Mass Moment of Inertia

_ Mass moment of inertia of a body about an axis is defined as the sum total of product
of its elemental masses and square of their distances from the axis.

Thus, the mass moment of the body shown in Fig. 9.1 about axis AB is given by

L = Imr?=[r? dm ~(9.1)

where r is the distance of element of mass dm from AB.

A

Fig. 9.1

This term which will be very useful in studying rotation of rigid bodies. For mass
moment of inertia also, letter I is used, but in a problem where there is a need to differ-
entiate between mass moment of inertia and moment of inertia of area, subscript m may
be used with letter I. Since mass moment of inertia is product of mass and square of

distance, its unit can be derived as given below.

W] g
2 _ | —|L°
fiice [g.

dimensionally, _N

, m / sec?
Le., N-m-sec2.
No name has been assigned to this unit. Hence, it may be simply called as unit.

9.1 RADIUS OF GYRATION

Radius of gyration is that distan : d m
Mass of the body gives the mass moment of inertia of the body. Thus, if I is moment 0

ce which when squared and multiplied with totql
f inertia
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: i adi " gyration £ about that axiq ;. .
of a body of mass M about an axis, then its radius of gy axis jg Kivep
by the relation:

1_
I = Mk2 or k = FM— _..(9'2,

A physical meaning may be assigned to this term. Radius of gyration is the djq
at which the entire mass can be assumed to be concentrated such that the mom
inertia of the actual body and the concentrated mass are the same.

tilnce
ent of

9.2 DETERMINATION OF MASS MOMENT OF INERTIA FROM BASIC PRINCIPLES

Mass moment of inertia of simple bodies can be determined from its definition, The
steps to be followed are
(1) Take a general element.
(2) Write the expression for mass of the element, dm, and its distance, r, from the
axis.
(3) Integrate the term r2 dm between suitable limits such that the entire mass of the
body is covered. The producer is illustrated with the examples given below:

Example 9.1. Determine the mass moment of inertia of a uniform rod of length L about
its: (a) centroidal axis normal to rod, and (b) axis at the end of the rod and normal to it,

Solution. (a) About Centroidal Axis Normal to Rod.

Consider an elemental length dx at a distance x from centroidal axis y—y as shown in
Fig. 9.2. Let the mass of rod be m per unit length. Then mass of the element dm = mdx.

Y
I’

—X—» — dx «
—_————————————— ),
—L/2 s L/2——»

Y

Fig. 9.2

L L Lo 12
2 D) 2
2
Le., I = ML .93
12

where M = mL is total mass of the rod.
(b) About Axis at the end of the Rod and Normal to it:

Consider an elemental of length dx at a distance x from end as shown in Fig- 9.3.
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Fig. 9.3

Moment of inertia of the rod about y axis:

L 3 L L3
I = sz md.r = m|:£-} = -’-?-l—-
0 3 0 3
ML
3

Example 9.2. Determine the moment of inertia of a rectangular plate of size a x b and
thickness t about its centroidal axes.

I =

..(9.4)

[ -

(b)

Fig. 9.1

Solution. Tb find I, _ ; .. Wi
Consider an elemental strip of width dy at a distance y from x axis as shown in Fig.

9.4 (a). Mass of element:

dm = pbxtxdy (p-unit mass of the material)
a/2 a/2
2 g
I, = |Y dm = ,[“ ypbt dy
. 2
2
- bt[yy]am _ pbtaa
= P 31-a/2 12
But mass of the plate M = pbta
2
x 12
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48 find I"-’ : ily shown that:
Taking an elemental strip parallel to y axis, 1t can be easily sho at:

Mb*
I, = o -.(9.6)
To find I, Ny
Consider an element of size dx dy and thickness ¢ as shown in Fig. 9.4 (b). Now
r2 = x2 + y2
Izz = Irzdm = J(r?-i-f)dm
= szdm+'|-y2dm =IH +IJ’)‘
_ Md® M
12 12
I = %M(az +B) (8.7)

Example 9.3. Find the moment of inertia of circular plate of radius R and thickness
t about its centroidal axis.

SN

|
|
|
I
1
|
| |
| J— i L — |

Fig. 9.5

Solution. Consider an elemental area rdédr and thickness ¢ ag shown in Fig. 9.5.

dm

mass of the element = pr dg gr¢ = ptrdddr
Its distance from x axis = r sin @

I, §(rsin 0)% dm

R2r R2r
”'2 sin?6 ptr dodr = pt ”,-3(___1 = 020829) drd® -
00

00

R 3 . R
r 8in20 T 3
pt | — [9 - - r
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4R 4
= pt n{:—} = pt a8
4
Mass of the plate M = p x nR%
2
I, = 22 .(9.8)
4
MR*
Similarly, Ly = 4

Actually I = —M? is moment of inertia of circular plate about any diametral axis in the

plate.
To find I, consider the same element.

