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Electrical Power Summary

Summary

Units
cm/gm/sec (cgs) units are;

dyne = force to accelerate 1 gm at 1 cm/sec’

erg = work done by 1 dyne cm

unit pole = magnetic pole that exerts 1 dyne on an identical pole 1 cm distant in a vacuum

G = gauss = magnetic field that exerts 1 dyne on a unit pole

maxwell (previously lines) = magnetic flux = magnetic flux of field of 1 gauss crossing 1 cm’

emu of current = current flowing through an arc 1 cm radius, length 1 cm which causes a magnetic
field of 1 gauss at the centre of the arc

Gilbert = magneto motive force (mmf) = magnetizing force due to an electric current

Oe = oersted = magnetizing force per cm length of the magnetic circuit. The symbol for magnetizing
force per unit length is H.

Permeability is a property of a magnetic material. The symbol for permeability is p.
In a vacuum, p = 1. In air, p = approx 1. For iron, p can be over 1000 but is not a constant.
A magnetizing force of 1 Oe produces a magnetic field of p gauss.

Engineering units are;
N = newton = force to accelerate 1 kg at 1 m/sec’ = 10’ dynes

J = joule = work done by 1 newton metre = 10" ergs

W = watt = 1 joule/ second = 10 ergs/sec

kW = kilowatt = 1000 watts

HP =horse power = 550 ft Ibs/sec = 746 watts

I=amp = 1/10 of emu of current

T = tesla = magnetic field strength 10" gauss. The symbol for magnetic field is B

Wb = weber = magnetic flux = magnetic flux of magnetic field of 1 tesla crossing 1 m’.
The symbol for magnetic flux is ®. 1 Wb = 10® maxwells.

Corkscrew Rule As current flows along a wire, the magnetic field rotates in the direction of a corkscrew.
Ampere turns = mmf. A coil N turns carrying a current I amps gives an mmf of N [ ampere turns

In a vacuum, a magnetizing force of 1 ampere turn / metre produces a magnetic field of 1.26 10 tesla.
Magnetic field B = ;1 H where B is in tesla and H = 1.26 x 10 times ampere turns / metre

MMF in a solenoid, N turns and current I mmf = (4 =/ 10) N I Gilberts.

Magnetizing Force at the centre of a long solenoid H=(4 ©/10) NI1/L =1.26 NI/ L Oersteds

where L is the length in cm and (N 1) is the ampere turns

Magnetic field at the centre of a long solenoid length L metres B =1.26 u N 110 °/ L tesla.

In magnetic materials, [ is not a constant and the maximum useful value of B is about 1.5 Tesla
Magnetic flux ® = B A where @ is in weber, B is in tesla and A is in square metres.

Magnetic flux in a uniform closed magnetic circuit, length L metres and cross section A square metres is
®=126NTpAx10°/L weber.
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Closed magnetic circuit eg a ring with an air gap or the field circuit of an electrical machine,
mmf = sum of mmfs to drive same ® in each part, hence
O=126NIx10"°/ 2(Ly/piAy) Where @ is in weber, I in amps, A in m? and L in metres.

Force on a conductor in a magnetic field F = B I L Newtons where B in tesla, I in amps and L in metres
Force on parallel conductors F = [2 I° / d] 10 ' Newtons/metre where I is in amps and d is in metres
With currents in opposite directions, the force is pushing the conductors apart

Pull of Electromagnet Pull = B> 107 / (8 7t ) newtons per m” of magnet face where B is in tesla

Definition of Volts. The potential difference between two points is 1 volt if 1 watt of power is dissipated
when 1 amp flows from one point to the other. W =V |

Ohms Law (for a direct current circuit with resistance R ohms) V=1R

Power loss in a resistor W =1"R = V*/R

Resistance R =p L (1 + aT) / A ohms where p is resistivity in ohms per cm cube, L cm is the length, A

cm’ is the cross sectional area, o is temp co-eff and T is the temperature in degrees Celsius.
Several sources give Copper p = 1.7 x 10® ohms per cm cube and « = 0.004. At very low
temperatures, the resistance of some materials falls to zero

Resistance R, in series with R,. Equivalent resistance = R; + R,

Resistance R; in parallel with R,. Equivalent resistance = 1/ ( 1/R; + 1/R;)

Kirchoff’s first law The total current leaving a point on an electrical circuit = total current entering
Kirchoff’s second law The sum of the voltages round any circuit = net “I R” drop in the circuit

Induced emfE = — N d®/dt where E is in volts, N is number of turns and d®/dt is in Wb/sec
This equation is the foundation on which Electrical Engineering is based.

Self Inductance E = — L dI/dt where E is in volts, L is inductance in henries and dI/dt is in amps/sec
Self inductance of a coil wound on a ring of permeability pis L =1.26 N> p A /S x 10 ° Henries
where N is number of turns, A is cross sectional area in m” and S metres is the length of the magnetic
circuit. Experimental results for a coil length S metres, diameter d metres and radial thickness t metres
with air core indicate L =3 d*N*/(1.2d + 3.5 S + 4 t ) micro Henries. (t = 0 for a single layer coil).
Energy stored in an inductance = 5 L I” Joules where L is in henries and I is in amps

Capacitance q = C V where q is in Coulombs (ie amps times seconds), C is Farads and V is volts
Capacitance of a parallel plate condenser area A cm” and separated d cm and dielectric constant k
C=1.11x 10 ° Ak /(4 n d) microfarads

Capacitance of co-axial cylinders radiia and b C = 1.11 x 10 ° k /[ 2 In(b/a) ] microfarads per cm
Energy stored in a capacitance = 2 C V” Joules where C is in farads and V in volts
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DC Motors and Generators
Motors obey the left hand rule and generators the right hand rule, (the gener - righter rule).

