UNIT-IV
Fourier Series

Suppose that agiven function f () defined in [, 7] (or) [0,27] (or) in any other interval can be
expressed as

f(x)= %+ i(an cosnx+ b, sinnx)
n=1
The above series is known as the Fourier series for f (x) and the constants
a,a,,b,(n=1,23-———- ) are called Fourier coefficierts of f(x)

Periodic_Functions:-

A furction f () is said to be periodic with period T >0 if for all x f(x+T)=f(x) and T is the
least of such values
Example- sim®= dix 7)2 ( s m)=—4——— thefuction sinx is periodic with period 27 there is

no positive value T, 0<T <27 such that sin(x+T)=sinXV x

Euler’s Formula:-
The Fourier series for the function f (X) in the interval c< x<c+ 27 is given by

f (x):%+§£(an cosnx+ b, sinnx)

Where a, :EIHZ” f (x)dx
V4 Cc
a,= %Lﬁzn f (x)cosnx.dx and
b, = 1

T

These values of a,,a,,b, are known as Euler’s formula

LM” f (x)sinnx.dx

Corollary:- if f(X) is to be expanded asa Fourier series in the interval 0< x<2z, put c=0 then the
formulae (1) reduces to

1 2z
aO:;J'O f (x)dx
_1 27rf d
‘%_;.[o (x) cosnx.dx

12z .
b=—| f d
X 7['[ (x)sinnx.dx

0



Corollay 2:-if f(x) is to expanded as afourier series in [z, 7] put c= -, the interval becomes
1 ¢x
=—| f(x)d
a, ”I_” (x)dx
—r<x<z and the formula (1) reducesto  a, :ir f (x)cosnx.dx
72' -
1~ .
b =—| f d
X ﬂLr (x)sinnx.dx

Conditions For Fourier Expansion:-
Dirichlet has formulated certain conditions known as Dirichlet conditions under which certain

functions possesvalid Fourier Expansions.

A given function f (X) has avalid Fourier series expansion of the form i+i(an cosnx+h, sinnx)

n=1

Where a,,a,,b, areconstants, provided

(@ f(X) is well defined and single — valued except possibly at afinite number of points in the interval of
definition

(i) () hesafinite number of discontinuities in the interval of definition

(iin) f(x) has a mogt afinite number of maexima and minima in the interval of definition

Note:- The above conditions are sufficient but not necessary

Functions Having Points of Discontinuity :-
In Euler’s formulae for ay,a,,b, it was assumed that f(X) is continous. Instead a function may have

afinite number of discontinuities. Even then such afunction is expressible as a Fouries series
Let f(x) bedefined by
f(X)=¢(x) c<x<x
=¢(X) X, <x<C+2r
Where x, is the point of discortinuity in (C,C+27) in such cases also we obtain the Fourier series for

f (X) in the usual way. The values of a,,a,,b, aregiven by
1 X0 c+2r

ao_;“c ¢(x)dx+jxo ¢(x)dx}
11 % cH2n

a _;Uc ¢(x)cosnx.dx+fx0 ¢(x)cosnx.dx}

b = %“:‘) ¢(x)sinnx.dx + I:Zﬂ #(x)sin nx.dx}



Note :-

0 for m=n
(i)J‘f cosmx cosnxdx =+ 7z, for m=n>0
2, for m=n=0
7 0 for mznand m=n=0
(ii)(i)j sinmx sinnxdx =
-z z, for m=n>0

Examples:-
1. Express f (X) =X—m asFourier seriesintheinterval —7z <x<r

Sol  Let the function x—z berepresented by the Fourier series

D,
2 5

X—m=

Then

aqcosnx+2b sinnx — (1)

n=1

MS

Il
July

=1 dx——j x 7r dx

j xdx — ;rj dx}

0-r2[ dx} - xisodd function)

2,

(7r O) =-27 and

ILJ§|H§]|H§]|HN

a,= ;J: f (x)cosnx.dx
=1J‘f (x—7)cosnx.dx

= EU” Xcosnx.dx — ﬁI” cosnx.dx}
X - -

= 1[0— 27rrcosnx.dx}
Via 0



Soa, = —2J‘;r cosnx.dx

_ _z[si n nxj”
n o

=_T2(sin Nz —sin0)

~=2(0-0)=0 for n=12.3........
1~ :

b == f d

) ”L” (x)sin nx.dx

1 ¢~ .
_— _ d
_[_ﬁ(x )sinnx.dx

NIN N[N N[RN[R

M o7 . T .
I xsmnx—yr_[ smnx.dx]
—7T —7T

_2_[0” Xsin nx.dx—;z(O)]

[ (—cosnx —sinnx\|"
o) =2
L n n (o)

(e o) o0

n

(- xcosnx is odd function and cosnx is even function)

