Margaliot and Langholz, 2000) 
(Zadeh, 1965) in accordance with an objective law, previously defined by the actual 
natural reference process in a distribution sense. The filtering mechanism adjusts the 
neural weights selecting the best answer from the KB when the state changes, to use fuzzy 
rules (if-then). The neuro-fuzzy filter is based on the back-propagation algorithm, because 
its weights have a dynamic actualization (Ali, 2003) (Amble, 1987) (Haykin, 1996) with 
different levels for each interval iteration (Huang, Zhu and Siew, 2006), using the error 
described as ( )e k R  defined in (3) and considering its distribution function (García, 
Medel y Guevara, 2008) (Marcek, 2008)); this filter is shown in. Figure 7, integrating the 
fuzzy logic convenient actions into neural net structure using adaptive weights (Passino, 
1998, and Medel 2008). 

 

 
 

Fig. 7. Neuro-fuzzy Digital Filter Process  
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The error  ( )je k  has a interval limit  0,  and  is described as a positive value in 

accordance with inf{ ( ) 0, sup{ ( ) }j je k e k        in where [ , ]    (k is index 

interval) (Margaliot and Langholz, 2000) (Morales, 2002).  

The Neuro-Fuzzy Digital Filter considers the concepts described in (Ash, 1970) (Abraham, 
1991) (Ali, 2003) (Gustafsson, 2000), (Mamdani, 1974) (Morales, 2002) (Medel et.al 2008), 
having the elements needed in its basic description: 

a. Back propagation neural net scheme. 
b. Adaptive weights considering the law action and Fuzzy Logic inferences  
c. Convergence answer considering the stochastic error e(k) and the its probability bounded 

moments 
d. In a metric sense, weights distribution is transformed in Fuzzy Inferences after the law 

action applied in the dendrites stage inputs. 
e. Rule Base allows the interpretation of the stochastic weights bounded by distribution 

function accomplishing the actions using the logic IF connector.  
f. Inference Mechanism as an expert consequence of the rule base, selects the membership 

function described as an adaptive weight    1,
: 1,ij j m Z

w k i n Z


  
   using logic THEN 

connector selecting the dendrite value corresponding to the knowledge base (Yamakawa, 1989). 
g. Activation Function is the stage where the answer filter is transformed into a natural 

answer approximating to minimal convergence error region.  
h. Neuro-Fuzzy Digital Filter process has a Natural Actualization obtaining the linguistic 

values and actualizes its weights dynamically based on a distribution error and 
observing the second probability moment basic law action (5). 

    22
[0,1)2

1 ( ) 1 ( 1) , .j j jJ k e k k J k R k Z
k 

         (5) 

The functional error  J k  has an exponential convergence if the weights set into the Neuro-

Fuzzy Filter allow that [0,1)lim ( ) ,j
k

J k m m R


  , if  0 ( ) 1je k  and (6). 

  min min, ˆinf : min ( ( ), ( )), 1, ,j j jJ J J d k y k j s s Z     (6) 

The Neuro-Fuzzy Digital Filter needs the knowledge base in order to select the 
corresponding answer weights in accordance with the desired signal and law action. Firstly, 
the filtering process uses the neuronal net and requires the adaptation process for non-
stationary answer conditions, and the fuzzy rules adjust to the adaptation process 
guarantying the convergence rate (Takagi and Sugeno, 1986). The filter mechanism makes a 
selection of the correct variable weights into its data form and selects the correct level into 
three fuzzy regions. Then, the rules mechanism selects the weights    1,

: 1,ij j m
w k i n


  

adjusting the filter gain, giving the correct answer  ˆ jy k  as the filter output (Rajem y Gopal, 

2006) (Medel et.al 2008), with MISO (Multi Inputs Single Output) properties. 
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3. Weight properties  

A neuto-fuzzy filter has a weight set    1,
: 1,ij j m

w k i n


 , where the knowledge base in 

each layer accomplishes the condition ,
1

( ) 1
n

i j
i

w k


  without losing the transition function 

basic properties (Medel, 2008): 

i. Each weight has a dynamic transition function with natural restrictions:  
1. ln( ( ))j k   ,  2) ln( ( )) 0j k  ,  3) 1ln( ( )) 1j k k  .  

ii. The weight is described using the transition function in (7).  

   1
0 0 0( ) ln ( ) ln ( )( )j j jw k k k k k k


    , (7) 

iii. The velocity changes are limited inside the transition function (8).  

 0 0ln( ( )) ln ( )( ) , ln ( ) ln( ( 1)( ( 1))T T
j j j i j i i ik k k k k k k k           (8) 

The transition functions sum is bounded in each layer
1

0 / ( )/ 1
n

ij
i

k


   . In accordance 

with the value of 0ln ( )j k , the weights are bounded considering (9). 

 0 0( ) ln ( )j jw k k k    (9) 

The identifier described as (10) considered (6). 

 0ˆ ˆ ˆ( ) ( )( ) ( 1) ( ) ( )j ij j j jx k w k k k x k K k w k     (10) 

Where ( )jK k  is the function gain and is a functional identification error, defined by the 

second probability moment (5), ˆ ( )jw k  represents generalized perturbations with

  2ˆ ( ) ( , )jw k N     .  

4. Results 
The MISO neuro-fuzzy filter, considers the digital filter structure (Hayking, 1996) with the 
transition matrix bounded by the knowledge base in accordance with the functional error 
criterion (Ash, 1970). The soft system (statistic in variance sense) considers the evolution 
times bounded by PC with AMD Sempron 3100+ processor performance at k intervals, with 
an average evolution time of 0.004 sec ± 0.0002 sec.  

This chapter uses the first order difference discrete ARMA model (11) representing a 
reference system with j=1.   

 ( 1) ( ) ( ) ( )x k a k x k w k    (11) 
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And the output described as (12). 

 ( ) ( ) ( )y k x k v k   (12) 

 ( 1, 1)( ), ( ), ( ), ( ) , ( )x k y k w k v k R a k R    

x(k) is the internal states vector, a(k) is the parameter, w(k) is the vector  noise into the system, y(k) is 
the reference vector desired system signal and, v(k) is the output vector noise. 

The different operational levels are described in order to operate the distribution function error. The 
filter process establishes in the fuzzy region the linguistic descriptors adjusted in its ranges. Figure 8 
describes the reference signal and its identification without knowing the internal parameter model 
  ( 1, 1)ˆ .a k R   

 

Fig. 8. Output signal Y(k)  and its identification  Ŷ k  using the nero-fuzzy digital filter 
technique. 

The fuzzy regions considered the distribution weights after applying the law action. 

 
Fig. 9. A membership   weights function. 
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The histogram identification evolution is shown illustratively in Figure 10, in where each 
weight is adjusted in neuro-fuzzy filter affecting the identification histogram convergence. 
The convergence in histogram is associated with the membership weights function, allowing 
that the identification system tends to the reference system. 

 
Fig. 10. The histogram convergence through the time evolution between the identification 
with respect to reference signal in base to adaptive weights.   

Figures 11 and 12 show the  Ŷ k  and desired signal Y(k) final histograms, respectively.  

 
 

  
 
 

Fig. 11. Histogram of desired signal described as Y(k)   
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Fig. 12. Histogram of identification signal as  Ŷ k  

Figure 13, shows both overlapping final histogram considering the same time interval.  

 
 
 

 
 
 

Fig. 13. Overlapping both final histograms with respect to  Y k  and  Ŷ k , respectively. 
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Figure 14, shows the evolution functional error described by (5).  

 
Fig. 14. Functional error considered in (5). 

The Neuro-Fuzzy Digital Filter time evolution responses was less that the reference process 
time state change proposed with a value of 0.08 sec, and is delimited by the processor, 
considered in (10). The convergence time is 0.0862 sec, described in (Medel, 2008). 

5. Conclusion 
Neural net in identification sense, considered the adaptation process requiring adjust the 
weights dynamically using the common proportional condition. But in many cases, these 
applications generate convergence problems because the gain in all cases increase the 
neural net weights positive or negatively without converge to desired value. In the black 
box traditional scheme the internal weights are known, but in real conditions it is 
impossible and only has a desired or objective answer. But, the neural nets help jumping 
weights estimation adjusting dynamically their internal weights, needing adaptation 
process with smooth movements as a function of identification error (function generated 
by the difference between the filter answer with respect to desired answer.). An option 
considered was the fuzzy logic in where its natural actions based on distribution function 
error allowing built the adjustable membership functions and mobile inference limits. 
Therefore, the neural weights are adjusted dynamically considering the fussy logic 
adaptable properties applied in the law actions, shown in figure 7. Stable weights 
conditions were exposed in section 3, with movements bounded in (8). In the results 
section, the figure 13, illustrated the Neuro-Fuzzy Digital Filter advantages without lost 
the stability with respect to desired system answer observed in distribution sense, 
observing the Hausdorff condition approximating the filter to desired system answer in 
distribution sense.  
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1. Introduction  
During almost three decades, the study on theory and applications of artificial neural 
network has increased considerably, due partly to a number of significant breakthroughs in 
research on network types and operational characteristics, but also because of some distinct 
advances in the power of computer hardware which is readily available for net 
implementation. In the last few years, recurrent neural networks (RNNs), which are neural 
network with feedback (closed-loop) connects, have been an important focus of research and 
development. Examples include bidirectional associative memory (BAM), Hopfield, cellular 
neural network (CNN), Boltzmann machine, and recurrent back propagation nets, etc.. RNN 
techniques have been applied to a wide variety of problems due to their dynamics and 
parallel distributed property, such as identifying and controlling the real-time system, 
neural computing, image processing and so on. 

RNNs are widely acknowledged as an effective tool that can be employed by a wide range 
of applications that store and process temporal sequences. The ability of RNNs to capture 
complex, nonlinear system dynamics has served as a driving motivation for their study. 
RNNs have the potential to be effectively used in modeling, system identification, and 
adaptive control applications, to name a few, where other techniques may fall short. Most of 
the proposed RNN learning algorithms rely on the calculation of error gradients with 
respect to the network weights. What distinguishes recurrent neural networks from static, or 
feedforward networks, is the fact that the gradients are time dependent or dynamic. This 
implies that the current error gradient does not only depend on the current input, output, 
and targets, but rather on its possibly infinite past. How to effectively train RNNs remains a 
challenging and active research topic.  

The learning problem consists of adjusting the parameters (weights) of the network, such that 
the trajectories have certain specified properties. Perhaps the most common online learning 
algorithm proposed for RNNs is the real-rime recurrent learning (RTRL), which calculates 
gradients at time (k) in terms of those at time instant (k-1). Once the gradients are evaluated, 
weight updates can be calculated in a straightf__Gorward manner. The RTRL algorithm is 
very attractive in that it is applicable to real-time systems. However, the two main drawbacks 
of RTRL are the large computational complexity of O(N4) and, even more critical, the storage 
requirements of O(N3), where N denotes the number of neurons in the network.  
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RNNS are mathematical abstractions of biological nervous systems that can perform 
complex mappings from input sequences to output sequences. In principle one can wire 
them up just like microprocessors, hence RNNs can compute anything a traditional 
computer can compute. In particular, they can approximate any dynamical system with 
arbitrary precision. However, unlike traditional, programmed computers, RNNs learn their 
behavior from a training set of correct example sequences. As training sequences are fed to 
the network, the error between the actual and desired network output is minimized using 
gradient descent, whereby the connection weights are gradually adjusted in the direction 
that reduces this error most rapidly. Potential applications include adaptive robotics, speech 
recognition, attentive vision, music composition, and innumerably many others where 
retaining information from arbitrarily far in the past can be critical to making optimal 
decisions. Recently, Echo State Networks ESNs and a very similar approach, Liquid State 
Machines, have attracted significant attention. Composed primarily of a large pool of hidden 
neurons (typically hundreds or thousands) with fixed random weights, ESNs are trained by 
computing a set of weights from the pool to the output units using fast, linear regression. 
The idea is that with so many random hidden units, the pool is capable of very rich 
dynamics that just need to be correctly “tapped” by setting the output weights 
appropriately. ESNs have the best known error rates on the Mackey-Glass time series 
prediction task.( Abraham, 2005) 

Two main methods exist for providing a neural network with dynamic behavior: the 
insertion of a buffer somewhere in the network to provide an explicit memory of the past 
inputs, or the implementation of feedbacks. As for the first method, it builds on the structure 
of feed forward networks where all input signals flow in one direction, from input to 
output. Then, because a feed forward network does not have a dynamic memory, tapped-
delay-lines (temporal buffers) of the inputs are used. The buffer can be applied at the 
network inputs only, keeping the network internally static as in the buffered multilayer 
perceptron (MLP) or at the input of each neuron as in the MLP with Finite Impulse 
Response (FIR) filter synapses (FIRMLP). The main disadvantage of the buffer approach is 
the limited past-history horizon, which needs to be used in order to keep the size of the 
network computationally manageable, thereby preventing modeling of arbitrary long time 
dependencies between inputs and outputs it is also difficult to set the length of the buffer 
given a certain application. 

The second method, the most general example of implementation of feedbacks in a neural 
network is the fully recurrent neural network constituted by a single layer of neurons fully 
interconnected with each other or by several such layers. Because of the required large 
structural complexity of this network, in recent years growing efforts have been 
propounded in developing methods for implementing temporal dynamic feedback 
connections into the widely used multi-layered feed forward neural networks. Recurrent 
connections can be added by using two main types of recurrence or feedback: external or 
internal. External recurrence is obtained for example by feeding back the outputs to the input 
of the network as in NARX networks; internal recurrence is obtained by feeding back the 
outputs of neurons of a given layer in inputs to neurons of the same layer, giving rise to the 
so called Locally Recurrent Neural Networks (LRNNs) ( Francesco et al., 2006 ) 

The major advantages of LRNNs with respect to the buffered, tapped-delayed feedforward 
networks and to the fully recurrent networks are:  



 
Recurrent Neural Network with Human Simulator Based Virtual Reality 

 

91 

1. The hierarchic multilayer topology which they are based on is well known and efficient. 
2. The use of dynamic neurons allows limiting the number of neurons required for 

modeling a given dynamic system, contrary to the tapped-delayed networks. 
3. The training procedures for properly adjusting the network weights are significantly 

simpler and faster than those for the fully recurrent networks. 

This chapter consists of the following items: 

 Types of RNN. 
 Some Special Recurrent Networks 
 Training algorithms for recurrent neural networks 
 Inverse kinematic For Humanied manipulator with 27-DOFs  
 Solution of IKP by using RNN  
 Simulation of the humaniod manipulator based upon Virtual Reality 
 Conclusion 

2. Types of RNN  
The categories of RNN is very difficult where many parameters can be division according to 
consideration, therefore the division will explain by: 

2.1 Types of RNN according to the performance of NN  

There are many classes of RNN architectures. All architectures can be best described using 
the state-space model from systems theory. This state-space model is explain in many 
references (Cheron et al., 2007) (Cruse, 2006)(Dijk, 1999), the following architectures or 
classes of architectures are presented: 

- Fully Recurrent Neural networks (FRNN). 
- Subsets of FRNN: Recurrent Neural Networks (RNN). 
- Partially Recurrent Networks (PRN). 
- Simple Recurrent Networks (SRN). 

These architectures emerge by applying constraints to the general state-space model. The 
architectures have been investigated and tested in applications by many researchers. In the 
following subsections, these specific constraints will be listed and the resulting architectures 
will be discussed. Each class is presented together with a quick look at some properties and 
examples of their application. 

The architectures treated can be ordered hierarchically since some architecture is special 
cases of more general architectures. This hierarchy is visualized in Fig.1. The most general 
architectures are at the left, specific architectures are at the right. The accolades show what 
architectures are parts of a more general architecture description. 

2.1.1 Fully recurrent neural networks (FRNN) 

The Fully Recurrent Neural Network (FRNN) is first described here in terms of individual 
neurons and their connections, as was done in [Williams e.a., 1989]. Then the FRNN is 
considered as a special case of the general state-space model and a convenient matrix 
notation of the network is given. 
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The name Fully Recurrent Neural Network for this network type is proposed by [Kasper 
e.a., 1999]. Another name for this type of network is the .Real-Time Recurrent Network.. 
This name will not be used further, because the name strongly implies that training is 
accomplished using the Real-Time Recurrent Learning (RTRL) algorithm proposed for this 
network in [Williams e.a., 1989] which is not necessarily the case because other algorithms 
can be used. In general a FRNN has N neurons, M external inputs and L external outputs. In 
Fig.2 an example of a FRNN is given which has N=4 neurons, M=2 external inputs u 1(n), 
u2(n) and L=2 external outputs y1(n), y2(n).( Dijk, 1999 ). 

 
Fig. 1. Recurrent neural network architectures hierarchy (numbers indicate sections) 

The network is called Fully Recurrent because the output of all neurons is recurrently 
connected (through N delay elements and N2 weighted feedback connections) to all neurons 
in the network. The external network inputs are connected to the neurons by N*M feed 
forward connections without delay element. A bias (also called threshold) can be introduced 
for every neuron by applying a constant external input u1(n) = 1 to the network. 

For static neural networks, the number of layers in the neural network can be clearly defined 
as the number of neurons an input signal passes through before reaching the output. For the 
FRNN however the same definition is ambiguous, because signals applied at time n are fed 
back and reach the output at times n, n+1, and so on. The term layer therefore appears to be 
never used in literature in FRNN descriptions. By redefining the concept of layer to: the 
minimum number of neurons an input signal passes through before reaching the output, a 
workable definition is obtained for the FRNN. 
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Fig. 2. Example of a fully recurrent neural network (of type 1) (Dijk, 1999). 

2.1.2 Subsets of FRNN: Recurrent neural networks (RNN) 

Additional restrictions can be imposed on the FRNN architecture described in the previous 
subsection to create other (restricted) Recurrent Neural Network (RNN) architectures. This 
subsection will describe some of these restricted architectures. Because the FRNN can be 
written as a state-space model, all .subsets. of FRNN are in many cases most conveniently 
written as state-space models. 

The following categories of restrictions can be used (individually or in a combination): 

1. forcing certain weights to zero (called removing or pruning the weight) 
2. forcing weights to non-zero value (called fixing the weight or making the weight non-

learnable) 
3. forcing weights to be equal to other weights (called sharing of weights) or 

approximately equal to other weights (called soft sharing of weights) 

These restrictions will be looked at in this subsection. Note that the three restrictions listed 
are fairly general and can be applied to other neural networks architecture than the FRNN, 
for example to the standard feedforward network. 

All three restrictions have a property in common: the number of free parameters of the 
network is reduced when compared to a non-modified FRNN. Reasons for doing so will be 
given now. More reasons for applying restrictions will be given in the category descriptions. 
The training of a neural network is in fact a procedure that tries to estimate the parameters 
(weights) of the network such that an error measure is minimized. Reducing the number of 
parameters to be estimated may simplify training. Another good reason for reducing the 
number of free parameters is to reduce training algorithm overhead, which often grows 
quickly for an increasing number of weights NW.(Cruse, 2006). 
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Fig. 3. One example RNN presented as (a). a two-layer neural network with delays and 
recurrent connections; and (b) as a FRNN with removed connections. 

2.1.3 Partially recurrent networks (PRN) 

The output vector (n) of the FRNN consists of the first L elements of the state vector [(n), as 
was shown in Fig. 2. So the output signals are a .subset. of state signals. In a general state 
space description this is certainly not the case, the output is determined by a separate 
calculation (the output equation) which is some function of the external input and the state. 
To obtain a network that effectively has separate state and output units (analogous to a state 
space system that has separate process and output equations), the feedback connections 
from all L output neurons yi(n) with i=1.L are removed. An example of the partially recurrent 
neural network (PRN) [Robinson e.a., 1991], also named the simplified recurrent neural network 
[Janssen, 1998], that results is shown in Fig. 4. The name partially recurrent neural network. 
will be used in this report to avoid confusion in the terms simple/simplified recurrent 
networks in the next subsection. 

 
Fig. 4. Example of a partially recurrent neural network 
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2.2 Types of RNN according to NN structure 

Some neural network architectures can be best described as modular architectures. The 
definition of a modular architecture as used in this report is: an architecture that consists 
of several static neural networks, that are interconnected in a specific way. There is, in 
most cases, not a clear boundary between a modular network and a single neural network 
because the total modular architecture can be looked at as a single neural network, and 
some existing single networks can also be described as modular networks. It is rather a 
convenient way of describing complex neural networks.( Paine W. Rainer  & Tani Jun, 
2004). 

In this section the category of modular recurrent neural network architectures is looked at, 
modular architectures that all have one or more internal feedback connections. The 
modular recurrent neural network architectures were not introduced in previous sections, 
because they do not fit very well in the state-space system description or the NARX 
description. 

Formally they can be described as a state-space system (like any dynamic system) but this 
could result in a very complicated and unnecessarily large state-space system description. 
In this section three classes of modular recurrent neural network architectures are 
presented: 

- Recurrent Multi-layer Perceptron (RMLP). 
- Block Feedback Networks (BFN) framework. 
- General modular neural network framework. 

2.2.1 Recurrent multi-layer perceptron (RMLP) 

The first model (RMLP) is a rather specific one and it is included as an example of a 
modular architecture. Undoubtedly, many more such architectures are proposed in 
literature and they cannot all be listed here. Another example is the Pipelined Recurrent 
Neural Network found in [Haykin, 1998] and applied to speech prediction in [Baltersee e.a., 
1998]. The second model is far more general and was meant to provide a structured way to 
describe a large class of recurrent neural networks and their training algorithms. The third 
model attempts to do the same and it turns out that this model is the most general one: it 
incorporates the first two as special cases, so in this section the attention will be mainly 
focussed on the third model, the general modular network framework. An extension of the 
regular MLP has been proposed by Puskorias e.a. (see [Haykin, 1998]) which adds self-
feedback connections for each layer of the standard MLP. The resulting Recurrent 
Multilayer Perceptron (RMLP) structure with N layers is shown in Fig 5. 

Each layer is a standard MLP layer. The layer outputs are fed forward to the inputs of the 
next layer and the delayed layer outputs are fed back into the layer itself. So the layer output 
of time n-1 for a certain layer acts as the state variable at time n for this layer. The global 
state of the network consists of all layer states [i(n) together. Effectively, this type of network 
can have both a very large total state vector and a relatively small number of parameters 
because the neurons in the network are not fully interconnected. There are no recurrent 
interconnections across layers. All recurrent connections are local (1-layer-to-itself).(Sit, 
2005). 
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Fig. 5. Recurrent multi-layer perceptron (RMLP) architecture with N layers 

2.2.2 Block feedback networks (BFN) framework 

A framework for describing recurrent neural networks that has been introduced by [Santini 
e.a., 1995b] provides a systematic way for modular design of networks of high complexity. 
This class of networks is called Block Feedback Neural Networks (BFN), referring to the 
blocks that can be connected to each other using a number of elementary connections. The 
term feedback is used because one of the elementary connections is a feedback connection, 
thus enabling the construction of recurrent neural networks. The network that results from 
the construction can in turn be considered a .block. and it can be used again as a basic 
building block for further construction of progressively more complex networks. 

So a recursive, modular way of designing networks is provided. The training algorithm for 
any BFN is based on backpropagation training for MLP and the backpropagation through time 
(BPTT) algorithm for recurrent networks. It is recursively constructed along with the network 
structure. So the BFN framework introduces a class of (infinitely many) recurrent networks, 
which can be trained using a correspondingly constructed backpropagation algorithm. The 
basic unit is a single neural network layer, an example of which is shown in Fig 6.a. The 
corresponding matrix notation is shown in Fig 6.b. $ is a 6-by-3 matrix and )(.) is a 6-by-6 
diagonal mapping containing the neuron activation functions (of the form of equation 1). One 
such layer is defined as a single layer block N.( Zhenzhen Liu & Itamar Elhanany, 2008) 

  
Fig. 6. a) example of a single network layer ; b) the layer in BFN block notation as a block N 



 
Recurrent Neural Network with Human Simulator Based Virtual Reality 

 

97 

This block computes the function: 

 ( ) ( . ( ))o n F A i n  (1) 

Single layer blocks can be connected together using the four elementary connections shown 
in Fig. 7. They are called the cascade, the sum, the split and the feedback connection. Each of 
these connections consists of one or two embedded BFN blocks (these are called N1 and N2 
in the figure) and one connection layer (which has the structure of a single-layer block). This 
connection layer consists of the weight matrices $ and %, and the vector function )(.). Each of 
the four elementary connections itself is defined as a block and can therefore be used as the 
embedded block of yet another elementary connection. 

 
Fig. 7. The four elementary BFN connections: the cascade (a), feedback (b), split (c) and sum 
(d) connection. 

2.2.3 General modular neural network framework 

 In [Bengio, 1996] a general modular network framework is introduced. This framework is 
similar to the BFN framework: it can be used to describe many different modular networks 
which are built of neural network modules linked together. Each module is a static 
feedforward neural network and the links between the modules can incorporate delay 
elements. The purpose of this framework is: 

- to describe many types of recurrent neural networks as modular networks 
- to derive a training algorithm for a network that is described as a modular network 

The use of the framework for developing such a training algorithm, that can do joint training 
of the individual network modules.( Dijk O. Esko, 1999). 
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3. Some special recurrent networks 
There are many special recurrent networks according to purpose of application or structure 
of networks. From these types can be explain the following: 

3.1 Elman nets and Jordan nets 

As was mentioned earlier, recurrent networks represent the most general format of a 
network. However, there is yet no general theoretical framework that describes the 
properties of recurrent nets. Therefore, several networks will be discussed below which 
have a specifically defined structure. In the first example, most layers have only 
feedforward connections, and only one contains specified recurrent connections. This 
example is given by Elman (1990) (Fig. 8.a). The system has an input layer, a hidden layer, 
and an output layer all of which are connected in a feedforward manner. The hidden 
layer, however, is not only connected to the output layer but also, in a simple 1 : 1 
connection, to a further layer called the context layer. To form recurrent connections, the 
output of this context layer is also inputted to the hidden layer. Except for these 1 : 1 
connections from hidden to context layer, the weights of which are fixed to 1, all other 
layers may be fully connected and all weights may be modifiable. The recurrent 
connections of the context layer provide the system with a short-term memory; the hidden 
units do not only observe the actual input but, via the context layer, also obtain 
information on their own state at the last time step. Since, at a given time step, hidden 
units have already been influenced by inputs at the earlier time steps, this recurrency 
comprises a memory which depends on earlier states (though their influence decays with 
time).( Cruse Holk, 2006 ).  

 
Fig. 8. Two networks with partial recurrent connections. (a) Elman net. (b) Jordan net. Only 
the weights in the feed forward channels can be modified. 

Recurrent networks are particularly interesting in relation to motor control. For this 
purpose, Jordan (1986) proposed a very similar net (Fig. 8.b). A difference is that the 
recurrent connections start from the output, rather than the hidden layer. Furthermore, the 
layer corresponding to the context, here called state layer, comprises a recurrent net itself 
with 1:1 connections and fixed weights. 

- a - - b - 
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Another difference is that the network was used by Jordan so that a constant input vector is 
given to the net, and the output of the net performs a temporal sequence of vectors. The 
variation in time is produced by the two types of recurrent connections, namely those from 
the output layer to the state layer and those within the state layer. For each input vector, 
another temporal sequence can be produced. However, as the Elman net and the Jordan net 
are quite similar, each can be used for both purposes. Both types of networks have the 
advantage that only weights in the forward connections are modifiable and therefore no 
special training methods for recurrent nets have to be introduced. 

3.2 Echo state networks  

When we are interested to construct a recurrent neural network that shows a complex, but 
given dynamic behavior, back propagation through time can be applied as described above. 
A much simpler solution, however, is to use echo state networks (Jaeger and Haas 2004). An 
echo state network consists of two parts, a recurrent network with fixed weights, called 
dynamic reservoir, and output units that are connected to the neuroses of the dynamic 
reservoir. Only one output unit is depicted in Fig. 9 for simplicity.  

 
Fig. 9. Echo state network. 

The dynamic reservoir consists of recurrently, usually sparsely connected units with logistic 
activation functions. The randomly selected strengths of the connections have to be small 
enough to avoid growing oscillations (this is guaranteed by using a weight matrix with the 
largest eigenvector smaller than 1). To test this property, the dynamic reservoir, after being 
excited by an impulse-like input to some of the units, may perform complex dynamics 
which however should decrease to zero with time. These dynamics are exploited by the 
output units. These output units are again randomly and recurrently connected to the units 
of the dynamic reservoir. Only those weights that determine the connections from the 
dynamic reservoir to the output units are learnt. All other weights are specified at the 
beginning and then held fixed (Hafizah et al., 2008 ). 

y

x
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3.3 Linear differential equations and recurrent neural networks 

With respect to their dynamical properties, recurrent neural networks may be described as 
showing fixed point attractors. How is it possible to design a neural network with specific 
dynamics? Dynamical systems are often described by differential equations. In such cases 
the construction of a recurrent network is easily possible: Any system described by a linear 
differential equation of order n can be transformed into a recurrent neural network 
containing n units (Nauck et al., 2003). To this end, the differential equation has first to be 
transferred into a system of n coupled differential equations of the order one. 

3.4 MMC nets 

A specific type of recurrent neural networks that show fixed-point attractors and that are 
particularly suited to describe systems with redundant degrees of freedom are the so called 
MMC nets. The easiest way to construct such a net is to start with a simpler version. Given a 
linear equation with n variables 

Each of these n equations represents the computation performed by one neuroid. So the 
complete network represents Multiple Solutions of the Basis Equation, and is therefore 
termed MSBE net. Different to Hopfield nets, the weights are in general asymmetric (apart 
from the special case that all parameters a are identical, i.e. a1 = a2 = a3), but follow the rule 
wij = 1/wji . The diagonal weights, by which each unit excites itself, could be zero, as in the 
example, or any positive value di, if all weights of this equation are further normalized by 
multiplication with 1/(di+1). Positive diagonal weights influence the dynamics to adopt 
low-pass filter-like properties, because the earlier state of this unit is transferred to the actual 
state with the factor d/(d+1). As di can arbitrarily be chosen (di ≤ 0), the weights may then 
not follow the rule wij = 1/wji anymore. Starting this net with any vector a, the net will 
stabilize at a vector fulfilling the basic equation. This means that the attractor points form a 
smooth, in this example two-dimensional, space. This is another difference to Hopfield nets 
which show discrete attractor points. Furthermore, there are no nonlinear characteristics 
necessary. 

This network can be expanded to form an MMC net. MMC nets result from the combination 
of several MSBE nets (i.e. several basis equations) with shared units. Such MMC nets can be 
used to describe landmark navigation in insects and as a model describing place cells found 
in rodents (Cruse 2002). However, the principle can also be used to represent the kinematics 
of a body with complex geometry (Steinkühler and Cruse 1998). As a simple example, we 
will use a three-joint arm that moves in two dimensional space, therefore having one extra 
degree of freedom (Fig. 10.a)( Le Yang &Yanbo Xue, (2009). 

The properties of this type of network can best be described by starting with a simple linear 
version (Fig. 10.b). As we have a two-dimensional case, the complete net consists of two 
identical networks. The output values correspond to the Cartesian coordinates of the six 
vectors shown in Fig.10.a, the x coordinates of the vectors given by the net shown with solid 
lines, the y coordinates by dashed lines. To obtain the weights, vector equations drawn from 
the geometrical arrangement shown in Fig. 10.a are used as basis equations. This means in this 
case there are several basis equations possible. For example, each three vectors forming a 
triangle can be used to provide a basis equation (e.g. L1 + L2 - D1 = 0). As a given variable (e.g. 
L1) occurs in different basis equations, there are several equations to determine this variable.  
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Fig. 10. An arm consisting of three segments described by the vectors L1 L2, and L3 which 
are connected by three planar joints. 

3.5 Forward models and inverse models 

Using recurrent neural networks like Jordan nets or MMC nets for the control of behavior, 
i.e. use their output for direct control of the actuators. Several models are proposed to 
control the movement of such a redundant (or non-redundant) arm. One model corresponds 
to a schema shown in Fig 11.a, where DK and IK may represent feedforward (e. g., three-
layer) networks, computing the direct (DK) and inverse kinematics (IK) solutions, 
respectively. (In the redundant case, IK has to represent a particular solution)( Liu  Meiqin, 
2006). 

 
Fig. 11. A two-joint arm (a) and a three-joint arm (b) moving in a two dimensional (x-y) 
plane. When the tip of the arm has to follow a given trajectory (dotted arrow), in the 
redundant case (b) an infinite number of joint angle combinations can solve the problem for 
any given position of the tip. 

- b -- a -
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Depending on the sensory system applied, the DK system might belong to the process, for 
example when the position of the tip of the arm is registered visually, or it might be part of 
the neuronal system, for example if joint angles are monitored. In principle, the process can 
be controlled with this feedback network. However, since in biological systems information 
transfer is slow, this solution is not appropriate for fast movements because long delays can 
lead to unstable behavior. A further complication of the control task occurs if there is a 
process with non negligible dynamic properties. This means that computation is more 
complex because not only the kinematics but also the forward and inverse dynamics have to 
be determined. 

A simple solution of this problem would be to expand the system by introducing an internal 
(neuronal) model of the process (Fig. 12.b, FM). By this, the behavior of the process can be 
predicted in advance, e. g., inertia effects could be compensated for before they occur. This 
prediction system is called forward model (FM). Usually, although depicted separately in 
Figure 12.a, in this case the DK is considered part of the forward model. In other words, the 
FM predicts the next state of the arm (e.g. position, velocity) if the actual state and the motor 
command is known. Note that the network consists of serially connected IK and FM 
(including DK) forming a loop within the system and can therefore be represented by a 
recurrent neural network. The additional external feedback loop is omitted in Fig.12.b, but is 
still necessary if external disturbances occur. It should be mentioned that the output of the 
FM, i.e. the predicted sensory feedback, could also be compared with the real sensory 
feedback. This could be used to distinguish sensors effects produced by own actions from 
those produced by external activities.( Karaoglan D. Aslan, 2011). 

 
Fig. 12. Three ways of controlling the movement of a redundant (or non redundant) arm as 
shown in Fig. 11. DK, IK: networks solving the direct or inverse kinematics, respectively. 
FM: forward model of the process. IM: inverse model of the process. The dashed lines in (c) 
denote the error signals used to train the inverse model 
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An even faster way to solve this problem would be to introduce the inverse model (IM), 
which corresponds to the inverse kinematics, but may also incorporate the dynamic 
properties of the process (Fig. 11.c, upper part). Given the desired new state of the arm, the 
inverse model does provide the necessary motor command (x -> α) to reach this state. Using 
such an inverse model, the process could be controlled without the need of an internal 
feedback loop. 

4. Training algorithms for recurrent neural networks 
A training algorithm is a procedure that adapts the free parameters of a neural network in 
response to the behavior of the network embedded in its environment. The goal of the 
adaptations is to improve the neural network performance for the given task. Most training 
algorithms for neural networks adapt the network parameters in such a way that a certain 
error measure (also called cost function) is minimized. Alternatively, the negative error 
measure or a performance measure can be maximized. 

Error measures can be postulated because they seem intuitively right for the task, because 
they lead to good performance of the neural network for the task, or because they lead to a 
convenient training algorithm. An example is the Sum Squared Error measure, which 
always has been a default choice of error measure in neural network research. Error 
measures can also be obtained by accepting some general.  

Different error measures lead to different algorithms to minimize these error measures. 
Training algorithms can be classified into categories depending on certain distinguishing 
properties of those algorithms. Four main categories of algorithms that can be distinguished 
are:( Dijk, 1999) 

1. gradient-based algorithms. The gradient of the equation of the error measure with respect 
to all network weights is calculated and the result is used to perform gradient descent. 
This means that the error measure is minimized in steps, by adapting the weight 
parameters proportional to the negative gradient vector. 

2. second-order gradient-based algorithms. In second-order methods, not only the first 
derivatives of the error measure are used, but also the second-order derivatives of the 
error measure. 

3. stochastic algorithms. Stochastic weight updates are made but the stochastic process is 
directed in such a way, that on average the error measure becomes smaller over time. A 
gradient of the error measure is not needed so an expression for the gradient doesn't 
have to exist. 

4. hybrid algorithms. Gradient-based algorithms are sometimes combined with stochastic 
elements, which may capture the advantages of both approaches. 

The following algorithms for the Fully Recurrent Neural Network and the subsets of the 
FRNN are investigated in this item: 

4.1 Back propagation through time (BPTT) algorithm for FRNN 

The Back propagation Through Time (BPTT) algorithm is an algorithm that performs an 
exact computation of the gradient of the error measure for use in the weight adaptation. In 
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this section the BPTT algorithm will be derived for a (type 1) FRNN using a Sum Squared 
Error measure.(Omlin, 1996) 

Methods of derivation of the algorithm 

There are two different methods to develop the BPTT algorithm. Both are shown in this 
report: 

- derivation by unfolding the network in time, which also gives intuitive insight in how 
the   algorithm works. 

- a formal derivation of the algorithm using the ordered derivative notation. 

The BPTT algorithm can be summarized as follows: 

1. set initial time n = n0 
2. calculate the N neuron output values for time n using the network. 
3. recursively calculate ei(m) then di(m) with backwards in time starting with m= n back to 

m = n0. 
4. calculate for all i,j the weight updates . 
5. update the weights wij 
6. increase time n to n+1 and go back to step 2 

4.2 Real-time recurrent learning (RTRL) algorithm for FRNN 

A real-time training algorithm for recurrent networks known as Real-time Recurrent 
Learning (RTRL) was derived by several authors [Williams e.a., 1995]. This algorithm can be 
summarized by the explanation as: 

In deriving a gradient-based update rule for recurrent networks, we now make network 
connectivity very very unconstrained. We simply suppose that we have a set of input units, 
I = {xk(t), 0<k<m}, and a set of other units, U = {yk(t), 0<k<n}, which can be hidden or output 
units. To index an arbitrary unit in the network we can use  

 
( )

( )
( )

k
k

k

x t if k I
z t

y t if k U


  
 (2) 

Let W be the weight matrix with n rows and n+m columns, where wi,j is the weight to unit i 
(which is in U) from unit j (which is in I or U). Units compute their activations in the now 
familiar way, by first computing the weighted sum of their inputs:  

 ( ) ( )k kI I
I U I

net t w z t
 

   (3) 

where the only new element in the formula is the introduction of the temporal index t. Units 
then compute some non-linear function of their net input  

 ( 1) ( ( ))k k ky t f net t   (4) 

Usually, both hidden and output units will have non-linear activation functions. Note 
that external input at time t does not influence the output of any unit until time t+1. The 
network is thus a discrete dynamical system. Some of the units in U are output units, for 
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which a target is defined. A target may not be defined for every single input however. 
For example, if we are presenting a string to the network to be classified as either 
grammatical or ungrammatical, we may provide a target only for the last symbol in the 
string. In defining an error over the outputs, therefore, we need to make the error time 
dependent too, so that it can be undefined (or 0) for an output unit for which no target 
exists at present. Let T(t) be the set of indices k in U for which there exists a target value 
dk(t) at time t. We are forced to use the notation dk instead of t here, as t now refers to 
time. Let the error at the output units be and define our error function for a single time 
step as  

 
( ) ( ) ( )

( )
0

k k
k

d t y t if k T t
e t
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 


 (5) 

The error function we wish to minimize is the sum of this error over all past steps of the 
network  
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Now, because the total error is the sum of all previous errors and the error at this time step, 
so also, the gradient of the total error is the sum of the gradient for this time step and the 
gradient for previous steps  

 ( , 1) ( , ) ( 1)w total o w total o wE t t E t t E t      (7) 

As a time series is presented to the network, we can accumulate the values of the gradient, 
or equivalently, of the weight changes. We thus keep track of the value  
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After the network has been presented with the whole series, we alter each weight wij by 
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We therefore need an algorithm that computes  

 ( ) ( )( ) ( ) ( )
( )

k k
k

ij k ij ijk U k U

y t y tE t E t
e t

w y t w w 

  
   
      (10   

at each time step t. Since we know ek(t) at all times (the difference between our targets and 
outputs), we  only need to find a way to compute the second factor 
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The key to understanding RTRL is to appreciate what this factor expresses. It is essentially a 
measure of the sensitivity of the value of the output of unit k at time t to a small change in 
the value of wij, taking into account the effect of such a change in the weight over the entire 
network trajectory from t0 to t. Note that wij does not have to be connected to unit k. Thus 
this algorithm is non-local, in that we need to consider the effect of a change at one place in 
the network on the values computed at an entirely different place. Make sure you 
understand this before you dive into the derivation given next.(Baruch, 1999)  

5. Inverse kinematic for humanied manipulator with 27-DOFs  
Humanoid manipulators are the type of manipulator that practically suitable to coexist with 
human in builtfor-human environment because of its anthropomorphism, human friendly 
design and locomotion ability. Humanoid manipulator is different compare to other types of 
manipulators because the physical structure is designed to mimic as much as human's 
physical structure. Humanoid's shape shares many basic physical characteristics with actual 
humans, and for this reason, they are expected to coexist and collaborate with humans in 
environments where humans work and live. They may also be substituted for humans in 
hazardous environments or at disaster sites. These demands make it imperative for 
humanoid manipulators to attain many sophisticated motions such as walking, climbing 
stairs, avoiding obstacles, crawling, etc. 

