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1.1.  SCIENCE

In this modern age, the word ‘science’ has got different meanings for different people. An ordinary man takes it as ‘something’ beyond his understanding, whereas others may take it as ‘mysteries of research’ which are understood only by a few persons working amidst complicated apparatus in a laboratory. A non-scientist feels that it is a ‘subject’ whose endeavour is aimed to improve the man’s life on the earth. A business executive has the idea that it is ‘something’ which solves our day to day manufacturing and quality control problems, so that the nation’s economic prosperity keeps on improving.

In fact, ‘science’ may be defined as the growth of ideas through observation and experimentation. In


1
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this sense, the subject of science does not, necessarily, has to contribute something to the welfare of the human life, although the man has received many benefits from the scientific investigations.

1.2.  APPLIED SCIENCE

Strictly speaking, the world of science is so vast that the present day scientists and technologists have to group the various spheres of scientific activities according to some common characteristics to facilitate their training and research programmes. All these branches of science, still have the common principle of employing observation and experimentation. The branch of science, which co-ordinates the research work, for practical utility and services of the mankind, is known as Applied Science.

1.3.  ENGINEERING MECHANICS

The subject of Engineering Mechanics is that branch of Applied Science, which deals with the laws and principles of Mechanics, alongwith their applications to engineering problems. As a matter of fact, knowledge of Engineering Mechanics is very essential for an engineer in planning, designing and construction of his various types of structures and machines. In order to take up his job more skilfully, an engineer must persue the study of Engineering Mechanics in a most systematic and scientific manner.

1.4.  BEGINNING AND DEVELOPMENT OF ENGINEERING MECHANICS

It will be interesting to know, as to how the early man had been curious to know about the different processes going on the earth. In fact, he used to content himself, by holding gods responsible for all the processes. For a long time, the man had been trying to improve his ways of working. The first step, in this direction, was the discovery of a circular wheel, which led to the use of animal driven carts. The study of ancient civilization of Babylonians, Egyptians, Greeks and Roman reveal the use of water wheels and wind mills even during the pre-historic days.

It is believed that the word ‘Mechanics’ was coined by a Greek philosopher Aristotle (384–322 BC). He used this word for the problems of lever and the concept of centre of gravity. At that time, it included a few ideas, which were odd, unsystematic and based mostly on observations containing incomplete information. The first mathematical concept of this subject was developed by Archimedes (287–212 BC). The story, for the discovery of First Law of Hydrostatics, is very popular even today in the history of the development of Engineering Mechanics. In the normal course, Hieron king of Syracuse got a golden crown made for his use. He suspected that the crown has been made with an adultrated gold. The king liked the design of the crown so much that he did not want it to be melted,in order to check its purity. It
[image: ]
is said that the king announced a huge reward for a person, who can check the purity of the crown gold without melting it. The legend goes that Archimedes, a pure mathematician, one day sitting in his bath room tub realised that if a body is immersed in water, its apparent weight is reduced. He thought that the apparent loss of weight of the immersed body is equal to the weight of the liquid displaced. It is believed that without further
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thought, Archimedes jumeped out of the bath tub and ran naked down the street shouting ‘Eureka, eureka !’ i.e. I have found it, I have found it !’

The subject did not receive any concrete contribution for nearly 1600 years. In 1325, Jean Buridan of Paris University proposed an idea that a body in motion possessed a certain impetus i.e. motion. In the period 1325–1350, a group of scientists led by the Thomas Bradwardene of Oxford University did lot of work on plane motion of bodies. Leonarodo Da Vinci (1452–1519), a great engineer and painter, gave many ideas in the study of mechanism, friction and motion of bodies on inclined planes. Galileo (1564–1642) established the theory of projectiles and gave a rudimentary idea of inertia. Huyghens (1629–1695) developed the analysis of motion of a pendulum.

As a matter of fact, scientific history of Engineering Mechanics starts with Sir Issac Newton (1643–1727). He introduced the concept of force and mass, and gave Laws of Motion in 1686. James Watt introduced the term horse power for comparing performance of his engines. John Bernoulli (1667–1748) enunciated the priciple of virtual work. In eighteenth century, the subject of Mechanics was termed as Newtonian Mechanics. A further development of the subject led to a controversy between those scientists who felt that the proper measure of force should be change in kinetic energy produced by it and those who preferred the change in momentum. In the nineteenth century, many scientists worked tirelessly and gave a no. of priciples, which enriched the scientific history of the subject.

In the early twentieth century, a new technique of research was pumped in all activities of science. It was based on the fact that progress in one branch of science, enriched most of the bordering branches of the same science or other sciences. Similarly with the passage of time, the concept of Engineering Mechanics aided by Mathematics and other physical sciences, started contributing and development of this subject gained new momentum in the second half of this century. Today, knowledge of Engineering Mechanics, coupled with the knowledge of other specialised subjects e.g. Calculus, Vector Algebra, Strength of Materials, Theory of Machines etc. has touched its present height. The knowledge of this subject is very essential for an engineer to enable him in designing his all types of structures and machines.

1.5.  DIVISIONS OF ENGINEERING MECHANICS

The subject of Engineering Mechanics may be divided into the following two main groups:

1. Statics, and  2. Dynamics. 

1.6. STATICS 

It is that branch of Engineering Mechanics, which deals with the forces and their effects, while acting upon the bodies at rest.

1.7.  DYNAMICS

It is that branch of Engineering Mechanics, which deals with the forces and their effects, while acting upon the bodies in motion. The subject of Dynamics may be further sub-divided into the following two branches :

1. Kinetics, and  2. Kinematics. 

1.8. KINETICS 


It is the branch of Dynamics, which deals with the bodies in motion due to the application of forces.
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4 A Textbook of Engineering Mechanics 

1.9. KINEMATICS 

It is that branch of Dynamics, which deals with the bodies in motion, without any reference to the forces which are responsible for the motion.

1.10. FUNDAMENTAL UNITS

The measurement of physical quantities is one of the most important operations in engineering. Every quantity is measured in terms of some arbitrary, but internationally accepted units, called fundamental units.

All the physical quantities, met with in Engineering Mechanics, are expressed in terms of three fundamental quantities, i.e.

1. length,  2. mass  and  3. time. 

1.11. DERIVED UNITS 

Sometimes, the units are also expressed in other units (which are derived from fundamental units) known as derived units e.g. units of area, velocity, acceleration, pressure etc.

	1.12. SYSTEMS OF
	UNITS

	There are only four systems of units, which are commonly used and universally recognised.

	These are known as :
	

	1. C.G.S. units,
	2. F.P.S. units,   3. M.K.S. units and   4. S.I. units.



In this book, we shall use only the S.I. system of units, as the future courses of studies are conduced in this system of units only.

1.13. S.I. UNITS (INTERNATIONAL SYSTEM OF UNITS)

The eleventh General Conference* of Weights and Measures has recommended a unified and systematically constituted system of fundamental and derived units for international use. This system of units is now being used in many countries.

In India, the Standards of Weights and Measures Act of 1956 (vide which we switched over to M.K.S. units) has been revised to recognise all the S.I. units in industry and commerce.

In this system of units, the †fundamental units are metre (m), kilogram (kg) and second (s) respectively. But there is a slight variation in their derived units. The following derived units will be used in this book :

	Density (Mass density)
	kg / m3

	Force
	N (Newton)

	Pressure
	N/mm2 or N/m2

	Work done (in joules)
	J = N-m

	Power in watts
	W = J/s



International metre, kilogram and second are discussed here.