Subgtituting the values of a,,a,,b, in (1),

We get
x—;r:—ﬂ+2(—1)”+lzsinnx
n=1 T
. . 1. .
=—7+2 snx——sn2x+§sn3x——sn4x+ ......
2. Find the Fourier seriestorepresent the function e® from x=-x to = . Deduce from this
that
r [ 1 1 1 }
. = - B
sinhz 2°+1 F+1 4°+1

Sol. Let the function e be represented by the Fourier series
e ™= %+i(ah cosnx-+b, sinnx) — (1)
n=1
Then



! Y - Y -
ar ar
L& _|€7-€¥ |1 snhar
2 2 ar ar

And
17 o
an=—f e ¥ cosnx.dx
7Z' -

Vi

—1{ e’ (—acosnx+nsinnx)}
x| at+n? )
Ie""x cosbx.dx = aze o2 (acosbx+bsinbx)
+
1| e* e
La, = ;{az T (—acosnz +0) - o (—acosn;;+0)}
a ar —ar
:m(e —-e )COSFV[
_ 2acosnrsinhar
ﬁ(a2+n2)
(-1)" 2asinhar o
= n(a2+n2) ( cosnz =(-1) )

Findly b, = lr e ™ sinnx.dx
72' -

a

—1{ e” (—asinnx—ncosnx)}
x| a2+n? i

1] e* e
=;[a2+n2(O—ncosnn)—a2+n2(O—ncosnn)}

n .
_ncosnze” —e* (-1) 2nsinhaz

n(a2+n2) - z(a2+n2)

Substituting the values of %,an and b, in (1) we get

» Snhar &|(-1)"2asinhar n, Snhar

e = + cosnx+(-1) 2n————-sinnx
ar ;{ 7(a®+n?) (=3 (a®+n?) ]

2sn2x 35in3x_

~ Zsinhafr{( 1 acosx acos2x acosdx, )_( sinx

— +
P 2a 1’+a®> 2°+a® 3F+a’

1’ +a?

2*+a* F+a

2



Deduction: -

Puting x=0 and a=1in (2), we get

3.
Hence deduce that 12+i2+i2+ _____ -
I 3 5
Sol. Let f(x)=%+iancosnx+ibnsinnx—>(1)
n=1 n=1
Then
1 ¢#
== f(x)d
a, EL (x)dx
1_ o Vs
:;_I-n(_”)dx+jo xdx}
_ .
209, 4 %] ]
/4 4 2),
sl
= —| - +— == —
| 2 | 2
=—(cosn7z—1):i[(—1)“‘l]
zn’ n?
= 3 2
e - T

O

=)

Sk 3|, N, Y|k, |(PR
I

Find the Fourier seriesof the periodic function defined as f (x) :{

2sinhz|1 1 1 1 1
1= STt i Tt e T
T 2 2 2241 3F+1 4°+1
T ( 1 1 1 j
- = - + -
sinhz 22+1 3F+1 4+1

1 =
N

T

f (x)sinnx.dx

(1-2cosnr)

0 . T .
J.” (—)sinnx.dx + IO Xsin nx.dx}

0 . T
cosnx cosnx sSNnnx
n +| —x +—
n )., n ),

T
n

(1-cosnz) - % cosn;z}

- w<Xx<0

X

O<x<rx

|



a, :1.[_” f (x)cosnx.dx
Jlﬁ(—;r)cosnx.dx+ J'O xcosnx.dx}

B . 0 .
SN NX SnNNX Cosnx i
- +| X + >
n x n n 0

R Y|, 3|,y
1 I

1
=—|0+—cosnt ——;
T n n

bl=3,b2=_71,Q=],b4=_71 and so --- on subgtituting the values of a,,a, and b, in (1), we get

- 2 CcoS3X cos5x . sn2x 3sin3x sin4x
f(x):——— COSX+———+———+——— |+| 3sinX— + — +——
4 3 5 3 4

T
Deduction:-
Putting x=0 in (2), we obtain

- 2 1 1
Now f (x) is discontinuous at x=0
f(0-0)=-z and f(0+0)=0

1 -7
f(O)zi[f(O—O)+f(O+O)]=7

Now (3) becomes

-T -7 2(1 1 1 j
—_—— | ==+ ———-
2 4 7\1? F 5
_
8

Even and Odd Functions:-
A function f(x) is said to beeven if f(—x)=f(x)and oddif f(—x)=—f(X)

Example:- _ x*,x*+x*+1,e*+e* are even functions
X3, X,sin X, cosecx are odd functions

Note:-
1 Product of two even (or) two odd functions will be an even function
2. Product of an even function and an odd function will be an odd function