The model was designed in virtual reality to mimic as much as human characteristic, 
especially for contribution of its joints. The manipulator is consists of total of 27-DOFs: six 
for each leg, three for each arm, one for the waist, and two for the head. The high numbers 
of DOF's provide the ability to realize complex motions. Furthermore, the configuration of 
joints that closely resemble those of humans provides the advantages for the humanoid 
manipulator to attain human-like motion. Each joint feature a relatively wide range of 
rotation angles, shown in Table 1, particularly for the hip yaw of both legs, which permits 
the legs to rotate through wide angles when correcting the manipulator's orientation and 
avoiding obstacles. The specification of each joint rotation range is considered factors such 
as correlation with human's joint rotation range, manipulability of humanoid's manipulator, 
and safety during performing motions.(Nortman, 2001)  

In this chapter, we propose and implement a simplified approach to solving inverse 
kinematics problems by classifying the robot’s joints into several groups of joint coordinate 
frames at the robot’s manipulator [11]. To describe translation and rotational relationship 
between adjacent joint links, we employ a matrix method proposed by Denavit-Hartenberg 
[12], which systematically establishes a coordinate system for each link of an articulated 
chain in the robot body. 

Kinematical Solutions for 6-dof Arm 

The humanoid manipulator design has 6-DOF on each arm: 3-DOF (yaw, roll and pitch) at 
the shoulder joint, one DOF (roll) at the elbow joint and 2-DOF ((pitch and yaw) at the wrist 
joint. Fig. 13 shows the arm structure and configuration of joints and links. The coordinate 
orientation follows the right-hand law, and a reference coordinate is fixed at the intersection 
point of two joints at the shoulder. Fig. 13 displays a model of the arm describing the 
configurations and orientation of each joint coordinates. To avoid confusion, only the x and 
z-axes appear in the figure. The arm's structure is divided into seven sets of joint 
coordinate's frames as listed below: 
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Σ0: Reference coordinate. 
Σ1: shoulder yaw coordinate. 
Σ2: shoulder roll coordinate. 
Σ3: shoulder pitch coordinate. 
Σ4: elbow pitch coordinate. 
Σ5: wrist pitch coordinate. 
Σ6: wrist roll coordinate. 
Σh: End-effector coordinate (at the end of middle fingerer). 
 

Axis Humanoid manipulator 
(deg) Human (deg) 

Neck (roll and pitch) -90 ~ 90 -90 ~ 90 
Shoulder (pitch) right & left -180 ~ 120 -180 ~ 120 
Shoulder (roll) right/left -135 ~ 30/-30 ~ 135 -135 ~ 30/-30 ~ 135 
Shoulder (yaw) right/left -90 ~ 90/-90 ~ 90 -90 ~ 90/-90 ~ 90 
Elbow (roll) right/left 0 ~ 135/0 ~ -135 0 ~ 135/0 ~ -135 
Wrist (pitch) right/left -30 ~ 60 -30 ~ 60 
Wrist (yaw) right/left -90 ~ 60 -90 ~ 60 
Hip (pitch) right & left -130 ~ 45 -130 ~ 45 
Hip (roll) right/left -90 ~ 22/-22 ~ 90 - 60 ~ 45/-45 ~ 60 

Hip (yaw) right/left -90 ~ 22/-22 ~ 90 - 60 ~ 45/-45 ~ 60 
Knee (pitch) right &left -20 ~150 0 ~150 
Ankle (pitch) right & left -90 ~ 60 -30 ~ 90 
Ankle (roll) right/left -20 ~ 90/-90 ~ 20 -20 ~ 30/-30 ~ 20 
Waist (yaw) -90 ~ 90 -45 ~ 45 

Table 1. Comparison Joint rotation range between humanoid manipulator and Human 

 
Fig. 13. a. Configurations of joint coordinates at the Manipulator arm with 6-DOF.   
b. Structure of humanoid manipulator.  
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Consequently, corresponding link parameters of the arm can be defined as shown in Table 
2. From the Denavit-Hartenberg convention mentioned above, definitions of the 
homogeneous transform matrix of the link parameters can be described as follows: 

 0 ( , ) (0,0, ) ( ,0,0) ( , )Th Rot z Trans d Trans l Rot x   (12) 

Here, variable factor θi is the joint angle between the xi-1 and the xi axes measured about the 
zi axis; di is the distance from the xi-1 axis to the xi axis measured along the zi axis; αi is the 
angle between the zi axis to the zi-1 axis measured about the xi-1 axis, and li is the distance 
from the zi axis to the zi-1 axis measured along the xi-1 axis. Here, link length for the upper 
and lower arm is described as l1 and l2, respectively. The following is used to obtain the 
forward kinematics solution for the robot arm. ( Yussof, 2007) 
 

Link di ai αi θ i 

1 d1 0 π/2 θ* 

2 0 a2 0 θ* 

3 0 a3 0 θ* 

4 0 -π/2 0 θ* 

5 0 π/2 0 θ* 

6 d6 0 0 θ* 

Table 2. DH parameters for the arm of humaniod manipulator.( * ≡ joint variable ). 
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The inverse kinematic is achieved by closed solution of above eqn’s, and the general 
solution of angles of rotation can be summarized as follows: 
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






   

  

  (14) 

Kinematical Solutions for 6-dof Leg 

Each of the legs has 6-DOFs: 3-DOFs (yaw, roll and pitch) at the hip joint, 1-DOF (pitch) at 
the knee joint and two DOF (pitch and roll) at the ankle joint. A reference coordinate is taken 
at the intersection point of the 3-DOF hip joint. In solving calculations of inverse kinematics 
for the leg, just as for arm, the joint coordinates are divided into eight separate coordinate 
frames as listed bellow. 

Σ0: Reference coordinate. 
Σ1: Hip yaw coordinate. 
Σ2: Hip roll coordinate. 
Σ3: Hip pitch coordinate. 
Σ4: Knee pitch coordinate. 
Σ5: Ankle pitch coordinate. 
Σ6: Ankle roll coordinate. 
Σh: Foot bottom-center coordinate. 

Furthermore, the leg’s links are classified into three groups to short-cut the calculations, 
where each group of links is calculated separately as follows: 

i. From link 0 to link 1 (Reference coordinate to coordinate joint number 1). 
ii. From link 1 to link 4 (Coordinate joint number 2 to coordinate joint number 4). 
iii. From link 4 to link 6 (Coordinate joint number 5 to coordinate at the bottom of the foot). 

Basically, i) is to control leg rotation at the z-axis, 
iv. is to define the leg position, while iii) is to decide the leg’s end-point orientation. 

The solution in details is explain in the reference.(Youssof, 2007).  

6. Solution of IKP by using RNN  
This section introduces the basics of ANN architecture and its learning rule. Inspired by the 
idea of basing the feed forward and back propagation network structure. Fig.14 shows this 
structure , the Learning rule which is used in this paper is fast momentum back-propagation 
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with delta rule structure of network with dimension ( I-M-N). The inputs are the position of 
end-effector in (x,y,z) ,the network is single layer with dimension (33) neurons ( this 
dimension limited by trial and error ). The output dimensions are the angles of rotation and 
translation displacement in joints. 

 
Fig. 14. FRBP Network with I inputs, one hidden layer of (M) unit and (N) outputs.(The 
dotted curve lines denote the finite recurrent connection) 

The majority of adaptation learning algorithms are based on the fast momentum back 
propagation the mathematical characterization of a multilayer feed forward network is that 
of a composite application of functions each of these functions represents a particular layer 
and may be specific to individual units in the layer, e.g. all the units in the layer are required 
to have same activation function. The overall mapping is thus characterized by a composite 
function relating feed forward network inputs to output. That is O=fcomposite (x) . Using ( p ) 
mapping layers in a ( p+1 ) layer feed forward net yield: 

 O=f Lp (f Lp-1  (fL1 (x).) ). Thus the interconnection weights from unit ( k ) in L1 to unit ( I ) in  
L2 are wL1-L2 . If hidden units have a sigmoidal activation function, denoted f sig . 

 
1 2

2 1

1 1

L LHi I
sigL Lo L

i kj jk
k jik

O w f w i




 

      
    

     (15) 

Above equation illustrates neural network with supervision and composition of non-linear 
function.The learning is a process by which the free parameters of a neural network are 
adapted through a continuing process of simulation by the environment in which the 
network is embedded. The type of learning is determined by the manner in which the 
parameters changes take place. A prescribed set of well defined rules for the solution of a 
learning problem is called learning algorithm. The Learning algorithms differ from each 
other in the way in which the adjustment kj, Δw to the synaptic weight wkj is formulated. 
The basic approach in learning is to start with an untrained network.  

The network outcomes are compared with target values that provide some error. Suppose 
that tk(n) denote some desired outcome (response) for the Kth neuron at time n and let the 
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actual response of the neuron is Ok(n) . Suppose the response yk(n)  was produced when 
x(n) applied to the network. If the actual response yk(n) is not same as tk(n) , we may define 
an error signal as:    ek = tk(n) – yk(n). The purpose of error-correction learning is to minimize 
a cost function based on the error signal ek(n). Once a cost function is selected, error-
correction learning is strictly an optimization problem. 

In case of non-linear neural network, the error surface may have troughs, valleys, canyons, 
and host of shapes, where as in low dimensional data, contains many minima and so many 
local minima plague the error landscapes, then it is unlikely that the network will find the 
global minimum. Another issue is the presence of plateaus regions where the error varies 
only slightly as a function of weights see and. Thus in presence of many plateaus, training 
will get slow. To overcome this situation momentum is introduced that forces the iterative 
process to cross saddle points and small landscapes. 

7. Simulation of the humaniod manipulator based upon virtual reality  
The humanoid manipulator 27-DOF model is built by using VR environment. It is shown in 
Fig. 15. The simulation of this model is achieved by solution the IKP with analytical model 
firstly. The data for analytical solution was using to learning FRNN that is shown in 
previous section with FRNN structure (15-33-27). The inputs are ( I=27 ) six for each two 
arms and two lags ( three position of end-effecter), one for waist and two for neck. The 
output of FRNN has dimension (N=27). The outputs are six angles of joint for each the 
limbs, one for waist and two for neck. 

The initial posture form of humanoid manipulator is shown in Fig. 15. After solution of IKP 
by FRNN and get the joint angles. The values of joint angle were implemented by forward 
kinematic solution to get the posture of humanoid manipulator. The interaction between 
Matlab/Simulink and VR model will used the calculation of IKP by FRNN to implement the 
posture. The overall simulation design is shown in Fig. 16. 

 
Fig. 15. Humanoid manipulator in VR.  
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Fig. 16. The overall simulation of Humanoid Manipulator 27-DOF with Virtual Reality 

The results of the simulation can be display by two methods. The first by running the design 
as one iteration by input one set of position and orientation of the limbs where the results is 
the posture form of humanoid manipulator in VR same as results shown in Fig. 17.a,b,c,d. The 
second method is achieved by enter many sets of coordinates to design. The results were 
movie of model in side the VR environment according to the path of inputs coordinate.    

  
Fig. 17. a, b, c, d. The simulation results for posture of humanoid manipulator 27-DOF. 
Based upon FRNN with VR model. 

- a - b

- d- c
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8. Conclusion 
From the description of the all types of RNN, some of special modified in the main types to get 
special RNN structure related to special application such as the calculation of system 
parameters by identification for the states system, recognition of fault with experience system 
and From the description of main types of training RNN can be seen that the RNN is very 
flexible structure to apply many mathematical algorithms and implement to solving system 
problem. The implement of feedback technique with memory in RNN gives the ability to 
dealing with many problems that needs high calculation with iteration to get the solution. 

The solution of IKP is achieved by different method but the powerful method with practice 
application is the analytical solution. The calculation of posture for human body or 
manipulator which has the similar kinematic structure with human can be achieved by 
analytical solution, but this solution is very difficult because of high mathematic and very 
length calculation. This difficulty is increasing when we need calculated the posture with 
time to get the movie of manipulator. This problem is solving in this chapter by using FRNN 
with back propagation training algorithm.  

The results of calculation are achieved for each limb separately at beginning such as for arm, 
lag and neck. After checking the accuracy of results by applying the forward kinematic to get 
the same coordinate of end- effecter for each part. The overall calculation of IKP is achieved to 
get the posture of manipulator. The data base for IKP is used to identify the FRNN for all point 
of envelop for movement where the internal memory and feedback in FRNN assistance this 
structure to overcame the problems of high calculation in the IKP solution. 

The link between Matlab / Simulink and VR environment and the suitable of Matlab to 
execute any algorithm with high calculation are assistance to implement the posture of 
manipulator with high accuracy for two cases of running (movies and once posture). The 
future works for this design are: 

 The calculation of IKP by RNN can be used as data base for implement the manipulator 
as practice system with human robot 27 DOF. 

 The VR model for manipulator can be used as human – robot interactive system based 
on pc computer or microcomputer chip. 

 Implement the algorithm of IKP solution based FRNN as microprocessor to able used 
with human robot manufacturing for many applications. 
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1. Introduction 
The design goal of a control system is to influence the behavior of dynamic systems to 
achieve some pre-determinate objectives. A control system is usually designed on the 
premise that an accurate knowledge of a given object and environment cannot be obtained 
in advance. It usually requires suitable methods to address the problems related to 
uncertain and highly complicated dynamic system identification. As a matter of fact, system 
identification is an important branch of research in the automatic control domain. However, 
the majority of methods for system identification and parameters' adjustment are based on 
linear analysis: therefore it is difficult to extend them to complex non-linear systems. 
Normally, a large amount of approximations and simplifications have to be performed and, 
unavoidably, they have a negative impact on the desired accuracy. Fortunately the 
characteristics of the Artificial Neural Network (ANN) approach, namely non-linear 
transformation and support to highly parallel operation, provide effective techniques for 
system identification and control, especially for non-linear systems [1-9]. The ANN 
approach has a high potential for identification and control applications mainly because: (1) 
it can approximate the nonlinear input-output mapping of a dynamic system [10]; (2) it 
enables to model the complex systems’ behavior and to achieve an accurate control through 
training, without a priori information about the structures or parameters of systems. Due to 
these characteristics, there has been a growing interest, in recent years, in the application of 
neural networks to dynamic system identification and control. 

“Depth” and “resolution ratio” are the main characteristics to measure the dynamic memory 
performance of neural networks [11]. “Depth” denotes how far information can be 
memorized; “resolution ratio” denotes how much information in input sequences of neural 
networks can be retained. The memory of time-delay units is of lower depth and higher 
resolution ratio, while most recurrent neural networks, such as Elman neural networks, are 
higher depth and lower resolution ratio. The popular neural networks have much defect on 
dynamic memory performance. This chapter proposed a novel time-delay recurrent 
network model which has far more “depth” and “resolution ratio” in memory for 
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identifying and controlling dynamic systems. The proposed identification and control 
schemes are examined by the numerical experiments for identifying and controlling some 
typical nonlinear systems. 

The rest of this chapter is organized as follows. Section 2 proposes a novel time-delay 
recurrent neural network (TDRNN) by introducing the time-delay and recurrent 
mechanism; moreover, a dynamic recurrent back propagation algorithm is developed 
according to the gradient descent method. Section 3 derives the optimal adaptive learning 
rates to guarantee the global convergence in the sense of discrete-type Lyapunov stability. 
Thereafter, the proposed identification and control schemes based on TDRNN models are 
examined by numerical experiments in Section 4. Finally, some conclusions are made in 
Section 5. 

2. Time-delay recurrent neural network (TDRNN) 
Figure 1 depicts the proposed time-delay recurrent neural network (TDRNN) by 
introducing the time-delay and recurrent mechanism. In the figure, 1Z denotes a one-step 
time delay, the notation “ ” represents the memory neurons in the input layer with self- 
feedback gain  (0 1)  , which improves the resolution ratio of the inputs. 
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Fig. 1. Architecture of the modified Elman network 

It is a type of recurrent neural network with different layers of neurons, namely: input 
nodes, hidden nodes, output nodes and, specific of the approach, context nodes. The input 
and output nodes interact with the outside environment, whereas the hidden and context 
nodes do not. The context nodes are used only to memorize previous activations of the 
output nodes. The feed-forward connections are modifiable, whereas the recurrent 
connections are fixed. More specifically, the proposed TDRNN possesses self-feedback links 
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with fixed coefficient   in the context nodes. Thus the output of the context nodes can be 
described by 

  ( ) ( 1) ( 1) ( 1,2, , )Cl Cl ly k y k y k l m      .  (1) 

where ( )Cly k  and ( )ly k  are, respectively, the outputs of the lth context unit and the lth 
output unit and   ( 0 1  ) is the self-feedback coefficient. If we assume that there are r 
nodes in the input layer, n nodes in the hidden layer, and m nodes in the output layer and 
context layers respectively, then the input u is an r dimensional vector, the output x of the 
hidden layer is n dimensional vector, the output y of the output layer and the output Cy  of 

the context nodes are m dimensional vectors, and the weights 1W , 2W and 3W  are n r, 
m n and mm dimensional matrices, respectively. 

The mathematical model of the proposed TDRNN can be described as follows. 

 2 3( ) ( ( ) ( ))Cy k g W x k W y k  ,  (2) 

 ( ) ( 1) ( 1)C Cy k y k y k    , (3) 

   1( ) ( ( ))x k f W z k ,   (4) 

 
1

( ) ( ) ( ) ( 1)
i

z k u k u k i z k


 


     . (5) 

where 0 , , 1,    1,   (0) 0z  , and  is the step number of time delay. ( )f x  is 
often taken as the sigmoidal function 

 1( )
1 xf x

e



.  (6) 

and ( )g x  is often taken as a linear function, that is  

 2 3( ) ( ) ( )Cy k W x k W y k   .  (7) 

Taking expansion for ( 1)z k  , ( 2)z k  ,…, (1)z by using Eq.(5), then we have 

 
0 1

( ) ( ) ( ) (0)
k

i k

i i

z k u k i u k i u
 

  


 
       .  (8) 

From Eq.(8) it can be seen that the memory neurons in the input layer include all the 
previous input information and the context nodes memorize previous activations of the 
output nodes, so the proposed TDRNN model has far higher memory depth than the 
popular neural networks. Furthermore, the neurons in the input layer can memory 
accurately the inputs from time k   to time k , and this is quite different from the memory 
performance of popular recurrent neural networks. If the delay step  is moderate large, the 
TDRNN possesses higher memory resolution ratio. 
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Let the kth desired output of the system be ( )dy k . We can then define the error as 

 1 ( ( ) ( )) ( ( ) ( ))
2

T
d dE y k y k y k y k   .  (9) 

Differentiating E with respect to 3W , 2W  and 1W  respectively, according to the gradient 
descent method, we obtain the following equations 

  3 0
3 , ( ) ( 1,2, , ; 1,2, , )il i C lw y k i m l m      ,  (10) 

 ,2 0 3
2 2

( )
( ( ) ) ( 1,2, , ; 1,2, , )C i

ij i j ii
ij

y k
w x k w i m j n

w
 


    


  ,  (11) 

 1 0 2
1

1
( ) ( ) ( 1,2, , ; 1,2, , )

n

jq t tj j q
t

w w f z k j n q r 


       . (12) 

which form the learning algorithm for the proposed TDRNN, where 1 , 2  and 3  are 

learning steps of 1W , 2W and 3W , respectively, and 

 0
,( ( ) ( )) ( )i d i i iy k y k g    ,   (13) 

 , ,
2 2 2
( ) ( 1) ( 1)C i C i i

ij ij ij

y k y k y k

w w w


    
 

  
. (14) 

If ( )g x  is taken as a linear function, then ( ) 1ig   . Clearly, Eqs. (11) and (14) possess 
recurrent characteristics. 

3. Convergence of proposed time-delay recurrent neural network 
In Section 2, we have proposed a TDRNN model and derived its dynamic recurrent back 
propagation algorithm according to the gradient descent method. But the learning rates in the 
update rules have a direct effect on the stability of dynamic systems. More specifically, a large 
learning rate can make the modification of weights over large in each update step, and this will 
induce non-stability and non-convergence. On the other hand, a small learning rate will induce 
a lower learning efficiency. In order to train neural networks more efficiently, we propose three 
criterions of selecting proper learning rates for the dynamic recurrent back propagation 
algorithm based on the discrete-type Lyapunov stability analysis. The following theorems give 
sufficient conditions for the convergence of the proposed TDRNN when the functions ( )f   and 

( )g  in Eqs. (4) and (2) are taken as sigmoidal function and linear function respectively. 

Suppose that the modification of the weights of the TDRNN is determined by Eqs. (10-14). 
For the convergence of the TDRNN we have the following theorems. 

Theorem 1. The stable convergence of the update rule (12) on 1W  is guaranteed if the 
learning rate 1( )k  satisfies that 
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 1
2

80 ( )
max ( ) max( ( ))k ij

k ij

k
nr z k W k

  . (15) 

Proof. Define the Lyapunov energy function as follows. 

 2

1

1( ) ( )
2

m

i
i

E k e k


  .  (16) 

Where 

 ,( ) ( ) ( )i d i ie k y k y k  .  (17) 

And consequently, we can obtain the modification of the Lyapunov energy function 

 2 2

1

1( ) ( 1) ( ) ( 1) ( )
2

m

i i
i

E k E k E k e k e k


         .  (18) 

Then the error during the learning process can be expressed as 

 1 1
1 1

1 1 1 1

( )( )( 1) ( ) ( )
n r n r
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i i jq i jq

j q j qjq jq

y ke k
e k e k W e k W
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
      

 
  . (19) 

Furthermore, the modification of weights associated with the input and hidden layers is 

 1
1 11 1

( )( )( ) ( ) ( ) ( ) ( ) ii
jq i i

jq jq

y ke k
W k k e k k e k

W W
 
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   

 
.  (20) 

Hence, from Eqs.(18-20) we obtain 
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  (21) 

Where 
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1W  represents an n r  dimensional vector and   denotes the Euclidean norm. 

Notice that the activation function of the hidden neurons in the TDRNN is the sigmoidal 
type, we have 0 ( ) 1 / 4f x  . Thus, 

 
2 ' 2

1
( ) 1( ) ( ) ( ) max ( ) max( ( ))

4

( 1,2, , ; 1,2, , ; 1,2, , )

i
ij j q q ij
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y k
W k f z k z k W k

W

i m j n q r


  



    

. (23) 

 

According to the definition of the Euclidean norm we have 
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1

( ) max ( ) max( ( ))
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y k nr
z k W k


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W
. (24) 

Therefore, while 1
2

80 ( )
max ( ) max( ( ))q ij

q ij

k
nr z k W k

  , we have 1( ) 0i k  , then from 

Eq.(21) we obtain ( ) 0E k  . According to the Lyapunov stability theory, this shows that 
the training error will converges to zero as t  . This completes the proof. 

Theorem 2. The stable convergence of the update rule (11) on 2W  is guaranteed if the 
learning rate 2( )k  satisfies that 

 2
20 ( )k
n

  . (25) 

Proof. Similarly, the error during the learning process can be expressed as 

 2 2
2 2

1 1

( )( )( 1) ( ) ( )
n n

ii
i i ij i ij

j jij ij

y ke k
e k e k W e k W

W W 


      

 
  .  (26) 

Therefore, 
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Where 
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. (28) 

Notice that the activation function of the hidden neurons in the TDRNN is the sigmoidal 
type, and neglect the dependence relation between ( )Cy k  and the weights 2

ijw , we obtain 
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E
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. (29) 

Hence, 
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According to the definition of the Euclidean norm we have 
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i
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W
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.  (31) 

Therefore, while 2
20 ( )k
n

  , we have 2( ) 0i k  , then from Eq.(27) we obtain ( ) 0E k  . 

According to the Lyapunov stability theory, this shows that the training error will converges 
to zero as t  . This completes the proof. 

Theorem 3. The stable convergence of the update rule (10) on 3W  is guaranteed if the 
learning rate 3( )k  satisfies that 
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,
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Proof. Similarly, as the above proof, we have 
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Where 
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Furthermore, according to the learning algorithm we have 
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According to the definition of the Euclidean norm we have 
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Therefore, from Eq.(34), we have 3( ) 0i k  , while 3 2

,

20 ( )
max( ( ))C l

l

k
m y k

  . Then from 

Eq.(33) we obtain ( ) 0E k  . According to the Lyapunov stability theory, this shows that the 
training error will converges to zero as t  . This completes the proof. 

4. Numerical results and discussion 
The performance of the proposed time-delay recurrent neural network for identifying and 
controlling dynamic systems is examined by some typical test problems. We provide four 
examples to illustrate the effectiveness of the proposed model and algorithm. 

4.1 Nonlinear time-varying system identification 

We have carried out the identification for the following nonlinear time-varying system 
using the TDRNN model as an identifier. 

 3
2

( )( 1) 0.78 ( ) ( )
1 0.68sin(0.0005 ) ( )

y k
y k u k v k

k y k
   


. (38) 

Where ( )v k  is Gauss white noise with zero mean and constant variance 0.1. The input of 
system is taken as ( ) sin(0.01 )u k k . 

To evaluate the performance of the proposed algorithm, the numerical results are compared 
with those obtained by using Elman neural network (ENN). The Elman network is a typical 
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recurrent network proposed by Elman [12]. Some parameters on the TDRNN in our 
experiments are taken as follows. The number of hidden nodes is taken as 6, the weights are 
initialized in the interval [-2, 2] randomly, besides,  ,  and  are set as 0.4, 0.6, 0.4 
respectively. The number of hidden nodes in the ENN is also taken as 6. 

Figure 2 shows the identification result, where the “Actual curve” is the real output curve of 
the dynamic system, represented by the solid line; the “Elman curve” is the output curve 
identified using the ENN model, and represented by the dash line; the “TDRNN curve” is 
the output curve identified by the proposed TDRNN model, and represented by the dash 
dot line. Figure 3 shows the identification error curves obtained with the TDRNN and ENN 
respectively, in which the error is the absolute value of the difference between identification 
result and the actual output. From the two figures it can be seen that the proposed method is 
superior to the ENN method. These results demonstrate the power and potential of the 
proposed TDRNN model for identifying nonlinear systems. 
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Fig. 2. Identification curves with different methods 
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Fig. 3. Comparison of error curves obtained by different methods 

4.2 Bilinear DGP system control 

In this section, we control the following bilinear DGP system using the TDRNN model as a 
controller. 

 ( ) 0.5 0.4 ( 1) 0.4 ( 1) ( 1) ( )z t z t z t u t u t       . (39) 

The system output at an arbitrary time is influenced by all the past information. The control 
reference curves are respectively taken as: 

1. Line type: 

 ( ) 1.0z t  ;  (40) 

2. Quadrate wave: 

 
0.0 (2 5 (2 1) 5, ( 0,1,2, ))

( )
1.0 ((2 1) 5 2 5, ( 1,2,3, ))

k t k k
z t

k t k k
     

       




  (41) 

The parameters on the TDRNN in the experiments are taken as follows. The number of 
hidden nodes is taken as 6, the weights are initialized in the interval [-2, 2] randomly, 
besides,  ,  and  are set as 0.3, 0.6, 0.4 respectively. Figures 4 and 5 show the control 
results. Figure 4 shows the control curve using the proposed TDRNN model when the 
control reference is taken as a line type. Figure 5 shows the control curve when the reference 
is taken as a quadrate wave type. From these results it can be seen that the proposed control 
model and algorithm possess a satisfactory control precision. 
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Fig. 4. Control curves with line type reference 
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Fig. 5. Control curves with quadrate wave reference 

4.3 Inverted pendulum control 

The inverted pendulum system is one of the classical examples used in many experiments 
dealing with classical as well as modern control, and it is often used to test the effectiveness 
of different controlling schemes [13-16]. So in this chapter, to examine the effectiveness of 
the proposed TDRNN model, we investigate the application of the TDRNN to the control of 
inverted pendulums. 

The inverted pendulum system used here is shown in Fig.6, which is formed from a cart, a 
pendulum and a rail for defining position of cart. The Pendulum is hinged on the center of 
the top surface of the cart and can rotate around the pivot in the same vertical plane with the 
rail. The cart can move right or left on the rail freely. 
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Fig. 6. Schematic diagram of inverted pendulum system 

The dynamic equation of the inverted pendulum system can be expressed as the following 
two nonlinear differential equations. 

 
2 1

2

sin cos [ sin sgn( ) ( ) ]

4 cos
3

p
cg F ml x m M

ml
m

l l
m M

 
    




      


 



 

 ,  (42) 

 
2( sin cos ) sgn( )cF ml x

x
m M

      



   .  (43) 

Where the parameters, M and m are respectively the mass of the cart and the mass of the 
pendulum in unit (kg), 29.81g m s  is the gravity acceleration, l  is the half length of the 
pendulum in unit (m), F  is the control force in the unit (N) applied horizontally to the 
cart, cu  is the friction coefficient between the cart and the rail, pu  is the friction 

coefficient between the pendulum pole and the cart. The variables , ,  represent the 
angle between the pendulum and upright position, the angular velocity and the angular 
acceleration of the pendulum, respectively. Moreover, given that clockwise direction is 
positive. The variables x , x , x  denote the displacement of the cart from the rail origin, 
its velocity, its acceleration, and right direction is positive. 

We use the variables   and x  to control inverted pendulum system. The control goal is to 
make   approach to zero by adjusting F, with the constraint condition that x  is in a given 
interval.  The control block diagram of the inverted pendulum system is shown in Figure 7. 
The TDRNN controller adopts variables   and x  as two input items. 
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Fig. 7. Control block diagram of inverted pendulum system 

In the numerical experiments, the motion of the inverted pendulum system is simulated by 
numerical integral. The parameter setting is listed in the Table 1. 
 

parameter g M m l μc μp φ   x  x  
value 9.81 1.0 0.1 0.6 0.002 0.00002 5° 0 0 0 

Table 1. Parameter Setting of Inverted Pendulum 

Besides, the number of hidden nodes is taken as 6, the weights are initialized in the interval 
[-3, 3] randomly, the parameters  ,  and  on the TDRNN are set as 0.3, 0.6, 0.4 
respectively. The control goals are to control the absolute value of   within 10º and make it 
approximate to zero as closely as possible, with the constraint condition of the absolute 
value of x within 3.0m. 
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Fig. 8. Control curve of the angle  
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Fig. 9. Control curve of the displacement x  

The control results are shown in Figures 8 and 9, and the sampling interval is taken as 
1T ms . Figures 8 and 9 respectively show the control curve of the angle  and the control 

curve of the displacement x . From Figure 8, it can be seen that the fluctuation degree of   
is large at the initial stage, as time goes on, the fluctuation degree becomes smaller and 
smaller, and it almost reduces to zero after 3 seconds. Figure 9 shows that the change trend 
of x  is similar to that of  except that it has a small slope. These results demonstrate the 
proposed control scheme based on the TDRNN can effectively perform the control for 
inverted pendulum system. 

4.4 Ultrasonic motor control 

In this section, a dynamic system of the ultrasonic motor (USM) is considered as an example 
of a highly nonlinear system. The simulation and control of the USM are important 
problems in the applications of the USM. According to the conventional control theory, an 
accurate mathematical model should be set up. But the USM has strongly nonlinear speed 
characteristics that vary with the driving conditions and its operational characteristics 
depend on many factors. Therefore, it is difficult to perform effective control to the USM 
using traditional methods based on mathematical models of systems. Our numerical 
experiments are performed using the model of TDRNN for the speed control of a 
longitudinal oscillation USM [17] shown in Figure 10.  
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Fig. 10. Schematic diagram of the motor 

Some parameters on the USM model are taken as: driving frequency 27.8 kHZ , amplitude 
of driving voltage 300 V , allowed output moment 2.5 kg cm , rotation speed 3.8 /m s . 
Besides, the number of hidden nodes of the TDRNN is taken as 5, the weights are initialized 
in the interval [-3, 3] randomly, the parameters  ,  and  on the TDRNN are taken as 0.4, 
0.6, 0.4 respectively. The input of the TDRNN is the system control error in the last time, and 
the output of the TDRNN, namely the control parameter of the USM is taken as the 
frequency of the driving voltage. 

Figure 11 shows the speed control curves of the USM using the three different control 
strategies when the control speed is taken as 3.6 /m s . In the figure the dotted line a 
represents the speed control curve based on the method presented by Senjyu et al.[18], the 
solid line b represents the speed control curve using the method presented by Shi et al.[19] 
and the solid line c represents the speed curve using the method proposed in this paper. 
Simulation results show the stable speed control curves and the fluctuation amplitudes 
obtained by using the three methods. The fluctuation degree is defined as 

 max min( ) / 100%aveV V V     (44) 

where max min,V V  and aveV  represent the maximum, minimum and average values of the 
speeds. From Figure 11 it can be seen that the fluctuation degrees when using the methods 
proposed by Senjyu and Shi are 5.7% and 1.9% respectively, whereas, it is just 1.1% when 
using the method in this paper. Figure 12 shows the speed control curves of the reference 
speeds vary as step types. From the figures it can be seen that this method possesses good 
control precision. 
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Fig. 11. Comparison of speed control curves using different schemes 
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Fig. 12. Speed control curve for step type 

5. Conclusions 
This chapter proposes a time-delay recurrent neural network (TDRNN) with better 
performance in memory than popular neural networks by employing the time-delay and 
recurrent mechanism. Subsequently, the dynamic recurrent back propagation algorithm for 
the TDRNN is developed according to the gradient descent method. Furthermore, to train 
neural networks more efficiently, we propose three criterions of selecting proper learning 
rates for the dynamic recurrent back propagation algorithm based on the discrete-type 
Lyapunov stability analysis. Besides, based on the TDRNN model, we have described, 
analyzed and discussed an identifier and an adaptive controller designed to identify and 
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control nonlinear systems. Our numerical experiments show that the TDRNN has good 
effectiveness in the identification and control for nonlinear systems. It indicates that the 
methods described in this chapter can provide effective approaches for nonlinear dynamic 
systems identification and control. 
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1. Introduction 
A protein domain is the basic unit of protein structure that can develop itself by using its own 
shapes and functions, and exists independently from the rest of the protein sequence. Protein 
domains can be seen as distinct functional or structural units of a protein. Protein domains 
provide one of the most valuable information for the prediction of protein structure, function, 
evolution, and design. Protein domain is detected from protein structure that is predicted from 
protein sequence of amino acid. The protein sequence may be contained of single-domain, 
two-domain, or multiple-domain with different or matching copies of protein domain. A 
protein domain comprises of protein domain boundary that relates to a part in amino acid 
residue where each residue in the protein chain is defined as domain position. Each shape of 
protein domain is a compacted and folded structure that is independently stable. It exists 
independently since the protein domain is a part of the protein sequence. The independent 
modular nature of protein domain means that it can often be found in proteins with the same 
domain content, but in different orders or in different proteins. The knowledge of protein 
domain boundaries is useful in analysing the different functions of protein sequences.  

Several methods have been developed to detect the protein domain, which can be categorized 
as follows: (1) Methods based on similarity and used multiple sequence alignments to 
represent domain boundaries, e.g. KemaDom (Lusheng et al., 2006) and Biozon (Nagaranjan 
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and Yona, 2004); (2) Methods that depend on known protein structure to identify the protein 
domain, e.g. AutoSCOP (Gewehr et al., 2007) and DOMpro (Cheng et al., 2006); (3) Methods 
that used dimensional structure to assume protein domain boundaries, e.g. GlobPlot (Linding 
et al., 2003), Mateo (Lexa and Valle, 2003), and Dompred-DPS (Marsden et al., 2002); (4) 
Methods that used comparative model such as Hidden Markov Models (HMM) to identify 
other member of protein domain family, e.g. HMMPfam (Bateman et al., 2004) and 
HMMSMART (Ponting et al., 1999); and (5) Methods that are solely based on protein sequence 
information, e.g. Armadillo (Dumontier et al., 2005) and SBASE (Kristian et al., 2005). 
However, these methods only produce good results in the case of single-domain proteins. 

There is no sign to indicate when a protein domain starts and ends. Protein sequence with 
closely related homologues can reveal conserved regions which are functionally important 
(Elhefnawi et al., 2010). Nowadays, it is not only important to detect a protein domain 
accurately from large numbers of protein sequences with unknown structure, but it is also 
essential to detect protein domain boundaries of the protein sequence (Chen et al., 2010). 
Protein domain boundaries are important to understand and analyse the different functions 
of protein (Paul et al., 2008) as shown in Fig. 1. The difficulty in protein domain prediction 
lies in the detection of the protein domain boundaries in the protein sequences, since the 
protein sequences alone contain the structural information but it is only available in small 
portion along the protein space. The secondary structure provides the sequence information 
used in protein domain prediction such as the similarity of protein chain, the potential of 
protein domain region and boundaries. Methods that used secondary structure information 
in protein domain prediction, such as DOMpro and KemaDom has shown improvement in 
predicting the protein domain compared to other protein domain predictors. 

 
Fig. 1. An example of constructing a new protein from different protein domain boundaries. 

Previously, Neural Network (NN) is used as a classifier to detect protein domain such as in 
the work of Armadillo, Biozon, Dompred-DPS, and DOMpro. Of late, Support Vector 
Machines (SVM) is perceived as a strong contender to NN in protein domain classification. 
Unlike NN, SVM is much less affected by the dimension of the input space and employs 
structural risk minimization rather than empirical risk minimization. SBASE (Kristian et al., 
2005) and KemaDom are examples that apply SVM in protein domain prediction. The 
results from these methods are more accurate compared to NN. 
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2. BRNN-SVM algorithm 
The BRNN-SVM begins with seeking the seed protein sequences using BLAST (Altschul et al., 
1997) in order to generate a dataset. The dataset is split into training and testing sets. Multiple-
alignment is performed using ClustalW (Larkin et al., 2007), where the alignments are 
represented as a protein sequence of alignment column that is associated to one position in the 
seed protein sequence. Bidirectional Recurrent Neural Network (BRNN) is used to generate 
secondary structure from alignment of protein sequence in order to highlight the signal of 
protein domain boundaries. The protein secondary structure is predicted into three types: 
alpha-helices, beta-sheet, and coil. The information of secondary structure are extracted using 
six measures (which are entropy, protein sequence termination, correlation, contact profile, 
physio-chemical properties, intron-exon information, and score of secondary structure) to 
increase the domain signal. This extracted information will be used for SVM input for the 
protein domain prediction. SVM processes the information and classify the protein domain 
into single-domain, two-domain, and multiple-domain. The BRNN-SVM is evaluated by 
comparing it with other existing methods either based on similarity and multiple sequence 
alignment (Biozon and KemaDOM), known protein structure (AutoSCOP and DOMpro), 
dimensional structure (GlobPlot, Mateo, and Dompred-DPS), comparative model (HMMPfam 
and HMMSMART), and sequence alone (Armadillo and SBASE). An analysis of the results has 
demonstrated that the BRNN-SVM shows outstanding performance on single-domain, two-
domain, and multiple-domain. The steps involved in BRNN-SVM can be simplified as follows: 
(1) Generate training and testing sets using BLAST; (2) Perform multiple sequence alignment 
using ClustalW; (3) Predict secondary structure by BRNN; (4) Extract information from protein 
secondary structure; (5) Classify the protein domain by SVM; and (6) Evaluate the 
performance using sensitivity and specificity, and accuracy.  

3. Secondary structure prediction by BRNN 
For each protein sequence, the secondary structure information is predicted based on an 
ensemble of BRNNs. The input for predicting secondary structure is a single protein sequence 
from a multiple sequence alignment. Then, BRNN derives protein sequence information from 
PSI-BLAST (Altschul et al., 1997) to include homology structure that is used in the protein 
secondary structure information prediction. Subsequently, the protein secondary structure 
information is divided into three classes: alpha-helices, beta-sheets, and coils.  