Firat
thup {7~ First=Field = Field 17 s
= Mmy- ||/ 1 i \II Qaﬁnﬂ
E_/-x><‘ seirond seCnnd?@E‘
ot "= Current = Cutrent T

Back emf in DC machine E = 2p Zgs ® rps where E is volts, 2p is number of poles, Zs is number of
conductors in series, @ is in Wb and rps is speed in rev/sec

Power W =2p Zs © [, rps where W is watts, I, is the armature current in amps

Torque Torque =2p Zs ® I,/ (2 © ) Newton metres = E [, / (2 © rps ) Newton metres

In Imperial units Torque=0.117x2p Zs ® I, 1b ft=0.117E I,/ (rps) 1b ft )

Shunt motor n = ny— m T where n is speed, ny is no load speed, m is approximately constant and
Tis Torque. ng=V/2p ® Zs)andm=2n R,/ (2p ® Zs )

W
Field Fy Speed

Armature Ha Torgue T

Series motor T =T,/ (1 + o n)” where T, and o are approximately constant
To=2pKZsV?*/2nR*)and o =2pK Zs/R*and K=® /I=4 1t Nx 107/ Z(L/pn A)

Speed
mn
Armature
Field
( ) S To

Torgue T

Compound motor has shunt and series windings. This can increase the starting torque for a shunt motor.
If wound in opposition, the motor speed can be made nearly constant.

Armature reaction causes a magnetizing force centred between the poles distorting the field and slightly
reducing it. Compensating windings between the main poles cancel the armature reaction.

Interpoles are small poles carrying armature current between the main poles to improve commutation.
Armature windings can be lap or wave wound.
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DC shunt generators will fail to excite if there is no residual magnetism or the field resistance is above
the critical value for the speed.

DC series or compound generators require special treatment especially when two or more are in parallel.

Alternating Current AC

ACemf E =E, Sin (o t) = E, Sin (2 © ft) where E, is peak value, f is frequency and t is seconds. Mean
value of E for a halfcycle=2 E,/n=0.636 E,.

Root mean square (rms) value = E, / \2 = 0.707 E,

peak factor = (peak value) / (rms value).

form factor = (rms value) / (average value for Y4 cycle)

Square wave peak factor = 1, form factor = 1 Sine wave peak factor = 1.41, form factor =1.11
Triangular wave peak factor = 1.73, form factor = 1.15

Vector representation of AC voltage and current.

The projection on a vertical surface of a vector rotating at constant speed anti clockwise is equal to the
value of an AC voltage or current. The phase angle between V and I is the same as the angle between their
vectors. The diagram shows the Vector representation of current and voltage where the current lags the
voltage This diagram shows the vectors as the peak values. However the rms values are 0.707 times the
peak value. Thus the vector diagram shows the rms values to a different scale. Vector diagrams are rms

i - | ‘i"=‘i.i'F Sin kb
[ I- I, Sin (et -¢]
w Ip P

it - ) l:q;l ! t

values unless stated otherwise.

Power Factor is Cos ¢ where ¢ is the angle between the vectors for V and I

Power in a single phase AC circuit W =V [ Cos ¢ watts

Three phase ac. Three voltages with phase angles of 120 degrees between each.

Power in a three phase AC circuit W =\3 V I Cos ¢ watts where V is the voltage between lines

Resistance is higher on AC due to eddy current loss.

Re=Ro[1+1007"*fa’/(3 p”)] where Ryand Ry are the AC and DC resistances, f is the frequency,
a is the radius of the conductor in metres and p is the resistance in microhms / cm cube.

V =1R and the voltage V is in phase with the current I.
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Inductance V =1 X; where X; =2 n f L where L is in Henries. I lags V by =t /2.
At 50 cps, X =314 L

Capacitance V = [ X where X =1/ (2 n £ C ) where C is in farads. I leads V by = /2.
At 50 cps X = 3183/ C where C is in micro farads.

Inductive Impedance Z =R +jX. V =1 (R? + X* ) I lags V by arc tan (X/R)

Capacitive Impedance Z =R +jX. V =1 V(R + X* ) I leads V by arc tan (X/R)

Impedance R; + jX in series with R, + jX, Equivalent impedance = (R; + Ry) +j(X; + X3 )
Impedance R; + jX; in parallel with R, + jX, Put X +ive for inductance, —ive for capacitance
Put Z, =V(R*+ X,*)and Z, = V(R> + X,> YPut A=R, /Z, >+ Ry /Z,and B=X, /Z, > + X, /Z,°
Equivalent impedance is R = A / (A” + B? )and X =B / (A’ + B?)

Sum of two AC currents.
Add I, at phase angle 0, to current I, at phase angle 0, and the result is I; at phase angle 6;
I; and 05 are obtained by the vector addition of I, and I,.

Hysteresis loss Loss = f (area of hysteresis loop) watts/cubic metre where the hysteresis loop is in tesla
and ampere turns/ metre

Energy in magnetic field Energy = B* 10"/ (8 70 ) joules per cubic metre where B is in tesla

Eddy current loss in laminated core Loss = 7” f* By’ b /(6 p ) watts per cm’
Where B = By Sin (2nf t) is parallel to the lamination, fis the frequency in Hz, b is the thickness in cm of
the lamination and p is the resistivity in ohms/ cm cube.

Star/Delta transformation
Three impedances R + jX in star = three impedances 3R + 3jX in Delta

AC generators and motors

Fundamental EMF of generator Egys = 4.44 kp kp N f @porar

where N is (number of turns) / (pairs of poles) and kp is the pitch factor. If each coil spans an angle of 2A
instead of the full angle © between the poles, then kp = Sin (A). kp is the distribution factor due to the
phase difference of the emf in each conductor. k, = (vector sum of emfs) /(scalar sum of emfs)

For N™ harmonic, kyp = Sin (n}), and kyp = Sin (n6/2) / [¢ Sin (n6/2¢)] where 6 = 7t / (no of phases) and ¢
= slots / phase / pole. Harmonic content can be kept small by suitable values for A, 6 and c.

MMF including harmonics due to a three phase winding in slots
F = (4/m) Fyax (3/2) [kip Sin (8 — wt) + (ksp/5) Sin (56 — ot) + (k7p/7) Sin (70 — ot) +. . . ]
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Electrical Power Summary

The third harmonic is blocked by a delta star transformer and can be ignored.

Armature reaction of a current in phase with V gives an mmf between the poles distorting the field.
Armature reaction of lagging currents give an mmf opposing the main field.
Armature reaction of leading currents give an mmf boosting the main field.

What do the telephone handset and
the Celsius thermometer have in common with
the pacemaker and the computer mouse?