Note 2:- j_: f (x)dx =0 when f (X) is an odd function

= 2J'0a f (x)dx when f(x) is even function

Fourier series for even and odd functions



Weknow that afunction f (x) defined in (—,7) can be represerted by the Fourier series

f(x)=i+iahcosnx+ibnsinnx
n=1
Where g, == [ f (x)dx

T

an_lj'” f (x)cosnx.dx

72' T
And =1J'” f (x)sinnx.dx
T
Case (i):- when f () is even function

a, ——I dx——J. X) dx
Since cosnx is an even function, f (x)cosnx is also an even function

a, =— I X) cosnx.dx
Hence

== j f (x)cosnx.dx
7z' 0
Since sinnx is an odd function, f(x)s’nnx is an odd function
- b, _—J' x)sinnx.dx=0
- If afunction f( ) is even in (—7,7), its Fourier series expansion cortains only cosine terms
s (x)= 3+ian cosnx

Where an——j cosnxdxn 01,2,————-—

Case2:- when f( ) is an odd function in (—7z,7)
ao_—J' x)dx=0 since f(x) is odd

Since cosnx is an even function, f (X)cosnx is an odd function and hence
an_—J' x)cosnx.dx =0

Since sinnx is odd function ; f (X)sinnx is an even function

1= .
b=—| f d
X ﬂL; (x)sinnx.dx

2 ¢ :
:;IO f (x)sinnx.dx

:ibnsinnx
n=1

Where b, =2 * f(x)sinnxadx
T



Thus, if afunction f(x) defined in (—z,7)is odd, its Fourier expansion contains only sine terms

Examples:-
1. Expand the function f(x)=x* asa Fourier seriesin (—z,7), hence deduce that
i t, 1t 1. =
1?22 F 4 12

Sol. Since f (—x) :(—x)2 =x" = f(x)
Hence in its Fourier series expansion, the sine terms are absent

X = %+ > a, cosnx
n=1

Where
_2(7.e
ao_;.[oxdx

_2(x¥) 2
7\ 3 3

0

2 ox
a, :;IO f (x)cosnx.dx

2 x
=—j X2 cosnx.dx
T 0

_ E{xz(snnXJ—ZX(_COanJ+ 2(—sr;nxﬂ
7 n n n .

= E[0+ 27 S5, 2.0}
T n

4cosnr 4 n
T 7 (_1)
Substituting the values of a, and a, from (2) and (3) in (1) we get

2 ©
N %+ Z:ni;(—l)n cosnx
n=1

n+l

2w (_
:%—4;%cosnx

7’ COS2X C0S3X Cos4x
=——4lcosXx———+—————+-———|>(4)
3 2 3 4

Deductions: -
Putting Xx=0 in (4), we get
7’ 1 1 1
O=—-4|1-—+=—-——+———
3 ( 22 3F 4 j
1 1 1 ?

2l-S+S-—S+-———=—
2 F 4 12



2. Find the Fourier seriestorepresent the function f(x):|sinxl,—7z<x<7r

Sol Since |sin¥ is an even function,
b,=0 for all n

Let f(x)=|sinx == iahcosnx—> (1)
n=1
Where

1 T -
— d
9 J:”|S|nX| X

:fj;sinxdx

=§(—cosx)z
-2 4
-1-1)=— d
( ) - an
:—I cosnxdx——j sin x.cosnxdx

=;J'0 [sin(1+n)x+sin(1-n)x]dx

(1—n)x][
,n=1
1+n 1-n o
(
1-

1 [ cos(1+n)x _cos

T

=_£{cos(l+n)7r cos(l-njz 1 1 } -
T

1+n n 1+n 1-n 0

T 1+n 1-n

_1'(_1)n+1 —l+ (_1)n+1 —l}

-1 | 1 1 1 1
=—|(-1) + - +
b4 {1+n 1—n} {1+n 1—nH




Subgtituting the values of a,,a, and a, in (1)

We get |sinx|=§+ i (n_:l_l)cosnx

|

M8

@) -b

O

o

N

3

X

Ferce [ains| - 2.4 00221, eomi

/A

er]

Half —_Range Fourier Series:-
1) The sine series:-

:ibnsinnx

where b, =—j smnxdx
2) The cosine series: -

f (x):i+ian cosnx

where a, ——_[

A== ()

dx and

x cosnx.dx

1 2 2
—7)™ =
{ ) 1-n? 1—n2}

(-
- 3 )[( 1)n+l 1}

ﬂ(n -1

-2 n
Ty [1+(—1) }

0 if nisodd

sa, = -4

7r(n2 —1)

for n=1a :z.f:sin X.COSX dx
T

—

if niseven

:irsinZX dx
72' 0

_ 1[—0052x) "
T 2 0

= _—1(C0827z—1) =0

(replace n by 2n)