The BRNN is described in Fig. 2–3. This BRNN involves a set of i protein sequences as input 
iX  variable, a forward iF , and backward iB , a chain of hidden variables, and a set of iO  as 

an output variable. The relationship between these variables is implemented using feed-
forward NN. Three NNs oN , fN , and bN  are used to implement BRNN. The output iO  
(Chen and Chaudhari, 2007) is as follows: 

 ( , , )i o i i iO N X F B .   (1) 

The output iO  depends on input iX  at the position i, the forward iF  (Chen and Chaudhari, 
2007) is the hidden context in the vector n

iF   and the backward iB  (Chen and Chaudhari, 
2007) is the hidden context in the vector m

iB   where m n . To obtain the composite the 
iF  and iB , the BRNN equation is applied as follows: 
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 1( , )i f i iF N X F  ,  (2) 

 1( , )i b i iB N X B  ,  (3) 

where 1( , )f i iN X F   and 1( , )b i iN X B   are learnable non-linear state transition function. The 
boundary condition for iF  and iB  can be set to 0, for example 1 0i nF F    where n is length 
of the protein sequence being processed. 

The fN  and bN  are assigned to be a “tool” that can be shifted along the protein sequence. For 
the prediction class at the position i, the “tool” is shifted in the opposite direction starting from 
the N, and C terminus, up to position i. Then, the “tool” output at position i is combined with 
the input iX  to compute the output iO  using N . From the output iO , the membership 
probability of the residue at the position i is computed to predict the domain boundary. 

BRNN is used to predict protein secondary structure into alpha-helices, beta-sheet, or coils. 
The BRNN consists of an input layer, hidden layer, and output layer. The protein sequences 
are fed into the input layer. The protein secondary structure is encoded into the output layer 
as follows: 

(1, 0) = Alpha-Helices 
(0, 1) = Beta-Sheets 
(0, 0) = Coil 

The input layer (John et al., 2006) is defined as follows: 

 k ik i k
i

I W Y b  ,  (4) 

where ikW  is the sum of all the input to the unit, iY  is the connection strength, kb  is the bias 
from the protein sequence, i is the number of protein sequence, and k is the number of 
output from the protein sequence. The output layer (John et al., 2006) is defined as follows: 

 1
1 k

k XO
e




, (5) 

where X  is a real number between -8 and 8. This has been experimentally determined as 
the best range. k represents the number of outputs from the protein sequence.  

The alpha-helices measure is divided into two types: amphipathic helices and hydrophobic 
helices. To predict an amphipathic helices region, Helical Wheel Representation (HWR: 
Renaund and McConkey, 2005) is applied. The HWR predicts the residues from the solvent 
and side chains interaction of protein sequence with amphipathic helices. Then, the score of 
amphipathic helices and hydrophobic helices are merged to predict the alpha-helices region 
for the protein sequence. The beta-sheets are assigned using Kabsch and Sander’s program 
(Kabsch and Sander, 1983). The extension of beta-sheets is situated and connected to form 
theatre-backbone H-bonds according to the Pauling pairing rules (Pauling and Corey, 1951). 
When two H-bond is formed or surrounded by two H-bond in the sheet, this formation is 
defined as beta-sheet (E). If only one amino acid fulfils the criteria, the sheet will be called beta-
bridge (B). The residues that are neither alpha-helices nor beta-sheets are classified as coils. 
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Fig. 2. BRNN architecture with left (forward) and right (backward) context associated with 
two recurrent networks (“tool”). The left and right contexts are produced by two similar 
recurrent networks which intuitively can be thought in term of two “tools” that are shifted 
along the protein chain. 

 
Fig. 3. An example of secondary structure prediction using BRNN. 

4. Features extraction 
Features extraction in BRNN-SVM is important to obtain the protein domain information 
from the predicted secondary structure. The secondary structure information is used to 
compute the change of the protein sequence position that constitutes a part of the protein 
domain boundary. This information is believed to reflect the protein structural properties 
that have informative protein domain structure and is used to detect the protein domain 
boundaries. The information as shown in Fig. 4–9 is entropy, protein sequence 
termination, correlation, contact profile, physio-chemical properties and intron-exon 
information. 
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Fig. 4. An example of entropy calculation. 

The effective entropy measure takes into account the similarity of amino acids. An 
evolutionary pressure is used to calculate the evolutionary span (Nagaranjan and Yona, 
2004) defined as: 

 
1

2( ) ( , )
( 1)

t

p q p

Span x s j k
t t  


   ,  (6) 

where ( , )s j k  is ( , )px qxs   . ()Span  is used to compare the sum of pairwise similarity of 
amino acids. The x is an alignment from the multiple sequence alignment and t is the 
number of protein sequences that has participated in x. px  and qx  represent the amino 
acids in position x. ( , )s j k  is the similarity score of amino acids where j and k refer to the 
scoring matrix BLOSUM50 (Henikoff and Henikoff, 1992). 

 
Fig. 5. An example of protein sequence termination calculation. 

In a multiple sequence alignment, the protein sequence termination is not necessarily 
displayed. The left and right protein sequence termination score is calculated for each 
protein sequence with an e-value that is larger than 0. The scores of protein sequence 
termination are then used to identify the strong signal of the protein domain boundary. Left 
and right protein sequence terminations score (Menachem and Chen, 2008) are defined as: 

 1 2log( ... ). . .seq_termination nT   ,  (7) 

where  n  is the e-value of the n protein sequence. 
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Fig. 6. An example of correlation calculation. 

Correlation is two random protein sequences that are positively correlated if high values of 
one are likely to be associated with high values of the other. Possible correlations range is 1 
or 0. A zero correlation indicates that there is no relationship between the sequences. A 
correlation of 1 indicates a perfect positive correlation, meaning that both sequence move in 
the same direction together. The correlation of amino acids with protein secondary structure 
information is used to predict the protein structure. It is also important to understand the 
force that causes the flexibility of a protein structure. Every protein sequence in a multiple 
sequence alignment contains information of structural flexibility. To find a position that is 
more flexible in a protein sequence, indel entropy (Zou et al., 2008) based on the distribution 
of protein sequence lengths is used: 

 ( ) logg p p

p

E     ,  (8) 

where p  is the various indel lengths seen at a position. 

 
Fig. 7. An example of contact profile calculation. 

The predicted contact profile of a protein sequence is obtained by getting the structural 
flexibility information. Then, the number of pairwise contact profile is counted for each 
protein sequence. The contact profile between residues in a protein sequence is predicted 
based on correlated mutations. Correlated mutations (Pazos et al., 1997) between two 
columns x and y are defined as: 
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 2
1 1

( ( , ) ( ( , ) )1( , ) .
t t

px qx x py qy y
m

X yp q

s s s s
Corr x y

t

   

  

     
   , (9) 

where px and qx  represent the amino acids in position x and the py  and qy  represent 
the amino acids in position y. The ( , )px qxs    and ( , )py qys   are the similarity score of 
amino acids and px , qx , py , and qy  refer to the scoring matrix BLOSUM50. The xs   
and ys   are the average similarity of amino acids in position x and y. The X  and y  are 
standard deviations and t is the number of protein sequences that are indicated in the 
columns.  

 
Fig. 8. An example of physio-chemical properties calculation. 

Physio-chemical properties are information that is used to predict protein domain 
boundaries. Hydrophobicity is used to display the distribution of protein sequence residue 
that in turn, used for the detection of physio-chemical properties. In BRNN-SVM, the score 
of hydrophobicity and molecular weight (Black and Mould, 1991) is used to predict physio-
chemical properties in protein sequence. The average hydropobicity and molecular weight 
for each measure of protein sequence is calculated to determine the physio-chemical 
properties that are affecting the protein domain boundary detection. 

 
Fig. 9. An example of intron-exon calculation. 
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The intron-exon data contains intron-exon structure at Deoxyribonucleic Acid (DNA) level 
that is related to protein domain boundaries in which folded protein domain boundaries 
exist independently. Each protein domain defines the intron-exon position. The intron-exon 
data is taken from the EID database (Saxonov et al., 2000). Then, each protein sequence is 
compared with the database and the gapless matching protein sequence is kept. The 
similarity of the protein sequence is calculated in order to define the exon boundary using 
an equation defined as the sequence termination. Finally, the exon termination score 
(Saxonov et al., 2000) is calculated as follows: 

 exon_termination 1 2log( ... ). . . nE    ,  (10) 

where n  is the e-value of the n protein sequence. After that, the average of measures score 
from features extraction’s phase is calculated in order to generate the features vector and 
used as input to SVM as follows: 

 ( _ _ ) ,Score of measures
n    (11) 

where _ _Score of measures  is obtain from features extraction (entropy, protein sequence 
termination, correlation, contact profile, physio-chemical properties and intron-exon 
information) score and n refer to quantity of features extraction measurements where it 
could be seven. Fig. 10 has shown the example of features vector calculation. 

 
Fig. 10. An example of features vector calculation. 

5. Domain detection by SVM 
SVM is a machine learning technique based on statistical learning theory that trains multiple 
functions such as polynomial functions, radial basic functions and spines to form a single 
classifier. The SVM is applied to identify the protein domain boundaries position. The SVM 
works by: (1) Mapping the input vector into a feature space which is relevant to the kernel 
function; and (2) Seeking an optimized linear division from multiple n-separated 
hyperplane, where n is classes of protein sequence in the dataset. The input (Dong et al., 
2003) vector is defined as follows: 
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 { 1, 1}sl    ,  (12) 

where sI  is the input space with corresponding predefined labels (Dong et al., 2003): 

 ( 1,..., )i sy I i n  ,  (13) 

where +1 and -1 are used to stand, respectively, for the two classes. The SVM is trained with 
Radial Basic Function (RBF) kernel, a function that is often used in pattern recognition. The 
parameters of SVM training are 2 , the RBF kernel smoothing parameter and C, the 
learning variable to trade-off between under- and over-generalization. The RBF (Zou et al., 
2008) is defined as follows: 

 
2

2

|| ||
( , ) exp( )

2
i j

i j

r y y
K y y



 


 
  ,  (14) 

where iy


 is labels and jy


 is input vector. The input vector will be the centre of the RBF and 
  will determine the area of influence this input vector has over the feature space. A larger 
value of   will give a smoother decision surface and a more regular decision boundary since 
the RBF with large   will allow an input vector to have a strong influence over a larger area. 

The best pair of parameter of C and   is search via k-fold cross-validation scheme to safeguard 
unbiased tweaking. In this study, k = 10 is applied where the protein sequence is split into k 
subsets of approximately equal size portions. The best combinations of C and   obtained from 
the optimization process were used for training the final SVM classifier using the entire training 
set. The SVM classifier is subsequently used to predict the testing datasets. The SVM training 
detects the protein domain boundaries based on scores that corresponds to the domain 
information or different domain information. The SVM classified the protein domain into 
single-domain, two-domain, and multiple-domain. Various quantitative metrics were obtained 
to measure the effectiveness of the BRNN-SVM: true positives (TP) for the number of correctly 
classified protein domain; false positives (FP) for the number of incorrectly classified protein 
domain; true negatives (TN) for the number of correctly classified non protein domain; and 
false negatives (FN) for the number of incorrectly classified non protein domain. 

6.  Dataset and evaluation measure 
To test the BRNN-SVM, seed protein sequences obtained from the PDB database (Berman et 
al., 2000) are selected with their corresponding domain structure that exists in SCOP 
database (Andreeva et al., 2008) version 1.73. The SCOP 1.73 with 40% less identity in PDB 
contains 9,536 protein sequences. The protein sequences are reconstructed from which short 
protein sequences that are less than 40 amino acids are removed. Then, the protein 
sequences are searched from the NR database (Henikoff et al., 1999) using BLAST and 
protein sequences that have more than 20 hits are kept. Hence, the number of protein data 
retained is 6,242.  The dataset is divided into training and testing sets. Training set is used 
for optimizing the SVM parameters and for training the SVM classifier to predict unseen 
protein domain boundaries. Testing set is used for evaluating the performance of the SVM. 
The dataset are randomly split into training and testing sets in the same ratio which is 3,121 
protein sequences respectively. The process of generating the dataset is shown in Fig. 10. 
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Fig. 11. Dataset generation process. 

Based on the classification output of SVM, a series of statistical metrics were computed to 
measure the effectiveness of the BRNN-SVM. Sensitivity (SN: Zaki et al., 2006) and 
specificity (SP: Zaki et al., 2006), which indicates the ability of the prediction system to 
correctly classify the protein domain and not protein domain respectively; the SN and SP 
are defined as follows: 

 100TP
SN

TP FN
 


,  (15) 

 100TP
SP

TP FP
 


.  (16) 

To provide an indication of the overall performance of the system, we computed accuracy 
(AC: Zaki et al., 2006), for the percentage of the correctly predicted protein domain. The AC 
is defined as follows:  

 100TP TN
AC

TP FN TN FP


 
  

.  (17) 

7. Computational results 
The BRNN-SVM is tested and compared its performance with other methods such as based 
on similarity and multiple sequence alignment (Biozon and KemaDOM), known protein 
structure (AutoSCOP and DOMpro), dimensional structure (GlobPlot, Mateo, and 
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Dompred-DPS), comparative model (HMMPfam and HMMSMART), and sequence alone 
(Armadillo and SBASE). The properties of protein sequence are derived from a protein 
secondary structure using several measures such as entropy, correlation, protein sequence 
termination, contact profile, physio-chemical properties and intron-exon boundaries 
measures. The protein secondary structure generates a strong signal of protein domain 
boundaries and is used to locate the protein domain regions using the following procedures. 
Firstly, the BRNN-SVM starts by searching large protein sequences and comparing them 
with the NR database to generate multiple sequence alignments. Secondly, the secondary 
structure is predicted for each protein sequence using BRNN. Thirdly, some of the scores 
from several measures are calculated as input in the SVM training. Finally, the results 
generated by SVM are evaluated. This evaluation provides a clear understanding of 
strengths and weaknesses of an algorithm that has been designed.  

The datasets obtained from SCOP 1.73 that have been defined in the previous section are 
used to test and evaluate the BRNN-SVM and other protein domain prediction methods. 
The results of the prediction accuracy compared with other protein domain prediction 
methods including sensitivity and specificity for single-domain, two-domain and multiple-
domain are presented in Table 1 and Fig. 11-14. It is easy to see that predicting two-domain 
or multiple-domain is more difficult than predicting single-domain. The results depict the 
higher sensitivity and specificity represent better achievement and the priority is given to 
sensitivity in order to determine the achievement of protein domain prediction since 
sensitivity measures the proportion of actual positives which are correctly identified for 
protein domain prediction. The BRNN-SVM achieved a higher sensitivity of 87% for single-
domain, 73% for the two-domain and 81% for the multiple-domain compared to other 
methods. The BRNN-SVM achieved a higher specificity of 76% for the two-domain and 79% 
for the multiple-domain compared to other methods. The BRNN-SVM increases of 83% for 
accuracy as compared to KemaDom method with 79% and SBase method with 80%. 

The properties of protein sequence have given a strong signal to assign protein boundaries 
because the protein secondary structure predicted is based on interaction between long-
range interactions of the amino acid. The use of protein secondary structure prediction 
based on BRNN involves informative communion between an input and an output 
sequence of variable length. The BRNN is based on the forward, backward and hidden 
Markov chains that transmit information in both directions along the sequence between the 
input and output. This shows that interaction exists in protein folding and plays an 
important role in the formation of protein secondary structure. The information does have 
an effect on the protein domain boundaries prediction. The BRNN-SVM relies on scores of 
measures to detect the protein domain region in order to classify a domain for the protein 
sequence.  

However, the prediction of specificity for a single-domain prediction is 79% which is 14% 
lower compared to the Biozon and 10% lower compared to Armadilo. The reason is that the 
BRNN-SVM classifies the protein sequence with no predicted protein domain boundaries as 
a single-domain. Therefore, the number of protein domain for the protein sequence is from 
the start until the end. The situation is aggravated when the protein sequence is too long. To 
solve this problem, the protein sequence can be split into protein sub-sequences before 
predicting the protein domain (Kalsum et al., 2009). 
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 Single-Domain Two-Domain Multiple-
Domain  

Method SN SP SN SP SN SP AC 
BRNN-SVM 0.87 0.79 0.73 0.76 0.81 0.79 0.83 
Similarity and multiple 
sequence alignment        

Biozon 0.27 0.93 0.33 0.23 0.21 0.35 0.38 
KemaDom 0.82 0.76 0.70 0.73 0.78 0.76 0.79 
Known protein 
structure        

AutoSCOP 0.80 0.65 0.62 0.57 0.73 0.72 0.69 
DOMpro 0.85 0.80 0.43 0.55 0.79 0.73 0.71 
Dimensional structure  
GlobPlot 0.78 0.74 0.32 0.58 0.59 0.67 0.69 
Mateo 0.57 0.74 0.21 0.25 0.47 0.53 0.45 
Dompred-DPS 0.55 0.73 0.52 0.43 0.67 0.66 0.62 
Comparative model  
HMMPfam 0.65 0.60 0.53 0.59 0.35 0.33 0.62 
HMMSmart 0.77 0.69 0.66 0.63 0.23 0.20 0.71 
Sequence alone  
SBASE 0.86 0.77 0.69 0.74 0.76 0.76 0.80 
Armadillo 0.31 0.89 0.29 0.21 0.17 0.35 0.27 

Table 1. Performance comparison between BRNN-SVM and other protein domain 
prediction methods. 

 
Fig. 12. Performance comparison between BRNN-SVM and other protein domain prediction 
methods on single-domain. The best sensitivity is BRNN-SVM with 87% and the best 
specificity is Armadillo with 89% since the BRNN-SVM classifies the protein sequence with 
no predicted protein domain boundaries as a single-domain. 
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Fig. 13. Performance comparison between BRNN-SVM and other protein domain prediction 
methods on two-domain. The best performance for two-domain prediction is BRNN-SVM 
with 73% for sensitivity and 76% for specificity since the secondary structure information has 
given a strong signal to assign protein boundaries because the protein secondary structure 
predicted is based on interaction between long-range interactions of the amino acid. 

 
Fig. 14. Performance comparison between BRNN-SVM and other protein domain prediction 
methods on multiple-domain. The best performance of multiple-domain prediction is BRNN-
SVM with 81% sensitivity and 79% specificity since the BRNN is a transaction between an 
input and an output sequence of variable length. This shows that interaction exists in protein 
folding and plays an important role in the formation of protein secondary structure. 
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Fig. 15. Performance comparison between BRNN-SVM and other protein domain prediction 
methods on accuracy. The best accuracy of protein domain prediction is BRNN-SVM with 
83% since the protein secondary structure is predicted using BRNN and the information of 
secondary structure is extracted from features extraction which increases the protein domain 
signal. 

8. Conclusion 
An algorithm named BRNN-SVM has been developed in order to solve the problem of 
weak domain signal. The algorithm begins with searching the seed protein sequences as 
dataset from SCOP 1.73. The dataset is split into training and testing sets. Then, multiple 
sequence alignment is performed prior to the prediction of protein secondary structure 
using BRNN. Several measures such as entropy, protein sequence termination, 
correlation, contact profile, physio-chemical properties and intron-exon data are used to 
increase the strength of domain signal from protein secondary structure. SVM classified 
the prediction into single-domain, two-domain and multiple-domain. Lastly, the results 
from SVM are evaluated in term of sensitivity and specificity. BRNN is based on forward, 
backward and hidden Markov chains that transmit information in both directions along 
the sequence between the input and output. Therefore, it increases accuracy of protein 
secondary prediction and well as providing strong domain signal from this protein 
secondary structure based on the generated measures. This is believed to be the reason 
why BRNN-SVM is a good method for protein domain predictors especially in two-
domain and multiple-domain 
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1. Introduction 
Weather patterns recognition is very important to improve forecasting skills regarding 
severe storm conditions over a given area of the Earth. Severe weather can damage electric 
and telecommunication systems, besides generating material losses and even losses of life 
(Cooray et al., 2007; Lo Piparo, 2010; Santos et al., 2011). In especial for the electrical sector, 
is strategic to recognize weather patterns that may help predict weather caused damages. 
Severe weather forecast is crucial to reduce permanent damage to the systems equipments 
and outages in transmission or distribution lines. 

This study aimed to evaluate the temporal extensions applicability of Self-Organizing Map 
(Kohonen, 1990, 2001) for severe weather patterns recognition over the eastern Amazon 
region, which may be used in improving weather forecasting and mitigation of the risks and 
damages associated. 

A large part of this region is located at low latitudes, where severe weather is usually 
associated with the formation of peculiar meteorological systems that generate a large 
amount of local rainfall and a high number of lightning occurrences. These systems are 
noted for their intense convective activity (Jayaratne, 2008; Williams, 2008). 

Convective indices pattern recognition has been studied by means of neural network to 
determine the best predictors among the sounding-based indices, for thunderstorm 
prediction and intensity classification (Manzato, 2007). The model was tested for the 
Northern Italy conditions (Manzato, 2008). Statistical regression methods have also been 
used for radiosonde and lightning observations data obtained over areas of Florida 
Peninsula in the U. S. A. (Shafer & Fuelberg, 2006). 

These important contributions to this area of study have shown that the applications should be 
pursued to find out the best predicting statistical tools. Moreover, the achieved skills are 
largely dependent on the hour of the sounding and the local climatic conditions. So far few 
studies have been carried out for the extremely moist tropical conditions, prevailing over the 
Amazon region, where the data for the case studies analyzed in this chapter were obtained. 

In this context, the convective patterns recognition for the Amazon region may be used in 
local weather forecast. These forecasts are subsidiary elements in decision-making regarding 
preventive actions to avoid further damage to the electrical system. These outages lead to 
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productivity and information losses in the industrial production processes, which contribute 
negatively to the composition of the electric power quality indices (Rakov & Uman, 2005). 

This study sought to recognize severe weather indices patterns, starting from an atmospheric 
sounding database. It is known that the atmospheric instability may be inferred from available 
radiosondes atmospheric profiling data. The stability indices drawn from observed atmospheric 
conditions have been used to warn people of potential losses (Peppier, 1988). Thus, this work 
analyzed the capacity of the Self-Organizing Map (SOM) and two of its temporal extensions: 
Temporal Kohonen Map and Recurrent Self-Organizing Map (Chappell & Taylor, 1993; Koskela 
et al., 1998a, 1998b; Varsta et al., 2000; Varsta et al., 2001) for clustering and classification of 
atmospheric sounding patterns in order to contribute with the weather studies over the 
Brazilian Amazon. The option of using this type of neural network was due to the fact that it 
uses only the input parameters, making it ideal for problems where the patterns are unknown. 

Although there are other temporal extensions of SOM, such as recursive SOM - RecSOM 
(Hammer et al., 2004; Voegtlin, 2002), Self-Organizing Map for Structured Data - SOMSD 
(Hagenbuchner et al., 2003) and Merge Self-Organizing Map – MSOM (Strickert & Hammer, 
2005), all these of global context, the option in this work was to apply local context 
algorithms, leaving to future studies the application of global context algorithms in this 
knowledge area. It is also important to refer the existence of the recent studies on the TKM 
and RSOM networks (Cherif et al., 2011; Huang & Wu, 2010; Ni & Yin, 2009). 

In summary, with the original SOM algorithm and its extensions TKM and RSOM; stability 
indices data (Peppier, 1988); multivariate statistical techniques (principal component 
analysis and k-means); confusion matrix (Han & Kamber, 2006) and receiver operating 
characteristics (ROC) analysis (Fawcett, 2006); it was possible to evaluate the usefulness of 
these recurrent neural networks for the severe weather patterns recognition. 

2. SOM and temporal extensions (TKM and RSOM) 
This section discusses the fundamental concepts of Self-Organizing Map (SOM) and the 
proposed changes to introduce temporal sequence processing by the SOM: Temporal 
Kohonen Map (TKM) and Recurrent Self-Organizing Map (RSOM). 

2.1 Self-organizing map (SOM) 

The SOM is a nonlinear algorithm used for data clustering and classification. This algorithm 
is characterized by the processing of static data, i.e., not considering the data timelines, with 
the output of this neural network dependent only on present input data (Kohonen, 1990, 
2001). The SOM is a single-layer neural network, in which it is recorded the learning by 
algorithm. This layer usually has low dimension structure (1D or 2D). 

The training of the SOM is based on unsupervised learning, by adjusting of prototypes, 
according to the distribution of the input data, performed as follows: 

The weight vector of each unit in the map space VO is compared to an input vector. A 
metric-based criterion is chosen to determine the unit that has the minimum distance (Best 
Matching Unit), i.e., the neuron with the most similar prototype is selected as winner or 
winning unit, according to equation 1: 
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  ( ) arg min ( ) ( )i
i Vo

b t t t


 x w   (1) 

Where: 

 x(t) is an input vector, at time t, from the input space VI; 
 wi(t) is a prototype, at time t, from the map space VO; 
 b(t) is the index (position) of the winner neuron, at time t. 

The neurons of the SOM cooperate to receive future incoming stimuli in an organized 
manner around the winner neuron. The winner neuron will be the center of a topological 
neighbourhood where neurons help each other to receive input signals along the iterations 
of network training. Thus, after obtaining the winning neuron, its weights are adjusted to 
increase the similarity with the input vector, the same being done for the weights of its 
neighbours, by an update rule, according to equation 2: 

 ( 1) ( ) ( ) ( )( ( ) ( ))i i ib it t γ t h t t t   w w x w  (2) 

Where: 

 (t) is a learning rate; 
 hib(t) is a neighbourhood function. 

Usually, the learning rate (t) is defined by equation 3: 

 0
1

exp t
γ(t) γ


 

   
 

 (3) 

Where: 

 t is the number of iterations; 
 0 is the initial value of the learning rate (value between 0 and 1); 
 1 is the time constant. 

The neural network decreases its ability to learn, gradually over time, in order to prevent the 
drastic change by new data, in the sedimented knowledge through several iterations. The 
time constant influences the network learning as follows: high 1 value generates long period 
of intensive learning. 

The neighbourhood function in a SOM is a similar way to reproduce the interactions of 
biological neurons, which stimulate their neighbours, in decreasing order, by increasing the 
lateral distance between them. So, for the SOM, this feature is reproduced by the parameter 
hib(t) that determines how each neuron will receive readjustment to gain the future input 
stimuli. The largest adjustments are applied to the winner neuron and its neighbours, and 
minors to the neurons further from the winner neuron, because this parameter decreases 
with increasing lateral distance. Normally it is used the Gaussian function to represent the 
rate of cooperation between the neurons, by equation 4: 

 
2

2exp
2

ib
ib

l
h (t)

σ(t)

 
   

 
   (4) 
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Where: 

 lib is the lateral distance between neurons i and b; 
 (t) is the effective width of the topological neighbourhood. 

Considering that the effective width of the topological neighbourhood will diminish with 
time increasingly specialized network regions will be built for certain input patterns. Over 
the course of iterations the radius of a neighbourhood should be smaller, which implies 
lower hib(t) values, over time, thereby resulting in a restricted and specialized 
neighbourhood. For this, the exponential function is usually used, according to equation 5: 

 0
1

exp t
σ(t) σ

τ

 
   

 
  (5) 

Where: 

 0 is the initial value of effective width; 
 1 is a time constant. 

2.2 Temporal Kohonen Map (TKM) 

The SOM was originally designed for the static data processing, but for the dynamic data 
patterns recognition, it becomes necessary to include the temporal dimension in this 
algorithm. A pioneer algorithm in this adaptation was the Temporal Kohonen Map - TKM 
(Chappell & Taylor, 1993). It introduces the temporal processing using the same update rule 
of the original SOM, just changing the way of choosing the winner neuron. It uses the 
neurons activation history, by equation 6: 

 21( ) ( -1)- ( ) ( )
2i i iV t dV t t t x w  (6) 

Where: 

 Vi(t) is the neuron activation, at time t; 
  d is a time constant (value between 0 and 1); 
 x(t) is a input vector, at time t; 
 wi(t) is a prototype, at time t. 

A TKM algorithm flow diagram is displayed in Figure 1. The current activation of the 
neuron is dependent on previous activation. 

 
Fig. 1. TKM algorithm flow diagram 
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In the original SOM, for each new iteration, the value 1 is applied to the winner neuron and 
the value 0 to the other neurons. This creates an abrupt change in the neuron activation. In 
the TKM occurs a smooth change in the activation value (leaky integrator), because it uses 
the previous activation value, as shown in equation 6. In the TKM algorithm, the neuron 
that has the highest activation will be considered the winner neuron, according to the 
equation 7: 

  ( ) arg max ( )i
i Vo

b t V t


  (7) 

After choosing the winner neuron, the TKM network performs operations identical to the 
original SOM. 

The basic differences between TKM and SOM networks are: 

 For the determination of the winner neurons in TKM is necessary to calculate and 
record the activation Vi(t), while in SOM is necessary to calculate the quantization error 
x(t)-wi(t); 

 The winner neuron in TKM is one with greater activation Vi(t), while in SOM is one 
with smallest quantization error x(t)-wi(t). 

Interestingly, for d=0 the TKM network becomes equivalent to SOM network used for static 
data (Salhi et al., 2009). 

2.3 Recurrent self-organizing map (RSOM) 

Another algorithm that introduced the temporal processing to the SOM was the Recurrent 
Self-Organizing Map - RSOM using a new form of selection of the winner neuron and 
weights update rule (Koskela et al., 1998a, 1998b; Varsta et al., 2000; Varsta et al., 2001). This 
algorithm moved the leaky integrator from the unit outputs into the inputs. The RSOM 
allows storing information in the map units (difference vectors), considering the past input 
vectors, by equation 8: 

 ( ) (1 ) ( 1) ( ( ) ( ))i i it t t t     y y x w  (8) 

Where: 

 yi(t) is called recursive difference of the neuron i, at time t; 
  is the leaking coefficient (value between 0 and 1). 

Considering the term x(t) - wi(t) with the quantization error, the winner neuron will be one 
that has the least recursive difference, i.e., the smallest sum of the present and past 
quantization errors, according to the equation 9: 

  ( ) arg min ( )i
i Vo

b t t


 y  (9) 

In the RSOM the weights update occur according to the equation 10: 

 ( 1) ( ) ( ) ( ) ( )i i ib it t γ t h t t  w w y  (10) 
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Where: 

 (t) is a learning rate, at time t; 
 hib(t) is a neighbourhood function, at time t; 
 yi(t) is the recursive difference of the neuron i, at time t. 

Thus, the RSOM takes into account the past inputs and also starts to remember explicitly the 
space-time patterns. 

A RSOM algorithm flow diagram is exhibited in Figure 2. 

 
Fig. 2. RSOM algorithm flow diagram 

The basic differences between RSOM and SOM networks are: 

 For the determination of the winner neurons in RSOM is necessary to calculate and 
record the recursive difference yi(t), while in SOM the choice criterion of the winner 
neurons is the quantization error; 

 The winner neuron in RSOM is one with smallest recursive difference yi(t), while in 
SOM is one with smallest quantization error. 

To note that if =1 the RSOM network becomes identical to a SOM network (Salhi et al., 2009). 

Angelovič (2005) discribes several advantages of the use RSOM for prediction systems. First, 
the small computing complexity, opposite to the global models. Then, the unsupervised 
learning. It allows building models from the data with only a little a priori knowledge. 

3. Materials and methods 
This section discusses the study area, data pre-processing and models training. 

3.1 Study area and data pre-processing 

The study used sounding data from weather station denominated SBBE, number 82193 
(Belem airport), in the interval 2003 to 2010. The data were collected at the University of 
Wyoming website. The Figure 3 shows the station location, in the eastern Amazon Region, 
with their geographic coordinates (latitude: 1.38 S and longitude: 48.48 W). 

3.1.1 Data characteristics 

The sounding data are obtained by radiosondes transported by meteorological balloons. A 
radiosonde may determine various atmospheric parameters, such as atmospheric pressure, 
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temperature, dewpoint temperature, relative humidity, among others, in various 
atmospheric levels. These parameters are used to calculate sounding indices that seek to 
analyze the state of the atmosphere at a given time. Figure 4 shows an example of sounding 
indices collected from a radiosonde launched on January 1, 2010 at 12 h UTC. 

 
 

 
 
 

Fig. 3. SBBE station localization (Belem airport). 

For the evaluation of the atmospheric static stability, used for thunderstorms forecasting, 
several indicators have been developed (Peppier, 1988). Some indicators admit as instability 
factors the temperature difference and humidity difference between two pressure levels; 
while others, besides these factors, add the characteristics of the wind (speed and direction) 
at the same pressure levels. There are also indices based on the energy requirements for the 
occurrence of convective phenomena. Some indices and parameters used for the 
thunderstorms forecasting are: Showalter Index, K Index, Lifted Index, Cross Totals Index, 
Vertical Totals Index, Total Totals Index, SWEAT Index, Convective Inhibition, Convective 
Available Potential Energy, Level of Free Convection, Precipitable Water, among others. 
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Fig. 4. SBBE station information and sounding indices 

3.1.2 Data selection 

A selection algorithm was used to identify all 24 available atmospheric indices from 
radiosoundings performed at 12h UTC (9h Local Time) in the period analyzed. 
Subsequently, the indices calculated with virtual temperature were eliminated, leaving only 
18 indices. 

After normalization of these 18 indices by the standard deviation, the principal component 
analysis was used to reduce the number of variables. It was found that among the 18 
principal components, the first three represented about 70% (seventy percent) of the total 
variance. Four variables related to severe weather conditions had considerable numerical 
values of the respective coefficients in the linear combinations of these principal 
components. Namely: SWEAT index (SWET), Convective Available Potential Energy 
(CAPE), Level of Free Convection (LFCT) and Precipitable Water (PWAT). Therefore, these 
elements were defined as the input vectors variables of the SOM, TKM and RSOM 
networks. Figure 5 shows a variance explained for principal components, until the ninth 
principal component. 
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Fig. 5. Variance explained for principal components 

The SWEAT index (or Severe Weather Threat Index) uses several variables (dewpoint, wind 
speed and direction, among others) to determine the likeliness of severe weather. The 
Convective Available Potential Energy (CAPE) is the integration of the positive area on a 
Skew-T sounding diagram. It exists when the difference between the equivalent potential 
temperature of the air parcel and the saturated equivalent potential temperature of the 
environment is positive. This means that the pseudo-adiabatic of the displaced air parcel is 
warmer than the environment (unstable condition). The Level of Free Convection (LFCT) is 
the CAPE region lower boundary. At this level a lifted air parcel will become equal in 
temperature to that of the environmental temperature. Once an air parcel is lifted to the 
LFCT it will rise all the way to the CAPE region top. The Precipitable Water (or Precipitable 
Water Vapor) is a parameter which gives the amount of moisture in the troposphere. 

3.1.3 Data cleansing 

The input vectors contained four variables: SWEAT index (SWET), Convective Available 
Potential Energy (CAPE), Level of Free Convection (LFCT) and Precipitable Water (PWAT). 
The vectors containing missing data from one or more variables were discarded. At the end 
of the cleansing process, a total of 1774 examples were obtained. 

3.1.4 Data normalization 

To reduce the discrepancies magnitude in the input vectors values, the min-max 
normalization was applied according to the equation 11. This transformed the original 
values of these input variables in normalized values within the range [0, 1]. 

 
min 

max min 
original

normalized

value A
value

A A





  (11) 



 
Recurrent Neural Networks and Soft Computing 

 

160 

Where: 

 min A is the minimum value of the variable A; 
 max A is the maximum value of the variable A. 

3.1.5 Clusters formation for evaluation of the models 

For the evaluation of the applicability of SOM and two of its temporal extensions: Temporal 
Kohonen Map (TKM) and Recurrent Self-Organizing Map (RSOM) for the weather patterns 
recognition related to atmospheric instability factors, clusters were built using the K-means 
technique, which generated three clusters, containing 697, 484 and 593 examples, for the 
cluster 1, 2 and 3, respectively. Figure 6 shows the characteristics of the three clusters 
according to the four variables analyzed. 

In describing some of the differential characteristics between the clusters, it is noticed that in 
cluster 1 CAPE and PWAT have their concentrations at low values, while in cluster 2 the 
concentration of the CAPE is in low values, however for PWAT the values are high. In 
cluster 3 both CAPE and PWAT have their concentrations at high values. Another 
distinctive feature among clusters is the gradual rise of the LFCT median value for the 
clusters 1, 2 and 3, respectively.  It is also noticed that the cluster 1 has a SWET median value 
lower when compared with clusters 2 and 3. 

 
Fig. 6. Characteristics of the clusters 

3.2 Training and evaluation of the models 

For the performance analysis of the networks (SOM, TKM and RSOM) 3 maps were 
constructed, for each network type, in the grids: 5 x 5 units, 7 x 7 units and 9 x 9 units, 
therefore 9 maps in total. 

Each network was trained with 600 examples extracted of the data set, with 200 examples of 
each cluster, randomly chosen. After training, the units of the maps were labeled according 
to their winning histories during training. This allowed that the networks were used as 
classifiers to evaluate their discrimination power. 
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The parameters used in the training of the SOM, TKM and RSOM networks were: 

 Random weight initialization; 
 Initial learning rate equal to 0.8;                  
 Final learning rate equal to 0.001;               
 Number of epochs equal to 50.               

Specifically for the TKM network was used the time constant d equal to 0.65 and for the 
RSOM network was used the leaking coefficient  equal to 0.35. 

Subsequently it was evaluated the performance of the TKM and RSOM classifiers for 
different values of the constants  and d. 

The results were presented in confusion matrices. In the confusion matrix each column 
represents the expected results, while each row corresponds to the actual results. During the 
simulation 1174 remaining examples of the data set were used. 

After, a ROC analysis was done. The ROC graph is a technique for visualizing and 
evaluating classifiers based on their performance (Fawcett, 2006). A ROC graph allows 
identifying relative tradeoffs of a discrete classifier (one that your output is only a class 
label). In ROC graph the true positive rate (tp rate) of a classifier is plotted on the Y axis, 
while the false positive rate (fp rate) is plotted on the X axis. Fig. 7 shows a ROC graph with 
three classifiers labeled A through C. 

 
Fig. 7. ROC graph showing three discrete classifiers 

Some points in ROC graph are very important. The lower left point (0, 0) represents a 
classifier that commits no false positive errors but also gains no true positives. The opposite 
situation is represented by the upper right point (1, 1). The upper left point (0, 1) represents 
a perfect classification (tp rate = 1 and fp rate = 0). In Fig 7, the point A is the ideal classifier; 
the point B represents a conservative classifier; and the point C represents a liberal classifier. 
Conservative classifiers make positive classifications only with strong evidence, i.e., their 
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false positive rates are low but they also have low true positive rates. Liberal classifiers have 
high true positive rates but they also have high false positive rates. 

4. Results 
This section presents the results of the assessment among the studied networks: Self-
Organizing Map (SOM), Temporal Kohonen Map (TKM) and Recurrent Self-Organizing 
Map (RSOM) for the severe weather pattern classification. 

4.1 Evaluation of the SOM, TKM and RSOM classifiers 

Table 1 shows the confusion matrices and the global accuracy of the neural networks 
studied. It is noticed that with the TKM and RSOM classifiers were provided superior 
performances to the original SOM, and between the recurrent networks, the RSOM network 
showed the best results. 

Fig. 8 exhibits the ROC graph for the SOM, TKM and RSOM when the grids of the neural 
networks are 5 x 5. One may notice that the RSOM presents a larger tp rate and a smaller fp 
rate for the labels 2 and 3. For the label 1, the SOM network presented itself as the most 
liberal, and the RSOM as the most conservative network. Therefore, for this grid, the results 
have indicated that the RSOM classifier has a better performance than the other networks 
analyzed in this work. 

 
 

 
 
 

Table 1. Evaluation of the SOM, TKM and RSOM classifiers in different grids 
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Fig. 8. ROC graph for the SOM, TKM and RSOM in 5x5 grid 

Fig. 9 displays the ROC graph of the analyzed models for the 7x7 grid. It is evident that the 
RSOM network has a larger tp rate and a smaller fp rate for labels 1 and 2. For the label 3 the 
SOM and TKM networks presented similar liberal characteristics, while the RSOM network 
showed a more conservative behavior. For these dimensions the results also indicated a better 
performance of the RSOM classifier when compared to the SOM and TKM network options. 

 
Fig. 9. ROC graph for the SOM, TKM and RSOM in 7x7 grid 
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The ROC graph for the SOM, TKM and RSOM in 9x9 grid is presented in Figure 10. One 
notices that for this grid, the RSOM network has a larger tp rate and smaller fp rate for all 
three labels considered. This fact confirms even more the best performance observed for the 
RSOM classifier, among all networks analyzed. 

 
Fig. 10. ROC graph for the SOM, TKM and RSOM in 9x9 grid 

4.2 U-matrix of the SOM, TKM and RSOM networks 

Table 2 shows a comparison among the U-Matrices of the networks studied. The U-Matrices 
are representations of the self-organizing networks where the Euclidean distance between 
the codebook vector of the neighbouring neurons is represented in a two-dimensional color 
scale image. 