R2r

2 dm=[ [
§ dm '([3.[ ptrdrd®

~
n

F#4

R R
pt Ira [9];'t dr = pt J'zm'-" dr
0 0

4 2

478 4 4
= pi2n L = tznizpt—m—n;
p p 4

0

But total mass M = ptnR?

2
; = MR .(9.9)
2 = g

. Example 9.4. Determine the mass moment of
hertia of a circular ring of uniform cross-section.

Solution. Consider uniform ring of radius R as
%hown in Fig, 9.6. Let its mass per unit length be m.

Hence, total mass M = 2nRm

Consider an elemental length ds = R d 6 at an
angle § to the diametral axis x-x. The distance of t}}e R
element from x axis is R sin 6 and mass of element 18
M Rd g,

Fig. 9.6
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in

L%
(R sin 0/ mRd8 = R"mjsin‘ﬁ ds
]

I = j
0 )
n 31 - 29““ )
(1= con20 | 4y B[y _sin2 ™
= mR’ ﬂ 2 )% 2 ["T 2 §
0
But M = 2rRm
I = _ﬁ!ﬁ ...(9.10)
== ,

Example 9.5. Find the mass moment of inertia of the solid cone of height h and bqse
radius R about:

(1) its axis of rotation and

(2) an axis through vertex normal to the axis of rotation.

Solution. Moment of Inertia about its Axis of Rotation:

Consider an elemental plate at distance x. Let its radius be r and thickness dx.

Mass of the elemental plate = p w2 dx

But from Eqn. 9.9, the moment of inertia of circular plate about normal axis through
its centre is

1
= 3 X mass x square of radius
= % X pTU'z dx r2 = p—wli-x—
2
But now, r = (%)R
- Moment of inertia of the elementa] plate
: n oo xt
about x axis = p= R*X_ 4, @)

2 pt
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| MASY.
Moment of inertia of the cone about x axis,

h
pr 4x4
= |EE pé
L, l g Rigds
R8T
T2 Bt 5
L. = R ..(3)
o 10
But mass of the cone
h h xz
M = jﬂ#dx:]n}# -}-':de
0 0
ﬁ[ﬁ]”ﬂh
- R3] 3
From (3) and (4) we get,
L, = %MR2 ..(9.11)
I |

Moment of Inertia about an Axis through Vertex and Normal to the Axis of Rotation

Consider an element of size rd@ x dr x dx as shown in Fig. 9.8. Let its coordinat:ihb;e
% % 2z and z, be the radius of the plate at distance x from vertex. Now, the mass o 8

element
dm = prdf drdx

and its distance from y axis is given by:

l=,/x2 Z

s
U 1

—

Fig. 9.8

" Moment of inertia of the cone about y axis:
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but

But

But mass of cone

Yy

Yy

]

hz2r
lzdm “‘J'(xz+22)prd9drdx
000

h 228
'J‘ (2% + r*sin®6) prd6 drdx
0

223
r - cos 20
I ("2’ 2

0

hz 3 . 2%
[[o|x%r0+Z[6-222) grgy
) 2 2 )|

hz 3
I fpl:2nx2r + r—Zn]dr dx
00 2

)dﬂ drdx

X
>R
h
{p[magmg%_m]dx
plnt g2, M R* '
5h? 2043
0
R +§—hR =—% h2
P
3meh
§M.(,,z+ _@2_]
5 4
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Example 9.6. Determine the moment of inertia
of a solid sphere of radius R about its digmetral
auis.

Solution. Consider an elementa] plate of
thickness dy at distance y from the diametral axis
as shown in Fig. 9.9. Radius of this elemental
circular plate x is given by the relation:

22 = R2 _ y2
-, Mass of the elemental plate

dm = pm?® dy
= pn(R? - y?)dy

g !—x—-ﬂ
(1) '

AY

Fig. 9.9

(2)

Moment of inertia of this circular plate element about y axis is given by Eqn. 9.9 as:

= % x mass x square of radius

2

1 x prx’ dy x 2% = p-g-x"’dy
T p2 2
PE(R = yz) dy

pg(R‘lr - 2R?%2 + yY)dy

R
I = 2jp12‘-(R4 —2R%? + yH)dy
0

¥y
' R
s, 2RY% 5
= pn[Ry 3 + 5 ),
2 1 8
- nRﬁ[1——+—] = —pnR®
=P 3 T ..(3)