Note:-
1) Suppose f (X) =Xin [0, 72'], it can have Fourier cosine series expansion aswell as Fourier sine series

expansion in [0, 7]
2) If f(x)=x*in[0,7], can have Fourier cosine series aswell as sine series

Examples:-
1. Find the half range sine series for f(x)=x(7—Xx)in0<x<7. Deduce that
1111 7
? 3P 5 7 32

Ans. The Fourier sine series expansion of f (x) in (0,7) is
f(x):x(ﬂ—x)zibnsinnx
n=1
2 ¢ .
where b, =;J'0 f (x)sinnx.dx
hence b, :EJ‘”X (7 —x)sinnx.dx

=—j X — x)smnxdx

{ e cosnxj_(ﬁ_ZX)(—sir;nxj+(_2) cosgnxlﬁ
-l

2

3

§]|I\) al

l COos nﬂ
n

- S0

nr
0, when n is even
b,=< 8 .
—S,Whennlsodd
zn
Hence
8
7r x = ——sinnx or
n=§5 an’ )
zﬁ( sm3x sm35x+____j_)(1)
T 5
Deduction: -
Putting x:% in (1), we get
Vs 7z 1.3t 1 .51 j
= x—— =—|sn=+ —sm— —sm— -
2 Vs 2 3 2
72_2

- |

8 1 Vid 1. V/d 1 . V4
l+=sn| z+— |+ =8N 2r+— |+ =SN| 3r+— |+———
| 3 2) 5 2) 7 2

1,11
32 ¥ 5 7



3) Find the half- range sine seriesfor the function f(x):%in (0,7)
e’ —¢e
Ans. Let f(x)=3 b sinnx

n=1

2 ¢r :
then b”:;J.o f (x)sinnx.dx
_2178 2 Gnnxdx
e —e™

2 o7 . 7 :
=—— || e”sinnxdx— eaxsnnx.de
ﬂ-(ea” _e*a”) _J‘O IO
= 2 e (asinnx—ncosnx) - i(—asin NX—ncosnx) )
z(e” —e™)|[a+n’ . lat+p’ ,
2 e n n e n n
= ) 1) =
ﬂ(ea”—e‘a”)_a2+n2n( ) +a2+b2+a2+b2n( ) a2+b2}
_ 2n(—:|.)n e e
ﬂ_(eazr_e—a;r)_ n2+a2

~ Zn(_l)l‘Hl
_n(n2+a2)
Substituting (2) in (1), we get
~ 2 - n(_l)ml .
f(x)_ﬂnz:; SN

2

= - +
7r{a2+12 a’+2> a’+¥F

snnx 2sin2x 3sin3x }

Fourier seriesof f(x) defined in [cc+2]

It can be seen that role played by the functions

1,cos X, cos2X,coS3X,.....aN X, 9N 2X.........

In expanding afunction f(X) defined in [cc+27] asaFourier series, will be played by

lcos(ﬂ—xj,cos(%j,cos(%} .....

e e e

. (ﬂ'Xj . (Zﬂ'Xj ) (?wxj

sin| — |,sin| — |,sin| — |,.....
e e e

In expanding afunction f(X) defined in [c,c+2l] it can be verified directly that, when m, n
are integers



0 if m#n
j“z'sin(l—j.sin(@ dx=1 |if m=n=0
21if m=2n=0

0O if m#n
.[Mcos(mlﬁxJ cos X dx=<1if m=n=0

2l if m=n=0
Fourier seriesof f(x) defined in [0,21]:-

Let f(x) bedefined in [0,2/] and be periodic with period 2! . Its Fourier series expansion is
defined as

f(X) a0+2{ancos—+bsi @}—)(1)

where a, :%J'OZI f (x)cosl—dx and — (2)

! :%.[om f (x)sinnlidx—>(3)
Fourier seriesof f(x) defined in [-1,1]:-

Let f(x) bedefined in [-1,I] and be periodic with period 2| . Its Fourier series expansion is
defined as

f(x):% i(ah cos|—+b n;lrxj

where a, :%.[_II f(x cos%x

b, = j 'n@dx

Fourier seriesfor evenand odd functions in [-1,1]:-

Let f(x)bedefined in [-1,1].1f f(X) iseven f(x)cos@ is also even
sa, = I cos—dx
:—j cos—dx and f(x)sin@is odd

~b == I n%dx 0vn



Hence if f () is defined in [-1,1] and is even its Fourier series expansion is given by
f (x):£a0+iancos@
where a, = _[ cosl— dx

If f( X) is defined in [1,1]and its odd its Fourier series expansion is given by

Zb sn@ where b, _—I f (x) snmdx

Note:- Inthe above discusson if weput 2| =27l =7 weget the discusson regarding the intervals
[0,27] and [-7, 7] asspecial cases