· It is knwon as General Conference of Weights and Measures (G.C.W.M.). It is an international organisation of which most of the advanced and developing countries (including India) are members. This confer-ence has been ensured the task of prescribing definitions of various units of weights and measures, which are the very basis of science and technology today. 

· The other fundamental units are electric current, ampere (A), thermodynamic temperature, kelvin (K) and luminous intensity, candela (cd). These three units will not be used in this book. 
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1.14. METRE

The international metre may be defined as the shortest distance (at 0°C) between two parallel lines engraved upon the polished surface of the Platinum-Iridium bar, kept at the International Bureau of Weights and Measures at Sevres near Paris.
[image: ]














A bar of platinum - iridium metre kept at a temperature of 0º C.

1.15. KILOGRAM

The international kilogram may be defined as the mass of the Platinum-Iridium cylinder, which is also kept at the International Bureau of Weights and Measures at Sevres near Paris.

1.16. SECOND





















The standard platinum - kilogram is kept at the International Bureau of Weights and Measures at Serves in France.


The fundamental unit of time for all the four systems is second, which is 1/(24 × 60 × 60) = 1/86 400th of the mean solar day. A solar day may be defined as the interval of time between the instants at which the sun crosses the meridian on two consecutive days. This value varies throughout the year. The average of all the solar days, of one year, is called the mean solar day.

1.17. PRESENTATION OF UNITS AND THEIR VALUES

The frequent changes in the present day life are facililtated by an international body known as International Standard Organisation (ISO). The main function of this body is to make recommendations regarding international procedures. The implementation of ISO recommendations in a country is assisted by an organisation appointed for the purpose. In India, Bureau of Indian Standard formerly known as Indian Standards Institution (ISI) has been created for this purpose.

We have already discussed in the previous articles the units of length, mass and time. It is always necessary to express all lengths in metres, all masses in kilograms and all time in seconds. According to convenience, we also use larger multiples or smaller fractions of these units. As a typical example, although metre is the unit of length; yet a smaller length equal to one-thousandth of a metre proves to be more convenient unit especially in the dimensioning of drawings. Such convenient units are formed by using a prefix in front of the basic units to indicate the multiplier.
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The full list of these prefixes is given in Table 1.1.

Table 1.1

	
	
	
	
	
	

	
	Factor by which the unit
	Standard form
	Prefix
	Abbreviation

	
	is multiplied
	
	
	
	

	
	1000 000 000 000
	1012
	Tera
	T

	
	1 000 000 000
	109
	giga
	G

	
	1 000 000
	106
	mega
	M

	
	1 000
	103
	kilo
	k

	
	100
	102
	hecto*
	h

	
	10
	101
	deca*
	da

	
	0.1
	10–1
	deci*
	d

	
	0.01
	10–2
	centi*
	c

	
	0.001
	10–3
	milli
	m

	
	0.000 001
	10–6
	micro
	μ

	
	0.000 000 001
	10–9
	nano
	n

	
	0.000 000 000 001
	10–12
	pico
	p
	



Note : These prefixes are generally becoming obsolete probably due to possible confusion. Moreover, it is becoming a conventional practice to use only those powers of ten, which conform to 03n (where n is a positive or negative whole number).

1.18. RULES FOR S.I. UNITS

The Eleventh General Conference of Weights and Measures recommended only the fundamental and derived units of S.I. system. But it did not elaborate the rules for the usage of these units. Later on, many scientists and engineers held a no. of meetings for the style and usage of S.I. units. Some of the decisions of these meetings are :

1. A dash is to be used to separate units, which are multiplied together. For example, a newton-meter is written as N-m. It should no be confused with mN, which stands for millinewton. 

2. For numbers having 5 or more digits, the digits should be placed in groups of three separated by spaces (instead of *commas) counting both to the left and right of the decimal point. 

3. In a †four digit number, the space is not required unless the four digit number is used in a column of numbers with 5 or more digits. 

At the time of revising this book, the author sought the advice of various international authorities regarding the use of units and their values, keeping in view the global reputation of the author as well as his books. It was then decided to ††present the units and their values as per the recommendations

	of ISO and ISI. It was decided to use :
	
	

	4500
	not
	4 500
	or
	4,500

	7 589 000
	not
	7589000
	or
	7,589,000

	0.012 55
	not
	0.01255
	or
	.01255

	30 × 106
	not
	3,00,00,000
	or
	3 × 107



· In certain countries, comma is still used as the decimal marker. 

· In certain countries, space is used even in a four digit number. 

· In some question papers, standard values are not used. The author has tried to avoid such questions in the text of the book, in order to avoid possible confusion. But at certain places, such questions have been included keeping in view the importance of question from the reader’s angle. 
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The above mentioned figures are meant for numerical values only. Now we shall discuss about the units. We know that the fundamental units in S.I. system for length, mass and time are metre, kilogram and second respectively. While expressing these quantities, we find it time-consuming to write these units such as metres, kilograms and seconds, in full, every time we use them. As a result of this, we find it quite convenient to use the following standard abberviations, which are internationally recognised. We shall use :

m	for metre or metres

km	for kilometre or kilometres

kg	for kilogram or kilograms

t	for tonne or tonnes

s	for second or seconds

min	for minute or minutes

N	for newton or newtons

N-m	for newton × metres (i.e., work done)

kN-m	for kilonewton × metres

rad	for radian or radians

rev	for revolution or revolutions

1.19. USEFUL DATA

The following data summarises the previous memory and formulae, the knowledge of which is very essential at this stage.

1.20. ALGEBRA 

1. a0 = 1 ; x0 = 1 
(i.e., Anything raised to the power zero is one.) 
2. xm × xn = xm + n 
(i.e., If the bases are same, in multiplication, the powers are added.) 
3. xm   xm – n 
x n 
[image: ](i.e., If the bases are same in division, the powers are subtracted.)

4.  If ax2 + bx + c = 0
[image: ]
	then
	x 
	– b     b 2
	– 4ac
	

	
	
	2a
	
	

	
	
	
	
	


where a is the coefficient of x2, b is the coefficient of x and c is the constant term.

1.21. TRIGONOMETRY

In a right-angled triangle ABC as shown in Fig. 1.1
[image: ]
	1.
	b
	 sin θ
	
	

	
	c
	
	
	

	2.
	a
	 cos θ
	
	

	
	c
	  sin θ
	
	

	3.
	b
	
	 tan θ
	

	
	a
	cos θ
	
	



Fig. 1.1.
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4. bc  sin1 θ  cosec θ 
[image: ]
	5.
	c
	
	1
	 sec θ
	
	

	
	a
	
	cos θ
	
	
	

	
	
	
	
	
	
	
	

	6.
	a
	 cos θ
	
	1
	 cot θ
	

	
	b
	
	
	tan θ
	
	

	
	
	
	sin θ
	
	
	
	


7.  The following table shows values of trigonometrical functions for some typical angles:

	angle
	0°
	
	
	
	30°
	
	
	
	45°
	
	
	
	60°
	
	90°
	
	

	sin
	0
	
	
	
	1
	
	
	
	
	1
	
	
	
	
	3
	
	
	1
	
	

	
	
	
	
	
	2
	
	
	
	
	2
	
	
	
	
	2
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	cos
	1
	
	
	
	3
	
	
	
	
	1
	
	
	
	
	1
	
	
	0
	
	

	
	
	
	
	
	2
	
	
	
	
	2
	
	
	
	
	2
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	tan
	0
	
	
	
	1
	
	
	
	
	1
	
	
	
	
	3
	
	
	
	∞
	
	

	
	
	
	
	
	3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	or in other words, for sin write
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	0°
	
	30°
	
	45°
	
	60°
	
	
	
	90°
	
	

	
	0
	
	
	1
	
	
	2
	
	
	3
	
	
	
	
	4
	
	
	

	2
	
	
	2
	
	
	2
	
	
	
	
	2
	
	
	
	
	
	2
	
	
	

	0
	
	
	1
	
	
	
	1
	
	
	
	3
	
	
	
	
	1
	
	
	

	
	
	
	2
	
	
	2
	
	
	
	2
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for cos write the values in reverse order ; for tan divide the value of sin by cos for the respective angle.