They are all
Swedish inventions
used every day worldwide.
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Electrical Power

Vector Diagram of the emfs, current and mmfs of a synchronous generator.
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Suffix L signifies on load condition

Automatic Voltage Regulator adjusts the excitation so that at the system design power factor, the voltage
is correct whatever the current. If however it adjusts the excitation to give the correct voltage at other
power factors, then two machines will not run in parallel. One can supply a huge leading current and the
other a huge lagging current. A “droop” is needed to give a lower voltage if the power factor lags by more
than the system design. This is achieved by the compounding. Faulty Compounding causes unstable
sharing of kVAr which can be quite violent.

System Faults. When a fault occurs, initially dc currents are induced in the damping winding and main
field circuit opposing the demagnetizing effect of the low power factor fault current. These currents die
away exponentially causing the fault current to fall. In extreme cases it can fall below the full load value.

Induction motor Power =3 V* (1 - X) R, £/ (R,”+ X* £*) watts where the slip X = (ng—n )/ n,

Power =2 n T (1 —X) n, watts where T is the torque in Newton metres and ny is the synch speed

Torque =3 VIR, Z/[27mny (RA+X*2?) ] Torque is a maximum when £=R,/ X

Put T = 1, Starting Torque =3 V* R, /[ 2 m ny (R + X*)]

If R, = X, the maximum torque occurs when the speed is zero but the motor would be very inefficient.
However large motors sometimes have slip rings allowing an external resistance to be added for starting.

The Induction motor speed torque curve. Sometimes there is a kink in the curve at a speed below the
speed for maximum torque due to harmonics in the supply. In such cases, the motor may get stuck at this
speed , called “crawling”.

Summary
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Speed

Torgue T

Transformers

Power transformers are usually delta primary and star secondary. The primary is supplied through three
conductors.

Flux @, =[4 Tt AN T /L] x 107 weber

EMFE, =4.44 N ®,,, fvolts

Delta Star Transformation
Three phase load, primary current equals
secondary current times voltage ratio.

Primhary voltage V1

&4 B C

Prmary ourrent I

_W2
a1

V143
W2

Tuarns ratio

1] % % ? =
A B CH
Secondary voltage V2

Secondary murrent I

A single phase load on the secondary results
in a current on two lines in the primary
governed by the turns ratio, not the voltage ratio.

Third harmonic voltages are the same at each end of each primary winding. Therefore no third harmonic
current flows in the primary and no third harmonic voltage appears in the secondary.
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Electrical Power Electromagnetism and Electrostatics

Electromagnetism and Electrostatics

Magnets, Magnetic Fields and Direct Currents

Units of Force, Work and Power

cm/gm/sec (cgs) units are dyne = force to accelerate 1 gm at 1 cm/sec’
erg = work done by 1 dyne cm
Engineering units are newton = force to accelerate 1 kg at 1 m/sec’
=10’ dynes

joule = work done by 1 newton metre = 10 ergs
watt = 1 joule/ second = 10 ergs/sec

kilowatt = 1000 watts

horse power = 550 ft 1bs/sec = 746 watts

The symbol “-” or a space will be used to signify “multiplied by”.

99

The symbol “¢” signifies vector dot product.

Magnet
A magnet has two poles, a North pole and a South pole. When suspended, the North pole aligns towards

the North and the South pole towards the South.
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Electrical Power Electromagnetism and Electrostatics

Unit Pole
The pole of a magnet, whose strength is one unit pole, placed in a vacuum one cm from an identical pole
repels it with a force of one dyne. At a distance r cm, they repel with a force of 1/r* dynes.

Magnetic Field
The magnetic field at any point is the force on a unit North pole placed at that point, provided it does not

disturb the magnetic field. The symbol used for magnetic field is B. It is a vector quantity. The cgs unit is
dynes/unit pole or gauss (G). The Engineering unit is the tesla (T) = 10* gauss.

(value in tesla) = 10~ * . (value in gauss).
Iron filings sprinkled on a card placed over the magnet align into lines from the North to the South pole and
show the direction of the magnetic field.

Magnetic Flux
The magnetic flux crossing an area normal to a magnetic field is the product of the magnetic field and the

area. The symbol used for magnetic flux is @. The cgs unit is the maxwell (previously lines) = gauss cm’.
The Engineering unit is the weber (Wb) = tesla m”.

1 weber = 10* maxwells.

(value in weber) = 10~ ® - (value in maxwells).

Flux &= f B dA where B is in Tesla and A is m*

Magnetic Field due to an Electrical Current

Faraday was carrying out experiments in his laboratory with an electrical cell. There happened to be a
magnetic compass on his table. He noticed that the compass needle was deflected whenever he switched
on the electrical current. He investigated further and found that the current caused a magnetic field in a
circular path round the wire. The direction of the magnetic field is in the clockwise direction when viewed
in the direction of the current which flows from the positive to the negative terminal of the cell.

This is the Corkscrew Rule. As the corkscrew is wound forward in the direction of the current, it rotates in
the direction of the magnetic field.

Magnetizing Force
The current produces a magnetizing force which is proportional to the current and inversely proportional

to the square of its distance from the wire. The symbol for magnetizing force is H and the emu unit is the
oersted (Oe). In a vacuum, a magnetizing force of one Oe produces a magnetic field of one G.
In a medium with permeability p, one Oe produces a magnetic field of p G.
The value of p in a vacuum is 1 and in air is very close to 1.
For small values of H, p for iron is approximately constant with a value in the order of 1000 or more.
B =p - H provided H is small.
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However the relation between B and H in iron is not linear. Above about 1.5 tesla, the gradient falls
dramatically. Thus magnetic circuits are often designed for a maximum B of about 1.5 tesla.

B

Furthermore, iron retains some magnetism when the magnetizing force is switched off. The magnetic field
B therefore depends on both H and what has gone before.

Electromagnetic unit of current, Ampére’s or La Places’ Rule

Electrical current, strength one electromagnetic unit (1 emu), flowing through an arc of wire one cm long
and one cm radius produces a magnetizing force of one oersted at the centre.

atr length

=1cm
I=1emu tadiug =1 cm

P
magnetising force =1 oersted

The symbol for current is I

The Engineering unit is the ampere or amp.
1 amp = 1/10 em unit of current.
(value in amps) = 10 - (value in emu)

Quantity of Electricity
The emu for quantity of electricity is the quantity of electricity that crosses a cross section of the wire

carrying 1 emu of current for 1 second.