It is observed that the RSOM network presented the best view among the networks studied, 
distinguishing clearly the existence of three clusters in the data set used for training this 
neural network. 
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Legend: Color scale represent the Euclidean distance between the codebook vector of the neighbouring 
neurons 

 
 
 
 

Table 2. U-matrix of the SOM, TKM and RSOM networks 

4.3 Labeling of the neurons after the training of the SOM, TKM and RSOM networks 

Table 3 shows a comparison between the labeling of the neurons after the training process, 
using as criteria the activation frequency. It is noticed that RSOM network has a higher 
organization when compared with the other networks. The labels: blue for the cluster 1, 
green for the cluster 2, and red for the cluster 3, were used. 
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Legend: Blue for the cluster 1. Green for the cluster 2. Red for the cluster 3 

Table 3. Labeling of the SOM, TKM and RSOM networks neurons in different grids 

4.4 Time constants variation of the TKM and RSOM classifiers 

One difference between the SOM network and its temporal extensions TKM and RSOM 
is the change in the performance when occur variation in the time constants. In the 
section 4.4.1 and 4.4.2 are shown the results when the time coefficients (d and ) vary in 
the range 0 to 1. 
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4.4.1 d variation 

For different d values the TKM network presented different global accuracies, reducing their 
values in the range limits of 0 to 1. The table 4 shows the confusion matrices and Figure 11 
shows the superposition of the global accuracies due to the d variation. For each TKM 
dimension studied the points were spaced at 0.25 intervals. 
 

 
Table 4. d variation and global accuracy of the TKM network in different grids 

 
Fig. 11. Superposition of the TKM networks global accuracies due to the d variation 
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Figure 12 shows the ROC graph of the TKM model with 5x5 map units and d variations. It 
indicates that for lower values of d (d=0.10 and d=0.35) this classifier presented more 
conservative characteristics for labels 1 and 3, and the most liberal behaviour for the label 2. 
On the other hand, for higher values of d (d=0.60 and d=0.85), in general one notices a decrease 
of the tp rate values and an increment of the fp rate for all labels. One may conclude therefore, 
that the TKM better performances were observed for the lower values of d. 

 
Fig. 12. ROC graph for the TKM model in 5x5 grid with d variation 

Figure 13 displays a ROC graph for the TKM model with 7x7 grid and d variation. In this 
particular case, it is even more evident the superior performance of this classifier when one 
uses the lower values of d. Indeed, its best performance was found for d=0.35 and the worst 
corresponded to d=0.85. 

 
Fig. 13. ROC graph for the TKM model in 7x7 grid with d variation 
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The results relative to the TKM model with 9x9 grid and d variation are graphically 
displayed in Figure 14. For this case, one may notice an approximation among the 
performances of the model for d=0.60 and the results obtained for lower values of d, such as 
the cases for d=0.10 and d=0.35. This togetherness was also observed for the d=0.85 case, 
even though it remains as the worst performance case for the TKM model. Therefore, the 
conclusion was that the smaller values of d provided the best performances for the clusters 
classification by this network type. 

 
Fig. 14. ROC graph for the TKM model in 9x9 grid with d variation 

 
Fig. 15. Superposition of the RSOM networks global accuracies due to the  variation 
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4.4.2  variation 

For different  values the RSOM network presented a global accuracy significant variation. 
Table 5 shows the confusion matrices and figure 15 shows the superposition of the global 
accuracies due to the  variation, for each RSOM dimension studied. 

Figure 16 shows a ROC graph for the RSOM model with 5x5 grid and  variation. One 
notices that with intermediate values of  (=0.35 and =0.60) the classifier presented the 
greatest performances (larger tp rate and smaller fp rate). 

Figure 17 shows a ROC graph for the RSOM model with 7x7 grid and  variation. There is 
an approximation of the performances in this network, between the extreme values (=0.10 
and =0.85) and the intermediate values of  (=0.35 and =0.60). Despite this fact, the 
intermediate  values still presented a general tendency to be the best performers, with 
larger tp rate and smaller fp rate. 

 
 

 
 
 

Table 5.  variation and global accuracy of the RSOM network in different grids 
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Fig. 16. ROC graph for the RSOM model in 5x5 grid with  variation 

 
Fig. 17. ROC graph for the RSOM model in 7x7 grid with  variation 

Figure 18 shows a ROC graph for the RSOM model with 9x9 grid and  variation. This 
figure indicates a superior performance of this classifier, when one uses intermediate values 
of  (=0.35 and =0.60). In such cases the classifier becomes nearly ideal, with tp rate 
approaching 100% and fp rate near 0%. On the other hand, this classifier performance 
becomes very poor for the lowest extreme (=0.10) when compared to the other  
parameters. 
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Fig. 18. ROC graph for the RSOM model in 9x9 grid with  variation 

In summary, we can say that the RSOM network was the one which offered the best clusters 
classification performance, as long as, using intermediate  values. 

5. Conclusion 
This work aimed to evaluate the applicability of the self-organizing map local temporal 
extensions (Temporal Kohonen Map and Recurrent Self-Organizing Map) in the severe 
weather patterns recognition. The study area was the eastern Amazon region, one of the 
areas of the Earth with higher frequency and intensity of extreme weather events, especially 
in terms of the lightning occurrences. 

Its purpose was to contribute in the identification of a useful tool for the weather studies, to 
reduce the damages associated with this natural phenomenon. The performance analysis of 
the recurrent neural networks (TKM and RSOM) with relation to the original SOM resulted 
in the following main conclusions: 

 There is significant change in the global accuracy of the TKM and RSOM classifiers 
depending on the choice of the time coefficients (d and ), respectively; 

 The recurrent neural networks (TKM and RSOM), used as classifiers, presented 
improved performance over the original SOM when adjusted its time coefficients with 
core values within the range of 0 to 1; 
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 The U-matrix of the RSOM network presented a better cluster visualization (in terms of 
separation) when compared with other networks studied, allowing a clear 
differentiation among the three clusters; 

 The labeling of the neurons in the maps, after the training, was better defined for the 
RSOM network when compared with the other networks studied; 

 Finally, after the ROC analysis, it was concluded that among the neural networks 
studied, the RSOM had the best performance as classifier, confirming its usefulness as a 
potential tool for studies related to the severe weather patterns recognition. 
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1. Introduction 
In the last two decades new identification and control tools, like Neural Networks (NN), 
have been used for biotechnological plants (Boskovic & Narendra, 1995). Among several 
possible network architectures the ones most widely used are the Feedforward NN 
(FFNN) and the Recurrent NN (RNN), (Haykin, 1999). The main NN property namely the 
ability to approximate complex non-linear relationships without prior knowledge of the 
model structure makes them a very attractive alternative to the classical modeling and 
control techniques. This property has been proved for both types of NNs by the universal 
approximation theorem (Haykin, 1999). The preference given to NN identification with 
respect to the classical methods of process identification is clearly demonstrated in the 
solution of the “bias-variance dilemma” (Haykin, 1999). The FFNN and the RNN have 
been applied for Distributed Parameter Systems (DPS) identification and control too. In 
(Deng & Li, 2003; Deng et al. 2005; Gonzalez et al, 1998), an intelligent modeling approach 
is proposed for Distributed Parameter Systems (DPS). In  ( Gonzalez et al, 1998), it is 
presented a new methodology for the identification of DPS, based on NN architectures, 
motivated by standard numerical discretization techniques used for the solution of Partial 
Differential Equations (PDE). In (Padhi et al, 2001), an attempt is made to use the 
philosophy of the NN adaptive-critic design to the optimal control of distributed 
parameter systems. In (Padhi & Balakrishnan, 2003) the concept of proper orthogonal 
decomposition is used for the model reduction of DPS to form a reduced order lumped 
parameter problem. In (Pietil & Koivo, 1996), measurement data of an industrial process 
are generated by solving the PDE numerically using the finite differences method. Both 
centralized and decentralized NN models are introduced and constructed based on this 
data. The multilayer feedforward NN realizing a NARMA model for systems 
identification has the inconvenience that it is sequential in nature and require input and 
feedback tap-delays for its realization. In (Baruch et al, 2002; Baruch et al, 2004; Baruch et 
al, 2005a; Baruch et al, 2005b; Baruch et al, 2007a; Baruch et al, 2007b; Baruch et al, 2008; 
Baruch & Mariaca-Gaspar, 2009; Baruch & Mariaca-Gaspar, 2010), a new completelly 
parallel canonical Recurrent Trainable NN (RTNN) architecture, and a dynamic BP 
learning algorithm has been applied for systems identification and control of nonlinear 



 
Recurrent Neural Networks and Soft Computing 

 

176 

plants with equal input/output dimensions, obtaining good results. The RTNN do not 
need the use of tap delays and has a minimum number of weights due to its Jordan 
canonical structure. In the present paper, this RTNN model will be used for identification, 
and direct control, of a digestion anaerobic DPS of wastewater treatment, (Aguilar-
Garnica, 2006), modeled by PDE/ODE (Ordinary Differential Equations), and simplified 
using the Orthogonal Collocation Method (OCM) in four collocation points of the fixed 
bed and one more- for the recirculation tank. We needs to use this simplified ODE 
mathematical model as an input/output data generator for RTNN BP learning instead of 
the real plant. Furthermore the mathematical model description of the plant help us to 
understand the work and the meaning of all process variables of this complex 
biotechnological plant. Here the plant identification by means of RTNN BP learning will 
be changed by the RTNN Levenberg Marquardt (L-M) second order learning, (Baruch et 
al, 2009). This distributed nonlinear parameter plant, described by ODE, has excessive 
high-dimensional measurements which means that the plant output dimension is greater 
than the plant control input one (rectangular system), requiring to use learning by data 
fusion technique and special reference choice. Furthermore the used control laws are 
extended with an integral term, (Baruch et al.2005b; Baruch et al, 2007b), so to form an 
integral plus state control action, capable to speed up the reaction of the control system 
and to augment its resistance to noise. 

2. Mathematical description of the anaerobic digestion bioprocess plant 
The development of the anaerobic digestion process PDE model is based on the two-step 
(acidogenesis-methanization) mass-balance and bacterial kinetics involving the Monod 
equations of the specific growth rates (eq. 1-4). The model incorporates electrochemical 
equilibria in order to include the alkalinity which has to play a central role in the related 
monitoring and control strategy of a wastewater treatment plant. The dynamics of the 
species in the recirculation tank is described by ODE (eq. 7). The parameters of this model 
are obtained by parameter identification and validation (see Bernard et al., 2001). The 
biochemical nature of the processes of waste degradation is described in (Schoefs et al., 
2003, and Bernard et al., 2001) and in cited bibliography. The physical meaning of all 
variables and constants (also its values), are summarized in Table 1. The complete 
analytical model of wastewater treatment anaerobic bioprocess (see Fig. 1), taken from 
(Schoefs et al. 2003 and Aguilar-Garnica et al., 2006), could be described by the following 
system of PDE: 
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Fig. 1. Block-diagram of anaerobic digestion bioreactor 
 

Variable Units Name Value 
z z[0,1] Space variable  
t D Time variable  
Ez m2/d Axial dispersion coefficient 1 
D 1/d Dilution rate 0.55 
H m Fixed bed length 3.5 
X1 g/L Concentration of acidogenic bacteria  
X2 g/L Concentration of methanogenic bacteria  
S1 g/L Chemical Oxygen Demand  
S2 mmol/L Volatile Fatty Acids  
  Bacteria fraction in the liquid phase 0.5 
k1 g/g Yield coefficients 42.14 
k2 mmol/g Yield coefficients 250 
k3 mmol/g Yield coefficients 134 
1 1/d Acidogenesis growth rate  
2 1/d Methanogenesis growth rate  
1max 1/d Maximum acidogenesis growth rate 1.2 
2s 1/d Maximum methanogenesis growth rate 0.74 
K1s’ g/g Kinetic parameter 50.5 
K2s’ mmol/g Kinetic parameter 16.6 
KI2’ mmol/g Kinetic parameter 256 
QT m3/d Recycle flow rate 0.24 
VT m3 Volume of the recirculation tank 0.2 
S1T g/L Concentration of Chemical Oxygen Demand in the recirculation tank  
S2T mmol/L Concentration of Volatile Fatty Acids in the recirculation tank  
Qin m3/d Inlet flow rate 0.31 
VB m3 Volume of the fixed bed 1 
Veff m3 Effective volume tank 0.95 

S1,in g/L Inlet substr. Concentration  
S2,in mmol/L Inlet substr. Concentration  

Table 1.  Summary of the variables in the plant model 
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For practical purpose, the full PDE bioprocess model is reduced to an ordinary differential 
equations system using the OCM  (Bialecki & Fairweather, 2001). The precision of the 
orthogonal collocation method of approximation of the PDE model depended on the 
number of measurement (collocation) points, but the approximation is always exact in that 
points. If the number of points is very high and the point positions are chosen 
inappropriately, the ODE model could loose identifiability. 

Here, the ODE plant model is used as a plant data generator, illustrating the centralized 
neural identification and control of the DPS, so, the point number not need to be too high. 
Our reduced order model have only four points, (0.2H, 0.4 H, 0.6H, 0.8H), but it generated 
18 measured variables as: X1 (acidogenic bacteria), X2 (methanogenic bacteria), S1 (chemical 
oxygen demand) and S2 (volatile fatty acids), and the following variables in the recirculation 
tank: S1T (chemical oxygen demand) and S2T (volatile fatty acids). So the plant input/output 
dimensions are M=2, L=18. The reference set points generated for all that variables keep the 
form but differ in amplification due to its position. The plant ODE system model, obtained 
by OCM is described by the following system of ODE: 

    1, 2,
1, 1, 2, 2 ,, ,i i

i i i i
dX dX

D X D X
dt dt

        (8) 

 
2 2

1,
, 1, , 1, 1 1, 1,2

1 1
,

N N
i z

i j j i j j i i
j j

dS E
B S D A S k X

dt H


 

 
     (9) 

 
2 2

2,
, 1, , 2 , 2 1, 2, 3 2, 2,2

1 1
,

N N
i z

i j j i j j i i i i
j j

dS E
B S D A S k X k X

dt H
 

 

 
      (10) 

    1 2
1, 2 1 2, 2 2, ,T T T T

N T N T
T T

dS Q dS Q
S S S S

dt V dt V      (11) 

    
1

1 1
,1 , , 2 , ,

1

1 , ,
1 1 1 1

N

k k in kT k N k in kT i k i
i

R K K R
S S t S S S t S K S

R R R R






    
      (12) 
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 2,1 2,
1

2, 2 2, 2
, ,N N i

i
N N N N

A A
K K

A A
 

   
   (13) 

  1 2
,, 1 ,l

m l mA l z           (14) 

   1 3 1
, , ,, , 1 2 , ,l l

m l m l m m l mB l l z z                (15) 

 2, 2, , 1, 2.i N m l N      (16) 

The reduced plant model (8)-(16), could be used as unknown plant model which generate 
input/output process data for centralized adaptive neural identification and control system 
design, based on the concepts, given in (Baruch et al., 2008; Baruch & Mariaca-Gaspar, 2009).  

3. Description of the RTNN topology and learning 
The more general BP rule for single neuron learning is the delta rule of Widrow and Hoff, 
given in Haykin, 1999. If we define the cost function of learning as: 

 2( ) (1 /2) ( ), ( ) ( ) ( )k e k e k t k y k      

where ( )k  is the cost function, e(k) is the neuron output error, y(k) is the neuron output 
signal, t(k) is the neuron output target signal, w(k) is the neuron weight, x(k) is the neuron 
input, we could write the following delta rule of neuron learning as: 

 ( 1) ( ) ( ), ( ) ( ) ( )w k w k w k w k e k x k        

We could generalise this delta rule and applied it for learning of multilayer feedforward, 
recurrent or mixed neural networks if we design and draw its topology in block form. Then 
using the diagrammatic method (see Wan & Beaufays, 1996) we could design the adjoint 
NN topology. The NN topology is used to execute the forward pass of the BP learning so to 
compute predictions of the input signals of NN weight blocks. The adjoint NN topology is 
used to execute the backward pass of the BP learning so to compute predictions of the error 
signals of the outputs of that NN weight blocks. So having both predictions we could 
execute the delta learning rule layer by layer and weight by weight. In the following part we 
will apply this simple methodology for the two layered RTNN topology and learning given 
in vector matrix form where the delta rule is generalized as vector product of the local error 
and local input RTNN vectors. 

3.1 RTNN topology and recursive BP learning 

The block-diagrams of the RTNN topology and its adjoint, obtained by means of the 
diagrammatic method of (Wan & Beaufays, 1996), are given on Fig. 2, and Fig. 3. Following 
Fig. 2, and Fig. 3, we could derive the dynamic BP algorithm of its learning based on the 
RTNN topology and its adjoined using the generalized delta rule, given above. The RTNN 
topology is described in vector-matrix form as: 

 1 2 1 2( 1) ( ) ( ), ,T TX k AX k BU k B B B U U U      (17) 
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 1 0 1 2 1( ) ( ), , , ( ) [ ( )], ( ) [ ( )]TV k CZ k C C C Z Z Z Z k G X k Y k F V k      (18) 

 ( ), 1i iA block diag A A    (19) 

The BP learning is described in the following general form: 

 ( 1) ( ) ( ) ( 1)W k W k W k W k         (20) 

Using the adjoint RTNN we could derive the BP learning for the RTNN weights applying 
the generalized delta rule as vectorial products of input and error predictions, as: 

 1 3 3( ) ( ) ( ), ( ) ( ) ( ), ( ) ( ) ( )T T TC k E k Z k B k E k U k A k E k X k       (21) 

 3( ( )) ( ) ( )Vec A k E k X k    (22) 

Where the error predictions are obtained from the adjoint RTNN as follows: 

 , , 2
1( ) ( ) ( ), ( ) [ ( )] ( ), [ ( )] [1 ( )]E k T k Y k E k F Y k E k F Y k Y k      (23) 

 
Fig. 2. Block diagram of the RTNN model 

 
Fig. 3. Block diagram of the adjoint RTNN model 

 , , 2
2 1 3 2( ) ( ) ( ), ( ) [ ( )] ( ), [ ( )] [1 ( )]TE k C k E k E k G Z k E k G Z k Z k     (24) 

Here: X, Y, U are state, augmented output, and input vectors with dimensions N, (L+1), 
(M+1), respectively, where Z1 and U1 are the (Nx1) output and (Mx1) input of the hidden 
layer; the constant scalar threshold entries are Z2 = -1, U2 = -1, respectively; V is a (Lx1) pre-
synaptic activity of the output layer; T is the (Lx1) plant output vector, considered as a 
RTNN reference; A is (NxN) block-diagonal weight matrix; B and C are [Nx(M+1)] and 
[Lx(N+1)]- augmented weight matrices; B0 and C0 are (Nx1) and (Lx1) threshold weights of 
the hidden and output layers; F[], G[] are vector-valued tanh()-activation functions with 
corresponding dimensions; F’[], G’[] are the derivatives of these tanh() functions, 
computed by (23), (24); W is a general weight, denoting each weight matrix (C, A, B) in the 
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RTNN model, to be updated; W (C, A, B), is the weight correction of W; ,  are 
learning rate parameters; C is a weight correction of the  learned matrix C; B is a weight 
correction of the learned matrix B; A is a weight correction of the learned matrix A; the 
diagonal of the matrix A is denoted by Vec() and equation (22) represents its learning as an 
element-by-element vector products; E, E1, E2, E3, are error vectors with appropriate 
dimensions, predicted by the adjoint RTNN model, given on Fig.3. The stability of the 
RTNN model is assured by the activation functions (-1, 1) bounds and by the local stability 
weight bound condition, given by (19). Below it is given a theorem of RTNN stability which 
represented an extended version of Nava’s theorem, (Baruch et al., 2008; Baruch & Mariaca-
Gaspar, 2009; Baruch & Mariaca-Gaspar, 2010). 

Theorem of stability of the BP RTNN. Let the RTNN with Jordan Canonical Structure is 
given by equations (17)-(19) (see Fig.2) and the nonlinear plant model, is as follows: 

 ( 1) [ ( ), ( )], ( ) [ ( )]p p p pX k G X k U k Y k F X k    (25) 

where: {Yp (), Xp (), U()} are output, state and input variables with dimensions L, Np, M, 
respectively; F(), G() are vector valued nonlinear functions with respective dimensions. 
Under the assumption of RTNN identifiability made, the application of the BP learning 
algorithm for A(), B(), C(), in general matricial form, described by equation (20)-(24), and 
the learning rates η (k),  (k) (here they are considered as time-dependent and normalized 
with respect to the error) are derived using the following Lyapunov function: 

 1 2( ) ( ) ( ),L k L k L k   (26) 

Where: 1L (k)   and  2L (k)  are given by: 

   2
1

1 ,
2

L k e k  

                   2 ;
T T T

A A B B C CL k tr W k W k tr W k W k tr W k W k    

Here:                  * * *, , ,A B CW k A k A W k B k B W k C k C       are vectors of the 

weight estimation error; * * *(A ,B ,C ) , ˆ ˆˆ(A(k),B(k),C(k))  denote the ideal neural weight and 
the estimate of the neural weight at the k-th step, respectively, for each case. Then the 
identification error is bounded, i.e.: 

     
     

1 21 1 1 0,

1 1 ;

L k L k L k

L k L k L k

     

    
 

where the condition for 1L (k+1)<0  is that: 

max
max max

1 11 1
2 2 ;

 

   
    

      
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and for 2L (k+1)<0  we have: 

       2 2
2 max max1 1 1 .L k e k e k d k         

Note that maxη  changes adaptively during the RTNN learning and:  

 
3

max 1
max ;i

i
 


  

where all: the unmodelled dynamics, the approximation errors and the perturbations, are 
represented by the d-term. The rate of convergence lemma used, is given below. The 
complete proof of that Theorem of stability is given in (Baruch et al., 2008). 

Rate of convergence lemma (Baruch & Mariaca-Gaspar, 2009). Let kL  is defined. Then, 
applying the limit's definition, the identification error bound condition is obtained as: 

   2 2

1

1lim 1 .
k

k t

E t E t d
k 

    
   

Proof.  Starting from the final result of the theorem of RTNN stability: 

         2 2
1L k k E k k E k d        

and iterating from k=0, we get:  

       2 2

1 1
1 0 1 ,

k k

t t

L k L E t E t dk
 

         

         2 2

1
1 1 0 0 .

k

t

E t E t dk L k L dk L


         
   

From here, we could see that d must be bounded by weight matrices and learning 
parameters, in order to obtain:    L k   .  

As a consequence:            , ,A k B k C k         

3.2 Recursive Levenberg-Marquardt RTNN learning 

The general recursive L-M algorithm of learning, (Baruch & Mariaca-Gaspar, 2009; Baruch & 
Mariaca-Gaspar, 2010)  is given by the following equations: 

          W 1 =Wk k P k Y W k E W k          , (27) 

      ,Y W k g W k U k       , (28) 
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         22 ,pE W k Y k g W k U k        , (29) 

  
   

 

,

W W k

g W k U k
DY W k

W


       
; (30) 

Where: W is a general weight matrix (A, B, C) under modification; P is a symmetric matrix 
updated by (37); DY[] is an Nw-dimensional gradient vector; Y is the RTNN output vector 
which depends of  the updated weights and the input; E is an error vector; Yp is the plant 
output vector, which is in fact the target vector. Using the same RTNN adjoint block 
diagram (see Fig.3), it was possible to obtain the values of the gradients DY[] for each 
updated weight, propagating the value D(k) = I through it. Applying equation (30) and 
using the RTNN adjoint (see Fig. 3) we could compute each weight matrix (A, B, C) in order 
to be updated. The corresponding gradient components are found as follows:  

      1,ij i jDY C k D k Z k    , (31) 

    '
1,i j iD k F Y k    , (32) 

      2, ,ij i jDY A k D k X k     (33) 

      2, ,ij i jDY B k D k U k     (34) 

      '
2, 1, .i i j i iD k G Z k C D k   

 (35) 

Therefore the Jacobean matrix could be formed as: 

           , , .ij ij ijDY W k DY C k DY A k DY B k      
 (36) 

The P(k) matrix was computed recursively by the equation: 

                 1 11 1 1 ;TP k k P k P k W k S W k W k P k                   (37) 

where the S(), and Ω() matrices were given as follows: 

            1 ,TS W k k k W k P k W k                (38) 

  

   

1 4 6

3 6

( )( ) ;
0 1 0

1 0
; 10 10 ;

0

0.97 1; 10 0 10 .

T
T Y W k

W k

k

k P






  

         
  

 
    

 
   

 

 (39) 
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The matrix Ω() had a dimension (Nwx2), whereas the second row had only one unity 
element (the others were zero). The position of that element was computed by: 

  mod 1;i k Nw k Nw    (40) 

After this, the given up topology and learning are applied for an anaerobic wastewater 
distributed parameter centralized system identification and control. 

4. Description of the direct centralized recurrent neural control with I-term 
The block-diagram of the closed loop control system is given on Fig.4.   

 
Fig. 4. Block diagram of the direct adaptive I-term control containing RTNN identifier and 
RTNN controller 

It contained a recurrent neural identifier RTNN 1, and a RTNN-2 controller with entries – 
the reference signal R, the I-term signal V, and the state vector X estimated by the RTNN-1. 
The input of the plant is perturbed by a constant load perturbation Offset which took into 
account also the imperfect identification of the plant model. The RTNN-1, 2 topologies are 
given by (17)-(19), and the nonlinear plant model is given by equations (8)-(16). Let us to 
linearize the equations of the plant and the RTNN-2 controller and to introduce the equation 
of the I-term as: 

 0( 1) ( ) ( )cV k V k T E k    (41) 

where the dimension of the I-term vector V(k) is equal of the dimension of the error vector, 
equal of the dimension L of the plant output Yp(k). Now we could write the following z-
transfer functions with respect to V, X, R, corresponding to Fig.4: 

 1( ) ( )p p p pW z C zI A B   (42) 

 1( ) ( )i i iP z zI A B   (43) 
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 1
1( ) ( )c c cvQ z C zI A B   (44) 

 1
2( ) ( )c c cxQ z C zI A B   (45) 

 1
3( ) ( )c c crQ z C zI A B   (46) 

 1
0( ) ( )I z T zI I    (47) 

The RTNN topology is controllable and observable, and the BP/L-M algorithms of learning 
are convergent, (see Baruch & Mariaca-Gaspar, 2009; Baruch & Mariaca-Gaspar, 2010). Then 
the identification and control errors tend to zero (Ei(k) = Yp(k) – Y(k) → 0 and Ec(k) = R(k) - 
Yp(k) → 0; k → ∞). This means that each transfer function given by equations (42)-(46) is 
stable with minimum phase. The z-transfer functions (42)-(47) are connected by the next 
equation, derived following the block-diagram of the Fig. 4:  

 
1

2 1

1
2 1 3

{ ( )[ ( ) ( )] ( ) ( )} ( )

( )[ ( ) ( )] [ ( ) ( ) ( )] ( ) ( ) ( )
p i p

p i p

I W z I Q z P z Q z I z Y z

W z I Q z P z Q z I z Q z R z W z Of z





  

   
 (48) 

Substituting (47) in (48), finally we obtained: 

 
1

2 1 0
1

2 1 0 3

{( 1) ( )[ ( ) ( )] ( ) } ( )

( )[ ( ) ( )] [ ( ) ( 1) ( )] ( ) ( )( 1) ( )
p i p

p i p

z I W z I Q z P z Q z T Y z

W z I Q z P z Q z T z Q z R z W z z Of z





   

     
 (49) 

The equation (49) showed that the closed-loop system is stable (Yp(k) → R(k); k → ∞) and 
that the I-term eliminated the constant perturbation Of(z) because the last term tended to 
zero when z tended to 1. 

The centralized DPS could be considered as a system with excessive measurements (L>M), 
where the Direct Adaptive Neural Control (DANC) performed a data fusion so to elaborate 
the control action. So we need to compute the plant input error for the learning of the 
RTNN-2 controller. An approximated way to obtain the input error from the output error is 
pre-multiplying it by the (CB)+  using the estimated C,B-matrices as follows:  

 1( ) ( ) ( ),( ) [( ) ( )] ( )T T
u cE k CB E k CB CB CB CB     (50) 

5. Description of the indirect (sliding mode) centralized recurrent neural 
control with I-term 
The block-diagram of the control system is given on Fig.5. It contained a recurrent neural 
identifier RTNN 1, and a Sliding Mode (SM) controller with entries – the reference signal R, 
the output error Ec, and the states X and parameters A, B, C, estimated by the neural 
identifier RTNN-1. The total control is a sum of the SM control and the I-term control, 
computed using (41). 
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Fig. 5. Block diagram of the indirect adaptive SM control with I-term containing RTNN 
identifier and SM controller 

The linearization of the activation functions of the local learned identification RTNN-1 
model, which approximated the plant, leads to the following linear local plant model: 

 ( 1) ( ) ( ), ( ) ( )X k AX k BU k Y k CX k     (51) 

where L > M (rectangular system), is supposed. Let us define the following sliding surface 
with respect to the output tracking error: 

 
i=1

( 1) ( 1) ( - 1) ;  | | 1;
P

i iS k E k E k i        (52) 

where: S() is the sliding surface error function; E() is the systems local output tracking 
error; i are parameters of the local desired error function; P is the order of the error 
function. The additional inequality in (52) is a stability condition, required for the sliding 
surface error function. The local tracking error is defined as: 

 ( ) ( ) - ( );E k R k Y k  (53) 

where R(k) is a L-dimensional local reference vector and Y(k) is an local output vector with 
the same dimension. The objective of the sliding mode control systems design is to find a 
control action which maintains the systems error on the sliding surface assuring that the 
output tracking error reached zero in P steps, where P<N, which is fulfilled if: 

 ( 1) 0.S k    (54) 

As the local approximation plant model (51), is controllable, observable and stable, 
(Baruch et al., 2004; Baruch et al., 2008), the matrix A is block-diagonal, and L>M 
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(rectangular system is supposed), the matrix product (CB) is nonsingular with rank M, 
and the plant states X(k) are smooth  non- increasing functions. Now, from (51)-(54), it is 
easy to obtain the equivalent control capable to lead the system to the sliding surface 
which yields: 

  
1

( ) ( ) ( 1) ( 1) ,
P

eq i
i

U k CB CAX k R k E k i Of



 
        

 
  (55) 

        
1

.T TCB CB CB CB
       (56) 

Here the added offset Of is a learnable M-dimensional constant vector which is learnt using 
a simple delta rule (see Haykin, 1999, for more details), where the error of the plant input is 
obtained backpropagating the output error through the adjoint RTNN model. An easy way 
for learning the offset is using the following delta rule where the input error is obtaned from 
the output error multiplying it by the same pseudoinverse matrix, as it is: 

        1 1 ( ) .Of k Of k Of k CB E k       (57) 

If we compare the I-term expression (41) with the Offset learning (57) we could see that they 
are equal which signifyed that the I-term generate a compensation offset capable to 
eliminate steady state errors caused by constant perturbations and discrepances in the 
reference tracking caused by non equal input/output variable dimensions (rectangular case 
systems). So introducing an I-term control it is not necessary to use an compensation offset 
in the SM control law (55). 

The SMC avoiding chattering is taken using a saturation function inside a bounded control 
level Uo, taking into account plant uncertainties. So the SMC has the form: 

  
0

0
0

( ), if ( )

;( )
, if ( ) .

( )

eq eq

eq
eq

eq

U k U k U

U k U U k
U k U

U k

 
 




       (58) 

The proposed SMC cope with the characteristics of the wide class of plant model reduction 
neural control with reference model, and represents an indirect adaptive neural control, 
given by (Baruch et al., 2007a; Baruch et al., 2007b).   

6. Description of the centralized optimal control with I-term 
The block-diagram of the optimal control system is given on Fig.6. It contained a recurrent 
neural identifier RTNN 1, and an optimal controller with entries – the reference signal R, the 
output of the I-term block, and the states X and parameters A, B, C, estimated by the neural 
identifier RTNN-1. The optimal control algorithm with I-term could be obtained extending 
the linearized model (51) with the model of the I-term (41). The extended model is: 
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Fig. 6. Block diagram of the real-time optimal control with I-term containing RTNN 
identifier and optimal controller 

 ( 1) ( ) ( )e e e eX k A X k B U k    (59) 

Where: Xe = [X |V] T is a state vector with dimension (L + N) and: 

 
0

,
( )e e

A B
A B

ICB CA I 


 (60) 

The optimal I-term control is given by: 

 1( ) [ ] [ ] ( )T T
e e e e e e eU k B P B R B P B X k    (61) 

Where the Pe is solution of the discrete Riccati equation: 

 1( 1) [ ( ) ( ) ( ( ) ) ( )]T T T
e e e e e e e e e e eP k A P k P k B B P k B R B P k A Q      (62) 

The given up optimal control is rather complicated and here it is used for purpose of 
comparison. 

7. Simulation results 
In this paragraph, graphical and numerical simulation results of system identification, 
direct, indirect (SM), and optimal control, with and without I-term, will be given. For lack of 
space we will give graphical results only for the X1 variable. Furthermore the graphical 
results for the other variables possessed similar behavior. The identification results are 
obtained from an RTNN identifier by a BP or L-M learning. For sake of comparison we give 
results of systems identification using both algorithms of learning. 
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7.1 Simulation results of the system identification 

The RTNN-1 performed real-time neural system identification (parameters and states 
estimation) of 18 output plant variables, which are: 4 variables for each collocation point 
z=0.2H, z=0.4H, z=0.6H, z=0.8H of the fixed bed as: X1 (acidogenic bacteria), X2 
(methanogenic bacteria), S1 (chemical oxygen demand) and S2 (volatile fatty acids), and the 
following variables in the recirculation tank: S1T (chemical oxygen demand) and S2T (volatile 
fatty acids). For lake of space we shall show some graphical results (see Fig. 7-9) only for the 
X1 variable. The topology of the RTNN-1 is (2, 20, 18), the activation functions are tanh(.) for 
both layers. The learning rate parameters for the L-M learning are as follows: the forgetting 
factor is =1, the regularization constant is ρ=0.001, and the initial value of the P matrix is an 
identity matrix with dimension 420x420. For the BP algorithm of learning the learning 
constants are chosen as =0, =0.4. The simulation results of RTNN-1 system identification 
are obtained on-line during 400 days with a step of 0.5 day in four measurement points 
using BP and L-M learning. The identification inputs used are combination of three 
sinusoids as: 

 1,
30.5 0.02sin 0.1sin 0.04cos

100 100 100inS t t t
               

     
 (63) 

 2,
5 80.5 0.1sin 0.1sin 0.1cos

100 100 100inS t t t
               

     
 (64) 

 

 
 

Fig. 7. Graphical simulation results of the neural identification of the plant output X1 vs. 
RTNN output in four measurement points for the total time of L-M learning : a) z=0.2H,  b) 
z=0.4H, c) z=0.6H, d) z=0.8H 
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Fig. 8. Graphical simulation results of the neural identification of the plant output X1 vs. 
RTNN output in four measurement points for the beginning of L-M learning : a) z=0.2H,  b) 
z=0.4H, c) z=0.6H, d) z=0.8H 

 

 
 

Fig. 9. Three dimensional plot of the neural identification results of the plant output X1 in 
four measurement points of L-M learning : z=0.2H,  z=0.4H, z=0.6H, z=0.8H  
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Fig. 10. Graphical simulation results of the neural identification of the plant output X1 vs. 
RTNN output in four measurement points for the total time of BP learning : a) z=0.2H,  b) 
z=0.4H, c) z=0.6H, d) z=0.8H 

 

 
 

Fig. 11. Graphical simulation results of the neural identification of the plant output X1 vs. 
RTNN output in four measurement points for the beginning of BP learning: a) z=0.2H, b) 
z=0.4H, c) z=0.6H, d) z=0.8H 
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Fig. 12. Three dimensional plot of the neural identification results of the plant output X1 in 
four  measurement points of BP  learning : z=0.2H,  z=0.4H, z=0.6H, z=0.8H  

Table 2 and Table 3 compared the final Means Squared Error (MSE%) results of the L-M and 
BP neural identification of plant variables for the fixed bed and the recirculation tank. Note 
that the form of the plant process variables in the different measurement points is equal but 
the amplitude is different depending on the point position.  
 

Collocation point X1 X2 S1 / S1T S2 / S2T 

z=0.2 5.0843E-7 1.8141E-6 1.3510E-4 2.5476E-4 
z=0.4 3.1428E-7 1.3934E-6 8.3839E-5 1.8217E-4 
z=0.6 1.9617E-7 9.6976E-7 5.2303E-5 1.2200E-4 
z=0.8 1.2669E-7 6.6515E-7 3.3940E-5 8.1905E-5 

Recirculation tank   2.6318E-5 6.3791E-5 

Table 2. MSE of the centralized RTNN approximation of the bioprocess output variables in 
the collocation points, using the L-M RTNN learning 
 

Collocation point X1 X2 S1 / S1T S2 / S2T 

z=0.2 5.9981E-7 2.1006E-6 1.5901E-4 2.8282E-4 
z=0.4 3.7111E-7 1.6192E-6 9.8240E-5 2.0506E-4 
z=0.6 2.3145E-7 1.1308E-6 6.1119E-5 1.3908E-4 
z=0.8 1.4997E-7 7.7771E-7 3.9595E-5 9.4061E-5 

Recirculation tank   3.0694E-5 7.3404E-5 

Table 3. MSE of the centralized RTNN approximation of the bioprocess output variables in 
the collocation points, using the BP RTNN learning 

The graphical and numerical results of the centralized RTNN identification (see Fig. 7-12, 
and Tables 2, 3) showed a good RTNN convergence and precise plant output tracking (MSE 
is 2.5476E-4 for the L-M, and 2.8282E-4 for the BP RTNN learning in the worst case). 
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7.2 Simulation results of the centralized direct adaptive neural control with I-term 
using L-M learning 

The real-time DANC (see Fig. 4) contained a neural identifier RTNN-1 and a neural 
controller RTNN-2 with topology (40, 10, 2). Both RTNNs-1, 2 are learnt by the L-M 
algorithm with parameters: RTNN-1 (=1, ρ=0.0001, Po=10 I with dimension 420x420); 
RTNN-2 (=1, ρ=0.01, Po=0.8 I with dimension 430x430). The simulation results of DANC 
are obtained on-line during 1000 days with a step of 0.1 day. The control signals are 
shown on Fig. 13. The Fig. 14-16 compared the plant output X1 with the reference signal in 
different measurement points. The form of the set points (train of pulses with random 
amplitude) of the variable X1 in the different measurement points is equal but the 
amplitude is different depending on the point position. This means that the plant has 
different signal amplification in each measurement point which needs to be taken in 
consideration. 

 
Fig. 13. Plant input control signals generated by I-term DANC: a) Sin1, and b) Sin2 
 

Collocation point X1 X2 S1 / S1T S2 / S2T 

z=0.2 2.2920E-8 1.3366E-7 5.9740E-6 1.7568E-5 

z=0.4 1.4517E-8 8.0704E-8 3.4003E-6 9.3272E-6 

z=0.6 8.5061E-9 4.3891E-8 1.9213E-6 4.9682E-6 

z=0.8 4.4770E-9 2.1242E-8 1.2789E-6 3.1322E-6 

Recirculation tank   1.0067E-6 2.2073E-6 

Table 4. MSE of the centralized I-term DANC of the bioprocess output variables in the 
collocation points, using the L-M RTNN learning 

The given on Fig. 14-16 graphical results of I-term DANC showed smooth exponential 
behavior. It could be seen also that the L-M learning converge fast and the I-term remove 
the constant noise Of, and the plant uncertainties. The obtained numerical results (see 
Table 4) of final MSE of L-M learning possessed small values (1.7568E-5 in the worse 
case). 
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Fig. 14. Graphical simulation results of the I-term DANC of the plant output X1 vs. system 
reference in 4 measurement points for the total time of L-M learning: a)z=0.2H, b) z=0.4H, c) 
z=0.6H, d)z=0.8H 

 

 
 

Fig. 15. Graphical simulation results of the I-term DANC of the output X1 vs. system 
reference in four measurement points for the beginning of L-M learning: a) z=0.2H, b) 
z=0.4H, c) z=0.6H,d) z=0.8H 



Centralized Distributed Parameter Bioprocess  
Identification and I-Term Control Using Recurrent Neural Network Model 

 

195 

 
Fig. 16. Three dimensional plot of the I-term DANC of the plant output X1 in four 
measurement points of L-M learning : z=0.2H,  z=0.4H, z=0.6H, z=0.8H  

7.3 Simulation results of the centralized indirect (SM) adaptive neural control with I-
term using L-M learning 

In this case the indirect adaptive I-term control is a sum of the I-term control signal and the 
SM control, computed using the state and parameter information issued from the RTNN-1 
neural identifier. The control signals are shown on Fig. 17. The X1 control simulation results 
are given on Fig. 18-20. The simulation results of SMC are obtained on-line during 1000 days 
with a step of 0.1 day. The given on Fig. 18-20 graphical results of I-term SMC demonstrated 
smooth behavior. It could be seen also that the L-M learning converge fast and the I-term 
remove the constant noise Of, and the plant uncertainties.  