8. In the first quadrant (i.e., 0° to 90°) all the trigonometrical ratios are positive. 

9. In the second quadrant (i.e., 90° to 180°) only sin θ and cosec θ are positive. 

10. In the third quadrant (i.e., 180° to 270°) only tan θ and cot θ are positive. 

11. In the fourth quadrant (i.e., 270° to 360°) only cos θ and sec θ are positive. 

12. In any triangle ABC, 
	a
	
	b
	
	c
	

	
	
	
	
	
	

	sin A
	
	sin B
	
	sin C
	



where a, b and c are the lengths of the three sides of a triangle. A, B and C are opposite angles of the sides a, b and c respectively.

13. sin (A + B) = sin A cos B + cos A sin B 

14. sin (A – B) = sin A cos B – cos A sin B 

15. cos (A + B) = cos A cos B – sin A sin B 

16. cos (A – B) = cos A cos B + sin A sin B 

	17.
	tan ( A  B) 
	
	
	tan A  tan B
	

	
	
	1 – tan A.tan B
	

	
	
	
	

	18.
	tan ( A – B) 
	
	
	tan A – tan B
	

	
	
	1
	  tan A.tan B
	

	
	
	
	
	

	19.
	sin 2A = 2 sin A cos A
	



	20.
	sin2 θ + cos2 θ = 1

	21.
	1
	+ tan2 θ = sec2 θ

	22.
	1
	+ cot2 θ = cosec2 θ

	23.
	sin2 A 
	1– cos 2A

	
	
	
	2

	24.
	cos2 A 
	1  cos 2A

	
	
	
	2


25. 2 cos A sin B = sin (A + B) – sin ( A – B) 

26. Rules for the change of trigonometrical ratios: 





( A)








( B)








(C)








( D)








( E)


sin (– θ) cos (– θ)

tan (– θ) cot (– θ)

sec (– θ) cosec (– θ)

sin (90  – θ) cos (90 – θ)

tan (90 – θ) cot (90  – θ)

sec (90  – θ) cosec (90 – θ)

sin (90  θ) cos (90 θ)

tan (90  θ) cot (90  θ)

sec (90  θ) cosec (90 θ)

sin (180  – θ) cos (180 – θ)

tan (180  – θ) cot (180  – θ)

sec (180  – θ) cosec (180 – θ)

sin (180  θ) cos (180  θ) tan (180  θ) cot (180  θ)

sec (180  θ) cosec (180 θ)


· – sin θ 

· cos θ 

· – tan θ 

· – cot θ 

· sec θ 

· – cosec θ 

· cos θ 

· sin θ 

· cot θ 

· tan θ 

· cosec θ 

· sec θ 

· cos θ 

· – sin θ 

· – cot θ 

· – tan θ 

· – cosec θ 

· sec θ 

· sin θ 

· – cos θ 

· – tan θ 

· – cot θ 

· – sec θ 

· cosec θ 

· – sin θ 

· – cos θ 

· tan θ 

· cot θ 

· – sec θ 

· – cosec θ 
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Following are the rules to remember the above 30 formulae :

Rule 1. Trigonometrical ratio changes only when the angle is (90° – θ)or (90° + θ). In all other cases, trigonometrical ratio remains the same. Following is the law of change :

sin changes into cos and cos changes into sin, tan changes into cot and cot changes into tan,
sec changes into cosec and cosec changes into sec.

Rule 2. Consider the angle θ to be a small angle and write the proper sign as per formulae 8 to 11 above.

1.22. DIFFERENTIAL CALCULUS

	1.
	
	d
	is the sign of differentiation.
	
	

	
	
	dx
	
	
	

	
	
	d
	
	n
	 nx
	n–1
	
	d
	8
	 8 x
	7
	
	d
	( x)  1
	

	2.
	
	
	
	( x )
	
	
	
	;
	
	( x )
	
	
	,
	
	
	

	
	
	dx
	
	
	
	
	
	dx
	
	
	
	
	dx
	
	



(i.e., to differentiate any power of x, write the power before x and subtract on from the power).

3. dxd (C)  0 ; dxd (7)  0 
[image: ][image: ]
(i.e., differential coefficient of a constant is zero).

d      dv      du 

4. dx ( u . v )  u . dx   v. dx 
[image: ]
	
	i.e. , Differential
	
	
	

	
	
	coefficient of
	
	
	

	
	
	
	
	
	

	
	
	product of
	any
	
	

	
	
	two functions
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	du
	
	dv
	
	

	5.
	d
	u
	
	v . dx
	– u . dx
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	v2
	
	
	

	
	dx  v
	
	
	
	
	
	



i .e., Differential coefficient of two functions when one is divided by the other







	(1st function   Differential coefficient of
	sec ond function)
	

	
	  Differential coefficient of first function)
	
	

	 (2nd function
	
	
	







	
	( Denominator × Differential coefficient of numerator)
	
	

	
	
	– (Numerator × Differential coefficient of denominator)
	
	

	
	=
	
	
	

	
	
	Square of denominator
	
	

	
	
	
	
	




6.  Differential coefficient of trigonometrical functions

dxd (sin x )  cos x ; dxd (cos x )  – sin x
[image: ][image: ]
dxd (tan x )  sec 2 x ; dxd (cot x )  – cosec2 x
[image: ][image: ]
dxd (sec x )  sec x . tan x ; dxd (cosec x )  – cosec x . cot x
[image: ][image: ]
(i.e., The differential coefficient, whose trigonometrical function begins with co, is negative).
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7. If the differential coefficient of a function is zero, the function is either maximum or mini-mum. Conversely, if the maximum or minimum value of a function is required, then differ-entiate the function and equate it to zero. 

1.23. INTEGRAL CALCULUS 

1. ∫dx is the sign of integration. 
	2.
	∫
	x n dx 
	x n 1
	
	;
	∫
	x 6 dx 
	x7
	

	
	
	
	n  1
	
	
	
	
	

	
	
	
	
	
	
	7
	



(i.e., to integration any power of x, add one to the power and divide by the new power). 3. ∫ 7 dx  7 x ; ∫C dx  Cx

(i.e., to integrate any constant, multiply the constant by x).
4.	∫(ax  b)n dx  (ax  b)n1
[image: ](n  1)  a

(i.e., to integrate any bracket with power, add one to the power and divide by the new power and also divide by the coefficient of x within the bracket).