The symbol for quantity of electricity is q and the Engineering unit is the coulomb.
1 coulomb = 1 amp second = 1/10 emu of quantity.
I =dqg/dt where I is in amps, q is in coulombs and t is in seconds

Magnetizing force due to an element
The magnetizing force at P due to I emu of current through the element Js is;

SH=1-8s-Sin0/r
where H is in oersted, I is in emu, 8s and r are in cm.

Gs
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Mechanical Force on a conductor in a magnetic field

Place two unit poles P and Q a distance r cm apart in air (u=1).
Pole P exerts a force of 1/r* dynes on pole Q in the direction shown.
By the definition of magnetic field, the field at Q due to P is 1/r* gauss.

Field

dugto P @ P

—

Replace pole Q by a length of wire ds long at an angle 0 to the direction of P. The magnetic field at Q due
to pole P remains at 1/r* gauss.

Pass a current of I emu through the wire and it will cause a magnetic field of I - 8s - Sin 0 / r* gauss at P
By the definition of magnetic field, the element of wire exerts a force of I - 8s - Sin 6 / r* dynes on pole P.
By the corkscrew law the direction of the force is into the paper.

Action and reaction are equal and opposite, therefore the magnetic field of 1/r* gauss due to pole P exerts
a force of I - 8s - Sin 0 / 1* dynes on the element of wire.

Therefore a field of B gauss would exert a force of B - I - s - Sin 6 dynes on the element of wire, the force
being in a direction out of the paper.

g
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In a uniform field of B gauss, a length of wire L cm long carrying a current of I emu will experience a
force F =B - I - L dynes in a direction complying with the left hand rule.

Converting to Engineering units,

F=B-1-L newtons

where B is in tesla, [ is in amps and L is in metres.

thuldh l{_-lﬂ FiIST:I.= Field
I|

= Motion / 1
dif’*< gelCond

! ™" = Cusrent

In diagrams, the direction of a vector into or out of the paper can be represented as a circle containing the
tail or the point of an arrow.

®

The magnetizing force at the centre of a circle of wire radius R carrying a current I
H=2-n-r-1/?=2-%-1/r
where H is in oersted, I is in em units and r is in cms.

Magnetic field at the centre
B=Q2-m-pu-1/1)10"7
where B is in tesla, I is in amps and r is in metres.

citcunference
=3y

The magnetizing force at a point P distant d cm from a long straight wire carrying a current I emu, normal

to the field, will experience

SH=1-8s-Sin0/r
Butr-060=20s-Sinfandd=r-Sin6

SH=1-1-80/r"=1-80/r

=1-Sin6-00/d

Integrate from 0 to &

H=/(I-Sin0/d)80 = (1/d) (- Cos 1 + Cos 0)

H=2-1/dwhere H is in oersted, I is in em units and d is in cm.
Magnetic field at P due to [

B=(2-1-u/d)-10 " where B is in tesla, I is in amps and d is in metres.
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The force between two adjacent conductors

Two conductors lie parallel and d metres apart in air each carrying a current I amps in opposite directions.

Magnetic force at P due to left hand conductor
B=(2-1/d)x 107 tesla into the paper (corkscrew rule)

Mechanical force on ds at P=B - I - ds newtons

Gsip

Mechanical force = [2 - I* / d] - 10~ newtons/metre
where | is in amps and d is in metres. The force is pushing the conductors apart (left hand rule).

Example
Two conductors are 2 cm apart and each carries a current of 400 amps in opposite directions. Find the

force each exerts on the other.
The Force is [2 x 400/ (2 x 107%) ] x 1077 = 400*x 10~ = 1.6 newtons / metre

The magnetizing force at a point on the axis of a circle of wire carrying a current I em units
SH =1 &s / d*
Component along axis
SH-Sin@=1-8s-Sin0/d
H=2r-1-r-Sin0/d’
=2n-1- Sin’ 0/t
By symmetry, the sum of the components of H perpendicular to the axis is zero

” SH
L 6H Sin g

Magnetic field due to I,

B=[2n pnISin’ 0/1r] 107 where B is in tesla, I is in amps and r is in metres.
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The magnetizing force on the axis of a solenoid

N turns uniformly wound
N 8x /L turns in element 6x

I emu b

Magnetizing force at P due to element 6x
SH=2n1Sin’0 N &x /(L)

But x=rCot9
dx =—r Cosec’d 80
8H =—2 7 1Sin’0 N r Cosec’0 560 /(L r)
SH=-(2=xIN/L)Sin 0 50
H=|[-@2nIN/L)Sin ]380 from 6, to 6,

=@2mnIN/L)(Cos 6, —Cos 0)

If P is at the centre of the solenoid,
0,=¢0and 0, =m— ¢
H=@4nINCos¢)/L
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If the solenoid is very long, then Cos ¢ = 1
H=(4n/10)IN/L
=1.26 IN/L where H is in oersted, I is in amps and L is in cm

Magneto Motive Force

The current in a coil is said to produce a Magneto Motive Force (mmf) of
(4 © /10) x (Ampere Turns) Gilberts. Thus one Gilbert / cm produces a Magnetizing Force of one oersted.
The symbol for mmf'is F.

F = (4 n/10) x (Ampere Turns) where F is in Gilberts

Magnetic field (or Flux density) at the centre of a solenoid
B=1.26 un I (N/L) gauss

where B is in gauss, I is in amps and L is in cms
B=1.26pI(N/L) 10 °tesla

where B is in tesla, I is in amps and L in metres

Magnetic Circuit

If the solenoid is wound on a ring, the magnetic circuit is complete within the ring.
The mmf F = (4 ©/10) N I Gilberts

This causes flux ® = (uF A /L) 10 weber

Where F is in Gilberts, A in m* and L in metres

! area = A

If the magnetic circuit consists of different materials, eg a ring with an air gap or the field circuit of a
motor, then the total mmf to produce the flux is the sum of the mmfs to produce the flux in each part.
F=F, +F,+F;+etc

Where F; = ®L; / (u; A; ) 10° etc

®=(41m/10)NIx10°/Z(L/wA))

Where @ is in weber, I in amps, A in m” and L in metres

Example
An iron ring, mean diameter 20 cms, with an air gap of 5 mm is wound with 680 turns.