 

 
 
Fig. 17. Plant input control signals generated by the I-term centralized indirect SMC: a) Sin1, 
and b) Sin2 



 
Recurrent Neural Networks and Soft Computing 

 

196 

 

 
 

Fig. 18. Graphical simulation results of the I-term indirect SM control of the plant output X1 
vs. system reference in four measurement points for the total time of L-M learning: a) 
z=0.2H,  b) z=0.4H, c) z=0.6H, d) z=0.8H 

 

 
 

Fig. 19. Graphical simulation results of the I-term indirect SM control of the plant output X1 
vs. system reference in four measurement points for the beginning of L-M learning: a) 
z=0.2H, b) z=0.4H, c) z=0.6H, d) z=0.8H 
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Fig. 20. Three dimensional plot of the I-term indirect SM control results of the plant output 
X1 in four measurement points of L-M learning : z=0.2H,  z=0.4H, z=0.6H, z=0.8H  

The Fig. 21 illustrated the behavior of the SMC system without I-term perturbed by a 
constant noise Of, causing a big error of reference tracking. 
 

 
 

Fig. 21. Graphical simulation results of the indirect SM control without I-term of the plant 
output X1 vs. system reference in four measurement points for the total time of L-M 
learning: a) z=0.2H,  b) z=0.4H, c) z=0.6H, d) z=0.8H 
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The given on Fig. 18-20 graphical results of I-term SMC showed smooth exponential 
behavior, fast convergence and the removal of the constant noise terms. The Fig. 21 showed 
that the constant perturbation in the input of the plant caused a deviation of the plant 
output X1 with respect of the set point R1 and this occurred for all other plant output signals 
and measurement points. The final MSE for all point output variables are given in Table 5.  
 

Collocation point X1 X2 S1 / S1T S2 / S2T 

z=0.2 2.6969E-8 1.7122E-7 9.9526E-6 2.1347E-5 
z=0.4 1.3226E-8 1.2511E-7 5.2323E-6 1.2903E-5 
z=0.6 1.0873E-8 6.5339E-8 3.2234E-6 7.0511E-6 
z=0.8 5.9589E-9 4.4750E-8 1.6759E-6 4.4548E-6 

Recirculation tank   1.1842E-6 2.5147E-6 

Table 5. MSE of the I-term indirect (SM) centralized control of the bioprocess plant variables 
in all measurement points 

The final MSE given on Table 5 possessed small values (2.1345E-5 in the worse case). 

7.4 Simulation results of the centralized I-term optimal control using neural identifier 
and L-M RTNN learning 

The integral term extended the identified local linear plant model so it is part of the indirect 
optimal control algorithm. The generated by the optimal control plant input signals are 
given on Fig. 22. The Fig. 23-25 illustrated the X1 I-term optimal control results. The MSE 
numerical results for all final process variable and measurement points control results, given 
on Table 6 possessed small values (1.4949E-5 in the worse case). 

 
Fig. 22. Plant input control signals generated by the I-term centralized optimal control: a) 
Sin1, and b) Sin2 
 

Collocation point X1 X2 S1 / S1T S2 / S2T 

z=0.2 2.06772E-8 1.5262E-7 9.3626E-6 1.4949E-5 
z=0.4 1.3819E-8 7.5575E-8 5.6917E-6 1.0197E-5 
z=0.6 1.8115E-8 4.7505E-8 2.8872E-6 6.1763E-6 
z=0.8 1.5273E-8 5.9744E-8 1.6295E-6 4.2868E-6 

Recirculation tank   1.3042E-6 2.5136E-6 

Table 6. MSE of the I-term opt. control of the bioprocess plant variables in all meas. points 
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Fig. 23. Graphical simulation results of the I-term optimal control of the plant output X1 vs. 
system reference in four measurement points for the total time of L-M learning: a) z=0.2H,  
b) z=0.4H, c) z=0.6H, d) z=0.8H 

 

 
 

Fig. 24. Graphical simulation results of the I-term optimal control of the plant output X1 vs. 
system reference in four measurement points for the beginning of L-M learning: a) z=0.2H, 
b) z=0.4H, c) z=0.6H, d) z=0.8H 
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Fig. 25. Three dimensional plot of the I-term optimal control results of the plant output 
X1 in four measurement points of L-M learning : z=0.2H,  z=0.4H,  z=0.6H, z=0.8H  

The given on Fig. 23-25 graphical results of I-term optimal control showed smooth 
exponential behavior, fast convergence and the removal of the constant noise terms.  

8. Conclusion 
The paper proposed a new neural identification and control methodology for distributed 
parameter bioprocess plant. The simplification of the DPS given by PDEs is realized using 
the orthogonal collocation method in four collocation points, converting the PDE plant 
description in ODE one. The system is identified using RTNN model and BP and L-M 
learning, where a high precision of convergence is achieved (the final MSE% for both BP and 
L-M learning algorithms is of order of E-4 in the worse case). The comparative results 
showed a slight priority in precision and convergence of the L-M over the BP which could 
be seen in Figures 8, 11, and Tables 2, 3 (the worse case MSE for the L-M RTNN learning is 
2.5476E-4 vs. BP RTNN learning which is 2.8282E-4). The obtained comparative simulation 
results of centralized adaptive direct, indirect SM and optimal control with I-term exhibited 
a good RTNN convergence and precise reference tracking. The MSE% of plant outputs 
tracking for the three considered methods of control is of order of E-5 in the worse case. The 
graphical simulation results showed that all control methods with I-term could compensate 
constant plant input noises and the I-term removal caused a system outputs deviation from 
the reference signals (see Fig. 21). The MSE study ordered the control methods used as: 
optimal, direct, and indirect, but the difference between them is little (see Tables 4.5.6 where 
worse case final MSE for DANC is 1.7568E-5; for SMC is 2.1347E-5; for the optimal control it 
is 1.4949E-5). 
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1. Introduction  

A distributed computer system (CS) is a set of elementary computers (ECs) connected by a 
network that is program-controlled from these computers. Each EC includes a computing 
module (CM) (processor with a memory) and a system unit (message router). The message 
router operates under CM control and has input and output ports connected to the output 
and input ports of the neighboring ECs, correspondingly. The CS structure is described by 
the graph s s sG (V ,E ) , where sV  is the set of ECs and  s s sE = V V  is the set of connections 
between the ECs.  

The topology of a distributed system may undergo changes while the system is operating, 
due to failures or repairs of communication links, as well as due to addition or removal of 
ECs (Bertsekas,  Tsitsiklis, 1989). The CS robustness means that failures and recoveries of the 
ECs bring only to increasing and decreasing time of a task execution. Control on resources 
and tasks in the robust distributed CS suggested solution of the following problems 
(Tarkov, 2003, 2005): the CS optimal decomposition to connected subsystems; mapping 
parallel program structures onto the subsystem structures; static and dynamic balancing 
computation load among CMs of the computer system (subsystem); static and dynamic 
message routing (implementation of paths for data transfer), i.e. balancing communication 
load in the CS network; distribution of program and data copies for organization of fault 
tolerant computations; subsystem reconfiguration and redistribution of computation and 
communication load for computation recovery from failures, and so on.  

As a rule, all these problems are considered as combinatorial optimization problems (Korte 
& Vygen, 2006), solved by centralized implementation of some permutations on data 
structures distributed on elementary computers of the CS. The centralized approach to the 
problem solution suggests gathering data in some (central) EC, solving optimization 
problem in this EC with the following scattering results to all ECs of the system (subsystem). 
As a result we have sequential (and correspondingly slow) method for the problem solution 
with great overhead for gathering and scattering data. Now a decentralized approach is 
significantly developed for solution of problems of control resources and tasks in computer 
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systems with distributed memory (Tel G.,  1994), and in many cases this approach allows to 
parallelize the problem solution. 

Massive parallelism of data processing in neural networks allows us to consider neural 
networks as a perspective, high-performance, and reliable tool for solution of complicated 
optimization problems (Melamed, 1994; Trafalis &  Kasap, 1999; Smith, 1999; Haykin, 1999; 
Tarkov, 2006). The recurrent neural network (Hopfield & Tank,  1985; Wang, 1993; Siqueira, 
Steiner & Scheer, 2007, 2010; Serpen & Patwardhan, 2007; Serpen, 2008; da Silva, Amaral, 
Arruda & Flauzino, 2008; Malek, 2008) is a most interesting tool for solution of discrete 
optimization problems. A model of a globally converged recurrent Hopfield neural network 
is in good accordance with Dijkstra’s self-stabilization paradigm (Dijkstra, 1974). This 
signifies that the mappings of parallel program graphs onto graphs of distributed computer 
systems, carried out by Hopfield networks, are self-stabilizing (Jagota, 1999). An importance 
of usage of the self-stabilizing mappings is caused by a possibility of  breaking the CS graph 
regularity by failures of ECs and intercomputer connections. 

For distributed CSs, the graph of a parallel program p p pG (V ,E )  is usually determined as a 
set  pV  of the program branches (virtual elementary computers) interacting with each other 
by the point−to−point principle through transferring messages via logical (virtual) channels 
(which may be unidirectional or bidirectional) of the set p p pE V V  . Interactions between 
the processing modules are ordered in time and regular in space for most parallel 
applications (line, ring, mesh, etc.) (Fig. 1).  

For this reason, the maximum efficiency of information interactions in advanced high-
performance CSs is obtained by using regular graphs ( , )s s sG V E  of connections between 
individual computers (hypercube, torus) (Parhami, 2002; Yu, Chung & Moreira, 2006; Balaji, 
Gupta, Vishnu & Beckman, 2011). The hypercube structure is described by a graph known 
as a m-dimensional Boolean cube with a number of nodes 2mn  . Toroidal structures are m-
dimensional Euclidean meshes with closed boundaries. For m = 2, we obtain a two-
dimensional torus (2D-torus) (Fig. 2); for m = 3, we obtain a 3D-torus. 

 
Fig. 1. Typical graphs of parallel programs (line, ring and mesh) 
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Fig. 2. Example of a 2D-torus 

In this paper, we consider a problem for mapping graph p p pG (V ,E )  of a parallel program 
onto graph s s sG (V ,E )  of a distributed CS, where p sn V V   is a number of program 
branches (of  ECs). The mapping objective is to map nodes of the program graph pG  onto 
nodes of the system graph sG  one-to-one to carry out mapping  pG  edges onto edges  of  

sG  (to establish an isomorphism between the program graph pG  and a spanning subgraph 
of the system graph sG ). 

In section 2, we consider a recurrent neural network as a universal technique for solution of 
mapping problems. It is a local optimization technique, and we propose additional 
modifications (for example, penalty coefficients and splitting) to improve the technique 
scalability. 

In section 3, we propose an algorithm based on the recurrent neural network and WTA 
(“Winner takes all”)  approach for the construction of Hamiltonian cycles in graphs. This 
algorithm maps only line- and ring-structured parallel programs. So, it is less universal than 
the technique proposed in section 2 but more powerful because it implements a global 
optimization approach, and hence it is very more scalable than the traditional recurrent 
neural networks. 

2. Mapping graphs of parallel programs onto graphs of distributed computer 
systems by recurrent neural networks  

Let us consider a matrix v  of neurons with size n n , each row of the matrix corresponds 
to some branch of a parallel program and every column of the matrix corresponds to some 
EC. Each row and every column of the matrix v  must contain only one nonzero entry equal 
to one, other entries must be equal to zero.  Let the distance between the neighboring nodes 
of the CS graph is taken as a unit distance and ijd  is the length of the shortest path between 
nodes i and j in the CS graph. Then we define the energy of the corresponding Hopfield 
neural network by the Lyapunov function 
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c xj yi
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d xi yj ij
x i y Nb x j i

L C L D L

L v v

L v v d

 (1) 

Here ijd  is the distance between nodes i  and j  of the system graph corresponding to 
adjacent nodes of the program graph (a “dilation” of the edge of the program graph on the 
system graph), ( )pNb x  is a neighborhood of the node x on the program graph.  

The value xiv  is a state of the neuron in the row x  and column i  of the matrix v, C and D 
are parameters of the Lyapunov function. cL  is minimal when each row and every column 
of v contains only one unity entry (all other entries are zero). Such matrix v is a correct 
solution of the mapping problem (Fig. 3).  

 
Fig. 3. Example of correct matrix of neuron states 

The minimum of dL  provides minimum of the sum of distances between adjacent pG  nodes 
mapped onto nodes of the system graph sG  (Fig. 4). 

The Hopfield network minimizing the function (1) is described by the equation  

 xi

xi

u L
t v

 
 

 
 (2) 

where xiu  is an activation of the neuron with indices x, i ( , 1,..., )x i n ,  

 
1

1 expxi
xi

v
u


 

 

is the neuron state (output signal),   is the activation parameter.  
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Fig. 4. Example of optimal mapping of “line”-graph onto torus (the mapping is 
distinguished by bold  lines; the line-graph’s node numbers are shown in brackets) 

From (1) and (2) we have 

 
( )

2 .
p

xi
xj yi yj ij

j y y Nb x j i

u
C v v D v d

t  

 
     
   
     (3) 

A difference approximation of Equation (3) yields 

 1

( )
2

p

t t
xi xi xj yi yj ij

j y y Nb x j i

u u t C v v D v d

 

  
        

    
    , (4) 

where t  is a temporal step. Initial values 0
xiu  ( , 1,..., )x i n  are stated randomly.  

A choice of parameters , , ,t C D   determines a quality of the solution v of  Equation (4). In 
accordance with (Feng & Douligeris, 2001) for the problem (1)-(4)  a necessary condition of 
convergence is 

 
 

min ,
2 1

f
C D





 (5) 

where min
( )

min
p

yj ij
y Nb x j i

f v d
 

    
  
  , [0,1)   and   being a value close to 1. For a parallel 

program graph of a line type min 1f  . For example, taking 0.995   for the line we have 

100C D  . 

From (4) and (5) it follows that the parameters t  and D are equally influenced on the 
solution of the equation (4). Therefore we state 1t   and have the equation 
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 1

( )
2 .

p

t t
xi xi xj yi yj ij

j y y Nb x j i

u u C v v D v d

 

 
       
 
 
     (6) 

Let 0.1   (this value was stated experimentally). We will try to choose the value D  to 
provide the absence of incorrect solutions. 

 2.1 Mapping by the Hopfield network 

Let us evaluate the mapping quality by a number of coincidences of the program edges with 
edges of the system graph. We call this number a mapping rank. The mapping rank is an 
approximate evaluation of the mapping quality because the mappings with different 
dilations of the edges of the program graph may have the same mapping rank. 
Nevertheless, the maximum rank value, which equals to the number pE of edges of the 
program graph, corresponds to optimal mapping, i.e. to a global minimum of  dL  in (1). Our 
objective is to determine the mapping algorithm parameters providing maximum 
probability of the optimal mapping.  
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Fig. 5. Histograms of mappings for the neural network (6) 
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Fig. 6. Histograms of mappings for the neural network (8) 

As an example for investigation of the mapping algorithm we consider the mapping of a 
line-type program graph onto a 2D-torus. Maximal value of the mapping rank for a line 
with n  nodes is obviously equal to n-1. 

For experimental investigation of the mapping quality, the histograms of the mapping rank 
frequencies are used for a number of experiments equals to 100. The experiments for 
mapping the line onto the 2D-torus with the number of nodes 2 , 3,4,n l l   where l is the 
cyclic subgroup order, are carried out. 

For 8D   the correct solutions are obtained for 9n   and 16n  , but as follows from Fig. 
5а  and Fig. 5b for 8D  , the number of solutions with optimal mapping, corresponding to 
the maximal mapping rank, is small. 

To increase the frequency of optimal solutions of Equation (6) we replace the distance values 
ijd  by the values  
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1
1

ij ij
ij

ij ij

d d
c

p d d

   
 (7) 

where p is a penalty coefficient for the distance ijd  exceeding the value 1, i.e. for non-
coincidence of the edge of the program graph with the edge of the system graph. So, we 
obtain the equation 

 1

( )
2 .

p

t t
xi xi xj yi yj ij

j y y Nb x j i

u u C v v D v c

 

 
       
 
 
     (8) 

For the above mappings with p n  we obtain the histograms shown on Fig. 6a and Fig. 6b. 
These histograms indicate the improvement of the mapping quality but for 16n   the 
suboptimal solutions with the rank 13 have maximal frequency. 

2.2 Splitting method 

To decrease a number of local extremums of Function (1), we partition the set  1,2,...,n  of 
subscripts x and i of the variables xiv   to K sets  

 ( 1) , ( 1) 1,..., ,kI k q k q k q     /q n K , 1,2,...,k K , 

and map the subscripts kx I  only to the subscripts ki I , i.e. we reduce the solution 
matrix v to a block-diagonal form  (Fig. 7) and the Hopfield network is described by the 
equation 

 

 

1
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2 ,

1 , , , 1,2,..., .
1 exp

k k p

t t
xi xi xj yi yj ij

j I y I y Nb x j i

xi k
xi

u u C v v D v c

v x i I k K
u



   

 
       
 
 

  
 

   
 (9) 

In this case 0xiv   for , , 1,2,..., .k kx I i I k n    
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Fig. 7. Example of  block-diagonal  solution matrix for 2K   

In this approach which we call a splitting, for mapping line with the number of nodes 
16n   onto 2D-torus, we have for 2K   the histogram presented on Fig. 8a.  
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From Fig. 6b and Fig. 8a we see that the splitting method  essentially increases the frequency 
of optimal mappings. The increase of the parameter D up to the value 32D   results in 
additional increase of the frequency of optimal mappings (Fig. 8b). 
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b) 16n  , 2K  , 32D  . 

Fig. 8. Histograms of mappings for the neural network (9) 

2.3 Mapping by the Wang network 

In a recurrent Wang neural network (Wang, 1993; Hung & Wang, 2003) dL  in Expression (1) 
is multiplied by the value  exp t

  where   is a parameter. For the Wang network 
Equation (9) is reduced to 
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 
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     (10) 
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We note that in experiments we frequently have incorrect solutions if for a given maximal 
number of iterations maxt  (for example, max 10000t  ) the condition of convergence 

1

,

t t
xi xi

x i

u u   , 0.01   is not satisfied. The introduction of factor   exp t
  accelerates 

the convergence of the recurrent neural network and the number of incorrect solutions is 
reduced. 

So, for the three-dimensional torus with 33 27n    nodes and , 3, 4096, 0.1p n K D      
in 100 experiments we have the following results: 

1. On the Hopfield network (9) we have 23 incorrect solutions, 43 solutions with  Rank 25 
and 34 optimal solutions (with Rank 26)  (Fig. 9). 

2. On the Wang network (10) with the same parameters and 500   we have all (100) 
correct solutions, where 27 solutions have Rank 25 and 73 solutions are optimal (with 
Rank 26) (Fig. 10). 
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Fig. 9. Histogram of mappings for the Hopfield network ( 33 27n   ) 
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Fig. 10. Histogram of mappings for the Wang network ( 33 27n   ) 
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As a result we have high frequency of optimal solutions (for 100 experiments): 

1. more than 80% for the two-dimensional tori ( 23 9n    and 24 16n   ); 
2. more than 70% for three-dimensional torus 3( 3 27)n   . 

Further investigations must be directed to increasing the probability of getting optimal 
solutions of the mapping problem when the number of the parallel program nodes is 
increased.  

3. Construction of Hamilton cycles in graphs of computer systems 
In this section, we consider algorithms for nesting ring structures of parallel programs of 
distributed CSs, which are based on using recurrent neural networks, under the condition 

p sn V V  . Such nesting reduces to constructing a Hamiltonian cycle in the CS graph and 

is based on solving the traveling salesman problem using the matrix of distances 
( , 1,..., )ijd i j n  between the CS graph nodes, with the distance between the neighboring 

nodes of the CS graph taken as a unit distance. 

The traveling salesman problem can be formulated as an assignment problem (Wang, 1993;  
Siqueira, Steiner & Scheer, 2007, 2010) 

 
1

min
n

ij ij
i j i

c x
 
 , (11) 

under the constraints 
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



 (12) 

Here, ,ijc i j  is the cost of assignment of the element i to the position j, which corresponds 

to motion of the traveling salesman from the city i to the city j; ijx  is the decision variable: if 

the element i is assigned to the position j, then 1ijx  , otherwise, 0ijx  . 

For solving problem (11) − (12), J. Wang proposed a recurrent neural network that is 
described by the differential equation 

 
1 1

( )
( ) ( ) 2 exp( / )

n n
ij

ik lj ij
k l

u t
C x t x t D c t

t


 

  
       

  
  ,  (13) 

where ( ( ))ij ijx g u t ,  ( ) 1 / 1 exp( )g u u   . A difference approximation of Equation (13) 

yields 
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ij ij ik lj ij

k l

t
u u t C x t x t D c


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 

                
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   (14) 

Here , , , ,C D t    are parameters of the neural network.  

Siqueira et al. proposed a method of accelerating the solution of the system (14), which is 
based on the WTA (“Winner takes all”) principle. The algorithm proposed below was 
developed on the basis of this method. 

1. A matrix (0)ijx  of random values  (0) 0,1ijx   is generated. Iterations (14) are 

performed until the following inequality is satisfied for all , 1,...,i j n : 

1 1
( ) ( ) 2

n n

ik lj
k l

x t x t 
 

    , 

where   is the specified accuracy of satisfying constraints (12). 

2. Transformation of the resultant decision matrix ijx  is performed: 

2.1.  1i  . 

2.2. The maximum element 
max,i jx  is sought in the ith row of the matrix ( maxj  is the number 

of the column with the maximum element).  

2.3. The transformation 
max, 1i jx   is performed. All the remaining elements of the ith row 

and of the column numbered maxj  are set to zero. Then, there follows a transition to the row 
numbered maxj . Steps 2.2 and 2.3 are repeated until the cycle returns to the first row, which 
means that the cycle construction is finalized.  

3. If the cycle returns to the row 1 earlier than the value 1 is assigned to n elements of the 
matrix ijx , this means that the length of the constructed cycle is smaller than n. In this 

case, steps 1 and 2 are repeated.  

To ensure effective operation of the algorithm of Hamiltonian cycle construction, the 
following values of the parameters of system (14) were chosen experimentally (by the order 
of magnitude): 1, 10, 1000, 0.1D C      . Significant deviations of these parameters 
from the above-indicated values deteriorate algorithm operation, namely: 

1. Deviations of the parameter C  from the indicated value (at a fixed value of D ) 
deteriorate the solution quality (the cycle length increases). 

2. A decrease in  increases the number of non-Hamiltonian ring-shaped routes. 
3. An increase in   deteriorates the solution quality. A decrease in   increases the 

number of iterations (14). 

It follows from (Feng & Douligeris, 2001) that maxt t   , where max
1 1 1

0.1 10
t

C
   


. 
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The experiments show that it is not always possible to construct a Hamiltonian cycle at 
1t  , but cycle construction is successfully finalized if the step t  is reduced. We reduced 

the step t  as /2t  if a correct cycle could not be constructed after ten attempts. 

The parameters ,ijc i j , are calculated by the formula (7) where ijd is the distance between 

the nodes i and j of the graph, and p > 1 is the penalty coefficient applied if the distance ijd  

exceeds 1. The penalty coefficient was introduced to ensure coincidence of transition in the 
travelling agent cycle with the edges of the CS graph. 

We studied the use of iterative methods (Jacobi, Gauss–Seidel, and successive overrelaxation 
(SOR) methods (Ortega, 1988)) in solving Wang’s system of equations. With the notation 

 
1 1

2 exp /
n n

t t t
ij ik lj ij

k l

r C x x Dc t 
 

 
      

 
   

the Jacobi method (method of simple iterations) of solving system (14) has the form 

1. 1 , , 1,..., ;t t t
ij ij iju u t r i j n       

2.      
1 1 1

1
1, , , 1,..., .

1 exp
t t t
ij ij ij t

ij

x g u g u i j n
u

  


  
 

 

According to this method, new values of 1t
ijx  ,  , 1,...,i j n , are calculated only after all 

values 1t
iju  ,  , 1,...,i j n , are found. In contrast to the method of simple iterations, the new 

value of 1t
ijx   in the Gauss–Seidel method is calculated immediately after finding the 

corresponding value of 1t
iju  : 

 1 1 1, , , 1,..., .t t t t t
ij ij ij ij iju u t r x g u i j n         

In the SOR method, the calculations are performed by the formulas 

   

 
1

1 1

,

1 , 0,2 ,

, , 1,..., .

t t
new ij ij

t t
ij new ij

t t
ij ij

u u t r

u u u

x g u i j n

  

 

   

     

 

 

With 1  , the SOR method turns to the Gauss–Seidel method. 

Experiments on 2D-tori with the group of automorphisms 2 m mE C C  , 2n m show that 
the Jacobi method can only be used for tori with a small number of nodes ( {3, 4}m ). 

The SOR method can be used for tori with {3, 4,6}m  with appropriate selection of the 
parameter 1  . For m ≥ 8, it is reasonable to use the Gauss–Seidel method ( 1  ). Figure 
11 shows an example of a Hamiltonian cycle constructed by a neural network in a 2D-mesh 
with n = 16 (the cycle is indicated by the bold line). 
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Fig. 11. Example of a Hamiltonian cycle in a 2D-mesh 

In our experiments, we obtained Hamiltonian cycles (with the cycle length L = n) in 2D-
meshes and 2D-tori for a number of experiments equals to 100 with up to n = 1024 nodes for 
m = 2k and suboptimal cycle lengths L = n + 1 at m = 2k + 1, k = 2, 3, . . . , 16. The penalty 
coefficients p and the values of t  with which the Hamiltonian cycles were constructed for 
n = 16, 64, 256, and 1024, and also the times of algorithm execution on Pentium (R) Dual-
Core CPU E 52 000, 2.5 GHz (the time equal to zero means that standard procedures did not 
allow registering small times shorter than 0.015 s) are listed in Tables 1 and 2. 
 

n  216 4  264 8  2256 16  21024 32  
t  1 1 1 0,5 
/ 2p n  8 16 128 512 

Time, s 0 0.015 0.75 73.36 

Table 1. 2D-mesh 
 

n  216 4  264 8  2256 16  21024 32  
t  1 1 1 0.5 

p n  16 64 256 1024 
Time, s 0 0 4.36 73.14 

Table 2. 2D-torus 

In addition to the quantities listed in Tables 1 and 2, Tables 3 and 4 give the relative increase 
L n

n
 
  in the travelling salesman cycle length, as compared with the Hamiltonian cycle 

length, for a 3D-torus and hypercube. 
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n 364 4  3216 6  3512 8  31000 10  
t  0.012 0.1 0.1 0.1 

p 64 32 32 32 
L 64 218 520 1010 
  0 0.01 0.016 0.01 

Time, s 0.625 0.313 12.36 97.81 

Table 3. 3D-torus 
 

n 16 64 256 1024 
t  0.1 0.1 0.1 0,1 

p 32 32 32 32 
L 16 64 262 1034 
  0 0 0.016 0.023 

Time, s 0 0.062 99.34 1147 

Table 4. Hypercube 

It follows from Tables 3 and 4 that: 

1. In 3D-tori, the Hamiltonian cycle was constructed for n = 64. With n = 216, 512, and 
1000, suboptimal cycles were constructed, which were longer than the Hamiltonian 
cycles by no more than 1.6%. 

2. In hypercubes, the Hamiltonian cycles were constructed for n = 16 and 64 (it should be 
noted that the hypercube is isomorphous to the 2D-torus with n = 16). For n = 256 and n 
= 1024, suboptimal cycles were constructed, which were longer than n by no more than 
2.3%. 

3.1 Construction of Hamiltonian cycles in toroidal graphs with edge defects 

The capability of recurrent neural networks to converge to stable states can be used for 
mapping program graphs to CS graphs with violations of regularity caused by deletion of 
edges and/or nodes. Such violations of regularity are called defects. In this work, we 
study the construction of Hamiltonian cycles in toroidal graphs with edge defects. 
Experiments in 2D-tori with a deleted edge and with n = 9 to n = 256 nodes for p = n were 
conducted. The experiments show that the construction of Hamiltonian cycles in these 
graphs by the above-described algorithm is possible, but the value of the step t  at which 
the cycle can be constructed depends on the choice of the deleted edge. The method of 
automatic selection of the step t  is described at the beginning of Section 3. Table 5 
illustrates the dependence of the step t  on the choice of the deleted edge in constructing 
an optimal Hamiltonian cycle by the SOR method in a 2D-torus with n = 16 nodes for 

0.125  . 

Examples of Hamiltonian cycles constructed by the SOR method in a 2D-torus with n = 16 
nodes are given in Figs. 12a and 12b. Figure 12a shows the cycle constructed in the torus 
without edge defects for 0.5   and 0.25t  . Figure 12b shows the cycle constructed in 
the torus with a deleted edge (0, 12) for 0.125   and 0.008t  . 
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Edge t  Edge t  
(0,12) 0,008 (5,9) 0,5 
(0,3) 1,0 (6,7) 0,063 
(0,1) 1,0 (6,10) 1,0 
(0,4) 1,0 (7,11) 1,0 

(1,13) 1,0 (8,11) 1,0 
(1,2) 0,25 (8,9) 1,0 
(1,5) 1,0 (8,12) 1,0 

(2,14) 0,125 (9,10) 0,125 
(2,3) 0,125 (9,13) 1,0 
(2,6) 1,0 (10,11) 1,0 

(3,15) 1,0 (10,14) 1,0 
(3,7) 0,25 (11,15) 1,0 
(4,7) 0,25 (12,15) 1,0 
(4,5) 1,0 (12,13) 0,5 
(4,8) 1,0 (13,14) 0,5 
(5,6) 1,0 (14,15) 1,0 

Table 5. Dependence t  of the step on the choice of the deleted edge 

Results discussed in this section should be considered as preliminary and opening the 
research field studying the relation between the quality of nesting of graphs of parallel 
algorithms to graphs of computer systems whose regularity is violated by node and edge 
defects and the parameters of neural network algorithms implementing this nesting. 

 
Fig. 12. Examples of Hamiltonian cycles in 2D-torus 
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3.2 Construction of Hamiltonian cycles by the splitting method 

The time of execution of the above-described algorithm can be substantially reduced by 
using the following method: 

1. Split the initial graph of the system into k connected subgraphs. 
2. Construct a Hamiltonian cycle in each subgraph by the algorithm described above. 
3. Unite the Hamiltonian cycles of the subgraphs into one Hamiltonian cycle. 

For example, the initial graph of the system can be split into connected subgraphs by the 
algorithms proposed in (Tarkov, 2005). 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
Fig. 13. Unification of cycles 
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For unification of two cycles 1R  and 2R , it is sufficient if the graph of the system has a cycle 
ABCD of length 4 such that the edge AB belongs to the cycle 1R  and the edge CD belongs to 
the cycle 2R (Fig. 13). 

The cycles 1R  and 2R  can be united into one cycle by using the following algorithm: 

1. Find the cycle ABCD possessing the above-noted property. 
2. Eliminate the edge AB from the cycle and successively numerate the nodes of the 

cycle 1R  in such a way that to assign number 0 to the node A and assign number 

1 1L  , where 1L is the length of the cycle 1R , to the edge B. Include the edge BC into 
the cycle. 

3. Eliminate the edge CD and successively numerate the nodes of the cycle 2R  so that the 
node C is assigned the number L1, and the node D is assigned the number 1 2 1L L  , 
where 2L is the length of the cycle 2R . Include the edge DA into the cycle. The unified 
cycle of length 1 2L L  is constructed. 

The cycles 1R  and 2R , and also the resulting cycle are marked by bold lines in Fig. 12. 
The edges that are not included into the above-mentioned cycles are marked by dotted 
lines. 

For comparison, Table 6 gives times (in seconds) of constructing Hamiltonian cycles in a 2D-
mesh by the initial algorithm ( 1t ) and by the algorithm with splitting of cycle construction 
( 2t ) with the number of subgraphs k = 2. The times are measured for p = n. The cycle 
construction time can be additionally reduced by parallel construction of cycles in 
subgraphs. 
 

n 16 64 256 1024 

1t  0.02 0.23 9.62 595.8 

2t  0.01 0.03 2.5 156.19 

Table 6. Comparison of cycle construction times in 2D-mesh 

The proposed approach can be applied to constructing Hamiltonian cycles in arbitrary 
nonweighted nonoriented graphs without multiple edges and loops.  

We can use the splitting method to construct Hamilton cycles in three-dimensional tori 
because the three-dimensional torus can be considered as a connected set of two-
dimensional tori. So, the Hamilton cycle in three-dimensional torus can be constructed as 
follows:  

1. Construct the Hamilton cycles in all of two-dimensional tori of the three-dimensional 
torus.  

2. Unify the constructed cycles by the above unifying algorithm. 
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If the Hamilton cycles in all two-dimensional tori are optimal then the resulting Hamilton 
cycle in the three-dimensional torus is optimal too. 

In the table 7 the times (in seconds) of construction of optimal Hamilton cycles  in three-
dimensional tori with n m m m    nodes are presented: seqt is the time of the sequential 

algorithm, part  is the time of the parallel algorithm on processor Intel Pentium Dual-Core 

CPU E 52000, 2,5 GHz with usage of the parallel programming system OpenMP (Chapman, 
Jost &  van der Pas, 2008), /seq parS t t  is the speedup.  The system of equations (14) was 

chosen for parallelization. 
 

m  4 8 12 16 20 24 28 32 

n  64 512 1728 4096 8000 13284 21952 32768 

seqt  0.125 0.062 0.906 6.265 31.22 133.11 390.61 2293.5 

part  0.171 0.062 0.484 3.265 15.95 70.36 217.78 1397.6 

S  0.73 1 1.87 1.92 1.96 1.89 1.79 1.64 

Table 7. Construction of Hamiltonian Cycles in 3D-torus 

So, the experiments show that the proposed algorithm:  

1. Constructs optimal Hamilton cycles in 2D-tori with edge defects;  
2. Allows to construct optimal Hamilton cycles in 3D-tori with tens of thousands of nodes 

(See Table 7). 

4. Conclusion 
A problem of mapping graphs of parallel programs onto graphs of distributed computer 
systems by recurrent neural networks is formulated. The parameter values providing the 
absence of incorrect solutions are experimentally determined. Optimal solutions are found 
for mapping a “line”-graph onto a two-dimensional torus due to introduction into 
Lyapunov function of penalty coefficients for the program graph edges not-mapped onto 
the system graph edges.  

For increasing probability of finding optimal mapping, a method for splitting the mapping 
is proposed. The method essence is a reducing solution matrix to a block-diagonal form. The 
Wang recurrent neural network is used to exclude incorrect solutions of the problem of 
mapping the line-graph onto three-dimensional torus. This network converges quicker than 
the Hopfield one. 

An efficient algorithm based on a recurrent neural Wang’s network and the WTA principle 
is proposed for the construction of Hamiltonian cycles (ring program graphs) in regular 
graphs (2D- and 3D-tori, and hypercubes) of distributed computer systems and 2D-tori 
disturbed by removing an arbitrary edge (edge defect). The neural network parameters for 
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the construction of Hamiltonian cycles and suboptimal cycles with a length close to that of 
Hamiltonian ones are determined. 

Resulting algorithm allows us to construct optimal Hamilton cycles in 3D-tori with number 
of nodes up to 32768. The usage of this algorithm is actual in modern supercomputers 
having topology of the 3D-torus for organization of inter-processor communications in 
parallel solution of complicated problems.  

Recurrent neural (Hopfield and Wang) network is a universal technique for solution of 
optimization problems but it is a local optimization technique, and we need additional 
modifications (for example, penalty coefficients and splitting) to improve the technique 
scalability. 

The proposed algorithm for the construction of Hamiltonian cycles is less universal but 
more powerful because it implements a global optimization approach and so it is very more 
scalable than the traditional recurrent neural networks. 

The traditional topology aware mappings ((Parhami, 2002; Yu, Chung & Moreira, 2006; 
Balaji, Gupta, Vishnu & Beckman, 2011))  are constructed especially for regular graphs 
(hypercubes and tori) of distributed computer systems. The proposed neural network 
algorithms are more universal and can be used for mapping program graphs onto graphs of 
distributed computer systems with defects of edges and nodes. 
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1. Introduction 
The fetal heart rate (FHR) is a useful tool in the assessment of the condition of the fetal 
before and during labour. Fetal Electrocardiography (FECG) (Sureau, 1996) uses non-
invasive surface electrodes placed on the maternal abdomen is another tool for FHR 
recording (Sureau, 1996). The fetal signal is weak relative to the maternal signal and to the 
competing noise. Widrow et al. (Widrow et al., 1975) proposed an adaptive filtering and 
adaptive noise cancellation method to extract the FECG from the composite maternal ECG 
signal. Auto-correlation and cross correlation techniques (Van Bemmel, 1968) and spatial 
filtering techniques (Van Oosterom, 1986, and Bergveld and Meijier 1981) have been 
proposed. These methods require multiple maternal thoracic ECG signals. Other methods 
were proposed for the rejection of the disturbing maternal ECG signal (Sureau, 1996). The 
automated long-term evaluation of FECG is regarded as less robust than CTG. A failure rate 
of approximately 30% is quoted as an almost unanimous norm (Herbert et al., 1993). The 
advantage of FECG is that it can be implemented in small and relatively low-cost devices 
(Lin et al., 1997).  

A proposed technique employing wavelet transform (Khamene and Negahadariapour, 2002) 
exploits the most distinct features of the signal, leading to more robustness with respect to 
signal perturbations.  The algorithm is validated using high SNR data. Dynamic modelling 
has been proposed (Schreiber, and D Kaplan, 1996). The data has comparatively high SNR 
and the fetal heartbeats can be detected by an adaptive matched filter and requires much 
shorter data samples than the dynamic modelling. The dynamic modelling apparent success 
at high SNR is offset by the required lengthy data. Due to the beat-to-beat fluctuations of the 
shape and duration of the ECG waveform, the normal ECG cannot be considered to be 
deterministic. Determinism is found in adult and fetal ECGs for data lengths of 10,000 
samples (Rizk et al., 2002). The independent component analysis (ICA) has been carried out 
under assumptions (Lathauwer et al., 2000), the validity of each has been challenged (Rizk et 
al., 2001). 
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This chapter investigates the application of recurrent neural networks to the detection and 
classification of ECG signals. Third-order cumulants, bispectrum, polyphase, and embedded 
Volterra are utilised. The chapter develops methodology for adult ECG detection using the 
higher-order statistics. It extends that to non-invasive fetal heartbeat detection, during 
labour. The work is also extended to classify adult heart abnormalities based on the phases 
of the higher-order statistics. The chapter is organised as follows; Sections 2 and 3 employ 
third-order cumulant slices and bispectrum contours, respectively, to detect adult and fetal 
ECG signals. Section 4 introduces a method of ECG abnormality detection using polyphase. 
Section 5 shows how third-order cumulants could be utilised for the detection of late 
potentials. Section 6 summarises the conclusions. 

2. ECG third-order cumulant slices classification 
2.1 Background 

Many techniques have been introduced to detect fetal heartbeats during labour. The 
advances in higher-order statistics, non-linear filtering, and artificial neural networks are 
exploited to propose a hybrid technique to improve the non-invasive detection of fetal 
heartbeats during labour. A third-order cumulants (TOCs) technique for non-invasive fetal 
heartbeat detection has been proposed (Zgallai et al., 1997). The ECG signal is processed 
using a Volterra filter. To improve the performance of the Volterra filter, quadratic and 
cubic LMF Volterra filters have been proposed (Zgallai et al., 2007). The proposed system 
uses the mother and fetal third-order cumulants (TOCs), which carry the signature imprints 
of their respective QRS-complexes, in the signal processing phase. 

Quadratic and cubic Volterra filters with LMF updates have been employed to synthesise 
the signal into linear, quadratic, and cubic parts, and retain only the linear part. The 
classification phase employs an LMS-based single-hidden-layer perceptron. This section 
proposes incorporating an adaptive cubic LMF Volterra and an artificial neural network 
classifier to improve the detection rate (Zgallai, 2010). The cubic Volterra filter has been 
shown to improve the performance of some biomedical signals such as electromyographic 
signals during labour (Zgallai et al., 2009). Cross validation has been done by comparing the 
results of the detection to QRS peaks of the fetal heartbeat extracted from the fetal scalp 
electrode which is the goldstandard. 