1.24. SCALAR QUANTITIES

The scalar quantities (or sometimes known as scalars) are those quantities which have magnitude only such as length, mass, time, distance, volume, density, temperature, speed etc.
[image: ]

1.25. VECTOR QUANTITIES

The vector quantities (or sometimes known as vectors) are those quantities which have both magnitude and direction such as force, displacement, velocity, acceleration, momentum etc. Following are the important features of vector quantities :

1. Representation of a vector. A vector is represented by a directed line as shown in 

Fig. 1.2. It may be noted that the length OA represents the magnitude of the vector OA—→ . The direction of the vector is OA—→ is from O (i.e., starting point) to A (i.e., end point). It is also known as vector P. 

2. Unit vector. A vector, whose magnitude is unity, is known as unit vector. 














The velocity of this cyclist is an example of a vector quantity.
[image: ]

→
Fig. 1.2. Vector OA


3. Equal vectors. The vectors, which are parallel to each other and have same direction (i.e., same sense) and equal magnitude are known as equal vectors. 

4. Like vectors. The vectors, which are parallel to each other and have same sense but unequal magnitude, are known as like vectors. 

5. Addition of vectors. Consider two vectors PQ and RS, which are required to be added as shown in Fig. 1.3. (a). 
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Fig. 1.3.

Take a point A, and draw line AB parallel and equal in magnitude to the vector PQ to some convenient scale. Through B, draw BC parallel and equal to vector RS to the same scale. Join AC which will give the required sum of vectors PQ and RS as shown in Fig. 1.3. (b).

This method of adding the two vectors is called the Triangle Law of Addition of Vectors. Similarly, if more than two vectors are to be added, the same may be done first by adding the two vectors, and then by adding the third vector to the resultant of the first two and so on. This method of adding more than two vectors is called Polygon Law of Addition of Vectors.

6. Subtraction of vectors. Consider two vectors PQ and RS in which the vector RS is required to be subtracted as shown in Fig. 1.4 (a) 
[image: ][image: ]











Fig. 1.4.

Take a point A, and draw line AB parallel and equal in magnitude to the vector PQ to some convenient scale. Through B, draw BC parallel and equal to the vector RS, but in opposite direction, to that of the vector RS to the same scale. Join AC, which will give the resultant when the vector PQ is subtracted from vector RS as shown in Fig. 1.4 (b).
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1.1COMPOSITION OF RESOLUTION OF FORCES


2.1.  INTRODUCTION

The force is an important factor in the field of Mechanics, which may be broadly *defined as an agent which produces or tends to produce, destroys or tends to destroy motion. e.g., a horse applies force to pull a cart and to set it in motion. Force is also required to work on a bicycle pump. In this case, the force is supplied by the muscular power of our arms and shoulders.
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Sometimes, the applied force may not be sufficient to move a body, e.g., if we try to lift a stone weighing 2 or 3 quintals, we fail to do so. In this case we exert a force, no doubt, but no motion is produced. This shows that a force may not necessarily produce a motion in a body ; but it may, simply, tend to do so. In a tug-of-war the two parties, when balanced, neutralize each other’s force. But the moment one party gets weaker, the other party pulls off, in spite of first party’s best effort to destroy motion.

2.2.  EFFECTS OF A FORCE

A force may produce the following effects in a body, on which it acts :

1. It may change the motion of a body. i.e. if a body is at rest, the force may set it in motion. And if the body is already in motion, the force may accelerate it. 

2. It may retard the motion of a body. 

3. It may retard the forces, already acting on a body, thus bringing it to rest or in equilibrium. We shall study this effect in chapter 5 of this book. 

4. It may give rise to the internal stresses in the body, on which it acts. We shall study this effect in the chapters ‘Analysis of Perfect Frames’ of this book. 

2.3. CHARACTERISTICS OF A FORCE 

In order to determine the effects of a force, acting on a body, we must know the following characteristics of a force :

1. Magnitude of the force (i.e., 100 N, 50 N, 20 kN, 5 kN, etc.) 

2. The direction of the line, along which the force acts (i.e., along OX, OY, at 30° North of East etc.). It is also known as line of action of the force. 

3. Nature of the force (i.e., whether the force is push or pull). This is denoted by placing an arrow head on the line of action of the force. 

4. The point at which (or through which) the force acts on the body. 

2.4. PRINCIPLE OF PHYSICAL INDEPENDENCE OF FORCES 

It states, “If a number of forces are simultaneously acting on a *particle, then the resultant of these forces will have the same effect as produced by all the forces. ”

2.5.  PRINCIPLE OF TRANSMISSIBILITY OF FORCES

It states, “If a force acts at any point on a †rigid body, it may also be considered to act at any other point on its line of action, provided this point is rigidly connected with the body.”

2.6.  SYSTEM OF FORCES

When two or more forces act on a body, they are called to form a system of forces. Following systems of forces are important from the subject point of view :

1. Coplanar forces. The forces, whose lines of action lie on the same plane, are known as coplanar forces. 

2. Collinear forces. The forces, whose lines of action lie on the same line, are known as collinear forces. 

· A particle may be defined as a body of infinitely small volume and is considered to be concentrated point. 

· A rigid body may be defined as a body which can retain its shape and size, even if subjected to some external forces. In actual practice, no body is perfectly rigid. But for the sake of simplicity, we take all the bodies as rigid bodies. 
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3. Concurrent forces. The forces, which meet at one point, are known as concurrent forces. The concurrent forces may or may not be collinear. 

4. Coplanar concurrent forces. The forces, which meet at one point and their lines of action also lie on the same plane, are known as coplanar concurrent forces. 

5. Coplanar non-concurrent forces. The forces, which do not meet at one point, but their lines of action lie on the same plane, are known as coplanar non-concurrent forces. 

6. Non-coplanar concurrent forces. The forces, which meet at one point, but their lines of action do not lie on the same plane, are known as non-coplanar concurrent forces. 

7. Non-coplanar non-concurrent forces. The forces, which do not meet at one point and their lines of action do not lie on the same plane, are called non-coplanar non-concurrent forces. 

2.7. RESULTANT FORCE 

If a number of forces, P, Q, R ... etc. are acting simultaneously on a particle, then it is possible to find out a single force which could replace them i.e., which would produce the same effect as produced by all the given forces. This single force is called resultant force and the given forces R ...

etc. are called component forces.

2.8.  COMPOSITION OF FORCES

The process of finding out the resultant force, of a number of given forces, is called composition of forces or compounding of forces.

2.9.  METHODS FOR THE RESULTANT FORCE

Though there are many methods for finding out the resultant force of a number of given forces, yet the following are important from the subject point of view :

1. Analytical method.	2. Method of resolution.

2.10. ANALYTICAL METHOD FOR RESULTANT FORCE

The resultant force, of a given system of forces, may be found out analytically by the following methods :

1. Parallelogram law of forces.  2. Method of resolution. 

2.11. PARALLELOGRAM LAW OF FORCES 

It states, “If two forces, acting simultaneously on a particle, be represented in magnitude and direction by the two adjacent sides of a parallelogram ; their resultant may be represented in magnitude and direction by the diagonal of the parallelogram, which passes through their point of intersection.”
Mathematically, resultant force,

R     F12  F22  2 F1 F2 cos θ
[image: ]
	and
	tan α 
	
	F2 sin θ
	

	
	
	F  F cos θ
	
	

	
	
	1
	2
	
	

	where
	F1 and F2
	= Forces whose resultant is required to be found out,
	

	
	θ
	= Angle between the forces F1 and F2, and
	

	
	α
	= Angle which the resultant force makes with one of the forces (say F1).
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	Note. It the angle (α) which the resultant force makes with the other force F2 ,
	

	then
	
	tan α 
	F1 sin θ
	
	

	
	
	
	F  F cos θ
	
	
	

	Cor.
	