But mass of sphere,

R R R
M = 2Jdm=2jpnx2dy = 2Ipn(R2 - ¥)dy
0 0 ¢

n
[ ]
S
a
Y
X
N
|
|‘<
©
N
)
]
| o)
©
a
| — ]
)
)
|
W%
| I |

e (4)
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From (3) and (4) above we get:
2 3 rp2
= —MR iy
Iyy - 5 -(913)
Example 9.7. Using the moment of inertia expression for plates, find the expressiop, for
moment of inertia of
(a) Parallelepiped and

(b) Circular cylinder about z axis as shown in}7 zg910 B

. . I —

| z
f !
o s . /‘

¥

Fig. 9.10

Solution. Parallelepiped can be looked as a rectangular plate of thickness ¢ = [, and

similarly a solid cylinder as a circular plate of thickness /. Hence the expressions for
moment of inertia are:

1—12M (a® + b%) for parallelepiped
2

for cylinder

where Mass of parallelepiped = @bl p
and that of cylinder = rR2; P R -
_ Y 5
9.3 PARALLEL AXIS THEOREM/TRANSFER FORMULA ! |

Parallel axis theorem i.e., transfer formula states
the moment of inertia of a body about an axis at o
distance d and parallel to a centroidal axis is equal to
sum of moment of inertia about centroidal axis and | - a -ple-x M
product of mass and square of distance of parallel
axis. Thus, if I, is the moment of inertia of g body of
mass M about a centroidal axis and I, ig the moment
of inertia about a parallel axis throuA

h A which i i
a distance d from centroidal axis, thgen which, ia at 1

IA = Ig+Md2
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proof: Let dn'z be‘an element at a distance r from centroidal axis z through centre of
ravity as shown in Fig. 9.11.

I, = jrz dm = j(xz ¥ y)dm (1)
Now, moment of inertia about z axis through A is,
IA = Ir'zdm

where ' is the distance of element from A.

= [(x+aP+(y-b21dm

.(xz +2ax + a* + y* - 2yb + b%)dm

'(xz + y3)dm + J(a2 + b%)dm + JZaxdm - JZybdm

= .r2 dm + sz dm + JZaxdm - szydm

Since - a2 +y? =t
and a? + b2 = d?
but, J'rz dm = Ig

[ am = d? [ dm = Md’

"

jzaxdm 2ajxdm - 2aM%

and [2byam = 2 ydm =2b M3

Where X and 5 are distance of centre of gravity from the reference axis. In this case ¥ and ¥

i i = =0.
are zero since reference axis contains centroid. Thus JZax dm J.2b ydm

...(9.14
Hence IA = Ig + Md2 ( )

Y4 MOMENT OF INERTIA OF COMPOSITE BODIES

: : ite body is divided into a set
- t of inertia, the composite : :
o Si:l? ;)rder .to determine thefmoil";; and moment of inertia express1on§ for su-ch simple
o bodies. The centre of £72% f simple bodies about their centroidal axis are cal-
i ia of each simple body is
Culy - .s theorem, moment of inertia o ;
fountgda l::i tt';en us@gdpzmx?;lels aXII:Iing up of the moment of inertia of each simple body
e require . oum

‘nertia of the composite body. The procedure
zlsb ?ﬁt the required axis, gives the moment of inertia o P
ust,

rated with the examples 9.8 and 9.9.
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Example 9.8. Determine the radius of gyration of the body shown in Fig. 9.12 aboy; the

. 3 ith radius 40 mm.
centroidal x axis. The grooves are semicircular with

All dimensions shown are in mm.

Fig. 9.12

Solution. The composite body may be divided into
(1) A solid block of size 80 x 120 x 100 mm. and,

(2) Two semicircular grooves each of radius 40 mm

and length 80 mm.
Mass of solid block,

M, = 80 x 120 x 100 p
= 960000 p
where, p is mass of 1 mm? of material.
Its moment of inertia about x axis ,
(100% + 120?) (1007 + 120%)
Ix, = M = 8
1 1 13 960 x 10° p 12
= 1.952'x 10%p
Semicircular groove:
M 1
o My = S Lp = n40? x 80p = 20106193 p

4r
e from this axes ig at a distance d = 5;;
- 4x40 -1
\3 = 6.9765
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» : :
L/ ment of inertia about the axis thr
Mo ough centre of gravity I , is given by:

“;“ = Ay + My
I =M.f.2__ 2
£ 2[2 d]

40°
2
= 1.029 x 108 p
The distance of this centroid from x axis is
d’ = 60 - 16.9765 = 43.0235
Ixyg = I, + M,d"?
= 1.1561 x 108 p + 201061.93 p x 43.02352
= 4.7507 x 108 p
I, of composite body = Ix; — 2Ix,