2.2 Third-order cumulants 

A non-Gaussian signal {X(k)} has TOCs given by (Nikias and Petropulu, 1993): 

 )}k(X),k(X),k(X{Cum),( 2121
x

3c  . (2.1) 

The calculations of the TOCs are implemented off-line due to the large CPU time required to 
calculate the lags. One way of reducing this load is to use 1-d slices of the TOCs. One-
dimensional slices of ),( 21

x

3c   can be defined as (Nikias and Petropulu, 1993): 

 ),0()}k(X),k(X),k(X{Cum)(r cx

3
x

1,2   (2.2) 
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 ),()}k(X),k(X),k(X{Cum)(r cx

3
x
2,1    (2.3) 

where r 2,1() and r 1,2() represent 1-d wall and diagonal slices, respectively. The former can 
be obtained from Eq. (2.1) by assuming 1 = 0. The later obeys the condition 1 = 2. 
Employing 1-d slices will have the effect of reducing the CPU time by reducing the 
complexity of the operations. The calculations of TOC slices are comparable to those of 
autocorrelation and take CPU time of approximately 1 msec unlike TOCs, which take 1 sec 
to calculate. For a sampling rate of 0.5 KHz and an FHR of the order of 120 bpm, a real-time 
system can be implemented. An algorithm which calculates any arbitrarily chosen off 
diagonal and off wall one-dimensional slice, and hence reduce the CPU time by 99%, has 
been developed (Zgallai, 2007). 

Adequate knowledge of the TOC of both the maternal and fetal ECG signals must first be 
acquired in order to pave the way for fetal QRS-complex identification and detection. There 
are several motivations behind using TOC in processing ECG signals; (i) ECG signals are 
predominantly non-Gaussian (Rizk and Zgallai, 1999), and exhibit quadratic and higher-
order non-linearities supported by third- and fourth-order statistics, respectively. (ii) 
Gaussian noise diminishes in the TOC domains if the data length is adequate (Nikias and 
Petropulu, 1993). It is possible to process the ECG signal in Gaussian noise-free domains. 
For ECG signals a minimum length of 1 sec is adequately long to suppress Gaussian noise in 
the TOC domains, whilst not long enough to violate Hinich’s criterion of local stationarity 
(Brockett et al., 1988). In general, ECG signals are non-stationary in the statistical sense, but 
relatively short data can be successfully treated with conventional signal processing tools 
primarily designed for stationary signals. When dealing with individual cardiac cycles, non-
stationarity is not an issue but when one takes on board the heart rate time series which is 
chaotic and multi-dimensional then it is not wise to assume stationarity for analysis 
purposes. (iii) In the TOC domain all sources of noise with symmetric probability density 
functions (pdfs), e.g., Gaussian and uniform, will vanish. The ECG signals are retained 
because they have non-symmetric distributions (Zgallai et al., 1997). (iv) ECG signals 
contain measurable quantities of quadratic and, to a lesser extent, cubic non-linearities. Such 
measurable quantities of non-linearity, if not synthesised and removed before any further 
processing for the purpose of signal identification and classification, could lead to poor 
performance with regard to fetal QRS-complex detection rates. 

2.3 LMF quadratic and cubic volterra 

The Volterra structure is a series of polynomial terms (Schetzen, 1980) which are formed 
from a time sequence {y(k). The output of the filter is expressed as 
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Adaptive conventional Volterra is updated using the Least-Mean Squares (LMS) criterion. 
The LMS algorithm minimises the expected value of the squared difference between the 
estimated output and the desired response. A more general case is to minimise E{e(n)2N} 
(Wallach and Widrow, 1984). N = 2 is the Least-Mean-Fourth (LMF). The LMF algorithm 
updates the weights as follows: 
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The LMF has a faster convergence than the LMS algorithm. It has generally a lower weight 
noise than the LMS algorithm, with the same speed of convergence. It was shown to have 3 
dB to 10 dB lower mean-squared error (MSE) than the LMS algorithm (Wallach and 
Widrow, 1984). Adaptive LMF-based quadratic and cubic Volterra structures have been 
developed and shown to outperform LMS-based Volterra by 6-7 dBs (Zgallai, 2007). 

2.4 Neural network classifiers 

A major limitation of the back-propagation algorithms is the slow rate of convergence to a 
global minimum of the error-performance surface because the algorithm operates entirely 
on the gradient of the error-performance surface with respect to the weights in the single-
hidden-layer perceptron. The back-propagation learning process is accelerated by 
incorporating a momentum term. The use of momentum introduces a feedback loop which 
prevents the learning process from being stuck at a local minimum on the error-
performance surface of the single-hidden-layer perceptron. The classifier is a single-hidden-
layer perceptrion based on a modified Back-Propagation technique. The modified back-
propagation algorithm has a momentum term which helps to avoid local minima. One 
hundred and sixty one-dimensional TOC slices have been used as templates for the desired 
signals in the Artificial Neural Network (ANN) classifier. 

2.5 The proposed algorithm 

2.5.1 TOC detection 

1. Create ECG cumulant database  
2. Detect the maternal QRS-complexes – Read the ECG recording sequentially, and process 

each of the 90% overlapping windows (length 250 msec) to compute the diagonal or 
wall slice TOC. The slice is matched to the templates until a maternal QRS-complex is 
detected. An auxiliary subroutine is used to pinpoint the position of the R-wave. If the 
second successive segment detects a maternal QRS-complex then it is discarded because 
it is the same complex detected in the adjacent window. The whole process of TOC 
template matching is repeated until the second maternal QRS-complex is detected and 
its R-wave is pinpointed. The maternal heart rate is accurately calculated from the 
knowledge of the current and previous R-wave positions. 

3. Detect the fetal cardiac cycles – The search begins from the position of the detected 
maternal R-wave. Window overlapping, each with fetal cumulant template matching, 
continues until the first, second, and possibly third fetal ECG TOC diagonal and wall 
slice signatures have been matched to one template for each one of them. Once the 
slices have been matched, the window will be flagged as a detection window. If the next 
overlapping window detects a fetal heartbeat, it will be discarded because it is the same 
fetal heartbeat that has just been detected in the previous window. The number of fetal 
heartbeats detected within the maternal cardiac cycle is counted. The instantaneous 
maternal heart rate is previously known with some degree of accuracy, and the relative 
fetal to maternal heartbeat is also known within the maternal cardiac cycle. Hence, the 
averaged fetal heart rate can be calculated within each maternal cardiac cycle. 
Operations 2 and 3 are repeated for all individual maternal cardiac cycles.  
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2.5.2 Window minimum length and ECG segmentation 

The duration of the fetal cardiac cycle varies from 250 msec to 500 msec for a range of fetal 
heart rate between 240 bpm and 120 bpm. The fetal QRS-complex itself occupies between 50 
msec and 70 msec. The fetal heartbeat is detected in a flag window of length 250 msec. This 
window length serves two criteria; (i) it is the minimum length yielding an acceptable upper 
threshold of both the deterministic and stochastic noise types inherent in the higher-order 
statistics of the ECG signals encountered, and (ii) this window length allows the detection of 
one, two, three, or four fetal heartbeats (FHBs) within one maternal transabdominal cardiac 
cycle. For example, for maternal heartbeat of 60 bpm, the R-wave-to-R-wave = 1000 msec, 
and four segments x 250 msec = one maternal cardiac cycle = possible four fetal cardiac 
cycles.  

2.5.3 Overlapping window  

When detecting the fetal heartbeat within the maternal transabdominal cardiac cycle, 90% 
overlapping windows, each of 250 msec duration, are scanned at a rate of 100 Hz with a 
sampling rate of 0.5 KHz. The overlapping percentage should be carefully chosen to 
compensate for the apparent loss of temporal resolution due to a lengthy window which is 
dictated by the maximum threshold of the variance of the TOCs. The average fetal QRS-
complex duration is 60 msec. This may be encountered at the beginning, middle, or end of 
the flag window. Hence by using a window overlapping of 90%, any fetal QRS-complex 
which may be missed because it starts to evolve, say, 20 msec before the end of a window, 
can definitely be picked up by the next one or two overlapping windows when it completes 
its full duration of 60 msec and has definitely reached its full peak (the   R-wave). If this 
particular QRS-complex has enough strength to be picked up by two successive overlapping 
windows, the algorithm will count it as one FHB. It has been found that reducing the 
overlapping below 90% yielded missed fetal heartbeats. 

2.5.4 Averaged fetal heart rate calculation   

The instantaneous fetal heart rate is calculated by measuring the interval between two 
successive R-waves. This requires pinpointing accurately the R-point of the QRS-complex. 
Although the ECG TOC template matching technique is very effective in detecting the 
occurrence of the QRS-complex as a whole even when it is completely buried in noise, it 
cannot locate the R-wave over a window length of 250 msec which satisfies the criterion 
for the variance threshold. In most transabdominal ECG recordings (85%), the fetal QRS-
complexes cannot be seen as they are completely masked by other signals and motion 
artefact. This obscurity accounts for the lower success rate of fetal heartbeat detection in 
other assessed fetal heartbeat detection techniques (Sureau, 1996). The adult heartbeats 
can be measured accurately and the instantaneous heart rate for adults can be calculated. 
Hence, by counting the number of fetal heartbeats (FHBs) that have occurred between two 
successive maternal R-waves, one can easily calculate the averaged FHR within the 
maternal cardiac cycle. On average, the maternal cardiac cycle is 1000 msec. Two maternal 
cardiac cycles measure 2 sec. So, detecting and displaying up to eight FHBs will take less 
than 2.000030 sec which is well within the manufacturers’ detection-to-display interval of 
3.75 sec.  
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2.6 Data collection and results 

2.6.1 Data collection 

Data was obtained from pregnant women at various stages of gestation (Zgallai, 2007). This 
was achieved, with the consent of women, using a pair of electrodes, Sonicaid 8000, a 
Pentium IV PC and an interface card. The software used for the attractor calculations was 
MATLAB 8.0. Ag-AgCl Beckman electrodes of 8 cm in diameter, and 25-cm spaced centres 
were positioned on the abdominal wall after careful preparation of the skin, which lowers 
the interelectrode impedance of 10 k. The electrode pair is set over the umbilicus, and 
lined up with the median vertical axis of the uterus. The ground electrode is located on the 
woman’s hip. The training data involves using third-order cumulants  and their slices of 
segments of fetal scalp electrode measurement. These are used to compare with  results 
obtained from the transabdominal ECG recording. The testing data is the transabdominal 
ECG recording.  

2.6.2 Results 

2.6.2.1 TOCs and their diagonal and wall slices  

An optimised third-order Volterra structure is employed to decompose the ECG signal into its 
linear, quadratic, and cubic parts and retain only the linear part. Fig. 2.1 depict a maternal 
transabdominal ECG signal with segmentation and the corresponding TOCs and their 
diagonal and wall slices for predominantly maternal QRS-complexes, the first fetal heartbeats 
with maternal contribution, QRS-free ECGs, and the second fetal heartbeats with maternal 
contribution. The diagonal and wall TOC slices of the maternal QRS-complexes, segment (I) in 
Fig. 2.1, are easily distinguished from the diagonal and wall TOC slices of segments (II), (III), 
and (IV). Furthermore, the diagonal and wall TOC slices of the fetal heartbeat segments, (II) 
and (IV) in Fig. 2.1, are distinguishable from the corresponding diagonal and wall TOC slices 
of the QRS-free ECG segments (III). However, in some cases, those of segments (II) and (IV) 
could be mistaken for QRS-free ECG segments. The peaks of the QRS-free ECG segments are 
much narrower and more related to motion artefact than a signal. 

2.6.2.2 The NN classifier 

A single-hidden-layer perceptron is used for the classification of the TOC slices of the maternal 
QRS-complexes, the first fetal heartbeat with maternal contribution, QRS-free ECG, and the 
second fetal heartbeat with maternal contribution from maternal transabdominal ECG 
segments. This is achieved using a standard back-propagation with momentum algorithm 
(Caudill and C. Butler, 1992). Each of the input and output layers have a dimension of 8 x 8 
and the hidden layer has a dimension of 5 x 5. The input to the first layer is the TOCs diagonal 
and wall slices. The network is trained using TOC slice templates obtained from the maternal 
chest and fetal scalp electrode ECGs as well as previously detected and earmarked 
transabdominal ECG segments. The latter training sequences are templates of the diagonal 
and wall slices of the TOCs of four segments from maternal transabdominal full cardiac cycles. 
The input to the network is eight template patterns. These are the TOC diagonal and wall 
slices of four segments from one transabdominal cardiac cycle. For example the first pair are 
maternal slices, the second pair are fetal slices, the third pair are QRS-free slices, and the fourth 
pair are fetal slices. The network is trained over the eight patterns. The training terminates 
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when the worst error in all patterns in one pass is less than 0.1. Typically the average error will 
be in the range of 0.001.  

The TOC slice templates are used as input to the classifier. Each one of the 10 templates in each 
set is used as an input and the weights of each neuron in the classifier are optimised by 
changing the learning rate and the momentum constant until the error is minimised. Then the 
transabdominal ECG signal with 250-msec window is used as an input to the classifier. The 
instantaneous weights of the input signal are compared to those of the templates which are 
stored in the memory. The two sets of parameters are correlated. Once a signal is classified the 
output will be set to 1. The classification of the four segments involves a pattern-by-pattern 
updating rather than batch updating for the weight adjustments. This is more suitable to speed 
up the performance. Pattern-by-pattern updating tends to be orders of magnitude faster than 
batch updating. However, it should be noted that pattern-by-pattern updating is harder to 
parallelise. Fig. 2.2 summarises the results of the optimisation process. 

Parameters of the single-hidden layer perceptron: The network has been optimised in terms of its 
learning rate, momentum constant, and hidden layer size to achieve the minimum mean-
squared error. The optimum learning rate is found to be 0.8. The optimum momentum constant 
is found to be 0.99 and 0.90 for the maternal QRS-complex and the fetal heartbeat with maternal 
contribution segments, respectively. The single-hidden-layer has an optimum dimension of 5 x 
5. The input to the first layer is the TOCs diagonal and wall slices. The network is trained using 
TOC slice templates. The input to the network is eight template patterns. These are the TOC 
diagonal and wall slices of four segments from one transabdominal cardiac cycle. The network 
is trained over the eight patterns. The training terminates when the worst error in all patterns in 
one pass is less than 0.1. Typically the average error will be in the range of 0.001. 

 
Fig. 2.1. (a) Transabdominally-measured ECG (Code: 16-23) showing segmentation (segments 
I, II, III, and IV, 250 msec each). (b) The TOCs and their diagonal and walll slices (insets) for  
the QRS-free ECG (l.h.s.) and the second fetal heartbeat with maternal contribution (r.h.s.). 0, 
1 and 2 are, respectively, the reference, first and second time lags of the TOCs. 
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Fig. 2.2. The effect of changing (a) the learning rate, (b) the momentum constant, and (c) the 
middle layer size, on the classification rate of the fetal heartbeats with maternal contribution 
from transabdominally-measured ECG signals and employing TOC diagonal slices and their 
templates to be matched using a single-hidden-layer perseptron back-propagation with 
momentum. Segment length is 250 msec each. The optimised parameters are: learning rate = 
0.8, momentum constant = 0.9, and middle-layer size = 5 x 5. 

2.6.2.3 Cumulant matching of the fetal heartbeats 

Each one of the four transabdominal ECG segments (Data length = 250 msec) has ten 
corresponding templates used for matching. An optimised cubic Volterra structure is 
employed to synthesise the four transabdominal ECG segments and the corresponding 
templates. 

2.6.2.4 The maternal heartbeat classification rates 

The classification rate is 100% for maternal QRS-complexes using the TOC template 
matching technique with single-hidden-layer classification. To calculate the maternal heart 
rate an auxiliary method to pinpoint the R-wave employing an adaptive thresholding has 
been used. Note that this is not accurate when one deals with deformed QRS-complexes in 
heart patients. The data obtained include all mothers’ ECGs exhibiting normal-to-the-patient 
QRS-complexes. The instantaneous maternal heart rate is calculated by dividing 60 by the R-
to-R interval (in seconds). The application of this auxiliary routine leads to a maternal heart 
rate with an accuracy of 99.85%. 
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2.6.2.5 Classification rate for the hybrid technique 

Definitions 

1. The Sensitivity (Se) is defined as the ratio of the True Positives (TP) to the sum of the 
True Positives and the False Negatives (FN).  The sensitivity reports the percentage of 
true beats that are correctly classified by the algorithm. 

2. The Specificity (Sp) is defined as the ratio of the True Positives (TP) to the sum of the 
True Positives (TP) and the False Positives (FP). It reports the percentage of classified 
heartbeats which are in reality true beats. 

3. The classification rate: The mean value of the sensitivity and the specificity is used as 
the criterion for the effectiveness of the technique. 

Table 2.1 shows the fetal heart detection quality and classification rate using 
transabdominally-measured ECGs and their respective TOC diagonal or wall slices with 
and without linearisation. The combined diagonal and wall slices improve the classification 
rate by about 1% over and above that achieved by either slice. A further improvement of 
about 1% is achieved by using two off-diagonal and off-wall slices. A second-order Volterra 
synthesiser results in a higher detection rate of 83.49%. 

The highest achievable classification rate for non-invasive fetal heartbeat detection using the 
first hybrid system is 86.16% when a third-order Volterra synthesiser is employed in 
conjunction with single-hidden-layer classifiers. Note that the classification rate for 
coincident maternal and fetal QRS complexes is 0%. The classification rate of non-coincident 
maternal and fetal QRS-complexes is 95.55%. 
 

TOC matching 
template slice type 

Sensitivity 
(%) 

Specificity
(%) 

Classification
Rate (%) 

False 
Positives 

False 
Negatives 

TOC Diagonal/Wall 
slice 76.24 79.38 77.81 24744 28512 

TOC Diagonal and Wall 
slices 77.13 80.24 78.74 23712 27444 

TOC Diagonal, wall, 
diagonal & wall, &  22.5o 
slice 

78.04 81.18 79.69 22584 26352 

Diagonal/Wall slice 2nd 
order LMF Volterra 82.37 84.61 83.49 18468 21156 

Diagonal/Wall slice 3rd 
order LMF Volterra 84.46 87.85 86.16 14500 18648 

Table 2.1. Fetal heart detection quality and classification rate using transabdominally-
measured ECG and their respective TOC diagonal or wall slices with and without 
linearisation. The total number of fetal heartbeats is 120,000 and the total number of 
maternal ECG recordings. is 30. The performance was assessed against synchronised fetal 
scalp heartbeats. All mothers were during the first stage of labour at 40 weeks of 
gestation.  
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3. ECG bispectrum contour classification 
3.1 Background 

This section describes a hybrid system using the mother and fetal ECG bispectral contours 
(BIC), which carry the signature imprints of their respective QRS-complexes, in the signal 
processing phase. The classification phase employs LMS-based single-hidden-layer 
classifiers. The maternal chest ECGs and the fetal scalp electrode ECGs have been used as 
templates or the HOS representatives in the classification phase. The bispectral contour 
matching technique is used to identify the signatures of both the maternal and fetal QRS-
complexes. It will be shown that the highest achievable Fetal Heartbeat (FHB) classification 
rate using the BIC template matching technique is 90.12% with reduced false positives and 
negatives associated with the power spectrum-based FHB classification rate of 70%. 
Furthermore, the BIC has a marginally improved classification performance over and above 
the TOC during episodes of overlapping fetal QRS-complexes and maternal T-waves. This is 
achieved at the expense of complexity and computation time. The hybrid bispectral contour 
matching technique is an extension to the hybrid cumulant matching technique. Therefore, 
the choice of the NN classifier is based on the general discussion presented previously. Prior 
information remain as valuable assets and are exploited herein. It is the matching of the 
horizontal 2-d bispectral contours that has been used in the BIC template matching 
technique instead of the 1-d polar bispectral slices. Because in order to use the 1-d polar 
bispectrum slices effectively, one needs to use a minimum of 24 polar slices to facilitate 
capturing the most rapid changes in the bispectrum including null features that could be 
used as discriminant patterns. Whereas for BIC contours, provided that they are 
horizontally cut at a maximum number of 10 levels, a good quality discriminant picture can 
be made available for the neural network classifier. For example, it is very unlikely that 
maxima and troughs are missed because of any changes in their respective positions.  

The same procedure of Section 2 is applied with the replacement of the third-order cumulant 
slices by the bispectral contours (usually 10 contours including the tip of the peak and are 
spaced by approximately 1 dB). The CPU time for the bispectrum computation is almost twice 
that for cumulants and 2000 times that for individual TOC slices. The Detection key operations 
are exactly the same as those described in Section 2 except that the third-order cumulant slices 
are now going to be replaced by the bispectral contours (Zgallai, 2012).  

3.2 ECG bispectrum 

The nth-order cumulant spectrum of a process {x(k)} is defined as the  (n-1)-dimensional 
Fourier transform of the nth-order cumulant sequence. The nth-order cumulant spectrum is 
thus defined as (Dogan and J. M. Mendel, 1993): 
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The bispectrum, n = 3, is defined as: 
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where 3 1 2( , )xc    is the third-order cumulant sequence. The computational complexity of the 
bispectrum is of the order of N3.  

3.3 Typical examples of bispectra and their contours 

Linearisation is a key step in the signal processing and it is applied using an optimised 
third-order Volterra synthesiser to all the results included. Fig. 3.1 depict dual-band-pass 
filtered bispectra and their contours normalised to the maternal QRS-complex spectral 
peak for the transabdominally-measured ECG segments I, II, III, and IV. Segment I: 
predominantly maternal QRS-complex, segment II: the first fetal heartbeat with maternal 
contribution; segment III: QRS-free ECG, and segment IV: the second fetal heartbeat with 
maternal contribution. The dual-band-pass filter consists of two fifth-order Butterworth 
filters with cut-off frequencies of 10 Hz to 20 Hz, and 25 Hz to 40 Hz, respectively, a pass-
band attenuation of 0.5 dB, and a stop-band attenuation larger than 70 dB. The sampling 
rate is 500 Hz. Optimised Kaiser weighting coefficients are used for the fetal and maternal 
ECGs to enhance their spectral peaks at 30 Hz and 17 Hz, respectively. The Kaiser 
windows are centred at frequencies of 15 Hz, 16 Hz, 17 Hz, 18 Hz, and 19 Hz for the 
maternal QRS-complex, and at frequencies of 28 Hz, 29 Hz, 30 Hz, 31 Hz, 32 Hz, 33 Hz, 34 
Hz, 35 Hz, 36 Hz, 37 Hz, and 38 Hz for the fetal heartbeat. 

Fig. 3.1 (I) shows the maternal QRS-complex principal bispectral peaks and contours 
centred at the frequency pairs (18 Hz, 5 Hz) and (18 Hz, 16 Hz). These maternal frequency 
pairs with a frequency peak at 18 Hz slightly deviate from the actual frequency of 17 Hz 
(Rizk et al., 2000), which is due to the BIC bias. The maternal optimised Kaiser window 
centred at 18 Hz will help to detect this deviated peak. Fig. 3.1 (II) shows the first fetal 
heartbeat principal bispectral peaks and contours at the frequency pairs   (30 Hz, 5 Hz), 
(30 Hz, 18 Hz), and (30 Hz, 30 Hz). The fetal optimised Kaiser window centred at 30 Hz 
will help to detect these peaks. Note that these peaks are sharp. Fig. 3.1 (III) shows the 
QRS-free ECG bispectral peak and contours centred at the frequency pair (27 Hz, 15 Hz). 
Note that the BIC of the QRS-free ECG is at approximately -12 dB which is 3 dB and 6 dB 
lower than that of the first and second fetal heartbeats, respectively. Fig. 3.1 (IV) shows 
the second fetal heartbeat principal bispectral peak and contours centred at the frequency 
pairs (30 Hz, 5 Hz), and (30 Hz, 28 Hz). The fetal optimised Kaiser window centred at 30 
Hz will help to detect these peaks. 

3.4 Estimation of the bispectral contour matching variance 

The variance of the BIC is defined as the expected value of the squared difference in 
frequency (in Hz) between the computed BIC of the 250 msec flag window of the 
transabdominal ECG signal and the computed BIC from the synchronised fetal scalp 
electrode ECG 250 msec window. 
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Fig. 3.1. Dual-band-pass filtered bispectra, Kaiser shaped window,  (l.h.s.) and their contour 
maps normalised to the maternal QRS spectral peak (r.h.s.) for the transabdominally-
measured ECG segments I, II, III, and IV of Fig. 2.1. Segment I: maternal QRS-complex, 
Segment II: the first fetal heartbeat with maternal contribution; Segment III: QRS-free ECG; 
and Segment IV: the second fetal heartbeat with maternal contribution. The dual band-pass 
filter consists of two fifth-order Butterworth filters with cut-off frequencies of 10 Hz to 20 
Hz, and  25 Hz to 40 Hz, respectively, and a pass-band attenuation of 0.5 dB, a stop-band 
attenuation larger than 70 dB. The sampling rate is 500 Hz. 
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 Varb = E [(Bis(1,2) Transabdominal  – Bis(1,2) fetal scalp ] 2  (3.3) 

The above variance ranges from 0.47 – 3.3, average = 1.716, when calculated for 120,000 
FHBs. The variance indicates the deviation of the frequency of the BIC (in Hz) of the 
transabdominal ECG signal from that of the fetal scalp electrode around 30 Hz. 

3.5 The back-propagation with momentum algorithm in single-hidden-layer 
perceptron  

Single-hidden-layer perceptron classifiers are trained in a supervised manner with the 
back-propagation algorithm which is based on the error-correction learning rule. The 
back-propagation algorithm provides a computationally efficient method for the training 
of the classifiers. The back-propagation algorithm is a first-order approximation of the 
steepest descent technique. It depends on the gradient of the instantaneous error surface 
in weight space. The algorithm is therefore stochastic in nature. It has a tendency to 
zigzag its way about the true direction to a minimum on the error surface. Consequently, 
it suffers from a slow convergence property. A momentum term is employed to speed up 
the performance of the algorithm. The classifier used here is exactly the same as that used 
in Section 2. 

3.6 Optimisation of the parameters of the back-propagation algorithm  

Fig. 3.2 shows the effect of changing the learning rate (), the momentum constant () and 
the middle layer size on the classification of the maternal QRS-complexes and the fetal 
heartbeats using the BIC template matching technique. The effect of changing the learning 
rate on the classification rate is shown in   Fig. 3.2 (a). Small values of  are not able to 
track the variations in the bispectral contours. For classification of the bispectral contours, 
 reaches its optimum value at 0.2. For values larger than 0.2, the output values are too 
large so that the difference with respect to the reference signal (template) will increase. 
This leads to larger error that will be fed back to the network, which will lead to slower 
convergence. The network will take long time to converge, or it might not converge at all. 
The optimum value of the momentum constant is found to be 0.2, as depicted in Fig. 3.2 
(b). Smaller values are not enough to push the adaptations to avoid local minima. While 
larger values tend to affect the routine detrimentally by bypassing the global minimum. 
The performance deteriorates significantly as the learning rate and the momentum 
constant diverge from their optimum values. The number and size of the middle layers 
were investigated by trial and error. There is a trade off between networks that should be 
small enough to allow faster implementation, and larger networks in size and number of 
hidden layers which are very slow and can not be implemented on-line using the current 
technology. Large networks could have complex relationships that represent non-
linearities that might not exist in the real signals at all. The optimum parameters indicated 
in Fig. 3.2 are calculated without considering the CPU time factor which might render 
those parameters undesirable for real-time applications. The CPU time for training is in 
the range of 17 to 60 sec. The average mean-squared error (MSE) is 0.04. The worst error is 
0.1, which is the criterion for convergence. The implemented neural network has a single 
middle layer size of 6 x 6 as shown in Fig. 3.2 (c). The number of passes (epochs) required 
for training varied from 6 to 14. 
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Fig. 3.2. The effect of changing (a) the learning rate, (b) the momentum constant, and (c) 
the middle layer size on the classification rate of the maternal  QRS-complexes (l.h.s.) and 
fetal heartbeats (r.h.s.) from transabdominally-measured ECG signals using bispectral 
contours and their templates to be matched using a single-hidden-layer perceptron back-
propagation algorithm with momentum. Data length = 250 msec. The optimised 
parameters for the BIC classification are: learning rate = 0.2, momentum constant = 0.2, 
and middle-layer size = 6 x 6. (Code: 5-1-100). 



Detection and Classification of Adult and  
Fetal ECG Using Recurrent Neural Networks, Embedded Volterra and Higher-Order Statistics 

 

239 

3.7 Bispectral contour matching of the maternal QRS-complex and fetal heartbeat 

The bispectral contour template matching technique works with only 10 templates of 
maternal transabdominal QRS-complexes and 20 templates of fetal heartbeats with maternal 
contribution. The classification of the four segments involves a pattern-by-pattern updating 
rather than batch updating for the weight adjustments. This is more suitable to speed up the 
performance. Pattern-by-pattern updating tends to be orders of magnitude faster than batch 
updating. However, it should be noted that pattern-by-pattern updating is harder to 
parallelise (Zgallai, 2012).  

3.8 The maternal QRS-complex and the fetal heartbeat classification rates 

3.8.1 The maternal QRS-complex classification rate 

Table 3.1 shows a top classification rate of 100% for maternal QRS-complexes using 
bispectral contours for signal processing and single-hidden-layer perceptron classification. 
The 100% maternal QRS-complex classification rate has been achievable with or without 
linearisation. It makes no difference to the results. A brief description of the optimised 
parameters required for the  linearisation process is given. To calculate the maternal heart 
rate an auxiliary method to pinpoint the R-wave is needed. For this application an adaptive 
thresholding method has been employed. Note that this is not very accurate when one deals 
with deformed QRS-complexes in heart patients. All maternal ECGs, however, exhibit 
normal-to-the-patient QRS-complexes. The instantaneous maternal heart rate is calculated 
by dividing 60 by the R-to-R interval (in seconds). The application of this auxiliary routine 
leads to a maternal heart rate with an accuracy of 99.85%. 

Parameters: The second-order Volterra parameters are: filter length = 6, step-size parameters 
= 0.005, and 0.0004 for linear and quadratic parts, respectively, delay = 3. The third-order 
Volterra parameters are: filter length = 6, step-size parameters = 0.001, 0.0002, and 0.0004 for 
linear, quadratic and cubic parts, respectively, delay = 4. A dual-band-pass filter is applied 
to the bispectrum, the first has a band-pass of 10 Hz to 20 Hz and the second has a band-
pass of 25 Hz to 40 Hz. Optimised Kaiser windows centred at frequencies of 15 Hz, 16 Hz, 
17 Hz, 18 Hz, and 19 Hz for the maternal spectrum, and at frequencies of 28 Hz, 29 Hz, 30 
Hz, 31 Hz, 32 Hz, 33 Hz, 34 Hz, 35 Hz, 36 Hz, 37 Hz, and 38 Hz for the fetal spectrum are 
used in both the power spectrum and the BIC. 

3.8.2 Fetal heartbeat detection quality and classification rate for the bispectral 
contour template matching technique 

Table 3.2 summarises the results of the fetal heartbeat detection using the power spectrum 
method (second-order statistics), and the bispectrum contour template matching technique. 
Optimised adaptive LMF-based second- and third-order Volterra synthesisers are employed. 
The power spectrum method has a classification rate of 71.47%. Using the second hybrid 
system, the classification rate increased to 87.72% without linearisation, and to 88.28% and 
90.12% using second- and third-order Volterra synthesisers with LMF update, respectively. The 
second hybrid method has an improvement of 19% and 4% in the classification rate over and 
above that achieved with the second-order statistics and the TOC template matching technique, 
respectively. The classification rate of the coincident maternal and fetal QRS-complexes is 0%. 
The classification rate of non-coincident maternal and fetal QRS-complexes is 99.21%. 
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Parameters:The second-order Volterra parameters are: filter length = 6, step-size parameters 
= 0.005, and 0.0004 for linear and quadratic parts, respectively, delay = 5. The third-order 
Volterra parameters are: filter length = 6, step-size parameters = 0.001, 0.0002, and 0.0004 for 
linear, quadratic and cubic parts, respectively, delay = 5. A dual-band-pass filter is applied 
to the bispectrum, the first has a band- pass of 10 Hz to 20 Hz and the second has a band-
pass of 25 Hz to 40 Hz. Optimised Kaiser windows centred at frequencies of 15 Hz, 16 Hz, 
17 Hz, 18 Hz, and 19 Hz for the maternal spectrum, and at frequencies of 28 Hz, 29 Hz, 30 
Hz, 31 Hz, 32 Hz, 33 Hz, 34 Hz, 35 Hz, 36 Hz, 37 Hz, and 38 Hz for the fetal spectrum are 
used in both the power spectrum and the BIC. 
 

Spectral matching template with ANN 
classifiers 

The power 
spectrum 

The bispectrum 
contours 

Classification rate 99.84 100.00 

Table 3.1. The classification rate for the maternal QRS-complex using maternal 
transabdominally-measured ECGs and their respective power spectrum and bispectral 
contours. 
 

Spectral matching template type with 
and without linearisation using 
Volterra and in conjunction with 
ANN classifiers 

Se 
(%) 

Sp 
(%) 

FP, 
out of 
120000 

FN, 
out of 
120000 

Classification 
rate 
(%) 

Power spectrum with linearisation 71.29 71.44 34272 34537 71.37 
Bispectral contour without 
linearisation 87.97 87.46 15048 14436 87.72 

Linearised bispectral contour using 2nd 
order adaptive LMF Volterra 
synthesiser 

 
88.53 

 
88.04

 
14352 

 
13764 

 
88.28 

Linearised bispectral contour using 3rd 
order adaptive LMF Volterra 
synthesiser 

 
90.53 

 
89.73

 
12324 

 
11364 

 
90.12 

Table 3.2. Fetal heart detection quality and classification rate using transabdominally-
measured ECG and their respective power spectrum and bispectral contours with and 
without linearisation. The total number of fetal heartbeats is 120,000 and the total number of 
maternal ECG recordings is 30. The performance was assessed against synchronised fetal 
scalp heartbeats. All mothers were during the first stage of labour at 40 weeks of gestation. 

3.9 Discussion 

The bispectral contour matching technique is an extension to the cumulant matching 
technique. Therefore, the choice of the NN classifier is based on the discussion presented 
previously. Prior information remain as valuable assets and are very much exploited herein. 
It is the matching of the horizontal 2-d bispectral contours that has been used in the BIC 
template matching technique instead of the 1-d polar bispectral slices. Because in order to 
use the 1-d polar bispectrum slices effectively, one needs to use a minimum of 24 polar slices 
to facilitate capturing the most rapid changes in the bispectrum including null features that 
could be used as discriminant patterns. Whereas for BIC contours, provided that they are 
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horizontally cut at a maximum number of 10 levels, a good quality discriminant picture can 
be made available for the neural network classifier. For example, it is very unlikely that 
maxima and troughs are missed because of any changes in their respective positions. 
Approximately 50,000 maternal cardiac cycles have been included in the analysis. The 
numbers of bispectral contours compound templates are 10 for the maternal chest, 10 for the 
fetal scalp, and 140 for the transabdominally-measured 250 msec segments, respectively. 
Each bispectral compound template is made of 10 horizontal templates at different levels. 
Starting from a normalised 0 dB and going down in steps of 1 dB each to a – 10 dB. 

The maternal transabdominal ECG signal is linearised using an optimised LMF-based second- 
or third-order Volterra synthesiser. The second-order Volterra synthesiser parameters are: filter 
length = 6, step-size parameters = 0.005, and 0.0004 for linear and quadratic parts, respectively, 
delay = 5. The third-order Volterra synthesiser parameters are: filter length = 6, step-size 
parameters = 0.001, 0.0002, and 0.0004 for linear, quadratic and cubic parts, respectively, delay = 
5.  The transabdominal ECG signal is segmented into four segments containing; (I) The 
maternal QRS-complex, (II) the first fetal heartbeat with maternal contribution, (III) QRS-free 
ECG, and (IV) the second fetal heartbeat with maternal contribution. To segment the 
transabdominal ECG signals, the window length is carefully chosen to; (i) Yield an acceptable 
upper threshold of both the deterministic and stochastic noise types inherent in the higher-
order statistics of the ECG signals encountered, and (ii) allow the detection of one, two, three, or 
four fetal heartbeats (FHBs) within one maternal transabdominal cardiac cycle. 

The classification procedure starts by matching the bispectral contours of the segments to 
those of the templates until the first and the second maternal QRS-complexes are detected and 
their R-waves are pinpointed. The maternal heart rate is accurately calculated from the 
knowledge of the current and previous R-wave positions. Then, the search for the fetal 
heartbeat starts at 50 msec before the first maternal R-wave and continues until the second 
maternal R-wave is  reached. Although the ECG bispectral contour template matching 
technique is very effective in detecting the occurrence of the fetal heartbeats as a whole in the 
frequency domain even when it is completely buried in noise, it cannot locate the R-wave in 
the time domain over a window length of  250 msec. However, the maternal heartbeats can be 
measured fairly accurately and calculate the instantaneous heart rate for the mother. Hence, by 
counting the number of fetal heartbeats that have occurred between two successive maternal 
R-waves, one can easily calculate the averaged FHR within the maternal cardiac cycle; 

The average FHR = MHR x Number of  FHBs / number of maternal heartbeats  

the instantaneous maternal heart rate is previously known with some degree of accuracy, 
and the relative fetal to maternal heartbeat is also known within the maternal cardiac cycle. 
Hence, the averaged fetal heart rate can be calculated within each maternal cardiac cycle. 

3.9.1 The effect of window length on the bispectral contour variance  

The variance of the bispectrum for the optimum window length of 250 msec with FHB 
occurrence ranges from 0.47 to 3.3 with an average value of 1.716. The variance of the 
bispectrum is smaller than that of the third-order cumulants. A further 15% increase in the 
variance of the bispectrum is due to an increase in the maternal heartbeat from 60 bpm to 
100 bpm. The latter has resulted in an 30% decrease in segment size.  
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3.9.2 Parameters of the single-hidden layer perceptron 

The network has been optimised in terms of its learning rate, momentum constant, and hidden 
layer size to achieve the minimum mean-squared error. The optimum learning rate is found to 
be 0.2. The optimum momentum constant is found to be 0.2. The single-hidden-layer has an 
optimum dimension of 6 x 6. The input to the first layer is the bispectral contours of the four 
transabdominally-measured ECG segments. The network is trained using the BIC templates. 
During the training phase, the input to the network is four template patterns. These are the 
BIC of four segments from one transabdominal cardiac cycle. For example the first is the 
maternal QRS-complex BIC, the second is the first fetal heartbeat BIC, the third is the QRS-free 
ECG BIC, and the fourth is the second fetal heartbeat BIC. The network is trained over ten 
templates of each of the four segments. The training terminates when the worst error in all 
patterns in one pass is less than 0.1. Typically the average error will be in the range of 0.001. 

4. ECG abnormality classification using polyphase 
The main motivations behind the use of HOS are their ability to (i) preserve the phase of the 
signal frequency components (ii) suppress Gaussian noise, (iii) characterise and separate motion 
artefact (Nikias and Petropulu, 1993), and other non-Gaussian low frequency components, and 
(iv) detect and classify non-linearities. HOS algorithms are employed to develop discriminant 
contour patterns in the multi-dimensional phase of the polyspectra (polyphase) of normal 
looking ECGs in outpatients having weariness and general malaise or have recently had 
suspected angina. Similar polyphase patterns have been found in the ECGs of acute myocardial 
infarct patients with or without diagnostic S-T segment and T-wave changes. The polyphase 
computation is done in milliseconds but a temporal window of 10 ECG cycles is necessary in 
each of the polyspectral averaging process. The polyphase patterns can be displayed every 10 
seconds. A high resolution three-lead ECG is adequate for polyphase discrimination. The 
results of a pilot study show that this is a potential diagnostic technique. Particularly in those 
50% Pre-Infarction Syndrome cases which show perfectly normal 12-lead ECGs and will not be 
identified early enough to prevent them from developing acute myocardial infarction (AMI), 
(Struebe and Strube, 1989). The standard 12-lead ECG has poor sensitivity for the early 
detection for (AMI). Only 40-50% patients presenting with AMI show S-T segment and T-wave 
changes on the initial ECG. The rest might not receive the benefit of acute interventional 
therapies in the first hours after the event. The application of HOS to ECGs has shown fruition 
in positively identifying ischemic heart diseases (Strube and Strube, 1989, Zgallai, 2011a, 
Zgallai, 2011b, and Zgallai 2011c). The methodology involved decomposing the ECGs into 
linear and several non-linear component waves prior to identification and classification. 
Methods of validation employed clinical diagnoses and other apriori clinical information 
spanned over a number of years.  Using other HOS discriminant patterns, the focus is on the 
identification of coronary artery disease, solely from its polyphase contour patterns. Polyphase 
patterns are obtained using the standard three-lead ECG, a multi-channel low-noise amplifier, 
an interface card and a PC. Sampling frequency is 0.5 KHz and a resolution of 12 bits. Recurrent 
neural networks have been used to classify the patterns in Fig 4.1 c and d, respectively (Rizk et 
al., 1999b). The employed neural network has an input layer, a middle layer, and an output 
layer. The input layer has 64 neurons, the middle layer has 16 neurons, and the output layer has 
8 neurons. The network size has been optimised using trial and error with an MSE threshold of 
0.001. The learning rate and momentum constant are, respectively, 0.7 and 0.9. 
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Fig. 4.1. Typical electrocardiogram biphase signature of an Acute myocardial infarction 
(AMI) presented with a normal looking 12-lead ECG without S-T segment and T-wave 
changes and normal sinus rhythm. (a) and (b) are ECGs of normal and AMI subjects, 
respectively. (c) and (d) are the corresponding bispectral phases using the direct method 
with frequency domain smoothing and Kaiser window. The bispectrum is the average of 10 
ST bispectra, the S-T segment is 150 samples starting from the R peak (Rizk et al., 1999b). 