It takes 5 amps to give a flux density of 0.8 tesla. Find p for the iron.
Length of iron =t x 20 / 100 = 0.628 metres
NI = ampere turns = 5 x 680 = 3400 ampere turns
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The cross section area of iron A; = cross section of air gap A, = A
B=®/A=@n/10)NIx10°/[Li/u, + L] tesla
0.8 = (4 1/10) x 3400 x 10°°/[0.628/ . + 5/1000]
0.628 /u +0.005 = 1.26 x 3400 x 10°/0.8 = 5.355 x 10~
1/u=0.355x10"/0.628
n=1770
What current is needed to give the same flux in a ring with the same number of turns and same air gap but
twice the diameter.
B=(47m/10)NIx10°/[Li/p + L,]
0.8=(41/10) 680 x I x 10°/[2 x 0.628/ 1770 + 0.005]
[=5.33 amps

Example
Part of the B — H curve for a ring of iron is;

AmpTurns/cm | 5.4 1.3 -04 |-10 |-14 |-16

Tesla 11 1.0 0.8 0.6 0 -0.3

The mean diameter of the ring is 15 cms and it is in two parts separated by 0.2mm
The iron is magnetized by a uniformly distributed coil to a maximum flux density of 1.1 tesla. What are
the ampere turns?

The ampere turns for the iron =54 xtx 15 =254

The ampere turns for the air gaps are given by
1.26 (ampere turns) x 107 /(2 x 0.2/1000) tesla=B = 1.1
ampere turns = 349

Total ampere turns = 254 + 349 = 603

Without altering the current, the ring is separated by a further 0.4 mm. Find B
Ampere turns for the air gaps

B = 1.26 (ampere turns) x 10°° /(2 x 0.6/1000) tesla

ampere turns = B x (2 x 0.6/1000) x 10° /1.26= 955 B

G053 -335 B

200 AT

Plot the B-H curve in tesla against ampere turns
And plot (total AT — AT for air gaps)
ie AT=603-955B
The plots cross when AT for iron + AT for air gaps = 603
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This occurs at a negative AT of 44 and a flux density of 0.621 tesla
The mmf for the air gap is provided partly by the residual magnetism and partly by the ampere turns.

Magnetic Flux from a unit pole

The magnetic field 1 cm from a unit pole is by definition 1 oersted.

But the surface area of the sphere radius 1 cm is 4 cm’

Thus the total magnetic flux leaving a unit pole is 4t maxwells.

In Engineering units, the total flux leaving a unit pole is 47 x 10~ weber.

Electrostatics

Electrostatic units

Unit charge in electrostatic units (esu) is the charge concentrated at a point unit distance from a similar
point charge that experiences a unit force, both charges being remote from other charges

F=(qi-q)/(ko- rz)
where F is in dynes, q; and q, are in es units, K, is the permeability (=1 in a vacuum) and r in cms

em units and es units are related by a factor equal to the velocity of light.

In em units, ko = 1/c
where c is the velocity of light in em units = 2.998 x 10'® cm/sec

Gauss’s Theorem

Using es units, consider a unit charge q in a vacuum.
The electric induction at P = q/r*
Consider an elemental area dA of the boundary
Electric induction through 8A = (g/r*) - Cos 6 8A
=q 0w
where 0o is the solid angle subtended by 6A
Adding over the whole surface, total normal electric inductance = q - 4n

If ¢ is the electric induction at a pont P,
then electric force at P is F = ¢ / k where k is the relative permitivity (or dielectric constant)
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Induced EMF

Potential Difference (pd)
The potential difference between two points is one volt if one watt of power is produced when one amp

flows from one point to the other. The symbol for pd is V and the Engineering unit is the volt. One joule
of work is done when one coulomb of electricity flows through a pd of one volt.

W = V.1 where W is in watts, V is in volts and [ is in amps

joule is 10 ergs and amp is 1/10 em unit

therefore the volt is joules / sec / amp = 10® emu

Electro Motive Force (emf)
An emf is generated when the magnetic flux linking with a coil is changed. It is measured in volts. The

generated emf is one volt when one amp generates one watt of power.

Faraday’s Law
Consider two parallel conductors L metres apart with a third lying across them which carries a current of I

amps. Apply a uniform magnetic field B tesla perpendicular to the plane of the conductors
Move the top conductor at a constant velocity v metres/sec against the force on the conductor.
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Mechanical power supplied to move the conductor=B - I - L - v watts

This power is used to generate an emf E in the conductor generating power at the rate E - I watts.
Hence E=B:-L-v
Where E is in volts, B is in tesla , L in metres and v in metres/sec

But B - L - v = rate at which the top conductor cuts the magnetic flux = dd / dt.
If there are N turns of a coil linking the flux, then

E=—-N-d®d/dt where E is in volts and dd/dt is in Wb/sec
This is the fundamental equation connecting emf and magnetic flux.

Pt
T {7ttt
\f Qaﬁun
seCnnd}@f-_E‘
= Cutrent T

Lenz’s law states that the generated emf E opposes the change. Therefore the polarity of E is usually
chosen so that it is negative when the flux linked with the circuit is increasing.

Experiment shows that if a conductor is moved in the direction of the right hand thumb in a field in the
direction of the right hand first finger then an emf will be generated causing a current to flow in the
direction of the second finger.

This is the right hand rule, the “gener-right-or” rule.

Resistance (Ohm’s law)

At constant temperature, the current in a wire is proportional to the pd between the ends.
The ratio Volts / Amps is called the resistance in Ohms. The symbol for Ohms is Q.
R = V/I where R is in ohms, V is in volts and I is in amps
Legal Ohm is the resistance of a column of mercury 106.3 cms long and 1 sq cm cross section at 0° C

Resistance is proportional to the length of the wire and inversely proportional to the cross section.
R=(p L/ A)where R is in pQ, p is the resistivity in pQ per metre cube, L is the length in
metres and A is the cross sectional area of the wire in metres’.