Examples:-
1. Express f(X)=x’ asaFourier seriesin [-1,]

Sol  f(-x)=f (—x)2 =x*=f(x)
Therefore f () is an even function
Hence the Fourier series of f () in [-1,1] is given by

7T X

f (x) :—+Zancosn|

where a, = TZI; f(x) cosl—dx

3\ |
hence a, :g'[; x2dx:g(x—j _2
| 1\ 3), 3

Nz X
also a, = J' cosl— dx
2 [ (874
=7 2cosl— dx
nzXx Nz N X
5 — cosl— —sin—=—
=Z| X 2X —— |+2 —
| nz nrz n°z
| |2 ® o
|
cos Nz X
2 |
=—| 2X >
I Nz

Since the first and last terms vanish at both upper and lower limits



2 cosnr 4% cosnr
ey = d = | = 2 2
| nz/1 Nz

(-1)"4°

n?z?

Substituting these values in (1), we get

12 & (-1)"4% nzx

2
X =—+ COs
3 ; n’z? I

A ) e

3 7°%5 n

12 42| cos(zx/1) cos(2zx/1) cos(3rx/1)
=§_?{ vz =z }
2. Find a Fourier serieswith period 3to represent f(X)=x+x* in(0,3)
Sol. Let :—+Z(ancos—+b sn@ja(l)
Here 21 =3, =3/2

Hence (1) becomes

f(X)=x+x"
:%Jr wl(ahcoszngx+bnsinZn:ij—)(z)
Where aO:%Jom f (x)dx
—:—i 03(x+x2)dx=§[x—22+X§T0 =9

and a, :%.[02 f(x) cos(@j dx

- %IS(XJF xz)cos( anxj dx

Integrating by parts, we obtain

_E 3 _E 54 \ 9
& 3| 4n’z? — 4An*z? 3\ 9n?z? n?z?

Finally bn=|}j02'f(x)si @dx




- %Ij(x+ xz)sin(znngdx

12

Nz

Substituting the values of'a’s and b’s in (2) we get

9 9&1 2nzx) 12& 1 . ( 2nzX
X+X ==+-—» —CO0S —-=>» =sgin
a5 e ()

3 T =n

Half- Range Expansion of f(x)in[0,1]:-

1. The half range sine series expansion of f(x)zibnsin@ in (0,2) is given by
n=1

Where bn:%j;f(x)sjn@dx

2. The half range cosine series expansion of f(x) in [0,1] is given by

1 = Nz X
f(x)ziao+zi;an cosli

where b, = IZ-[CI) f(x) cos@ dx

Examples:-

1. Find the half- range sine series of f(x)=1in [0,]
Ans.  The Fourier sire series of f(X) in[0,l] is given by f(x):l:i bnsin@

n=1

herebnzgj;f(x)s:n@dx

I
:gfll.sin@dx
| Jo [

Nz X
—COS——

| nz/l

== (- 1
ﬂ( cosnz +1)

n
2 n+l
- E[(_l) +1J
-.b, =0 when nis even



4

=—,when nisodd
nz
Hence the required Fourier seriesis f(x)= ) isin@
n=135— N7T

2. Find the half — range cosine series expansion of f (x)

Sol
f(xao)zsn(ﬂl—xj:%+iqcos@
n=1
Whereaozgjlf(x)dx:g 'sinZXdx
| Jo | Jo |
:g{ cos;:x/l}I
| zll 0
g(0057z 1):ﬂand
[ T
:Zj cos—dx
= —I sin(”—x) cos(%]dx
| Jo | |
:}Jq{sin(nJrl);rx_sin(n—l);rx}dx
| Jo | |
cos(n+1)zx !
1 - | cos(n-1)zx/|
1 (n+)z/l (n-1)7/1
0
n+1 n-1
=1{_(_1) DT 1 1}
T n+1 n-1 n+1 n-1
When nis odd
1[ -1 1 1 1 }
a,=— + + — =
zin+1l n-1 n+1 n-1
When nis even

1] 1 1 1 1 }

a,=— - + -
7zln+l n-1 n+l1 n-1

~ -4

_7r(n+1)(n—1)

sin(”—xj—z 4[005(27rxll) cos(4zx/1)
= |=

—_ +
T T 1.3 35

:sin(ﬁl_xj in the range 0< x<|



Fourier Transforms

Fourier Transforms are widely used to solve Partial Differential Equations and in various boundary
value problems of Engineering such as Vibration of Strings, Conduction of heat, Oscillation of an elastic
beam, Transmission lines etc.