	2
	1
	
	
	

	
	
	
	
	
	
	
	

	1.
	If θ = 0 i.e., when the forces act along the same line, then
	
	

	
	
	R = F1 + F2
	...(Since cos 0° = 1)
	

	2.
	If θ = 90° i.e., when the forces act at right angle, then
	
	

	
	
	θ  R 
	F12  F22
	...(Since cos 90° = 0)
	

	3.
	If θ = 180° i.e., when the forces act along the same straight line but in opposite directions,
	

	
	then
	R = F1 – F2
	...(Since cos 180° = – 1)
	


[image: ]
In this case, the resultant force will act in the direction of the greater force. 4. If the two forces are equal i.e., when F1 = F2 = F then
[image: ]
	R 
	F 2  F 2  2 F 2 cos θ     2 F 2 (1  cos θ)
	
	
	
	
	

	
	2 F2  2cos2
	
	θ
	...
	Q 1
	 cos θ  2cos2
	
	θ
	

	
	
	
	
	
	
	
	2
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	2
	

	
	4F
	2
	cos
	2
	θ
	
	
	
	θ
	
	
	
	
	

	
	
	
	
	
	
	
	
	2F cos
	
	
	
	
	
	

	
	
	
	
	
	2
	
	
	
	2
	
	
	
	
	


[image: ]
Example 2.1. Two forces of 100 N and 150 N are acting simultaneously at a point. What is the resultant of these two forces, if the angle between them is 45°?
Solution. Given : First force (F1) = 100 N; Second force (F2) = 150 N and angle between
F1 and F2 (θ) = 45°.
We know that the resultant force,

R     F12   F22  2 F1 F2 cos θ
[image: ][image: ]
	(100)2   (150)2  2  100  150 cos 45  N

 10 000  22 500  (30 000  0.707) N = 232 N Ans.
[image: ]
Example 2.2. Two forces act at an angle of 120°. The bigger force is of 40 N and the resultant is perpendicular to the smaller one. Find the smaller force.

Solution. Given : Angle between the forces ∠AOC  120 , Bigger force (F1) = 40 N and angle between the resultant and F2 ( ∠BOC )  90 ;
	[image: ]Let
	F2  =
	
	Smaller force in N
	
	
	

	From the geometry of the figure, we find that ∠AOB,
	

	
	α   =
	
	120° – 90° = 30°
	
	
	

	We know that
	
	
	
	
	
	
	

	
	tan α 
	
	F2 sin θ
	
	
	Fig. 2.1.
	

	
	
	
	F1  F2 cos θ
	
	
	

	
	
	
	
	
	
	

	
	
	
	F2 sin120
	F2 sin 60
	

	
	tan 30
	
	
	
	
	
	

	
	
	
	40  F cos120
	
	40  F (– cos 60)
	
	

	
	
	2
	
	
	2
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	∴
	0.577 
	
	F2  0.866
	
	0.866 F2
	
	
	

	
	
	
	40 – F2
	 0.5
	
	40 – 0.5 F2
	

	
	
	
	
	
	
	
	

	
	40 – 0.5 F 
	0.866 F2
	 1.5 F
	
	
	
	

	
	
	
	
	
	
	
	

	
	2
	
	0.577
	
	2
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	∴
	2F2 = 40   or
	F2 = 20
	Ans.
	

	
	
	
	

	Example 2.3. Find the magnitude of the two forces, such that if they act at right angles, their
	

	resultant is
	10 N . But if they Act at 60°, their resultant is
	13 N .
	

	
	
	
	
	
	
	
	
	
	


[image: ][image: ]
Solution.  Given : Two forces = F1 and F2.

First of all, consider the two forces acting at right angles. We know that when the angle between the two given forces is 90°, then the resultant force (R)

10     F12  F22
[image: ]
	or
	10  F12  F22
	
	
	
	
	...(Squaring both sides)

	Similarly, when the angle between the two forces is 60°, then the resultant force (R)

	
	13 
	F
	2    F 2
	  2F F cos 60

	
	
	1
	2
	
	1
	2
	

	∴
	13   F 2
	  F 2
	  2F F  0.5
	...(Squaring both sides)

	
	
	1
	2
	
	1
	2
	
	

	or
	F1F2 = 13 – 10 = 3
	
	
	
	...(Substituting F12    F22   10)

	We know that (F1 + F2])2 = F12
	  F22   2F1 F2
	 10  6  16

	∴
	F1   F2  
	16  4
	
	
	
	
	...(i)

	Similarly
	( F1 – F2 ) 2    F12
	  F22
	– 2 F1 F2
	 10 – 6  4

	∴
	F1 – F2 
	4  2
	
	
	
	
	...(ii)

	Solving equations (i) and (ii),
	
	
	
	
	
	

	
	F1 = 3 N
	and
	F2 = 1 N
	Ans.


[image: ][image: ][image: ]
2.12. RESOLUTION OF A FORCE

The process of splitting up the given force into a number of components, without changing its effect on the body is called resolution of a force. A force is, generally, resolved along two mutually perpendicular directions. In fact, the resolution of a force is the reverse action of the addition of the component vectors.

2.13. PRINCIPLE OF RESOLUTION

It states, “The algebraic sum of the resolved parts of a no. of forces, in a given direction, is equal to the resolved part of their resultant in the same direction.”

Note : In general, the forces are resolved in the vertical and horizontal directions.
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Example 2.4. A machine component 1.5 m long and weight 1000 N is supported by two ropes AB and CD as shown in Fig. 2.2 given below.
[image: ]







Fig. 2.2.

Calculate the tensions T1 and T2 in the ropes AB and CD.

Solution. Given : Weight of the component = 1000 N

Resolving the forces horizontally (i.e., along BC) and equating the same,

T1 cos 60° = T2 cos 45°
	∴
	T1   cos 45
	 T2    0.707
	 T2
	 1.414 T2
	...(i)
	

	
	cos 60 
	0.5
	
	
	
	

	and now resolving the forces vertically,
	
	
	
	
	
	

	
	T1 sin 60° + T2 sin 45° = 1000
	
	
	
	
	

	(1.414 T2) 0.866 + T2 × 0.707 = 1000
	
	
	
	
	

	
	1.93 T2 = 1000
	
	
	
	
	

	∴
	T   1000
	 518.1N
	Ans.
	
	
	

	
	2
	1.93
	
	
	
	
	

	
	
	
	
	
	
	
	

	and
	T1 = 1.414 × 518.1 = 732.6 N
	Ans.
	
	



2.14. METHOD OF RESOLUTION FOR THE RESULTANT FORCE 

1. Resolve all the forces horizontally and find the algebraic sum of all the horizontal components (i.e., ∑H). 
[image: ]

2. Resolve all the forces vertically and 

find the algebraic sum of all the vertical components (i.e., ∑V). 

3. The resultant R of the given forces will be given by the equation : 
[image: ]
R     ( ∑H ) 2   ( ∑V )2




	
	Vector
	

	
	Force
	

	Component
	Resultant
	

	
	
	




Component




Force

Vector


4. The resultant force will be inclined at an angle θ, with the horizontal, such that 
tan θ   ∑V
∑H
Notes : The value of the angle θ will vary depending upon the values of ∑V discussed below :






and ∑H as


1. When ∑V is +ve, the resultant makes an angle between 0° and 180°. But when ∑V is –ve, the resultant makes an angle between 180° and 360°. 