Power loss in a resistor
Power loss W=V.I=*-R=V*/R
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Resistance Temperature Coefficient of conductors

Resistance increases with temperature, the increase being approximately linear.
R =R, (1 + oT) where Ry is the resistance at 0° Celsius, T is the temperature in Celsius and a is
the temperature coefficient

R R =Rg+aT
T
Typical values of p and a at 15°C
Copper p=1.7 uQ per cm cube o= 0.004
Alumimium  p=2.9 uQ per cm cube a=0.004
Silver p = 1.6 pQ per cm cube o =0.004
Iron p =10-160 pQ per cm cube a=0.002 - 0.006

Absolute zero temperature is — 273 °C. At a temperature near absolute zero, R for some materials becomes
zero. The material is said to be supercooled and can carry a huge current with no energy loss. This
property is used in some large electro-magnets.

Temperature coefficient of insulation materials

Increase in temperature reduces the insulation resistance and the effect is logarithmic. An increase in
temperature of 65 ° C reduces the insulation resistance by a factor of 10. The insulation resistance is also
dependent on how dry it is. Records of insulation resistance should give the temperature at which the
measurement was taken.

Work done in taking a unit pole round a closed path through a coil of N turns carrying a current of I amps

The total flux leaving the pole links with the coil.

Thus the total flux linkage is 47 N x 10~ weber

Thus the emf generated by moving the pole is;
E=4nNx 10®/t where t is the time taken.

Power generated = E I watts =4n N I x 10/ t for t secs

Work done = 41 N I1x 10 joules

I turns

Uit
pole

[ amps
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Self Inductance

The current in a coil causes a magnetic field that links with the coil. Therefore any change in the current
will induce an emf in the coil. The coil is said to have self inductance. The symbol for self inductance is LL
and the Engineering unit is the henry. A coil is said to have an inductance of one henry if a rate of change
in current of one amp per second induces an emf of one volt.

E =—L - dI/dt where E is in volts, L is in henries, I is in amps and t is in seconds. The minus sign signifies
that the emf opposes the change.

Self Inductance of a coil

A coil is wound with N turns on a ring D metres mean diameter and cross sectional area A square metres

and permeability p.

Let the current be I amps

Magnetising force, H=4 N I/(nD)x 10~

®=pHA Weber

O®=4nuNIA/nD)x 107 Whb.

emf due to change in I is given by;

E=-Ndd/dt=-N4nuNA/nD)x 10" dl/dt volts
=— (4 N’ A /D) x 107 dI/dt volts

But E =—L dI/dt

Therefore L=(4N"nA/D)x 107 henries

For a magnetic circuit length S metres

L=126N*pnA/Sx 10° henries

i

length of path
A—"=n0D

Example
A coil of 500 turns is wound on a wooden ring 20 cms diameter
The cross section of the ring is 4 cms diameter. Estimate the self inductance

L = (47/10) x 500% x [1 x (2/100)*1x 10°®/ (n x 0.2) =27 x 10"* henries

Energy stored in an inductance

An inductance L henries carries a current I amps.
Let the inductance be disconnected from the supply but allowed to discharge through a resistor. The power
supplied by the inductance;
w =e i watts
where w, e and i are the values of power, emf and current at any instant during the discharge.
e=-Ldi/dt w=-Lididt
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Energy released during the discharge
=[wdt=]-L1idi/dtdt
=[-Lidifromi=Ttoi=0
=—(122)Li fromi=Itoi=0
=(1/2) L I joules

Discharge Resistor

When the current in an inductor is suddenly switched off, di/dt has a very high negative value. In practice
this means that attempting to switch the current off results in severe arcing at the switch contacts.

Thus the switch for a large inductor is usually double pole which connects the inductor to a discharge

resistor before the connection to the supply is broken.

2 pole Bwitch
make hefore hreak
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Inductance discharged through a resistance

When an inductance L henries is discharged through a resistance R ohms, the current decays exponentially
with a time constant T

Let I be the current at t =0

E=-Ldi/dtand E =iR

(L/i)di=R dt

[(1/i) di from I, to i = — (R/L) [dt from 0 to t

In(i/Iy) = — (R/L)t

i=Ie —(R/L)t
But i=1Iye D for exponential decay with time constant T
Hence the current decays exponentially with a time constant T = L/R

Inductance charged through a resistance from constant volt supply

When t = 0, the current is zero
Attimet, V=L di/dt + iR
Multiply by integrating factor */™*
VeR/Lt:L CR/Ltdi/dt‘FRieR/Lt
=Ld/dt[ie?™" ]
Integrating
(L/R)V ' =1[ie® "]+ Const
When t =0, i = 0 therefore Constant = (L/R)V
i=V/R-V/Re™'=(VR)(1-e™Y
The current rises exponentially with a time constant T = L/R towards I = V/R

Power to inductance charged through a resistance
Power to inductance W = v i=1 Ldi/dt
W =[(V/R) (1 - ™ 9] [L (V/R) (R/L) e "]
W = (V2 /R) ( o RL 91— o RL t)
Putx = (") W= (V*R) (x — x%)
dW/dx = (V*/R) (1 - 2x)
dW/dx = 0 when x = %2
d,W/dx* = (V*/R) (- 2) which is negative
Therefore W is a maximum when x = 12
Wuax = (VV/R) [ % — (%)
= V?/(4R) and is independent of L

Change in Flux and Quantity

A coil with N turns is connected to a circuit with a total resistance R ohms.
The Flux through the coil is @
—Ndd/dt=1R =dg/dtR
Integrate wrt t from 1 to 2
N (®, - D,)=R(qy— q; ) where @ is in weber, q is in coulombs and R is in ohms
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& M turns

Capacitor
A capacitor stores a quantity of electricity. The storage is proportional to the voltage and capacitance.