5. ECG abnormality classification using cumulants 
This section describes a simple and accurate multi-layer recurrent neural network classifier 
specifically designed to successfully distinguish between normal and abnormal higher-order 
statistics features of electrocardiogram (ECG) signals. The concerned abnormality in ECG is 
associated with ventricular late potentials (LPs) indicative of life threatening heart diseases. 
LPs are defined as signals from areas of delayed conduction which outlast the normal QRS 
period (80-100 msec). The QRS along with the P and T waves constitute the heartbeat cycle. 
This classifier incorporates both pre-processing and adaptive weight adjustments across the 
input layer during the training phase of the network to enhance extraction of features 
pertinent to LPs found in 1-d cumulants. The latter is deemed necessary to offset the low 
SNR ratio in the cumulant domains concomitant to performing short data segmentation in 
order to capture the LPs transient appearance. The procedures of feature selection for neural 
network training, modification to the back propagation algorithm to speed its rate of 
conversion, and the pilot trial results of the neural ECG classifier are summarised. 

5.1 Background 

The relationship between myocardial infarction (MI) and short-duration high-frequency 
components occurring around the terminal end of the QRS complex in the cardiac cycle of 
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the ECG  has been investigated by a number of dedicated research workers (Gomis et al., 
1997). The high frequency components are associated with late potentials (LPs) emanating 
from areas of delayed conduction and outlast the normal QRS period (80-100 msec). LPs are 
linked with malignant ventricular tachycardia (VT) after a myocardial infarction (dead zone 
or scar tissue in the ventricular muscle). The later is highly correlated with sudden cardiac 
death. Common methodology for detecting LPs in the time domain involves temporal 
scanning of the S-T region of the cardiac cycle and relies upon accurate identification of the 
QRS boundaries (Li et al., 1995). The detection problem is exacerbated by the fact that LP‘s 
are relatively weak (mv) and often below the noise floor. In the frequency domain, second-
order statistics can offer a limited success. The shapes of power spectra of normal and 
abnormal (malignant VT) ECGs are invariably broadly similar and without significant 
features above the noise floor, at approximately -70 dB (Rizk et al., 1998). LPs are essentially 
non-linear transient events (Gomis et al., 1997) and consequently interact with the inherent 
non-linearity of the cardiac waves as well as certain class of recursive non-linearly attributed 
to external factors such as motion artefact (Zgallai et al., 1997). 

Previous work (Zgallai et al., 1997) showed that results obtained using HOS offer some 
empirical evidence that:  (i) ECG signals contain intrinsic as well as quadratic and higher-
order non- linearities, (ii) the QRS wave is predominantly linear non-Gaussian, the P and T 
waves are characterized by having quadratic and cubic non-linearities, (iii) the QRS wave 
can be totally resolved from the motion artifact in the bispectrum domains and (iv) 
disproportionately high-frequency non-linearity in the bicoherence squared is indicative of 
abnormality in an otherwise innocent looking ECG. However, non-linear filtering and a 
high resolution technique such as the spectral MUSIC incorporates an optimised window 
must be applied to a short duration data sample (without compromising the variance), prior 
to the application of HOS (Zgallai et al., 1997). Third-order Volterra filtering applied to raw 
data can be beneficial in isolating quadratic and cubic non-linearity in the higher-domains 
(Zgallai et al., 2007). 

The higher-order statistical features are selected and enhanced using sampled weights of a 
non-linear function based on a priori information about distinguished abnormality 
signatures in the higher domains. The function is modified adaptively during the training of 
the neural network which employs ten 1-d cumulants every 1000 or less cycles per patient. 
After this the updated version of the function parameters are fixed over the next 1000 
cardiac cycles. Subsequently, a simple neural network classifier based on a modified version 
(Jacobs, 1988, and Hush and Salas, 1988) of the back-propagation algorithms performs 
accurate LPs and even ischemic ECG classification (Zgallai,     2011 a, Zgallai, 2011 b, and 
Zgallai, 2011 c). 

5.2 Higher-order statistics feature selection and enhancement 

The experimental setup consists of an ECG monitor, interface card and a workstation. 
Raw ECG data are measured using three orthogonal surface electrodes, sampled at 500 Hz 
and fed to the computer which performs the following operations. Accurate on-line QRS 
detection. This involves Volterra whitening filters in the time domain or / and the high-
resolution spectral MUSIC in the frequency domain. Positions of ECG peaks are 
pinpointed in the time domain. The MUSIC algorithm incorporates two sliding sets of 
three overlapping Kaiser windows and adaptive thresholding operations which not only 
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pinpoint the high-level low-frequency QRS spectral peaks (LFQRSSPs) per cycle, but also 
performs the preliminary spotting of the low-level high-frequency late potential 
components over a range of frequencies from 100-250 Hz. Detection of late potential high-
frequency spectral peaks is carried out off-line every 5 LFQRSSPs to allow appropriate 
segmentation between the R-R marking in the time domain processing which runs almost 
synchronisingly with the MUSIC routine. A detailed procedure for segmentation involves 
calculating the bicoherence squared and mapping a particular region for each individual 
segment to confirm existence of quadratic non-linearity before moving on to interrogate 
another segment or skip a few segments up to the next R peak. This controlled skipping 
helps to avoid the highly non-linear T wave of the present cycle and the P wave of the 
adjacent one. 

The Volterra filtering can be used to partially suppresses motion artifact only in those 
cases of missing LFQRSSPs and the MUSIC routine is repeated over the same cardiac 
cycle for confirmation of the presence or absence of QRSs. This has been found to be 
necessary in extreme cases and in the absence of QRS waves (ventricular fibrillation). Off-
line calculations of the cumulant diagonal and wall 1-d slices are performed on those 
segments suspected of having LPs as depicted in Fig. 5.1. It is clearly seen that 
abnormality is manifested in the eminent petal pattern (a horizontal slice has a petal 
shape) in the cumulant domains. Five thousand cardiac cycles of normal and abnormal 
ECGs were put to the test. An arbitrarily chosen non-linear function modifies the 
envelope of the so-called ‘petal pattern’ to enhance its peculiarity against background 
artifact. The non-linear function is then sampled across the input layer of the neural 
network. 

5.3 Design of the neural classifier 

Fig. 5.2 shows the network preceded by a preprocessing unit which performs the task of 
determining a set of meaningful and representative features in the HOS domains. A sigmoid 
logistic function is used to describe the input-output relation of the non-linear device. The 
neural network is designed to classify two classes; normal and abnormal third-order 
cumulants. The combined use of skewness and kurtosis can provide more accuracy in 
difficult cases.The utility of the diagonal slice of the fourth-order cumulant can be of more 
help when used in the desired response for the third output. The use of higher than the 
third-order statistics adds more complexity to the network.  

5.3.1 Block adaptive weight adjustment 

Initially the classification was attempted by feeding cumulant slices of short ST segments of 
the order of 10 to 30 samples at 500 Hz sampling rate. This attempt was 80% successful as 
the network missed low profile petal patterns with low levels of signal-to-noise ratios in 
their vicinity as a result of short data segmentation. A function was introduced to strengthen 
the relative magnitude of the discriminant cumulant slice features. The function is sampled 
across the input layer and its parameters (,) can be adaptively changed for each cumulant 
slice fed during the training phase which usually takes up to 10 modified cumulant slices 
every 1000 cardiac cycles. Obviously the shape of function can be changed to cater for other 
types of abnormalities. 
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(a) (b) 

Fig. 5.1. Typical third-order cumulants and their 1-d diagonal and wall slices shown in 
insets (left, right) of (a) a normal subject and (b) a subject having infarction in the ventricular 
muscle.  

 
Fig. 5.2. Architecture of the four-layerd neural network. (a) Neuron or processing unit in the 
network. (b) The four-layer neural network. Only 1-d slice of the weight function modifies 
the corresponding cumulant slice.  

5.3.2 Modification to the back-propagation algorithm 

The back propagation method (Hush and Salas, 1988) used in the supervised learning of a 
multi-layer neural network is basically a gradient descent method. Although this method 
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has become the most popular learning algorithm for multi-layer networks, its rate of 
convergence is often found to be too slow for practical applications. Well established 
methods have been adopted (Hush and Salas, 1988). In the modified back-propagation 
method, every weight wij in the network is given its own learning rate ij, and the training 
data set is divided into a number of epochs each containing K training patterns (training 
patterns are 1-d cumulants from overlapping segments of the ST region). The weight wij 
and learning rate ij are updated every time after an entire training epoch (10 cumulants) 
has been presented to the network. The weight and learning rate updating rules of the 
modified back-propagation algorithm can be summarized as follows (Hush and Salas, 
1988). 
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The index n refers to the nth epoch in the training data; the index k refers to the kth pattern 
in an epoch containing K patterns; kj is the modulated error signal of neuron j with the kth 
pattern in an epoch; yki refers to the actual computed output of neuron I with the kth pattern 
in an epoch; k is the index performance to be minimised by the weight update rule with the 
kth input pattern; finally, , , and  (all of which have values between 0 and 1) are the 
control parameters. 

5.4 Experimental results  

Three orthogonal leads ECG were recorded from several subjects confirmed of having VT 
with a prior myocardial infarction (MI). Two subjects suspected of having MI but time- and 
frequency-domains analysis had not shown any abnormality, and several normal subjects. A 
total of 3,000 cardiac cycles for this pilot study. Their feature extraction and enhancement 
were performed. The parameter  and  of the exponential weight function applied across 
the input layer were chosen to fall in the region of 1-2 and 0.25 – 0.5 for  and , 
respectively. The initial learning rates ij(0) were all chosen to be 0.06. The momentum 
factor, , was fixed at 0.09. The control parameters ,  and  were chosen to be 0.03, 0.1 
and 0.5 respectively. The classifier described here achieved very high (90%) classification 
rate. The remaining 10% failure mainly arose because the MI suspected cases were not 
invasively examined and confirmed. 
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6. Statistical analysis of ECG detection methods 
ECG signals are predominantly non-Gaussian (Rizk and Zgallai, 1999 and Rizk et al., 1995), 
and exhibit quadratic and higher-order non-linearities supported by third- and fourth-order 
statistics, respectively. ECG signals do contain measurable quantities of quadratic and cubic 
non-linearities. Such quantities if not synthesised and removed before any further 
processing for the purpose of signal identification and classification could lead to poor 
performance with regard to fetal QRS-complex detection rates. The non-linearity in the ECG 
signal can be detected using the bicoherence squared. The bicoherence squared has peaks at 
the frequency pairs of (6 Hz,15 Hz) and (14 Hz,14 Hz) for the fetal scalp cardiac cycle, (15 
Hz,15 Hz) for the maternal chest cardiac cycle, and (7.5 Hz,7.5 Hz) for the maternal 
transabdominal cardiac cycle. These bicoherence peaks support non-linearity (Zgallai, 2007). 
There is a general consensus that individual cardiac cycles are locally stationary. However, 
when applying a highly dimensional signal such as the transabdominal ECG that have 
several individual non-linear and deterministic signals overlapping both in the time and 
frequency domains, all coexisting in a cocktail of noise and motion artefact, it is prudent to 
re-examine the validity of the stationarity assumption in relation to such signals. It is only 
natural to expect that the proximity of two non-linear signals such as the maternal and fetal 
QRS-complexes would result in non-linear (quadratic and higher-order) coupling and this in 
turn would invoke non-stationarity.  The bispectral  OT region is insepcted  (Nikias and 
Petropulu, 1993) for the maternal bispectral contour maps at a level of -30 dB. When the two 
R-waves of the maternal and fetal QRS-complexes are separated by 200 msec, the resultant 
bispectrum does not support the OT region (Zgallai, 2007). However, the situation is totally 
different when the two R-waves are as close as 35 msec. The OT region of the bispectrum is 
fully occupied and non-stationary (Zgallai, 2007). Hence, conventional signal processing 
techniques to separate the maternal and fetal QRS-complexes cannot be used. This problem 
has been adequately solved by linearising (at least removing quadratic coupling) the 
transabdominal signal before attempting to separate individual QRS-complexes. 

Correlartion-based second-order statistics do not show any distinguishable features that 
could be used to differentiate between maternal QRS-complex, fetal heartbeat with maternal 
contribution, and QRS-free ECG contributions. The FFT method reveals a fetal scalp 
electrode ECG principal spectral peak at 30 Hz (Zgallai, 2007). The FFT method for the 
transabdominal cardiac cycle reveals the maternal principal spectral peak of 15 Hz (Zgallai, 
2007). However, the FFT does not clearly show fetal spectral peak from the segmented 
transabdominal signal. There could be a shallow peak as low as    28 Hz or a shifted peak as 
high as 42 Hz (Zgallai, 2007).  

Statistical analysis of ECG data, including Pearson’s correlation analysis and higher order 
moments have been carried out (Rizk and Zgallai, 1999). The value of Pearson’s product-
moment correlation coefficient for both the third-order cumulant and the bispectral contour 
method is within the range of  -0.1 to +0.1.  

The Receiver Operating Characeteristics (ROC) analysis has been used to statistically 
analyse the results of the two propsoed detection methods, third-order cunulant and 
bispectral contour, compared to the second-order statistics method. The Area Under Curve 
(AUC) has been used as a measure for diagnostic accuracy and discriminating power. The 
second-order statistics-based, third-order cumulant slice, and the bispectral controue 
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methods have AUC values of 0.731, 0.794, and 0.843, respectively. This suggests that the 
third-order cumulant is a better detection method than second-order statistics-based, and 
that the bispectral contour method outperforms the third-order cumulant method.  

Youden’s index, defined as sensitivty + specificity – 1, has also been used for the detection 
methods. The second-order statistics-based methods have indices in the range of 0.42 to 0.55. 
The third-order cumulant method has an index of 0.72. The bispectral contour method has 
an index of 0.80. This suggests that the third-order cumulant is a better detection method 
than second-order statistics-based, and that the bispectral contour method outperforms the 
third-order cumulant method.  

Also, the Partial Area Under Curve (PAUC) measure has been used for a False-Positive Rate 
(FPR) of 10% and sensitivty larger than 75%. The second-order statistics-based method gives 
a PAUC of 0.043. The third-order cumulant method has a corresponding value of 0.125 
whilst that of the bispectral contour method is 0.137. This suggests that the third-order 
cumulant is a better detection method than second-order statistics-based, and that the 
bispectral contour method outperforms the third-order cumulant method.  

7. Conclusion 
The sensitivity, specificity and classification rate for the third-order slice cumulant matching 
hybrid system have been calculated . The technique has been evaluated for diagonal, wall, 
or arbitrary TOC slices, employing both the LMF-based quadratic and cubic Volterra filters. 
The results indicate that a linear combination of diagonal and wall slices of the TOC can 
improve the detection rate by up to 1% over and above the 77.8% obtainable using only 
either slice. Using two more arbitrary slices off-diagonal and off-wall would result in a 
further improvement of up to 1%. Using two slices instead of only one results in an two-fold 
increase in the CPU time of 1 msec using Unix WS. Further improvement of 6% to 8% is 
attainable with maternal transabdominal ECG signal linearisation employing second- and 
third-order Volterra synthesisers, respectively. Based on the first hybrid system using TOC 
slices for signal processing and subsequent single-hidden-layer classification, 100% and 
86.16% classification rates have been achieved for maternal QRS-complex and fetal 
heartbeats, respectively. Note that the classification rates for coincident and non-coincident 
maternal and fetal QRS-complexes are 0% and 95.55%, respectively. The remaining 
undetected 13.84% fetal heartbeats include 9.8% overlap with the maternal QRS-complexes 
and 4% occur during depolarisation of the maternal T-waves. Those events unavoidably 
lead to significant distortion of the fetal TOCs. This means that the cumulant signatures will 
not be close to the TOC template signature stored in the database. Examples of false 
negatives and false positives have been found in the following cases, respectively, (i) a fetal 
heartbeat with maternal contribution TOC diagonal slice was wrongly matched to a QRS-
free ECG TOC diagonal slice template, and (ii) a QRS-free ECG TOC diagonal slice was 
wrongly matched to a fetal heartbeat with maternal contribution TOC diagonal slice 
template.  

Results obtained for the bispectral contour matching hybrid system from 30 cases using the 
non-invasive transabdominally-measured ECG signal, with the simultaneous fetal scalp 
electrode ECG signal as a reference, show that the method has a classification rate of 100% 
for normal, healthy maternal QRS-complexes and 90.12% for fetal heartbeats. It has been 
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shown that an improvement of 1% to 3% is attainable with ECG signal linearisation 
employing second- and third-order Volterra synthesisers, respectively. Conventional 
methods (based on the power spectrum) of fetal heartbeat detection have a success rate in 
the range of 70%. The second hybrid system has a significantly higher classification rate.  
The classification rate of fetal heartbeats for non-coincident maternal and fetal QRS-
complexes is 99.21%. The classification rate of fetal heartbeats for coincident maternal and 
fetal QRS-complexes is 0%. This means that the hybrid bispectral contours technique fails to 
resolve the fetal beat when both the mother and fetal  QRS-complexes are synchronised. The 
bispectral contour template matching technique improved the classification rate by 
approximately 4% over and above that of the third-order cumulant template matching 
technique. The difference in performance is not due to better resolvability of the latter over 
the former in the case of coincident maternal and fetal QRS-complexes, as both techniques 
fail in this respect. But, it is due to the fact that the BIC template matching technique can 
resolve a few of the fetal QRS-complexes occurring within the T-wave region of the mother.  

Non-invasive classification of a particular type of ECG abnormality, late potentials, was 
investigated. This has been achieved by the prudent use of their third-order cumulant 1-d 
slices. A four-layer neural network classifier based on modified back-propagation algorithm 
and incorporating adaptive feature enhancement weights applied to its input layer during 
its learning phase has been successfully tested. Classification rate obtained from 3000 
cardiac cycles of normal, confirmed, and suspected abnormal subjects is 90%.  In a separate 
study conducted on the same data a sophisticated recurrent back-propagation network 
achieved less that 80% success rate. However, the instability issues of the latter network 
have not been fully investigated. 
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1. Introduction 
European ecological regulations meant to protect nature and wild life along with 
construction cost reduction policies generated a set of government regulations that limit the 
access to new transmission and distribution corridors. As a result, gas, water or oil supply 
pipelines are forced to share the same distribution corridors with Electrical Power Lines 
(EPL), AC Railway Systems or Telecommunication Lines (figure 1).  

 
Fig. 1. Common distribution corridor. Right of way. 

The electromagnetic fields generated by high voltage electrical power lines produce AC 
interference in the nearby metallic structures. Therefore, in many cases these underground 
or above ground utilities supply Metal Pipelines (MP) are exposed to effects of induced AC 
currents and voltages (CIGRÉ 1995, Dawalibi & Southey 1989). Especially in case of power 
line faults, the resulting AC voltage in unprotected pipelines may reach thousands of volts. 
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This could be dangerous on both the operating personnel (that may be exposed to electric 
shocks), and to the structural integrity of the pipeline, due to corrosion. Underground steel 
pipelines are in permanent contact with the electrolyte solution from the soil, so proper 
protection measures are necessary in order to limit the induced current densities, which are 
the cause of electrochemical corrosion. Uncontrolled corrosion of supply pipelines may 
cause gas or/and oil spills with very serious ecological and economic implications.  
(Baboian 2002, Collet et al. 2001) 

In order to provide proper protection for pipelines the AC interference has to be well 
known. Normally, the electromagnetic interference between electrical power lines and 
nearby metallic pipelines could be generated by any of the following three types of 
couplings (CIGRÉ 1995): 

 Inductive Coupling: Aerial and underground pipelines that run parallel to or in close 
proximity to transmission lines or cables are subjected to induced voltages by the time 
varying magnetic fields produced by the transmission line currents. The induced 
electromotive forces (EMF) causes current circulation in the pipeline and voltages 
between the pipeline and surrounding earth. 

 Conductive Coupling: When a ground fault occurs in the electrical power system the 
current flowing through the grounding grid produce a potential rise on both the 
grounding grid and the neighbouring soil with regard to remote earth. If the pipeline 
goes through the “zone of influence” of this potential rise, then a high difference in the 
electrical potential can appear across the coating of the pipeline metal. 

 Capacitive Coupling: Affects only above ground pipelines situated next to overhead 
power lines. It occurs due to the capacitance between the power line and the pipeline. 
For underground pipelines the effect of capacitive coupling may be neglected, because 
of the screening effect of the earth. 

In case of interferences between EPLs under normal operating conditions and underground 
pipelines, only the inductive coupling described by the self and mutual impedance matrix 
has to be taken into consideration. Conductive and capacitive interference may be, also, 
neglected when a ground fault happens significantly away from the common corridor. 
 

 
Fig. 2. Cross section of an interference problem between an EPL and an underground MP. 
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To evaluate the self and mutual impedance between the conductors (phase wires, sky wires 
and pipelines) the magnetic vector potential has to be evaluated on the cross section    
(figure 2) of these conductors as presented in (Christoforidis et al. 2003, 2005).   

Thus, taking into account the cross section of the studied problem, the z-direction 
component of the magnetic vector potential Az and of the total current density Jz are 
described by the following system of differential equations: 
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where σ is the conductivity, ω is the angular frequency, µ0 is the magnetic permeability of free 
space (µ0= 74 10   H/m), µr is the relative permeability of the environment, Jsz is the source 
current density in the z-direction and Ii is the imposed current on conductor i of Si cross section.  

To solve this differential equation system, the finite element method (FEM) is recommended 
to be used. FEM effectively transforms the electromagnetic interference problem into a 
numerical one. Although FEM yielded solutions are very accurate, regarding to the problem 
complexity, the computing time of this method increases with the geometry, its mesh, 
material characteristics and requested evaluation parameters. 

The FEM calculations are used in the described method, as a means of calculating the self 
and mutual impedances of the conductors present in the configuration. Generally, if there 
exist n conductors in the configuration and assuming that the per unit length voltage drop  
on every conductor is known for a specific current excitation, the mutual complex 
impedance between conductor i and another conductor j carrying a certain current, where 
all other conductors are imposed to carry zero currents, is given by: 

  , 1,2, ,i
ij

j

V
Z i j n

I
    (2) 

Similarly, the self-impedance of conductor i may be calculated using (2), by setting i=j. 

The procedure is summarized below (Papagiannis et. al. 2000): 

 By applying a sinusoidal current excitation of arbitrary magnitude to each conductor, 
while applying zero current to the other conductors, the corresponding voltages are 
calculated. 

 The self and mutual impedances of the j conductor may be calculated using (2). 

The above procedure is repeated n times, so as to calculate the impedances for n conductors. 

Applying FEM calculations for the solution of linear electromagnetic diffusion equation (first 
relation from system (1)), the values for source current density in the z-direction (Jszi) on each 
conductor i having a conductivity of σi are obtained. Therefore, equation (2) becomes: 
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Following the above procedure, effectively linking electromagnetic field variables and 
equivalent circuit parameters, the self and mutual impedances per unit length of the 
problem are computed. 

By using FEM to calculate the impedances of the problem instead of classic formulae, (e.g. 
Carson’s formulae), one can deal effectively with more complex situations, such as 
multilayer earth or terrain irregularities. 

Nevertheless, the study of electromagnetic interference between power lines and 
underground pipelines using FEM for different system configurations requires expensive 
computing time. This is because each new problem geometry taken under consideration 
involves a new mesh development and new calculations. To solve system equation (1) for a 
given problem geometry (EPL-MP separation distance, soil resistivity) with an Intel Core2 
Duo T6400 (2.0 GHz/2.0 GHz) processor PC it takes from 20 to 50 minutes depending on 
mesh discretization. Therefore, any scaling method of the results from one configuration 
case to another may be of interest if it provides less computing time.  

A first attempt in applying artificial intelligence techniques to scale EPL-MP interference 
results was made in (Satsios et al. 1999a, 1999b). A Fuzzy Logic Block (FLB) was 
implemented to evaluate the Magnetic Vector Potential (MVP) for an EPL-MP interference 
problem where phases to earth fault occurred. The input values were the geometrical 
parameters of the studied problem configuration (separation distance, soil resistivity) and 
the coordinates of the point where the MVP should be calculated. However, the 
implemented FLB provide relatively good results for MVP, the main disadvantage of this 
method consists in determination of the optimal parameters, which describes the fuzzy logic 
rule base. An iterative technique based on conjugate gradient has been used to optimize the 
fuzzy rule base parameters. Later on a Genetic Algorithm technique had been proposed in 
(Damousis et al. 2002) to determine the optimal parameters and rule base configuration  

Another approach in using artificial intelligence techniques in the study of electromagnetic 
interferences between power lines and underground metal pipelines was introduced by    
Al-Badi (Al-Badi et al. 2005, 2007). A feed-forward Neural Network with one output layer 
and one hidden layer was proposed to evaluate the induced AC interference in an 
underground pipeline exposed to electromagnetic fields generated by an electrical power 
line in case of a phase to earth fault. The input values of this Neural Network were the fault 
current, the soil resistivity, the separation distance and a fourth parameter which indicates 
the presence of mitigation wires. The main advantage of this NN solution was that it 
provided directly the value of the induced AC voltages. However, the limitation of this 
model consists in the fact that the results are obtained for a specific common distribution 
corridor length. 

In this chapter two artificial intelligence techniques are presented. These were applied by 
the authors in some EPL-MP electromagnetic interferences studies (Micu et al. 2009, 2011). 
The first one is a neural network alternative to the EPL-MP interference problem presented 
in (Satsios et al. 1999a, 1999b). The advantage of the proposed alternative consists in the 
accuracy of the obtained results and in the shorter training time. The second is a neural 
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network solution used to evaluate the self and mutual impedance matrix, which describe the 
inductive coupling between an electrical power line and an underground pipeline in the 
presence of a three vertical layer earth. For such a case, no analytical formula exists so far, 
and this means that lengthy calculations using FEM must be made. The obtained impedance 
matrix can be used to build and solve the equivalent electrical circuit model and thus 
evaluate the induce AC voltage. This equivalent electrical circuit approach permits to solve 
more complex problem geometries where for example the separation distance between EPL 
and MP varies along the common distribution corridor.    

2. Magnetic vector potential evaluation using neural networks 
The first attempt of the authors to use neural networks based artificial intelligence 
techniques in the study of electromagnetic interference problems was focused on finding an 
easier method to identify the optimal solution to scale the results from a set of known 
problem geometries to any other new problem geometries in case of specific EPL-MP 
interference problems.  

2.1 Studied electromagnetic interference problem 

The studied electromagnetic interference problem, presented in figure 3, refers to an 
underground metallic gas pipeline which shares for 25 km the same distribution corridor 
with a 145 kV EPL at 50 Hz frequency. The power line consists of two steel reinforced 
aluminium conductors per phase. Sky wire conductors have a 4 mm radius and the gas 
pipeline has a 0.195 m inner radius, a 0.2 m outer radius and a 0.1 m coating radius. The 
characteristics of the materials in this configuration have the following properties: the soil is 
assumed to be homogeneous; MP and sky wires have an σ =7.0E+05 S/m conductivity and a 
µr=250 relative permeability. 

 
Fig. 3. Top view of the parallel exposure. 

It is assumed that a phase to ground fault occurs at point B, far away outside the common 
EPL–MP distribution corridor. The earth current associated with this fault has a negligible 
action upon the buried pipeline. This fact allows us to assume only the inductive coupling 
caused by the flowing fault current in the section where the power lines runs parallel to the 
buried gas pipeline. End effects are neglected, leading to a two dimensional (2D) problem, 
presented in figure 4, were the magnetic vector potential has to be evaluated.  
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Fig. 4. Cross section of the studied EPL-MP interference problem. 

2.2 Fuzzy logic implementation  

A first attempt in applying artificial intelligence techniques to reduce the computational 
time needed by FEM to evaluate the MVP values for different problem geometries have 
been made in (Satsios et al. 1999a, 1999b). The presented Fuzzy Logic Block had as input 
values the separation distance, d, between EPL and MP, the soil resistivity, ρ, and the 
coordinates (x,y) of the point where MVP is wanted to be evaluated:  
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The proposed Fuzzy Logic Block showed relatively good results for MVP’s amplitude and 
phase evaluation according to the training database created by calculating MVP with FEM 
for a set of known problem geometries (figure 5):  

 
Fig. 5. Absolute evaluation error provided by the presented Fuzzy Logic Block. 
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To identify the proper rule base and the optimal parameters for each rule an iterative 
technique has been applied using gradient based relations like:  

      
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and 
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where  , , ,d x y   and    , , , , , , ,p p
FEMA d x y A d x y  are the MVP values obtained with 

FEM and respectively. 

In the following, in order to improve the accuracy of the obtained results and to simplify the 
implementation process of the applied artificial intelligence technique, the authors propose 
an alternative by using a Neural Network solution instead of the presented Fuzzy Logic 
Block presented in (Satsios et al. 1999a, 1999b). 

2.3 MatLab implementation of prosed neural networks 

To identify the optimal neural network solution different feed-forward and layer recurrent 
architectures were evaluated. To implement these neural network architectures the Neural 
Network Toolbox of the MatLab software application was used. This software was chosen 
because it enables the creation of almost all types of NN from perceptrons (single layer 
networks used for classification) to more complex architectures of feed-forward or recurrent 
networks. To create a feed-forward neural network in MatLab the following function can be 
called from command line:   

 net = newff(P,T,S,TF,BTF,BLF,PF) (7) 

where: 

 P – is a RxQ1 matrix of Q1 representative R-element input vectors; 
 T – is a SNxQ2 matrix of Q2 representative SN-element target vectors; 
 S – is a vector representing the number of neurons in each hidden layer; 
 TF – is a vector representing the transfer function used for each layer; 
 BTF – is the back propagation function used to train the NN; 
 BLF – is the weight/bias learning function; 
 PF – is performance evaluation function. 

A similar function can be called to create a layer recurrent neural network: 

 net = newlrn(P,T,S,TF,BTF,BLF,PF) (8) 

Once a neural network is created, to train it, the following Matlab function can be used: 

 train(net,P,T) (9) 
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where: 

 net – is the neural network that has to be trained; 
 P – is a RxQ1 matrix of Q1 representative R-element input vectors; 
 T – is a SNxQ2 matrix of Q2 representative SN-element target vectors; 

These to functions also provide a pre-processing of the four input parameters: d the 
separation distance between EPL and MP (which varies between 70 m and 2000 m), ρ the 
soil resistivity (which varies between 30 Ωm and 1000 Ωm) and (x,y) the coordinates of the 
point where the MVP is wanted to be evaluated (which varies between 0 and 2100 m, 
respectively between 0 m and -30 m); by scaling them in the range of [-1,+1]. 

To train the different NN architectures the Levenberg-Marquardt training method and the 
descendent gradient with momentum weight learning rule has been implemented. As 
training data base a set of MVP values evaluated with FEM and presented in (Satsios et al. 
1999a, 1999b) were used. These MVP values were calculated in different points up to 15 
different problem geometries (soil resistivity, separation distance) obtaining a set of 37 
input/output pairs used to train the proposed NN. Table 1 presents some of the training 
data sets. 
 

No d  
[m] 

x  
[m] 

y  
[m] 

  
[Ω*m] 

MVP 
Amp. 

10-5 [Wb/m] 
Phase 

[º] 
1 70 70 -15 30 36.1 -22.8 
5 800 818.25 -13.5 30 3.88 -82.61 
9 400 384.81 -7.82 70 17.2 -44.46 
14 70 40 0 100 55.9 -18.53 
18 1000 1022.5 0 100 7.23 -67.27 
23 300 290.26 -15.8 500 35.5 -26.74 
28 700 670 -22.5 700 26 -33.74 
30 150 150.55 -16.99 900 53 -19.7 
33 1500 1499.1 -17.48 900 15.6 -46.35 
37 2000 2030 -5 1000 12.2 -52.73 

Table 1. Training data sets. 

Once the NN are trained they can provide automatically the corresponding output values 
for any combination of input parameters by applying the following MatLab function: 

 sim(net,X) (10) 

where net is the implemented neural network and X is a set of input values. 

2.4 Results obtained with feed-forward neural networks 

To determine precisely the magnetic vector potential in each point of the studied domain, 
the amplitude and the phase of the MVP has to be evaluated. Considering the different 
variation range: 10-6÷10-4 [Wb/m] for amplitude, and -180°÷180° for phase, the authors 
chose to implement two different neural networks - one for amplitude and one for phase - 
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instead of implementing a single NN that would provide both amplitude and phase. Also 
the output values for NN which returns the MVP amplitude were scaled from 10-6÷10-4 to 
0.1÷100, so the final output values has to be multiplied by 10-5 to obtain the actual MVP 
amplitude value in  [Wb/m].  

Initially, feed-forward neural networks with one output layer and one hidden layer were 
tested (figure 6). Some of the obtained results were already presented in (Micu et al. 2009) 
and (Czumbil et al. 2009). In the following a more detailed study is presented.   

 
Fig. 6. Implemented feed-forward network architecture. 

The number of neurons in the hidden layer was varied from 5 to 30 with a step of 5 neurons. 
The transfer function of the output layer was set to purelin (the linear transfer function) and 
the transfer function on the hidden layer was varied between tansig (the hyperbolic tangent 
sigmoid function), logsig (the logarithmic sigmoid function) and purelin. Also, the 
performance evaluation function was varied between mse (mean square error), msereg (mean 
square error with regularization performance) and sse (sum squared error).  

After the implementation and training, the proposed feed-forward networks were 
submitted to a testing process. The error between the output values generated by NN and 
the magnetic vector potential evaluated with FEM for the training data sets was determined. 
Analysing the obtained errors, it was concluded that none of the tested architectures having 
the purelin transfer function on the hidden layer, had provided acceptable results. The 
average evaluation error was around 10% and the achieved maximum error was greater 
than 25%. For all the other NN architectures, the evaluation error for the training data sets 
was neglectable.  
 

No d  
[m] 

x  
[m] 

y  
[m] 

  
[Ω*m] 

MVP 
Amp. 

10-5 [Wb/m] 
Phase 

[º] 
1 70 40 -15 100 53.8 -19.34 
2 70 81.66 -27.03 30 32.90 -25.57 
3 400 392.25 -25.56 70 16.7 -46.05 
4 300 281.66 -27.03 500 37.5 -25.93 
5 700 690.36 -15.80 700 25.6 -34.07 
6 1000 1007.50 0 70 5.68 -72.98 
7 1000 1015 -30 100 7.16 -69.22 
8 1500 1524.77 -6.93 900 15.40 -46.56 

Table 2. Testing data sets. 
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Since the main goal was the implementations of a suitable NN, that would provide accurate 
solutions for any new problem geometry, a second testing database was used to select the 
optimal NN architecture. This second database is a totally new set of data, which was not 
applied to NN during the training process (table 2).  

Analyzing the average and maximum evaluation errors obtained for the testing data sets, in 
case of the neural network which would evaluate the amplitude of the magnetic vector 
potential, two possible NN architectures were determined (AmpFfNN2 and AmpFfNN7). 
The first one (AmpFfNN2) has 10 neurons with tansig transfer function on the hidden layer 
and uses an mse performance evaluation function. In this case the obtained average 
evaluation error for the testing data set is 0.71% with a maximum 1.72% achieved evaluation 
error. Figure 7 presents the evaluation error obtained for both training and testing data sets. 

 
Fig. 7. Absolute evaluation error for AmpFfNN2 network. 

The second possible solution (AmpFfNN7) for the amplitude network has 5 neurons with 
logsig transfer function on the hidden layer and uses an mse performance evaluation 
function. In this case the obtained average evaluation error for the testing data set is 0.77% 
with a maximum 2.50% achieved evaluation error. Figure 8 presents the evaluation error 
obtained for both training and testing data sets. 

 
Fig. 8. Absolute evaluation error for AmpFfNN7 network. 

Comparing the result for both possible amplitude NN architectures it can be observed that 
AmpFfNN2 provides better results for both training and testing data sets. 

Based on the obtained maximum and average evaluation errors for neural networks 
implemented for MVP phase evaluation, two possible optimal NN architectures were 
determined (PhaseFfNN38 and PhaseFfNN43). The first one (PhaseFfNN38) has 10 neurons 
with tansig transfer function on the hidden layer and uses an sse performance evaluation 
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function. In this case the obtained average evaluation error for the testing data set is 1.55% 
with a maximum 4.02% achieved evaluation error. Figure 9 presents the evaluation error 
obtained for both training and testing data sets. 

 
Fig. 9. Absolute evaluation error for PhaseFfNN38 network. 

The second possible solution (PhaseFfNN43) for the amplitude network has 5 neurons with 
logsig transfer function on the hidden layer and uses an sse performance evaluation function. 
In this case the obtained average evaluation error for the testing data set is 1.19% with a 
maximum 5.47% achieved evaluation error. Figure 10 presents the evaluation error obtained 
for both training and testing data sets. 

 
Fig. 10. Absolute evaluation error for PhaseFfNN43 network. 

Comparing the result for both possible phase NN architectures it can be observed that 
generally PhaseFfNN43 provides better results for the testing data sets. However, 
considering the fact that for the training data sets PhaseFfNN43 provides evaluation errors 
in range of 0.25 degrees while PhaseFfNN38 provides almost none existing evaluation 
errors, the optimal NN solution could be considered PhaseFfNN38. 

2.5 Results obtained with recurrent neural networks 

To find the best NN solution which would provide the most accurate results different layer 
recurrent architecture were also tested. Some of the results were presented in (Micu et al. 
2011) but a more detailed study is given in the following. 

A layer recurrent feed-forward neural network with one output layer and one hidden layer is 
considered (figure 11). The number of neurons in the hidden layer was varied from 5 to 30 
with a step of 5 neurons. The transfer function of the output layer was set to purelin (the linear 
transfer function) and the transfer function on the hidden layer was varied between tansig (the 
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hyperbolic tangent sigmoid function) and logsig (the logarithmic sigmoid function). Also 
performance evaluation function was varied between mse (mean square error), msereg (mean 
square error with regularization performance) and sse (sum squared error).  

 
Fig. 11. Implemented layer recurrent network architecture. 

Comparing the average and maximum evaluation errors obtained for the testing data sets, 
in case of the neural network which evaluates the amplitude of MVP, three different NN 
architectures (AmpLrnNN8, AmpLrnNN19 and AmpLrnNN43) were determined as 
possible solutions.  

The first one (AmpLrnNN8) has 10 neurons with logsig transfer function on the hidden layer 
and uses an mse performance evaluation function. In this case the obtained average 
evaluation error for the testing data set is 0.35% with a maximum 1.08% achieved evaluation 
error. Figure 12 presents the evaluation error obtained for both training and testing data sets. 

 
Fig. 12. Absolute evaluation error for AmpLrnNN8 network. 

The second possible solution (AmpLrnNN19) for the amplitude network has 5 neurons with 
logsig transfer function on the hidden layer and uses an msereg performance evaluation 
function. In this case the obtained average evaluation error for the testing data set is 0.65% 
with a maximum 1.12% achieved evaluation error. Figure 13 presents the evaluation error 
obtained for both training and testing data sets. 

 
Fig. 13. Absolute evaluation error for AmpLrnNN19 network. 
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The third possible solution (AmpLrnNN43) for the amplitude network has 5 neurons with 
tansig transfer function on the hidden layer and uses an sse performance evaluation function. 
In this case the obtained average evaluation error for the testing data set is 0.47% with a 
maximum 1.26% achieved evaluation error. Figure 14 presents the evaluation error obtained 
for both training and testing data sets. 

 
Fig. 14. Absolute evaluation error for AmpLrnNN43 network. 

Comparing the results from figures 12, 13 and 14 it can be observed that the most accurate 
solutions will be obtained for AmpLrnNN8 neural network. 