2. When ∑H is +ve, the resultant makes an angle between 0° to 90° or 270° to 360°. But when ∑H is –ve, the resultant makes an angle between 90° to 270°. 
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Example 2.5. A triangle ABC has its side AB = 40 mm along positive x-axis and side BC = 30 mm along positive y-axis. Three forces of 40 N, 50 N and 30 N act along the sides AB, BC and CA respectively. Determine magnitude of the resultant of such a system of forces.


Solution. The system of given forces is shown in Fig. 2.3. From the geometry of the figure, we find that the triangle ABC
which the *side AC = 50 mm. Therefore

	
	sin θ 
	30
	 0.6

	
	
	50
	

	And
	cos θ 
	40
	 0.8

	
	
	50
	



Resolving all the forces horizontally (i.e., along AB), ∑H = 40 – 30 cos θ

= 40 – (30 × 0.8) = 16 N and now resolving all the forces vertically (i.e., along BC)
∑V = 50 – 30 sin θ

= 50 – (30 × 0.6) = 32 N We know that magnitude of the resultant force,
[image: ]

is a right angled triangle, in
[image: ]












Fig. 2.3.


R     (∑H )2   (∑V )2      (16)2   (32)2   35.8 N  Ans.
[image: ]
Example 2.6. A system of forces are acting at the corners of a rectangular block as shown in Fig. 2.4.
[image: ]









Fig. 2.4.

Determine the magnitude and direction of the resultant force.

Solution. Given : System of forces

Magnitude of the resultant force

Resolving forces horizontally,

∑H = 25 – 20 = 5 kN and now resolving the forces vertically

∑V = (–50) + (–35) = – 85 kN ∴ Magnitude of the resultant force
[image: ]
R     (∑H )2   (∑V )2      (5)2   (–85)2  = 85.15 kN  Ans.
[image: ]
· Since the side AB is along x-axis, and the side BC is along y-axis, there fore it is a right-angled triangle. Now in triangle ABC, 


AC     AB 2   BC2     (40) 2  (30) 2  50 mm
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	Direction of the resultant force
	
	
	
	
	

	Let
	θ = Angle which the resultant force makes with the horizontal.
	

	We know that
	
	
	
	
	

	
	tan θ 
	∑V
	
	– 85
	  – 17
	or  θ = 86.6°
	

	
	
	∑H
	
	
	
	
	

	
	
	
	5
	
	
	


Since ∑H is positive and ∑V is negative, therefore resultant lies between 270° and 360°. Thus actual angle of the resultant force

= 360° – 86.6° = 273.4°   Ans.

Example 2.7. The forces 20 N, 30 N, 40 N, 50 N and 60 N are acting at one of the angular points of a regular hexagon, towards the other five angular points, taken in order. Find the magnitude and direction of the resultant force.

Solution. The system of given forces is shown in Fig. 2.5
[image: ]













Fig. 2.5.

Magnitude of the resultant force

Resolving all the forces horizontally (i.e., along AB),

∑H = 20 cos 0° + 30 cos 30° + 40 cos 60° + 50 cos 90° + 60 cos 120° N

= (20 × 1) + (30 × 0.866) + (40 × 0.5) + (50 × 0) + 60 (– 0.5) N

= 36.0 N	...(i)

and now resolving the all forces vertically (i.e., at right angles to AB),

∑V = 20 sin 0° + 30 sin 30° + 40 sin 60° + 50 sin 90° + 60 sin 120° N

= (20 × 0) + (30 × 0.5) + (40 × 0.866) + (50 × 1) + (60 × 0.866) N

= 151.6 N	...(ii)

We know that magnitude of the resultant force,
[image: ]
	
	R 
	( ∑H ) 2   ( ∑V ) 2  
	(36.0) 2
	 (151.6)2  = 155.8 N  Ans.
	

	Direction of the resultant force
	
	
	
	

	Let
	θ = Angle, which the resultant force makes with the horizontal (i.e., AB).
	

	We know that
	
	
	
	
	

	
	tan θ 
	∑V
	 151.6  4.211
	or
	θ = 76.6°  Ans.
	

	
	
	∑ H
	
	
	
	

	
	
	
	36.0
	
	
	



Note. Since both the values of ∑H and ∑V are positive, therefore actual angle of resultant force lies between 0° and 90°.
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Example 2.8. The following forces act at a point : (i) 20 N inclined at 30° towards North of East,
(ii) 25 N towards North,

(iii) 30 N towards North West, and

(iv) 35 N inclined at 40° towards South of West.

Find the magnitude and direction of the resultant force.

Solution. The system of given forces is shown in Fig. 2.6.
[image: ]


















Fig. 2.6.

Magnitude of the resultant force

Resolving all the forces horizontally i.e., along East-West line,

∑H = 20 cos 30° + 25 cos 90° + 30 cos 135° + 35 cos 220° N = (20 × 0.866) + (25 × 0) + 30 (– 0.707) + 35 (– 0.766) N

= – 30.7 N ...(i) and now resolving all the forces vertically i.e., along North-South line,
	∑V = 20 sin 30° + 25 sin 90°
	+ 30 sin 135° + 35 sin 220° N

	= (20 × 0.5) + (25 × 1.0)
	+ (30 × 0.707) + 35 (– 0.6428) N

	= 33.7 N
	...(ii)



We know that magnitude of the resultant force,
[image: ]
R    (∑H )2  (∑V)2    (–30.7)2  (33.7)2  45.6 N   Ans.

Direction of the resultant force

Let	θ = Angle, which the resultant force makes with the East.

We know that

	tan θ 
	∑V
	
	33.7
	  –1.098
	or  θ  47.7
	

	
	
	
	
	
	
	

	
	∑H
	– 30.7
	
	

	Since ∑H is negative and ∑V is positive, therefore resultant lies between 90° and 180°. Thus
	

	actual angle of the resultant = 180° – 47.7° = 132.3°
	Ans.
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Example 2.9. A horizontal line PQRS is 12 m long, where PQ = QR = RS = 4 m. Forces of 1000 N, 1500 N, 1000 N and 500 N act at P, Q, R and S respectively with downward direction. The lines of action of these forces make angles of 90°, 60°, 45° and 30° respectively with PS. Find the magnitude, direction and position of the resultant force.

Solution. The system of the given forces is shown in Fig. 2.7
[image: ]








Fig. 2.7.

Magnitude of the resultant force

Resolving all the forces horizontally,

ΣH = 1000 cos 90° + 1500 cos 60° + 1000 cos 45° + 500 cos 30° N

= (1000 × 0) + (1500 × 0.5) + (1000 × 0.707) + (500 × 0.866) N

= 1890 N	...(i)

and now resolving all the forces vertically,

ΣV = 1000 sin 90° + 1500 sin 60° + 1000 sin 45° + 500 sin 30° N

= (1000 × 1.0) + (1500 × 0.866) + (1000 × 0.707) + (500 × 0.5) N

= 3256 N	...(ii)

We know that magnitude of the resultant force,
[image: ]
	
	R 
	( Σ H ) 2   ( ΣV ) 2  
	(1890) 2   (3256) 2   3765 N Ans.
	

	Direction of the resultant force
	
	
	

	Let
	θ = Angle, which the resultant force makes with PS.
	

	∴
	tan θ 
	ΣV
	  3256  1.722
	or  θ = 59.8° Ans.
	

	
	
	ΣH
	
	
	

	
	
	
	1890
	
	



Note. Since both the values of ΣH and ΣV are +ve. therefore resultant lies between 0° and 90°.