The symbol for capacitance is C
The SI unit is the farad = coulombs/volt but this is too large for practical use. The Engineering unit is the
microfarad (uF) = 10°° farad.

q=C -V where C, q and V are in the same units

Conversion of esu units to mks units
1 esu of quantity = 1 /(3 x 10'®) emu of quantity = 1/(3 x 10°) coulomb
where 3 x 10"’ cm/sec is the speed of light (actually 2.998 x 10'°)
1 esuof pd=3x 10" emu of pd =3 x 10" x 10" * volts = 3 x 107 volts
thus 1 esu of capacitance = (1 esu of quantity) / (1 esu of pd)
= [1/(3 x 10”) coulomb] / [3 x 10 volts]
=[1/(9 x 10'")] coulombs / volt
=[1.11 x 10**] coulombs / volt or farads
=[1.11x 10" 10°] uF
=[1.11x 10 °] uF
hence (value of C in pF) = 1.11 x 10" ° x (value of C in es units)

Parallel plate condenser

Let area of plate = A sq cm
and charge on the plate = ¢ per unit area
Total normal electric induction
=4m o / k per unit area
V equals the work done in taking the charge from one plate to the other
V =F dx = 41 6 d / k where d is the distance between the plates in cms
The capacitance of the condenser C=q/V =Ac/V =Ak/(4rn d) in es units
C=1.11x 10°x A k / (4n d) microfarads

Area= A
+y =04
d
- =-04

Parallel plate condenser with two insulations

Electric induction ¢ =47 ¢
F.= ¢ /k,= 4mn o /k, per unit area
F,= ¢ /k,= 4m o /k, per unit area

V=4nocal/k,t4nocb/ky
Capacitance per unit area=c/V = 1/[4n(a / k,+ b / k) es units
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C=1.11x10°/[4n(a/k,+ b/ k) uF per square cm

+iq
¥
ky lﬂ
ky, Ib
-9
Co-axial cylinders radius a and b, length L
Let charge per unit length =6
Gauss’s theorem ¢ 2nr L=4nc L
¢p=20/r
F=¢/k=20c/(rk)
V=]Fdrfromatob
=(20o/k)In(b/a)
Capacitance C=c/V =k /[2 In (b/a) ] in es units
C=1.11xkx10°/[21n (b/a) ] uF per cm
WS
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Example 1
Calculate the capacitance per kilometer of a lead covered cable where a = 2.5 mm and insulation is 2 mm

thick and k = 4. Therefore b = 4.5 mm.

Capacitance /cm=1.11 x4 x 10°/[2 In (4.5/2.5) ] uF
Capacitance / kilometer = 1.11 x 4 x 10°/[2 In (4.5 /2.5) ] x 100 x 1000 = 0.38 uF

Example 2
Calculate the capacitance if the outer 1 mm of the insulation has k =2

¢ =2 o/ r throughout the cable.
Forinner | mm, Fi=¢/4=2c/(471)
For outer | mm, F,=¢/2=2c/(271)
V=] F, dr from .25 to .35 + ) F, dr from .35 to .45
=206 [(1/4) In(.35/.25) + (1/2)In(.45/.35)]
Hence 6/ V=237 esu/cm=2.37x 10’ esu/km
Capacitance = 1.1 x 10 ® x 2.37 x 10° uF per km = 0.26 pF per km

Energy stored in a capacitor

Work done in increasing the charge by dq =V 6q
But q=CV
dq=CdV
Work done = CV 8V
Energy stored | CV dV from V=0to V=V
Energy stored = (1/2) C V* where energy is in joules, C is in farads and V is in volts

Capacitor discharged through a resistance
Attimet,q=Cvand v=1iR and i = dg/dt

q=CR dg/dt

Integrate from qo to q, CR In(q/qo ) =—t

q=CR i, therefore ~ CR In(i/ip) =—thencei=1i,e VP!
The current decays exponentially with a time constant T = CR

Capacitor charged through a resistance from a supply at constant voltage V
Whent=0,q=0

Attimet,q=Cvand V=1R + g/C and i = dq/dt

g/CR +dg/dt=V/R

Multiply by the integrating factor e
d/di[ q /CR 1] = (y/R) I/CR

(1/CR) t

Integrating

q "™ = (V/R) (CR) "™ + constant = (CV) ™' + constant

When t =0, q = 0 therefore constant =— CV

q= CV [ 1 _ef(l/CR) t]

The charge rises exponentially with a time constant T = CR towards Q = CV
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Mechanical Equivalent of Heat
4190 joules = 1 kg calorie, ie the heat to raise 1 kg of water through 1° Celsius
778 ft Ibs = 1 BTU, the heat to raise 1 Ib water through 1° F

Board of Trade Unit (kWh)
1 kWh =1 kW for 1 hour
=1000 x 3600 Joules
=3.6 E6 /4190 kg calories
= 859 kg calories
Example

Find the overall efficiency of a generator plant that uses 0.7 kg of coal per kWh
Calorific value of fuel is 8000 kg °C per kg fuel

1 kWh = 859 kg calories

Heat supplied by the fuel 0.7 x 8000 = 5600 kg °C

Overall efficiency = 859/5600 = 15 %
Note The preferred unit for calorific value is MJ / kg (ie Mega Joules per kilogram)
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DC Circuits

Internal resistance of a cell

The current I in a circuit of resistance R connected to a cell of voltage E and internal resistance r is
I=E/R +1)

If V is the voltage across R

then V=1R

hence r=(E - V)/I

E is the voltage on open circuit and can be measured with a potentiometer

hence r can be found.

Alternatively;

If I, is the current with Resistance R; and I is the current with Resistance R,
Then L (Ri+r)=E=1L(R;,+r)

Thus r=0R, -1 R) /(I —-1)

Resistances in series

Vi=1R, V,=1IR,
V=IR V=V;+V,
IR=IR;+IR;

Hence R=R;+R,

WA A = A
- - -
Resistances in parallel
V= Il R1 V= Iz R2
V=IR L=V /R

L=V/R, L+L=I=V/R

V/R=V/R+V/R,
Ii FEy
m _I-_\m
-
- Vv
v

R=1/[(1/R)+(1/Ry)]
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Kirchoff’s first law
The total current leaving any portion of a network is equal to the total current entering that portion.

Kirchoff’s second law

The algebraic sum of all the “IR” drops around any circuit is equal to the total emf applied in that circuit.

Example 1
In the diagram,

E]*I]I]:V:IzR
Ez—(Iz—Il)I'z:V:IzR

Hencel ;=(E;— 1L, R) /1
E;+Ln=L(R+1)

E;+HE -LR)r/ri=L (R +1,)
Ein+Ern=LRrn+Rnp+nn)
L=E n+Ern)/(Rr+Rn+1r)

Example 2
Each edge of a tetrahedron is resistance R

Find the resistance between adjacent corners.