(since there are two semicircular grooves placed symmetriéally with respect to
I = 1952 x 109 p — 2 x 4.7607 x 108 p

xx

= 1000186 x 108 p

Total mass M = M, - 2M,
960000 p — 2 x 201061.93 p

557876.14 units

o /_I__\[ﬁ).OlSleOS
- \M 552876.14
" b = 42.97 mm

€y

201061.93 p[ - 16.97652J

x—x axis)

Example 9.9. A cast iron fly wheel has the following dimensions:
Diameter = 1.5 m

Rim width = 300 mm

Thickness of rim = 50 mm

Hub length = 200 mm

Outer diameter of hub = 250 mm

Inner diameter of hub = 100 mm
Arms: 6 equally spaced uniform slender rods of length of 0.575 m
Cross-sectional area of each arm = 8000 mm?
Cast Determine the moment of inertia of the wheel abou

¢ the axis of rotation. Take mass of
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» 03 &

- ¥
-0.2
0.575
- 1.5
A
0.1 025
Yy
Axls of
Rotation
o.os% —Y

All Dimensions Are in Metres
Fig. 9.13

Solution. Moment of inertia of rim:
Outer diameter = 1.5 m
thickness = 0.056 m
Inner diameter = 1.5 - 2 x 0.05 = 1.4 m

' Treating it as a solid circular plate of 1.5 m diameter in which a circular plate of
diameter 1.4 m is cut and noting that for a plate moment of inertia about the axis is:

Mass x Square of radius
2

The moment of inertia of rim is

[ _ MR- MR?

2
_ -1[(1tR2t R2 2 2
= gl tp Ry - nk? ¢ p B2)|
Where, R, = outer radius = 12—5 =0.75

R; = inner radius = 1.4 =0.7

. 2
M, and M, are the masses of circular plates of radii R and R;, respectively
' o (4

t = width = 0.30

P = mass per cubic meter = 7900 kg/m3
Le. 1 4 4
I, = (2)nt[R0 - R
1
I, = (E) T x 0.3 x 7200 [0.75* - 0.74]

]

258.9010 units.
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o Moment of inertia of hub:

This hollow cylinder may be considered as a

ihickness equal to length of cylinder

In this case, outer radius R,

Inner radius Ri

Length of cylinder ¢

circular plate with circular cut out and

0.2
5 = 0.125 m, and
0.1
5 = 0.05 m
0.2

As in the al:_oove case, the moment of inertia can be worked out as the moment of inertia
of solid plate minus the moment of inertia of hollow plate :

1
Iy = 5 xmx0.2x7200 (0.125% - 0.05*) = 0.5381 units.

Moment of Inertia of Arms:

12

Moment of inertia of arm about its centre of gravity is = ETh

2

and when it is shifted to axis of rotation it will be equal to Af—é— + Md?

Now, A
l

d

M

As there are six such arms, I

- Moment of inertia of flywheel
I

f_”_’ﬁ_’gﬂant Definitions and Formulaée

a of a body abou
] masses and squ

Mass moment of inerti
product of its elementa

1.

I

2. Radius of gyration is th
mass of the body gives

8000 mm?2 = 8000 x 10~ m?
0.575 m

0.575 | 0.125 = 0.4125 m

1A p = 0575 x 8000 x 10 x 7200
0.03312 kg

M2 2
— |xd
6x[ 2 J

0.575°
12

6 x 0.03312( } x 0.4125%

0.0393 units

I, + I, + I, |
958.90 + 0.5381 + 0.0393 = 259.4774 units.

at distanc
the mass moment

t an axis is defined as the sum total of
are of their distances from the axis

Tmr? = jrzdm

e which when squared and multiplied with total
of inertia of the body.
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I = Mk2ork=M/I

A physical meaning may be assigned to the term radius of gyration. It is the
distance at which entire mass can be assumed to be concentrated such that the
moment of inertia of the actual body and that of the concentrated mass are the
same,

The expressions for moment of inertia of various standard shaped bodies are
presented in Egns. 9.3 to 9.13.

Parallel axis theorem i.e., transfer formulae: The moment of inertia of a body
about an axis at a distance ‘d’ and parallel to a centroidal axis is equal to sum
of moment of inertia about the centroidal axis and product of mass and square of
the distance of parallel axis.

1, = Ig+Md2

PROBLEM FOR EXERCISE

Determine the moment of inertia of the link shown in Fig. 9.14.

[Ans. 17.23 x 108 p units]

|
{
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