Position of the resultant force

Let	x = Distance between P and the line of action of the resultant force.

Now taking moments* of the vertical components of the forces and the resultant force about P, and equating the same,

3256 x = (1000 × 0) + (1500 × 0.866) 4 + (1000 × 0.707)8 + (500 × 0.5)12 = 13 852

	∴
	x 
	13 852
	 4.25 m
	Ans.

	
	
	3256
	
	




*	This point will be discussed in more details in the chapter on  ‘Moments and Their Applications’.
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	EXERCISE 2.1
	
	

	1.
	Find the resultant of two forces equal to 50 N and 30 N acting at an angle of 60°.
	

	
	
	
	
	
	
	[Ans. 70 N ; 21.8°]

	2.
	Two forces of 80 N and 70 N act simultaneously at a point. Find the resultant force, if the angle

	
	between them is 150°.
	
	
	
	[Ans. 106.3 N ; 61°]

	3.
	Find the resultant of two forces 130 N and 110 N respectively, acting at an angle whose tangent

	
	is 12/5.
	
	
	
	
	[Ans. 185.7 N ; 30.5°]

	4.
	A push of 180 N and pull of 350 N act simultaneously at a point. Find the resultant of the

	
	forces, if the angle between them be 135°.
	[Ans. 494 N ; 30°]

	5.
	Find the angle between two equal forces P, when their resultant is equal to (i) P and
	(ii) P/2.

	
	
	
	
	
	
	[Ans. 120° N ; 151°]

	Hint. When resultant is equal to P, then
	
	
	

	
	
	P 
	P 2
	  P 2    2 P. P cos θ    P
	2   2 cos θ
	

	
	∴
	2 cos θ = – 1
	or
	cos θ = – 0.5   or
	θ = 120°  Ans.
	

	When resultant is equal to P/2, then
	
	
	
	

	
	
	0.5 P 
	P 2
	  P 2    2 P.P cos θ    P
	2   2 cos θ
	

	∴
	
	2 cos θ = – 1.75
	or   cos θ = –0.875
	or  θ = 151°  Ans.
	


[image: ]
6. The resultant of two forces P and Q is R. If Q is doubled, the new resultant is perpendicular to P. Prove that Q = R. 

	Hint. In first case,
	R     P 2   Q 2    2 PQ cos θ
	

	In second case,
	
	(2Q) sin θ
	
	

	
	tan 90  P  (2Q) cos θ
	

	
	
	


Since tan 90° = ∞, therefore P + 2Q cos θ = 0

2.15. LAWS FOR THE RESULTANT FORCE

The resultant force, of a given system of forces, may also be found out by the following laws :

1. Triangle law of forces.   2.  Polygon law of forces. 

2.16. TRIANGLE LAW OF FORCES 

It states, “If two forces acting simultaneously on a particle, be represented in magnitude and direction by the two sides of a triangle, taken in order ; their resultant may be represented in magnitude and direction by the third side of the triangle, taken in opposite order.”

2.17. POLYGON LAW OF FORCES

It is an extension of Triangle Law of Forces for more than two forces, which states, “If a number of forces acting simultaneously on a particle, be represented in magnitude and direction, by the sides of a polygon taken in order ; then the resultant of all these forces may be represented, in magnitude and direction, by the closing side of the polygon, taken in opposite order.”

2.18. GRAPHICAL (VECTOR) METHOD FOR THE RESULTANT FORCE

It is another name for finding out the magnitude and direction of the resultant force by the polygon law of forces. It is done as discussed below :

1. Construction of space diagram (position diagram). It means the construction of a diagram showing the various forces (or loads) alongwith their magnitude and lines of action. 
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2. Use of Bow’s notations. All the forces in the space diagram are named by using the Bow’s notations. It is a convenient method in which every force (or load) is named by two capital letters, placed on its either side in the space diagram. 

3. Construction of vector diagram (force diagram). It means the construction of a diagram starting from a convenient point and then go on adding all the forces vectorially one by one (keeping in veiw the directions of the forces) to some suitable scale. 

Now the closing side of the polygon, taken in opposite order, will give the magnitude of the resultant force (to the scale) and its direction. 

Example 2.10. A particle is acted upon by three forces equal to 50 N, 100 N and 130 N, along the three sides of an equilateral triangle, taken in order. Find graphically the magnitude and direction of the resultant force.

Solution. The system of given forces is shown in Fig. 2.8 (a)

First of all, name the forces according to Bow’s notations as shown in Fig. 2.8 (a). The 50 N force is named as AD, 100 N force as BD and 130 N force as CD.
[image: ]













Fig. 2.8.

Now draw the vector diagram for the given system of forces as shown in Fig. 2.8 (b) and as discussed below :

1. Select some suitable point a and draw ab equal to 50 N to some suitable scale and parallel to the 50 N force of the space diagram. 

2. Through b, draw bc equal to 100 N to the scale and parallel to the 100 N force of the space diagram. 

3. Similarly through c, draw cd equal to 130 N to the scale and parallel to the 130 N force of the space diagram. 

4. Join ad, which gives the magnitude as well as direction of the resultant force. 

5. By measurement, we find the magnitude of the resultant force is equal to 70 N and acting at an angle of 200° with ab. Ans. 

Example 2.11 The following forces act at a point : (i) 20 N inclined at 30° towards North of East. (ii) 25 N towards North.
(iii)  30 N towards North West and

(iv) 35 N inclined at 40° towards South of West. Find the magnitude and direction of the resultant froce.
*Solution. The system of given forces is shown in Fig. 2.9 (a).


*	We have already solved this example analytically as example 2.7.
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First of all, name the forces according to Bow’s notations as shown in Fig. 2.9 (a). The 20 N force is named as PQ, 25 N force as QR, 30 N force as RS and 35 N force as ST.
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Fig. 2.9.

Now draw the vector diagram for the given system of forces as shown in Fig. 2.9 (b) and as discussed below :

1. Select some suitable point p and draw pq equal to 20 N to some suitable scale and parallel to the force PQ. 

2. Through q, draw qr equal to 25 N to the scale and parallel to the force QR of the space diagram. 

3. Now through r, draw rs equal to 30 N to the scale and parallel to the force RS of the space diagram. 

4. Similarly, through s, draw st equal to 35 N to the scale and parallel to the force ST of the space diagram. 

5. Joint pt, which gives the magnitude as well as direction of the resultant force. 

6. By measurement, we find that the magnitude of the resultant force is equal to 45.6 N and acting at an angle of 132° with the horizontal i.e. East–West line. Ans. 

Example 2.12. A horizontal line PQRS is 12 m long, where PQ = QR = RS = 4 m. Forces of 1000 N, 1500 N, 1000 N and 500 N act at P, Q, R and S respectively with downward direction. The lines of action of these forces make angles of 90°, 60°, 45° and 30° respectively with PS. Find the magnitude, direction and position of the resultant force.

Solution. The system of the forces is shown Fig. 2.10.

Magnitude of the resultant force
[image: ]













Fig. 2.10.
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First of all, draw the space diagram with the given system of forces and name them according to Bow’s notations as shown in Fig. 2.10 (a). Now draw the vector diagram as shown in Fig. 2.10 (b) and as discussed below :

1. Select some suitable point a and draw ab equal to force AB and parallel to it to some suitable scale. 

2. Similarly, draw bc, cd and de equal to and parallel to the forces BC, CD and DE respectively. 

3. Now take suitable point o and join oa, ob, oc and oe. 

4. Extend the lines of action of the forces AB, BC, CD and DE. 

5. Select some suitable point p1 on the line of action of force at AB. Through p1 draw a line Lp1 parallel to ao ; and then p1p2 parallel to bo meeting the line of action of the force at p2. 