Integral Transforms:

The Integral transform of afunction f(x) is defined as

i} =F(s) = [2, FloK(s x)dx
Where K(s,x) is a known function of's & x, called the ‘Kemel’ of the transform.
The function f(x) is called the Inverse transform of f(s)

1.Laplace Transform: ~ When K(sx) =™
{0} =F(s) = [J FG)edx

2.Fourier Transform: When K(sxX) = e™*
FI} = () = == [T Flx)e*=dx

3.Fourier Sine Transform: When K(s,x)=Sinsx
Epp-
F{fX} =f(s) = Mgll_:ljfcf'f[x]giﬂgx dx

4. Fourier Cosine Transform: When K(sx)=Cossx
[2
FAf)} =f(s) = ﬂHg'_’:tJ::f'Jif[:cjlf.",::rgs:a.' i

5.Mellin Transform: When K(sx)= x**
M(s) = fcf'f(xjxf_idx

6.Hankel Transform:  When K(sx) = X/, (5x)
He) = f(s) = chf'f[x)_\:f_,! (sx)dx
Where J,.(sx) is aBessdl function.

Fourier Integral Theorem:- If fix) satisfies Dirichlet’s conditions for expansion of Fourier series in (-C,C)
and || F(x)| converges, then

flx) = —f j_ f(thcosi(t —x)dt dA
Which is known as Fourier Integral of ()

Proof: Since f(x) satisfies Dirichlet’s conditions in (-C,C), Fourier series of f(x) is

T

fl) =2+ Xia(ascos=——+b,sin=) ... (1)

Where ao =[5, F(D)dt | a, =2 [C f(Dcos™Fdr, by =2[7 f()sin™Fdt



Substitute the values of ag, a,, and b, in (1) , we get

1 nmit—z

fl)= [ f(dt + T2, 7 f(eos™ 2 dt @)

Since f_‘;l F(x)] dx converges i.e., f(X) is absolutely integrable on x-axis,

The first term on R.H.S of (2) approaches to ‘0’ as ¢ —

DI f0a| < L T Ifl

Since

The second term on R.H.S of (2) tends to

LrH}Eizi = f(l“:"i?ﬂ?m;_x:' dt = Ltz > ¥, [* _flt)cos nEEmE) g
- r L
Let%z 64 sothat §A = 0as ¢ = o
flx) = Ltguo= T, [7 f(Bcosn(t—x)8h dt .., 3)

This is of the form Ltz Zi=y F(ndd) ie, [7F(2)d2
Thus as c — =, (3) becomes

flx) == [ [Z, f(t)cosi(t — x)dt di
Which is known as Fourier Integral of (x)

Fourier Sine & Cosine Integrals:-

From Fourier Integral theorem
fe) =27 7 f(O)cosA(t —x)dt di ... (1)

w.k.t cosA(t-X) = cosAt cosAx + sinAt sinAx

Sub. This value in eq(1), we get
flx) ——f cosdx j flt)cosdt dt di + —f sindx j flt)sinAt dt dA

when f{(t) is odd function, then f{t)cosAit is an odd function while f{t)sinAt is an even function.
then eq(2) becomes

) == [ sindx [ f(t)sinAt dt d2

This is called “Fourier sine Integral”



when f(t) is even function then f(t) cosit is an even function, while f{t)sinit is an odd function
then eq(2) becomes

5 e -
flx) = —J cosAx J f(t)cosit dt dAi
T Jo o

4

This is called “Fourier cosine Integral”

Complex form of Fourier Integral:-
From Fourier Integral theorem

. =_J' J’_ (t)casA(t —x)dtdd ... (1)
= = [7_F(0)dt {[ cosi(t — x)dA)

since cos A(t-X) is an even function
flx) =7 7 f(Dcosi(t —x)dtdr .o )
w.k.t sinA(t-X) is an odd function,
J= sind(t—x)di=0
— [ 7 f(©)sini(t — x)dt di = 0
multiply (3) by i and add it to (2), then

100 == [ [7, F(e)[cosh(t —x) + isind(t — x)]dt di

=— [ [T f() et di
which is known as ‘Complex form of Fourier Integral’.

Problems:
1: |x] =1

1 Expressthefunctionf(x)={GI x| = 1

as a Fourierintegral and hence evaluate

oo sindcesdx .
I} . di
o A

sol: The Fourier Integral of f(x) is given by
i) ==Jo di [Z__ f(tlcosi(t—x)dt ... 1)
0 —o<t<—1
given that f(t) :{ 1 ;-1=<t=<1
0:1 =t =00
(%) =_1:ljj;..~m jj:  cosA(t —x)dt