By symmetry, four bars carry I, , one bar carries zero and
the sixth carries I — 2I;

V =1R + [|R therefore I, =V / (2R)
V=(I-2[)R=IR-V

2V =IR

Resistance between adjacent corners = V/[ = R/2

1-2]]
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Thevenin’s Theorem
To find the current in a resistance r, a branch of a network, remove the branch and find the voltage E

across the ends of the branch. Short circuit all sources of emf and find the resistance R of the network
between the ends of the branch with the branch removed. The current in the branch is E / (R +1).

Example
Find the current in branch QS

All values are in ohms.

4 ohm resistor in parallel with 1 and 2

equals 1/(1/4 + 1/3) = 12/7

Remove QS and

voltage between Q and S=E (5 + 12/7) /(8 + 12/7) = 0.691 E
Resistance between Q and S = 1/[1/3 +1/(5 + 12/7)] = 2.074
Current in QS =0.691 E/ (2.074+2)=0.170 E

Wheatstone Bridge
A Wheatstone Bridge consists of four resistances connected as shown. D is a galvanometer to detect any

current.
If the galvanometer cannot detect any current, then P/Q = R/S.
For example, P, Q and R are resistances that can be switched to any value within a range. An unknown

resistance S is connected and P, Q and R adjusted till the galvanometer shows the bridge to be balanced.
Hence the value of S can be found.

Potentiometer

A voltage V connected internally through a high resistance cannot be measured by a meter. As soon as the
meter takes current, the voltage drops.

A potentiometer allows the voltage to be measured without taking any current. A dc supply and voltmeter
E are connected across a uniformly wound rheostat
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The slider is connected to the unknown voltage through a galvanometer D. The slider is adjusted till the
galvanometer shows no current.

V=ELIl/(L1+L2)
As no current is flowing from V, there is no volt drop in its resistance.

The output from a thermocouple which measures temperature is usually connected to a potentiometer. The
voltage is small (in the order of millivolts) and any resistance drop would introduce a significant error.

+] L2
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Alternating Current (AC)

Generating an AC voltage

The coil, area A, is rotated in a uniform magnetic field B at constant angular velocity ®
the flux linking the coil is @ = BA Cos 0
hence @, =BA and ® = ®,,,, Cos 6
The coil is rotated at constant speed ®, thus 6 = ot
emf ¢ =—N d(®P,.x Cos ot )/dt

=N D« Sin ot

=E, Sin ot
where E,, is the maximum value of e

P =BACosf

when this emf is applied to a circuit, the current flows in one direction for half a cycle then flows in the
reverse direction for the next half cycle. This is called Alternating Current. Throughout the world, mains
electricity is normally AC.

EMIF

g = ity fot

Average value
The average value for a full cycle is zero

Integrate over a half cycle to obtain the average value for half a cycle
Emean ©= | E, Sn0d6 fromOton = E, [~ Cos 0]from 0 to
Emean=2E,/m= 0.636 E,
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Root Mean Square value (rms value)

Integrate the value of ¢” over a full cycle to obtain the average value of ¢
2 (average value of ¢* ) = Ep2 Sin® 0 d6 from 0 to 21
=% E,” [ (1- Cos 20) dO from 0 to 2
=% E,’ [0 — Sin 20] from 0 to 27
=% E, (2n-0-0+0)=nE,’

Hence average value of ¢’ = 5 E,’
Take the square root to obtain the rms value

Ems=E,/V2=0.707 E,
The power of an electrical circuit is proportional to ¢* hence the use of the E,s value Unless stated
otherwise, the value given for an AC voltage or current is the rms value. A DC voltage is equivalent to an
AC voltage with the same rms value.

Peak factor and Form factor

Peak factor = (peak value) / ( rms value)
Form factor = (rms value) / (av value for % cycle)

Sine wave form factor = (0.707) / ( 0.636 E,) = 1.11

Triangular wave form E = E, 0/ (7 /2) between 0 and &t /2
E,= 0.5E,
Ems=E, V[ {0*/(n/2)*}d0/(n/2)]
with the integral from 0 to /2
Ems=E, /(n/2)** \[[67d0]
Ems=E, /(7/2)** N[ 6°/3d 6] from 0 ton /2
Ems=E, /(n/2)** N[ (n/2)’ /3] =E, N3=0.577E,
Triangular wave Form factor = 0.577 E,/ 0.5 E, = 1.15

Square wave E,, = E, and E,,,;; = E,
Square wave form factor = E,/E, 1

Summarising
Sine wave form factor =1.11 peak factor =2 = 1.41
Square wave form factor = 1 peak factor =1

Triangular wave form factor = 1.15 peak factor =3 = 1.73
Thus the form factor is a measure of how peaky the wave is.

Example
Find the average value for half cycle, the rms value and the form factor of the wave shown where 3T ==
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Average value for /2 cycle = 2 x 200/3 = 133 volts

rms value = V[ {2 x [2007 (/T)?dt + 200’xT}/r] where the integral is from 0 to T
=[200% x {2 £ /( 3T?) + T}]/n where the integral is from 0 to T
=~[200*x {2T* /(3T ?) + T}])/n =200 x [ 5T/3]/n where T =n/3
=[200% x {57/ 9}/n] =\200*x [ 5/9]
=200 x V5 /3 =149 volts

Form factor = rms value /average value = 149 / 133 =1.12

Frequency
The number of complete cycles per second is the frequency in Hertz (Hz)

Mains electricity is at a frequency of 50 Hz in Europe and 60 Hz in America.
e = E, Sin ot so the time taken for N cycles is given by oT =2 n N

Therefore T =2 n N/ ® But the time taken for N cycles=N/f
Hence N/ f=2nN/othuso=2nf
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Vector representation of AC

V=T, Jit {0t
oy - :

ot

Let the vector V, rotate anti-clockwise at a speed of » radians/sec.
The projection of V, on a vertical is sinusoidal with respect to time.

Let another vector I, at an angle of ® with V also rotate anti-clockwise at
the same speed of o radians/sec.
The projection of I, on the vertical is sinusoidal displaced @ behind of V.

?:?P Sin wk

I- Iy Sin (et -4)

Tt [ : i
+
]

The vectors V,, and I, represent the two sinusoidal quantities.
Thus alternating currents and voltages can be represented by vectors.

Addition of two AC voltages or two AC currents
Let V, and V, be two AC voltages at the same frequency but of different magnitude and phase angle.
Vi =Vp; Sin (ot + 6,) and V, = Vp, Sin (ot + 