Studying the maximum and average evaluation errors obtained for neural networks 
implemented to evaluate the phase of MVP, three NN architectures (PhaseLrnNN8, 
PhaseLrnNN19 and PhaseffNN44) were determined as possible optimal solution.  

The first one (PhaseLrnNN8) has 10 neurons with logsig transfer function on the hidden 
layer and uses a mse performance evaluation function. In this case the obtained average 
evaluation error for the testing data set is 1.16% with a maximum 4.21% achieved evaluation 
error. Figure 15 presents the evaluation error obtained for both training and testing data 
sets. 

 
Fig. 15. Absolute evaluation error for PhaseLrnNN8 network. 

The second possible solution (PhaseLrnNN19) for the amplitude network has 5 neurons 
with tansig transfer function on the hidden layer and uses a msereg performance evaluation 
function (ffNN2). In this case the obtained average evaluation error for the testing data set is 
1.19% with a maximum 3.02% achieved evaluation error. Figure 16 presents the evaluation 
error obtained for both training and testing data sets. 
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Fig. 16. Absolute evaluation error for PhaseLrnNN19 network. 

The third possible solution (PhaseLrnNN44) for the amplitude network has 10 neurons with 
logsig transfer function on the hidden layer and uses a sse performance evaluation function. 
In this case the obtained average evaluation error for the testing data set is 1.18% with a 
maximum 3.58% achieved evaluation error. Figure 17 presents the evaluation error obtained 
for both training and testing data sets. 

 
Fig. 17. Absolute evaluation error for PhaseLrnNN43 network. 

Analysing the results shown in figures 15, 16 and 17 the authors concluded that the optimal 
layer recurrent NN architecture solution to evaluate the phase of the magnetic vector 
potential it is PhaseLrnNN19 network structure. 

2.6 Discussions 

Based on the maximum and average evaluation errors obtained for the implemented NN 
architectures the authors has concluded that it should be used a NN structures that have even 
tansig either logsig transfer function implemented on the hidden layer. Generally, a tansig 
transfer function will provide much better training results then a logsing function, but for totally 
new input values could provide less accurate results. Also it was observed that a higher number 
of neurons did not necessary provide more accurate results and instead of predicting the MVP 
values for new problem geometries it would identify the closest training input/output pair.  

Studying the results provided by the identified optimal NN architectures in case of layer 
recurrent networks (AmpLrnNN8 for MVP amplitude evaluation, respectively 
PhaseLrnNN19 for MVP phase evaluation) and comparing to the MVP solutions provided 
by the optimal feed-forward architectures (AmpFfNN2 and respectively PhaseFfNN38) it 
can be observed that even if the studied problem does not necessary require the 
implementation of recurrent neural networks, we can get more accurate solutions by using 
recurrent networks. 
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Comparing the results obtained with the implemented neural networks (figure 7÷10 and 
12÷15) with those provided by the fuzzy logic block presented in (Satsios et al. 1999a, 1999b) 
(figure 5) we can observe a 50% or more accuracy increase in determining MVP amplitude 
and phase, depending on the implemented neural network architecture.   

Once the magnetic vector potential is evaluated, the self and mutual impedance matrix, 
which describes the inductive coupling between the electrical power line and underground 
pipeline, can be evaluated using the relationships presented in (Christoforidis et al. 2003, 
2005). After that the equivalent electrical circuit of the studied EPL-MP problem can be 
solved to obtain the induced AC voltage.   

3. Self and mutual inductance matrix evaluation in case of a three layer earth 
Considering the accuracy of the results for the MVP obtained from the implemented neural 
networks, the authors started to develop a neural network solution to evaluate directly the 
self and mutual impedance matrix, which describe the inductive coupling. In this case a 
more complex EPL-MP interference problem had been chosen for study. 

3.1 Studied electromagnetic interference problem  

An underground gas transportation pipeline runs in the same right of way with a 
220kV/50Hz electrical power line (figure 18). In order to study more realistic problem 
geometries is considered a multilayer soil (three vertical layers) with different 
resistivities.  

 
Fig. 18. Right of way configuration 

The pipeline is considered to be buried at 2 m depth and having an 0.195 m inner radius, 5 
mm thickness and 5 cm bitumen coating. The EPL phase wires are placed on triagonal single 
circuit IT.Sn102 type towers with one sky wire. 

3.2 Neural network implementation 

In order to do not redo each time the finite element calculation when different problem 
geometry has to be studied, the authors had decided to implement a neural network 
solution to evaluate the self and mutual inductance matrix for any possible problem 
geometries. As input values the following geometrical parameters has been selected: 
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 d  - distance between EPL and MP (which varies between 0  m and 1000 m); 
 1 - resistivity of middle layer earth (which varies between 30  Ωm and 1000 Ωm); 
 2 , 3 ( 2 3 )   - resistivity of left and right side earth layer (which varies as 1 ); 
 D  - earth middle layer width (which varies between 50 m and 1100 m). 

During the pre-processing stage of the proposed neural network solutions implementation 
all the input parameters were automatically scaled by MatLab in the [-1,+1] range. 

The outputs of the proposed neural network will be the impedance matrix elements. 
Considering the fact that the impedance matrix is a symmetrical matrix, the output values 
are the matrix elements above the main diagonal. For the proposed EPL-MP problem with 
one pipeline, three phase wires and one sky wire the matrix elements will be: 11Z , 12Z , 13Z , 

14Z , 15Z , 22Z , 23Z , 24Z , 25Z , 33Z , 34Z , 35Z , 44Z , 45Z , 55Z , where iiZ represents the self 
impedance of conductor i and ijZ  the mutual impedance between conductor i and j 

( 1,3i  represents EPL phase wires, 4i  represents EPL sky wire and 5i   represents MP).   

After analysing in detail the impedance matrices for different EPL-MP problem geometries 
the authors concluded that in order to increase NN results accuracy and to reduce training 
time it will be better to implement different NN for the real and imaginary part of each 
impedance. Also for accuracy improvement were implemented 3 different networks for the 
impedance matrix elements: NN1 for all conductors self impedances 
( 11Z , 22Z , 33Z , 44Z , 55Z ), NN2 for the mutual impedances between the pipeline and the 
conductors( 15Z , 25Z , 35Z , 45Z ), NN3 for the other mutual impedance elements.  
 

Case 
No. 

d  
[m] 

D  
[m] 

2  
[Ω*m] 

1  
[Ω*m] 

3  
[Ω*m] 

Case 
No. 

d  
[m] 

D  
[m] 

2  
[Ω*m] 

1  
[Ω*m] 

3  
[Ω*m] 

8 5 60 500 50 500 2301 20 550 30 250 30 

373 100 60 500 750 500 2532 100 550 100 500 100 

875 20 120 100 750 100 2914 5 1050 10 250 10 

1231 500 120 100 30 100 3274 100 1050 500 1000 500 

1391 0 240 50 10 50 3545 750 1050 30 750 30 

1891 250 240 500 30 500 4320 750 1500 50 10 50 

2134 0 550 50 250 50 4442 1000 1500 250 1000 250 

Table 3. Training EPL-MP problem geometries. 

To train the proposed NN a training data base was created based on the impedance 
matrices obtained using FEM for different EPL-MP problem geometries. In order to create 
a useful training database approximately 5000 different EPL-MP problem geometries were 
simulated varying the EPL-MP separation distance from 0 m to 1000 m, the earth layers 
resistivity from 10 Ωm to 1000 Ωm and the middle layer width from 50 m to 1500 m. Table 
3 presents some of the different EPL-MP problem geometries used to train the proposed 
NN.   
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Case 
No. 

d  
[m] 

D  
[m] 

2  
[Ω*m]

1  
[Ω*m]

3  
[Ω*m]

Case 
No. 

d  
[m] 

D  
[m] 

2  
[Ω*m]

1  
[Ω*m] 

3  
[Ω*m] 

1 310 800 900 850 900 16 490 1100 300 400 300 
2 15 400 850 450 850 17 170 700 300 350 300 
3 105 1100 550 550 550 18 150 700 500 500 500 
4 350 900 500 800 500 19 240 500 80 750 80 
5 250 800 150 150 150 20 125 800 300 600 300 
6 60 800 500 900 500 21 420 100 550 20 550 
7 340 400 600 150 600 22 75 400 350 700 350 
8 65 400 650 350 650 23 105 1200 250 950 250 
9 170 800 650 750 650 24 100 700 650 850 650 
10 55 1000 900 400 900 25 85 400 140 160 140 
11 40 200 600 800 600 26 300 400 900 100 900 
12 115 800 800 800 800 27 145 300 350 900 350 
13 120 900 750 350 750 28 15 500 140 700 140 
14 135 400 180 500 180 29 100 1300 300 180 300 
15 310 800 900 850 900 30 10 1000 200 750 200 

Table 4. Training EPL-MP problem geometries. 

In order to find the optimal neural network solution which will provide the most accurate 
results, the authors have implemented and tested different NN architectures. To test the 
implemented neural networks, the training database and a totally different data set that was 
not applied during the training process, were used. The error between the solutions 
provided by each implemented NN and the self and mutual impedance matrices are 
determined to identify the optimal architecture. Table 4 presents the randomly generated 
EPL-MP problem geometries used to test the implemented NN 

3.3 Tested feed-forward architectures 

To identify the optimal solution for each of the proposed neural networks, different         
feed-forward architectures with one output layer and two hidden layers were implemented 
(figure 19). Based on the experience gained after implementing the neural network for MVP 
calculation, the transfer function for the output layer has been chosen to be purelin (linear 
function) and tansig (hyperbolic tangent sigmoid function) for the hidden layers. The 
number of neurons was varied from 5 to 30 for the first hidden layer and from 5 to 20 for the 
second hidden layer. The performance evaluation function was set to mse (mean square 
error) and the descendent gradient with momentum weight learning rule was selected to 
train the neural networks using the Levenberg-Marquardt method. 

 
Fig. 19. Implemented feed-forward network architecture. 
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The training process took around 1 to 5 minutes for each implemented neural network. 
Once the proposed neural network architectures were trained, to identify the optimal 
solution, the error between the output values provided by NN and the finite element 
solutions was calculated and compared for each NN.  

In case of NN used to evaluate the real part of the self-impedances, the optimal NN1 
architecture is a feed forward NN with two hidden layers: 30 neurons on the first hidden 
layer and 10 neurons in the second hidden layer. The average error is 0.048% for the training 
data set and respectively 0.064% for the testing data set, with a maximum achieved error of 
0.8% and 0.3% for the training and respectively the testing data sets. Figure 20 presents the 
error distribution for training and testing problem geometry data sets. 

 
Fig. 20. Percentege error distribution for Real Part NN1. 

For the NN used to evaluate the imaginary part of the self-impedances, the optimal NN1 
architecture is a feed forward NN with two hidden layers: 20 neurons on the first hidden 
layer and 20 neurons in the second hidden layer. The average percentage error is 0.14% for 
the training data set and respectively 0.129% for the testing data set, with a maximum 
achieved percentage error of 5.24% and 0.85% for the training and respectively the testing 
data sets. Figure 21 presents the percentage error distribution for training and testing 
problem geometry data sets. 

 
Fig. 21. Error distribution for Imaginary Part NN1. 

In case of NN used to evaluate the real part of the mutual impedances between EPL 
conductors (phase wires and sky wires), optimal NN3 architecture is a feed forward NN 
with two hidden layers: 20 neurons on the first hidden layer and 20 neurons on the second 
hidden layer. The average error is 0.014% for the training data set and respectively 0.034% 
for the testing data set, with a maximum achieved error of 3.12% and 0.14% for the training 
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and respectively the testing data sets. Figure 22 presents the error distribution for training 
and testing problem geometry data sets. 

 
Fig. 22. Error distribution for Real Part NN3 

For the NN used to evaluate the imaginary part of the mutual impedances between EPL 
conductors (phase wires and sky wires) optimal NN3 architecture is a feed forward NN 
with two hidden layers: 30 neurons on the first hidden layer and 20 neurons in the second 
hidden layer. The average error is 0.073% for the training data set and respectively 0.097% 
for the testing data set, with a maximum achieved error of 2.98% and 0.46% for the training 
and respectively the testing data sets. Figure 23 presents the error distribution for training 
and testing problem geometry data sets. 

Unfortunately in case on the NN used to evaluate the real part of the mutual impedances 
between MP and other conductors, none of the tested NN architectures provided acceptable 
results. This was caused by the fact that the real part of mutual impedances between MP 
and other conductors varies in a very large range from 1E-11 to 1E-6.  

 
Fig. 23. Error distribution for Imaginary Part NN3. 

After a complete analysis of the real and imaginary part of the mutual impedance between 
MP and other conductors another approach was used; two NN were implemented to 
evaluate the amplitude and argument of the mutual impedances, instead of the impedance 
real and imaginary part.  

In case of NN used to evaluate the amplitude of the mutual impedances between MP and 
other conductors the optimal NN2 architecture it was identified as a feed forward NN with 
two hidden layers: 30 neurons on the first hidden layer and 25 neurons in the second hidden 
layer. The average error is 0.066% for the training data set and respectively 0.087% for the 
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testing data set, with a maximum achieved error of 17.95% and 0.43% for the training and 
respectively the testing data sets. Figure 24 presents the error distribution for training and 
testing problem geometry data sets. 

 
Fig. 24. Error distribution for Amplitude NN2. 

For the NN used to evaluate the argument of the mutual impedances between MP and the 
other conductors the optimal NN2 architecture is a feed forward NN with two hidden 
layers: 20 neurons on the first hidden layer and 20 neurons in the second hidden layer. The 
average error is 0.249% for the training data set and respectively 0.313% for the testing data 
set, with a maximum achieved error of 6.71% and 1.43% for the training and respectively the 
testing data sets. Figure 25 presents the error distribution for training and testing problem 
geometry data sets. 

 
Fig. 25. Error distribution for Argument NN2. 

After identifying the optimal architecture of the neural networks these two NN were unified 
in a virtual black box in order to evaluate mutual impedances real and imaginary part. This 
unification procedure has as secondary unwanted result a change in the final complex 
mutual impedance evaluation error. Thus the average error become 0.665% for the training 
data set and respectively 0.407% for the testing data set, with a maximum achieved error of 
18.728% and 1.107% for the training and respectively the testing data sets. Figure 26 presents 
the global evaluation error distribution of complex mutual impedance for both training and 
testing problem geometry data sets. 

Also, the authors implemented and tested some layer recurrent neural network 
architectures. But unfortunately because of the large training database with very different 
output values the training process proved to be very time consuming (more than one hour) 
and the obtained results had the same accuracy  as the previous feed-forward networks.   
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Fig. 26. Global error distribution for NN2 optimal networks. 

4. Conclusions  
In this chapter the authors implement neural networks based artificial intelligence 
techniques in the study of electromagnetic interference problems (right of way EPL-MP) 
focusing on finding an easier method to identify the optimal solution.  

To solve the differential equation which describes the couplings between EPL and nearby 
MP usually a finite element method is used. This FEM calculation needs excessive 
computational time especially if different problem geometries of the same interference 
problem have to be studied. 

In order to reduce computation time the authors proposed two neural networks based 
artificial intelligence techniques to scale the results from a set of known problem geometries 
to any new problem geometry. The proposed neural networks were implemented for 
specific EPL-MP interference problems. The first one evaluates the magnetic vector potential 
in case of a phase to earth EPL fault and second one determines the self and mutual 
impedance matrix in case of a three vertical layer earth. 

The obtained results with the proposed neural network solutions proved themselves to be 
very accurate. Thus ad shown neural network based solution to study EPL-MP interference 
problems could be a very effective one, especially if we take into account the fact that the 
solutions provided are obtained instantaneously ones they are properly trained. 

Also it has been shown that even there is a special requirement to use recurrent neural 
networks, these NN architectures could provide more accurate solutions than the basic feed-
forward structures. 
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1. Introduction   
Temperature forecasting is mainly issued in qualitative terms with the use of conventional 
methods, assisted by the data projected images taken by meteorological satellites to assess 
future trends (Paras et al., 2007). Several criteria that need to be considered when choosing a 
forecasting method include the accuracy, the cost and the properties of the series being 
forecast. Considering those criteria, it is noted that such empirical approaches that has been 
conducted for temperature forecasting is intrinsically costlier and only proficient of 
providing certain information, which is usually generalized over a larger geographical area 
(Paras et al., 2007). Despite of involving sophisticated mathematical models to justify the use 
of empirical rules, it also requires a prior knowledge of the characteristics of the input 
time-series to predict future events. Not only that, most temperature forecasts today have 
limited information about uncertainty. Yet, meteorologists often find it challenging to 
communicate uncertainty effectively. Regardless of the extensive use of the numerical 
weather method, they are still restricted by the availability of numerical weather prediction 
products, leading to various studies being conducted for temperature forecasting (Barry & 
Chorley, 1982; Paras et al., 2007) 

Due to that inadequacy, Neural Network (NN) has been applied in such temperature 
forecasting.  NN mimic human intelligence in learning from complicated or imprecise data 
and can be used to extract patterns and detect trends that are too complex to be perceived by 
humans and other computer techniques (Mielke, 2008). NN which can be described as an 
adaptive machine that has a natural tendency for storing experiential knowledge, are able to 
discover complex nonlinear relationships in the meteorological processes by communicating 
forecast uncertainty that relates the forecast data to the actual weather (Chang et al., 2010). 
However, when the number of inputs to the model and the number of training examples 
becomes extremely large, the training procedure for ordinary neural network, especially the 
Multilayer Perceptron (MLP) becomes tremendously slow and unduly tedious. Indeed, MLP 
are prone to overfit the data (Radhika & Shashi, 2009) and adopts computationally intensive 
training algorithms. On the other hand, MLP also suffer long training times and often reach 
local minima (Ghazali & al-Jumeily, 2009). 
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Considering the limitations of MLP, therefore in this work, the intention of utilizing the use 
of higher order neural networks (HONN) which have the ability to expand the input 
representation space is considered. The Pi-Sigma Neural Network (PSNN) (Shin & Ghosh, 
1991-a), a class of HONN, is able to perform high learning capabilities that require less 
memory in terms of weights and nodes, and at least two orders of magnitude less number of 
computations when compared to the MLP for similar performance levels, and over a broad 
class of problems (Ghazali & al-Jumeily, 2009; Shin & Ghosh, 1991-b).   

In conjunction with the benefits of PSNN, a new model called Jordan Pi-Sigma Neural 
Network (JPSN) which posses a Jordan Neural Network architecture (Jordan, 1986) is 
proposed to perform temperature forecasting. In this regard, the JPSN that managed to 
incorporates feedback connections in their structure and having the superior properties of 
PSNN is mapped to function variable and coefficient related to the research area. 
Consequently, this work is conducted in order to prove that JPSN is suitable for one-step-
ahead temperature prediction. 

2. Pi-sigma neural network (PSNN) 
PSNN is a type of HONN and was first introduced by Shin & Ghosh (1991-a).  The basic 
idea behind the network is due to the fact that a polynomial of input variables is formed by 
a product (“pi”) of several weighted linear combinations (“sigma”) of input variables.  That 
is why this network is called pi-sigma instead of sigma-pi.  The PSNN exhibits fast learning 
while greatly reducing network complexity by utilising an efficient form of polynomials for 
many input variables.  This special polynomial form helps the PSNN to dramatically reduce 
the number of weights in its structure.  Figure 1 shows the architecture of PSNN: 

 
Fig. 1. Structure of Kth Order PSNN 

Input  x  is an N  dimensional vector and kx  is the k th component of x . The weighted 
inputs are fed to a layer of K  linear summing units; jih  is the output if the j th summing 
units for the i th output iy , viz: 

 i kji k ji
kj

y w x 
  
       

  (1) 
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where kjiw  and ji  are adjustable coefficients, and   is the nonlinear transfer function 

(Shin & Ghosh, 1991-a).  The number of summing units in PSNN reflects the network order.  
By using an additional summing unit, it will increase the network’s order by 1 whilst 
preserving old connections and maintaining network topology.  

In PSNN, weights from summing layer to the output layer are fixed to unity, resulting to a 
reduction in the number of tuneable weights. Therefore, it can reduce the training time.  
Sigmoid and linear functions are adopted in the output layer and summing layer, 
respectively.  The use of linear summing units makes the convergence analysis of the 
learning rules for the PSNN more accurate and tractable (Ghazali & al-Jumeily, 2009; 
Ghazali et al., 2006).  Compared to other HONN models, Shin and Ghosh (1991-b) argued 
that PSNN can contribute to maintain the high learning capabilities of HONN, needs a 
much smaller number of weights, with at least two orders of magnitude less number of 
computations when compared to the MLP for similar performance levels, and over a broad 
class of problems (Ghazali et al., 2006).  Moreover, the PSNN is superior to other HONN in 
approaching precision computation complexity and has a highly regular structure.  Since 
weights from hidden layer to the output are fixed at 1, the property of PSNN drastically 
reduces the training time.  The applicability of this network was successfully applied for 
image processing (Hussain and Liatsis, 2002), time series prediction (Knowles, 2005; Ghazali 
et al., 2011), function approximation ( Shin & Ghosh, 1991-a; Shin & Ghosh, 1991-b), pattern 
recognition ( Shin & Ghosh, 1991-a), Cryptography (Song, 2008), and so forth.  

3. The properties and structure of Jordan pi-sigma neural network (JPSNN) 
The structure of JPSN is quite similar to the ordinary PSNN. The main difference is the 
architecture of JPSN is constructed by having a recurrent link from output layer back to the 
input layer. This structure gives the temporal dynamics of the time-series process that 
allows the network to compute in a more parsimonious way (Hussain & Liatsis, 2002). The 
architecture of the proposed JPSN is shown in Figure 2 below. 

 
Fig. 2. The architecture of JPSN 
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where 

 x t  - the input nodes at  t-th time 

kjw
 

- the trainable weights 

 1kh t   - the summing unit 

 1y t   - the output at time 1t   

 y t   the output at time t  

 f    the activation function 

Weights from the input layers  x t  to the summing units layer are tunable, while weights 
between the summing unit layers and the output layer are fixed to 1. The tuned weights are 
used for network testing to see how well the network model generalizes on unseen data. 

1Z  denotes time delay operation.  

Let the number of external inputs to the network be M  and the number of the output be 1.  
Let  mx t  be the m -th external input to the network at time t.  The overall input at time t is 
the concatenation of  y t  and    , 1,...,kx t where k M , and is referred to  z t  where: 

  
 

 

1
1 1

2

k

k

k

x t if k M
z t if k M

y t if k M

  


  
  

 (2) 

Meanwhile, weights from  z t to the summing unit are set to 1 in order to reduce the 
complexity of the network.  

The proposed JPSN combines the properties of both PSNN and Recurrent Neural Network 
(RNN) so that better performance can be achieved. When utilizing the newly proposed JPSN 
as predictor for one-step-ahead prediction, the previous input values are used to predict the 
next elements in the data. Since network with recurrent connection holds several advantages 
over ordinary feedforward MLP especially in dealing with time-series problems, therefore, 
by adding the dynamic properties to the PSNN, this network may outperform the ordinary 
feedforward MLP and also the ordinary PSNN. Additionally, the unique architecture of 
JPSN may also avoid from the combinatorial explosion of higher-order terms as the network 
order increases. 

3.1 Learning algorithm of JPSN 

The supervised learning used in JPSN can be solved with the standard backpropagation 
(BP) gradient descent algorithm (Rumelhart et al., 1986), with the recurrent link from output 
layer back to the input layer nodes.  Since the same weights are used for all networks, the 
learning algorithm starts by initialising the weights to a small random value before training 
the weights.  The JPSN is trained adaptively in which the errors produced are calculated and 
the overall error function E of the JPSN is defined as: 

      j j je t d t y t   (3) 
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where  jd t  denotes the target output at time  1t  .  At each time  1t  , the output of 
each  jy t  is determined and the error  je t is calculated as the difference between the 
actual value expected from each unit i  and the predicted value  jy t .  

Generally, JPSN can be operated in the following steps:   

For each training example: 

1. Calculate the output. 

    
1

k

L
L

y t f h t


 
   

 
  (4) 

 lh t  can be calculated as: 

            
1

1
1 1

1 1
m m

L Lm m Lm mL m L m
m m

h t w x t w w y t w z t



 

        (5) 

where  Lh t  represents the activation of the L unit at time t, and y(t) is the previous 
network output. The unit’s transfer function f sigmoid activation function, which bounded 
of output range of [0,1]. 

2. Compute the output error at time (t) using standard Mean Squared Error (MSE) by 
minimising the following index: 

  2
1

1 trn

k i ki
tr i

E y z
n 

   (6) 

where ikz  denotes the output of the k-th node with respect to the i-th data, and trn  is the 
number of training sets.  This step is completed repeatedly for all nodes on the current layer. 

3. By adapting the BP gradient descent algorithm, compute the weight changes: 

 
1

m

j ji k
j

w h x


 
   

 
 (7) 

where jih  is the output of summing unit and  is the learning rate. 

4. Update the weight: 

 i i iw w w    (8) 

5. To accelerate the convergence of the error in the learning process, the momentum term, 
  is added into Equation 3.6.  Then, the values of the weight for the interconnection on 
neurons are calculated and can be numerically expressed as 

 i i iw w w       (9) 

where the value of   is a user-selected positive constant  0 1   
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6. The JPSN algorithm is terminated when all the stopping criteria (training error, 
maximum epoch and early stopping) are satisfied. If not, repeat step 1) 

The utilisation of product units in the output layer indirectly incorporates the capabilities of 
JPSN while using a small number of weights and processing units.  Therefore, the proposed 
JPSN combines the properties of both PSNN and JNN so that better performance can be 
achieved.  When utilising the newly proposed JPSN as predictor for one-step-ahead, the 
previous input values are used to predict the next element in the data.  Since network with 
recurrent connection holds several advantages over ordinary feedforward networks 
especially in dealing with time-series problems, therefore, by adding the dynamic properties 
to the PSNN, this network may outperformed the MLP and also the ordinary PSNN.  
Additionally, the unique architecture of JPSN may also avoid from the combinatorial 
explosion of higher-order terms as the network order increases.  The JPSN has a topology of 
a fully connected two-layered feedforward network.  Considering the fixed weights that are 
not tuneable, it can be said that the summing layer is not “hidden” as in the case of the MLP.  
This is by means; such a network topology with only one layer of tuneable weights may 
reduce the training time.  

4. Temperature prediction with JPSN 
Temperature forecasting is the essence of traceability for weather forecasting.  Certainly, 
temperature is a kind of atmospheric time-series data where the time index takes on a 
predetermined or unlimited set of values.  The temperature can have a greater influence in 
daily life than any other single element on a routine basis.  Therefore, some great 
observation are needed to obtain accuracies for the temperature measurement (Ibrahim, 
2002).   Temperature forecasting undoubtedly is the most challenging task in dealing with 
meteorological parameters.   It represents not only a very complex nonlinear problem, but 
also extremely difficult to model.  

A great interest in developing methods for more accurate predictions for temperature 
forecasting has led to the development of several methods which employ the use of physical 
methods, statistical-empirical methods and numerical-statistical methods (Barry & Chorley, 
1982; Lorenc, 1986). These methods, however, constitutionally complex and are limited and 
restricted to that of numerical weather prediction products (Paras et al., 2007). Considering 
the downside of those methods, Neural Networks have placed such sophisticated models 
within the reach of practitioners, and therefore have been successfully applied in many 
problems. Therefore, in this work, JPSN is used for temperature perdiction in Batu Pahat. 

The forecasting horizon for temperature prediction is a one-step-ahead, whereas the output 
variable represents the temperature measurement of one-day ahead of temperature data.  A 
univariate data of a 5-years daily temperature measurement in Batu Pahat Malaysia, ranging 
from 2005 to 2009 was used for the simulation (please refer to Table 1). The data was 
obtained from the Central Forecast Office, Malaysian Meteorological Department (MMD).  
 

Size Maximum (oC) Minimum (oC) Average (oC) 
1826 29.5 23.7 26.75 

Table 1. The properties of Batu Pahat Temperature signal 
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To purify the data for further processing, it is needed to identify and remove the 
contaminating effects of the outlying objects on the data.  Therefore, in this study, a 
Max-Min Normalization technique was used so that the data can be distributed evenly and 
scaled into an acceptable range. In order to avoid computational problems, the range was set 
between the upper and lower bound of the network transfer function, which often to be the 
monotonically increasing function,  1 1 xe  (Cybenko, 1989) between [0, 1]. The Max-Min 

Normalization can be implemented using the following equation: 

 min' ( _ max _ min ) _ min
max min

v A
v new A new A new A

A A


  


 (10) 

Let A be the temperature data of Batu Pahat region and min A, max A  indicate the minimum 
and maximum values of  data A. Max-Min Normalization maps a value v  of data A to 'v  in 
the range  _ min , _ maxnew A new A .   

In data normalization, the statistical distribution values for each input and output are 
roughly uniform.  Therefore, removing the outliers should make the data more accurate. 
Figure 3 shows the daily temperature data of Batu Pahat region before normalization 
while Figure 4 shows the daily temperature data of Batu Pahat region after 
normalization.  

Meanwhile, Figure 5 shows the frequency of temperature distribution data for 5-years after 
normalization process. From Figure 5, it can be seen that the histogram of the transformed 
data is symmetrical.  Therefore, it can be said that the temperature data for Batu Pahat (after 
normalization) is relatively uniform, and closely follow the normal distribution, thus 
suitable as the network inputs. 

 
 

 
 

Fig. 3. Daily Temperature Data of Batu Pahat Region (before normalization) 



 
Recurrent Neural Networks and Soft Computing 

 

282 

 
Fig. 4. Daily Temperature Data of Batu Pahat Region (after normalization) 

 
Fig. 5. Normal Distribution of Temperature Data (after normalization) 

For simulation purposes, the data was segregated into time order and was divided into 
three sets; 50% for training, 25% for testing and 25% for validation, as shown in Table 2. 
 

Training Validation Testing 
914 456 456 

Table 2. Summary of Temperature Dataset Segregation 

For comparison purposes, the JPSN performances on temperature prdiction will be 
benchmarked againts that of the ordinary PSNN and the widely known MLP. As there is no 
rule of thumb for identifying the number of input, a trial-and-error procedure was 
determined. All networks were built considering 5 different number of input nodes ranging 
from 4 to 8. A single neuron was considered for the output layer. The number of hidden 
nodes (for MLP), and the higher order terms (for PSNN and JPSN) were initially started 
with 2 nodes, and increased by one until a maximum of 5 nodes.  
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5. Simulation results 
The temperature dataset collected from MMD was used to demonstrate the performance 
of JPSN by considering a few different network parameters.  Generally, the factors 
affecting the network performance include the learning factors, the higher order terms, 
and the number of neurons in the input layer.  Extensive experiments have been 
conducted for training, testing and validation sets, and average results of 10 
simulations/runs have been collected.  Two stopping criteria were used during the 
learning process; the maximum epoch and the minimum error, which were set to 3000 
and 0.0001 respectively.  In order to assess the performance of all network models, four 
measurement criteria, namely the number of epoch, Mean Squared Error, Normalized 
Mean Squared Error, and Signal to Noise Ratio are used.  Convergence is achieved when 
the output of the network meets the earlier mentioned stopping criteria.  By considering 
all in-sample dataset that have been trained, the best value for the momentum term 

0.2   and the learning rate 0.1  , were chosen based on extensive simulations done 
by trial-and-error procedure.   

The above discussions have shown that some network parameters may affect the network 
performances.  In conjunction with that, it is necessary to illustrate the robustness of JPSN 
by comparing its performance with the ordinary PSNN and the MLP. Table 3 to Table 5 
show the average results from 10 simulations for the JPSN, the ordinary PSNN and the 
MLP, respectively.  
 

Input 
Nodes 

Network 
Order 

NMSE on Testing 
Dataset 

MSE on Testing 
Dataset SNR 

Number of 
Epoch 

4 

2 0.7710 0.0065 18.7557 1460.9 
3 0.7928 0.0066 18.6410 1641.1 
4 0.8130 0.0068 18.5389 1209.9 
5 0.8885 0.0074 18.1574 336.8 

5 

2 0.7837 0.0066 18.6853 193.5 
3 0.8253 0.0069 18.4705 287.6 
4 0.8405 0.0070 18.3910 214.5 
5 0.8632 0.0072 18.2762 117.2 

6 

2 0.7912 0.0066 18.6504 285.3 
3 0.8329 0.0070 18.4333 292.8 
4 0.8522 0.0071 18.3341 238 
5 0.8850 0.0074 18.1691 97.1 

7 

2 0.7888 0.0066 18.6626 236.3 
3 0.8310 0.0070 18.4425 178.8 
4 0.8206 0.0069 18.4954 182.2 
5 0.8751 0.0073 18.2213 116.7 

8 

2 0.8005 0.0067 18.5946 185.9 
3 0.8166 0.0069 18.5106 283.9 
4 0.8468 0.0071 18.3515 149.4 
5 0.8542 0.0072 18.3147 152 

Table 3. Average Result of JPSN for One-Step-Ahead Prediction. 
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Input 
Nodes 

Network 
Order

NMSE on Testing 
Dataset

MSE on Testing 
Dataset SNR Number of 

Epoch 

4 

2 0.7791 0.0065 18.7104 1211.8 
3 0.7792 0.0065 18.7097 1302.9 
4 0.7797 0.0065 18.7071 1315.3 
5 0.7822 0.0066 18.6935 1201.0 

5 

2 0.7768 0.0065 18.7234 1222.5 
3 0.7769 0.0065 18.7226 1221.6 
4 0.7775 0.0065 18.7193 1149.9 
5 0.7806 0.0065 18.7023 916.9 

6 

2 0.7758 0.0065 18.7289 961.3 
3 0.7770 0.0065 18.7222 852.5 
4 0.7775 0.0065 18.7192 1155.6 
5 0.7832 0.0066 18.6880 948.0 

7 

2 0.7726 0.0065 18.7470 1064.0 
3 0.7733 0.0065 18.7432 911.6 
4 0.7760 0.0065 18.7277 922.1 
5 0.7766 0.0065 18.7244 1072.2 

8 

2 0.7674 0.0064 18.7688 719.3 
3 0.7677 0.0064 18.7671 877.0 
4 0.7693 0.0065 18.7579 861.4 
5 0.7694 0.0065 18.7574 970.9 

Table 4. Average Result of PSNN for One-Step-Ahead Prediction. 
 

Input 
Nodes 

Hidden 
Nodes

NMSE on Testing 
Dataset

MSE on Testing 
Dataset SNR Number of 

Epoch 

4 

2 0.7815 0.0065 18.6971 2849.9 
3 0.7831 0.0066 18.6881 2468.2 
4 0.7825 0.0066 18.6918 2794.2 
5 0.7827 0.0066 18.6903 2760.9 

5 

2 0.7803 0.0065 18.7037 2028.6 
3 0.7792 0.0065 18.7097 2451.8 
4 0.7789 0.0065 18.7114 2678.1 
5 0.7792 0.0065 18.7097 2565.8 

6 

2 0.7750 0.0065 18.7335 2915.1 
3 0.7763 0.0065 18.7261 2837.2 
4 0.7776 0.0065 18.7188 2652.4 
5 0.7783 0.0065 18.7152 2590.8 

7 

2 0.7742 0.0065 18.7378 2951.2 
3 0.7780 0.0065 18.7164 2566.6 
4 0.7771 0.0065 18.7217 2796.4 
5 0.7786 0.0065 18.7131 2770.0 

8 

2 0.7734 0.0065 18.7350 2684.8 
3 0.7749 0.0065 18.7268 2647.2 
4 0.7747 0.0065 18.7278 2557.1 
5 0.7753 0.0065 18.7242 2774.6 

Table 5. Average Result of MLP for One-Step-Ahead Prediction. 
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As it can be noticed, Table 3 which shows the results for temperature prediction using JPSN 
reveals that the 2nd order network, with 4 inputs demonstrates the best results using all 
measuring criteria except for the number of epochs.  Meanwhile, Table 4 shows the results 
that were produced by PSNN on temperature prediction.  It demonstrates that the 
combination of 8 input nodes and PSNN of Order 2 shows the best performance for all 
measuring criteria.  Same thing goes to the MLP, which signifies that MLP with 2 hidden 
nodes and 8 input nodes attained the best results for all measuring criteria except for SNR 
and number of epochs (refer to Table 5).  
 

Network 
Models 

NMSE on 
Testing Dataset

MSE on Testing 
Dataset 

MAE on 
Testing Dataset SNR 

Number 
of Epoch 

JPSN 0.771034 0.006462 0.063458 18.7557 1460.9 
PSNN 0.779118 0.006529 0.063471 18.71039 1211.8 
MLP 0.781514 0.006549 0.063646 18.69706 2849.9 

Table 6. Comparison on the Best Single Simulation Results for JPSN, PSNN and MLP. 

In order to compare the predictive performance of the three models, Table 6 presents the 
best simulation results for JPSN, PSNN and MLP.  Over all the training process, JPSN 
obtained the lowest MAE, which is 0.063458; while the MAE for PSNN and MLP were 
0.063471 and 0.063646, respectively.  By considering the MAE, it shows that JPSN is able to 
make a very close forecasts to the actual output in analysing the temperature.  In this 
respect, JPSN outperformed PSNN by a ratio of 41.95 10 , and 32.9 10  for the MLP.  
Moreover, it can be seen that JPSN reached higher value of SNR.  Therefore, it can be said 
that the network can track the signal better than PSNN and MLP.  Apart from the MAE and 
SNR, it is verified that JPSN exhibited lower prediction errors, in terms of NMSE and MSE 
on the out-of-sample dataset.  This indicates that the network is capable of representing 
nonlinear function better than the two benchmarked models.  In the case of learning speed, 
particularly on the number of epoch utilized, PSNN converged much faster than the JPSN 
and MLP.  However, JPSN reached a smaller number of epoch when compared to the MLP.  
On the whole, the performance of JPSN gives a gigantic comparison when compared to the 
two benchmarked models.   

For demonstration purpose, the models’ performance on their NMSE is depicted in Figure 6.  
It shows that JPSN steadily gives lower NMSE when compared to both PSNN and MLP.  
This by means shows that the predicted and the actual values which were obtained by the 
JPSN are better than both comparable network models in terms of bias and scatter.  
Consequently, it can be inferred that the JPSN yield more accurate results, providing the 
choice of network parameters are determined properly.  The parsimonious representation of 
higher order terms in JPSN assists the network to model successfully.   

The plots depicted in Figures 7 to 9 present the temperature forecast on the out-of-sample 
dataset for all network models.  As shown in the plots, the blue line represents the trend of 
the actual values, while the red line represents the predicted values.  The predicted values of 
daily temperature measurement made by all network models almost fit the actual values 
with minimum error forecast. On the whole, JPSN practically beat out PSNN and MLP by 
1.038% and 1.341%, respectively.  It is verified that JPSN has the ability to perform an 
input-output mapping of temperature data as well as better performance when compared to 
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both network models.  Besides, the evaluations on MAE, NMSE, MSE, and SNR over the 
temperature data demonstrated that JPSN were merely improved the performance level 
compared to the two benchmarked network models, PSNN and MLP.  The better 
performance of temperature forecasting is allocated based on the vigour properties it 
contains.  Hence, it can be seen that the thrifty representation of higher order terms in JPSN 
assists the network to model effectively.  
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Fig. 6. The NMSE for JPSN, PSNN, and MLP. 
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Fig. 7. Temperature Forecast made by JPSN on Out-of sample Dataset. 

 
 
 

 
 
 
Fig. 8. Temperature Forecast made by PSNN on Out-of sample Dataset. 
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Fig. 9. Temperature Forecast made by MLP on Out-of sample Dataset. 

6. Conclusion  
There are many applications and techniques on temperature that was developed in the past. 
However, limitations such as the accuracy and complexity of the models make the existing 
system less enviable for some applications. Therefore, improvement on temperature 
forecasting requires continuous efforts in many fields, including NN. Several methods 
related to NN, particularly have been investigated and carried out. However, the ordinary 
feedforward NN, the MLP, is prone to overfitting and easily get stuck into local minima. 
Thus, to overcome the drawbacks, a new model, called JPSN is proposed as an alternative 
mechanism to predict the temperature event. The JPSN which combines the properties of 
PSNN and RNN can benefits the temperature prediction event, which may overcome such 
drawbacks in MLP. In this chapter, JPSN is used to learn the historical temperature data of 
Batu Pahat, and to predict the temperature measurements for the next-day ahead. 
Simulations for the comprehensive evaluation of the JPSN were presented, and the 
evaluation covering several performance criteria: the NMSE, MSE, SNR, and number of 
epoch were discussed. Experimental results of JPSN were compared with the ordinary 
PSNN and the MLP. Results obtained from each model were presented, and on the whole, 
the proposed JPSN has shown to outperform the ordinary PSNN and MLP on the prediction 
errors and convergence time. 
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