_Le  smAleayg
Ly (e a

B

_ _L_E K__ ( sind(1l—x)+ sind(1+x))dA



2 oo simndcosdx o,
di

rYA=0 A

which is fourier integral of f(x)
2 proc sindcosdx ﬂr.-’l :f(X)

rvA=0
= gsindcosix ;. _ ¢
A=0 A dA _Ff(i':'

from (2),

1; |x| =1

gven f(x) :{o: x| =1
oo gindcosdx . E. x| = 1
sindcosd di = {: | |

0; |x| =1

A=0 A
a lx| = 1i.e, when x=+1
f(x) is discontinuous & the integral has the value %( Z+0) = E

oo sindcosdx ;. T
di = — at|x|=1
Joowx=C1

A=0 i
x,—1=x=0

2.Find Fourier Sine Integral representation of f(x) :{
0, =0

sol: Fourier Sine integral of f(x) is given by
f(x) == [ sindx [ f(t)sindt dtdd ... (1)
' t, —1<t=0

gven that f(t) = {'D, else where
i) == [ sindx {J°, tsindt dt} d2
P .

— 2 Jr’-c sindi (—:'El.}f/'.:' N E:'?'!:".r] da
T o Ly A AC S =—1
f(x) == J." sindx ( —dA

Fourier Transforms:-
Complex form of Fourier Integral of f(x) is
i) == /" J7 f(8) e dt da

replace A by s
(00 == 7 e ds .= [T f(H)e = dt

RO = =7 F(t)e™=at

If we define
then f(x) = —=J"_F(s)e™*ds
F(s) is called Fourier Transform (F.T) of f(x) and f(x) is caled inverse Fourier transform of F(s)

Fourier Sine & Cosine transforms:-

The Fourier sine integral of f(x) is defined as

f(x) ::: fl;: sinsx J’; f(x)sinsx dx ds



I'T oc |'T oo
f(x) = J=bo sinsx ds. J= jc- f(x)sinsx dx

T

—
If wedefine F.(s) = “u!li J:;C flx)sinsx dx

~
then f(x) = "u!lij: F.(s)sinsx ds

here F.(s) is called Fourier sine transform of f(x) and f(x) is called Inverse Fourier
sine transform of F_(s)

smilarly, Fourier cosine integral of f(x) is
f(x) :2: f; COSSX ch.c flx)cossx dx ds
—
if we define F.(s) = M!'i J];C f(x)cossx dx

—

then f(x) = *“_'.‘:L_j': F.(s)cossx ds

here F_.(s) is called Fourier cosine transform of f(x) and f(x) is called Inverse Fourier
cosine transform of F,(s)

NOTE: 1. Some authors define F.T asfollows
) F(s) = Jf_i f[l'jf'ff""dx i) f(x) :% J’_‘:: F(S.)E.—:'sxds

— —
iF(s) = «JE Jo fx)e™dx i) f(X) =M!i Jo F(s)e™ds
2.Some authors define Fourier sine & cosine transforms  as follows
) F.(s) = [ f(x)sinsx dx i) 10 = = [, F(s)sinsx ds

i) £, (s) = [~ f(x)cossx dx V) {) = = J; F.(s)cossx ds

Properties of Fourier Transforms:-
1.Linearity Property:- If F,(s) and F,(s) bethe Fourier transforms of f;(x) and f,(x)
respectively then f{afi(x) + b fi(x)}=a F (s)+ b F,(s), where a &b are constants

proof:- by definition of Fourier transform,
F afi(x) + b (=)} = [T e (afy(x) + b £o(x)) dx

=af 7 e fi(x) dx +bf7_ e £ (x) du

=a F(s)+bFI(s)



2.Change of Scale Property:- If F{f(x)} =F(s) then F{f(ax)} = % F(3)

o

proof:- By definition of F.T,
X} =F(s = f_i e Flx) dx ....... (1)
Ff(@)} = /7 e flax) dx

put ax =t
then adx = dt

F{f@)} = [~ "2 £(1) dt/a
=21 oGl f() ar

== F( by(1)

3.Shifting Property:- If F{f(X)} = F(s) then F{f(x-a)} =e~*F(s)

Proof:- By defintion of F.T,
HfY =F©) =" e= flx) dx....... (1)

Fifoea)} = [= e flx —a) dx

put x-a=t
then dx =dt
F{f(x-a)} = [ e f(1) dt

= gl J’_"‘;E,:'s:'f(rj dr
- E,:'En: F(S‘j by(l)

4.M odulation Property:- If F{f(X)} =F(s) then F{f(x)cosax} =Y2{F(sta)+F(s-a)}

Proof:- By defintion of F.T,

Ff)} =F© =" e flx) dx....... (1)
F{f(xcosax} = [ e** f(x)cosax dx

) dx

fE— i
LJLOR 5 _—LAX
B B

=T e



1

== {F(s+a) + F(s-a)}

:E{J’:‘;E:'I:E—E_'- f(?-:'ﬂrﬁ-_jj Efl:f—l:_" f[?l.jﬂrl}

o

5.Convolution Property:- The corvolution of two functions f(t) and g(t) in (-o0,00) is defined

asft) * o) = [ F(£).g(x—1t) dt

Theorem:- If F{f(t)}=F, (s) and F{g(t)}=F. (s) then F{f(t)*o(t)} =F,(s).F(s)

Proof:- By defintion of F.T we have
FiM* o0} = [ (£(0) = g(1) Je'™dt
= [T {7 Fwglt —w)du} e’ de

on changing the order of integration,
= [, f@e™.F, ()du
= U_ic f(u]e"s"‘du}. F,(s)
=F, (5).F; (=)
Fi)* o)} =Fl=)-E(s)

6.1f F{f(X)} = F(9) then F{f(-X)}= F(-9)

Proof: By definition, F{f(X)} = [~ f(x)e'=dx .......

F{X} = [7 F(—o)e=ds
put —x = t then dx = -dt

as x—oo, t—-00 and as x—-o0 , t—0
Ff} = 7 F(t)e™(—dt)
- [ F@e =
- [ fear

=F(-9) (by (1)

1.F{f(x)} = F(—s)

Proof: By definition, F{f(x)} =F(s) = [ f(x)e'=dx

F(-9) = f_i flx)e =dx
taking complex conjugate on both sides

F(=s) = [~ Flme'™dx

= JF_:‘; fluw)e™ {.JF_:: gt —u) gislemw d(t —u)}du

....... (1)

.............. (1)



=F{f(x)}

8. F{f(—x)}= F(s)
Proof: By definition, F{f(x)} =F(s) = [ f(x)e'=dx
take complex conjugate on both sides

F(s) = [T, Fle = dx
put x=-z then dx = -dz

= F{F) )

F{f(—x)} = F(s)
9. FLef ()} = L E{f(x))
Proof: By definition of Fourier sine transform
FAf ()} = [ f(x)sinsx dx
SR{f(0)} = { 7 F)sinsx dx )
= Jfl;c i{ flx)sinsx} dx
= Jj;c flx).xcossx dx
= f: {xf(x)}cossx dx
= F.{xf(x)}
Note: £, {xf(x)} = == F{f(x))
Problems:
1. Find the F.T of f(x) = e ~/*!
sol: Given f(x) = e~'*!
_ o ex =0
- {E'_*'_: x =0

1

by definition, F{f(x)} = —== /" f(x)e™ dx

e
W &TT

:%{J’jxf(l.jeisxﬂrx €1 J’E'.:“:f(l.:le:'s.rdl.}



- 1_ {jfx Elzi_:f:lxdl' L .JFE-:‘C EI:_'_I._:'E_.'-"-'{{:!:_'}

‘I:.T isl x ‘ g, OO
1 (E.:+£.ﬁ] N (_E—._—-_f. ]
_".E { v 1+is F - Ly 1—-iz ] }
_ 1 i, 1
=Gt
_ 21
_*,q!;.-l_fz

r0=x=<1
2. S.T the Fourier Sine transform of f(x) = {2 —x, 1 <x <2 |s
0,2=>=2

2zinz (1-coss)

=T

sol: By definition,
R} = [T Flo)sinsx d
= j:: flx)sinsx dx + ff Flx)sinsx dx + f: flx)sinsx dx

-

= _j::i xsinsy dx + f1 (2 —x)sinsx dx

- [ﬁ.’. [—czss_xj _ [—55:5_*{]]}: N [(2 _ :ﬁ_’). [—czsg_xj _ (—l:l [—EE:E.«:]H
_ —coss | sins  sinds | coss | sing
_ 2sins(1-coss)

FINITE FOURIER TRANSFORM S:-

If f(x) is afunction defined in the interval (0,c) then, the Finite Fourier sine transform
of f(X) in O<x<c is defined as

F(n) = [ f(x)sin— dx , where nis an integer.

The Inverse finite Fourier sine transform of F.(n) is f(x) and is given by

3

[
cC

f(X) 25 2o_y F(n) sin
The Finite Fourier cosine transform of f(x) in O<x<c is defined as
F.(n) = J; f(x)cos=— dx , where nis an integer
The Inverse finite Fourier cosine transform of F.(7) is f(x) and is given by

1 2 o nTx
f(x) == F.(0)+ = Zy= Fo(n) cos—
Problems: -

1. Find the Finite Fourier sine and cosine transforms of f(x)=1 in (0,c)



sol: By definition,

-

T
ax
C

F(n) = [ f(x)sin

c ' R
= [ sin dx
(4] c

= [(=) cos (=216

WHIT A LI~

:_—f (cosnmw — 1)

n

=2 (1- (-1
0,if nisaodd

F I —_ -
+(m) {i if niseven

L
T

Now, £,(r) = J{ f(x)eos™= da

nx

= f; oS — dx
= [(Z)sin (=18