6. Similarly, draw lines p2p3, p3p4 and p4M parallel to co, do and eo respectively. 
7. Extend the lines Lp1 and Mp4 to meet at k. 

8. Through k draw a line parallel to ea which gives the inclination and position of the result-ant force. 

9. By measurement we find that magnitude of the resultant force 

ae = 3760 N Ans. Direction of the resultant force ae

= 62° with the horizontal  Ans.

and distance between P and line of action of the resultant force i.e. PK = 4.25 m Ans.

EXERCISE 2.2

1. Find the magnitude and direction of the resultant of the concurrent forces of 8 N, 12 N, 15 N and 20 N making angles of 30°, 70°, 120°.25 and 155° respectively with a fixed line. 

[Ans. 39.5 N ; 111.7°] 2.  Find magnitude of the resultant force, if 30, 40, 50 and 60 N forces are acting along the lines joining the centre of a square to its vertices.                     [Ans. 28.3 N]

3. Four forces of 25 N, 20 N, 15 N and 10 N are acting simultaneously along straight lines OA, OB, OC and OD such that 

∠ AOB = 45°; ∠ BOC = 100° and ∠ COD = 125°.

Find graphically magnitude and direction of the resultant force. Also check the answer analytically. [Ans. 29.5 N ; 25.4° with OA]

QUESTIONS

1. Define the term ‘force’, and state clearly the effects of force. 

2. What are the various characteristics of a force? 

3. Distinguish clearly between resolution of forces and composition of forces. 

4. What are the methods for finding out the resultant force for a given system of forces? 

5. State and prove parallelogram law of forces. 

6. State triangle law of forces and polygon law of forces. 

7. Show that the algebraic sum of the resolved part of a number of forces in a given direction, is equal to the resolved part of their resultant in the same direction. 

8. Explain clearly the procedure for finding out the resultant force analytically as well as graphically. 
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	OBJECTIVE TYPE QUESTIONS

	1.  Which of the following statement is correct?

	(a)
	A force is an agent which produces or tends to produce motion.

	(b)
	A force is an agent which stops or tends to stop motion.

	(c)
	A force may balance a given number of forces acting on a body.

	(d)
	Both (a) and (b).



2.	In order to determine the effects of a force acting on a body, we must know

	(a)
	Its magnitude and direction of the line along which it acts.

	(b)
	Its nature (whether push or pull).

	(c)
	Point through which it acts on the body.

	(d)
	All of the above.



3. If a number of forces are acting simultaneously on a particle, then the resultant of these forces will have the same effect as produced by the all the forces. This is known as 

(a) Principle of physical independence of forces. (b) Principle of transmissibility of forces. 

(c) Principle of resolution of forces. (d) None of the above. 

4. The vector method, for the resultant force, is also called polygon law of forces 

	
	(a)
	Correct
	
	
	(b)
	Incorrect
	
	

	5.
	The resultant of two forces P and Q acting at an angle θ is equal to
	
	

	
	(a)
	P 2
	 Q 2
	  2 PQ sin θ
	(b)
	P 2   Q 2    2 PQ cos θ
	
	

	
	(c)
	P 2
	 Q 2
	– 2 PQ sin θ
	(d)
	P 2   Q 2  – 2 PQ cos θ
	
	

	6.
	If the resultant of two forces P and Q acting at an angle (α) with P, then
	

	
	(a)
	tan α  
	
	P sin θ
	
	(b)
	tan α  
	P cos θ
	
	

	
	
	
	P  Q cos θ
	
	
	
	P  Q cos θ
	
	
	

	
	(c)
	tan α  
	
	Q sin θ
	
	(d)
	tan α  
	Q cos θ
	
	

	
	
	
	P  Q cos θ
	
	
	
	P  Q cos θ
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	ANSWERS
	
	
	
	

	1.
	(d)
	
	2.   (d)
	3.  (a)
	4.
	(b)
	5.  (b)
	6.   (c)
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4.1.  INTRODUCTION

In the previous chapters, we have been studying forces acting at one point. But, sometimes, the given forces have their lines of action parallel to each other. A little consideration will show, that such forces do not meet at any point, though they do have some effect on the body on which they act. The forces, whose lines of action are parallel to each other, are known as parallel forces.

4.2. CLASSIFICATION OF PARALLEL FORCES 

The parallel forces may be, broadly, classified into the following two categories, depending upon


43
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their directions :

1. Like parallel forces. 

2. Unlike parallel forces. 

4.3. LIKE PARALLEL FORCES 

The forces, whose lines of action are parallel to each other and all of them act in the same direction as shown in Fig. 4.1 (a) are known as like parallel forces.
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Fig. 4.1.

4.4.  UNLIKE PARALLEL FORCES

The forces, whose lines of action are parallel to each other and all of them do not act in the same direction as shown in Fig. 4.1 (b) are known as unlike parallel forces.

4.5. METHODS FOR MAGNITUDE AND POSITION OF THE RESULTANT OF PARALLEL FORCES 

The magnitude and position of the resultant force, of a given system of parallel forces (like or unlike) may be found out analytically or graphically. Here we shall discuss both the methods one by one.

4.6.  ANALYTICAL METHOD FOR THE RESULTANT OF PARALLEL FORCES

In this method, the sum of clockwise moments is equated with the sum of anticlockwise moments about a point.

Example 4.1. Two like parallel forces of 50 N and 100 N act at the ends of a rod 360 mm long. Find the magnitude of the resultant force and the point where it acts.

Solution. Given : The system of given forces is shown in Fig. 4.2
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Fig. 4.2.

Magnitude of the resultant force

Since the given forces are like and parallel, therefore magnitude of the resultant force, R = 50 + 100 = 150 N Ans.

Point where the resultant force acts

Let	x = Distance between the line of action of the resultant force (R) and A

(i.e. AC) in mm.
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Now taking clockwise and anticlockwise moments of the forces about C and equating the

	same,
	
	
	
	
	
	
	

	
	50 × x
	=
	100 (360 – x) = 36 000 – 100 x
	

	or
	150 x
	=
	36 000
	
	

	∴
	x 
	
	36 000
	
	 240 mm  Ans.
	

	
	
	150
	
	
	

	
	
	
	
	
	
	



Example 4.2. A beam 3 m long weighing 400 N is suspended in a horizontal position by two vertical strings, each of which can withstand a maximum tension of 350 N only. How far a body of 200 N weight be placed on the beam, so that one of the strings may just break ?

Solution. The system of given forces is shown in Fig. 4.3.
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Fig. 4.3.

Let	x  = Distance between the body of weight 200 N and support A.

We know that one of the string (say A) will just break, when the tension will be 350 N. (i.e., *RA = 350 N). Now taking clockwise and anticlockwise moments about B and equating the same,

350 × 3 = 200 (3 – x) + 400 × 1.5

	or
	1 050
	=
	600 – 200 x + 600 = 1200 – 200 x
	

	∴
	200 x
	=
	1 200 – 1 050 = 150
	

	or
	
	
	150
	Ans.
	

	
	x 
	200   0.75m
	
	

	
	
	
	
	


Example 4.3. Two unlike parallel forces of magnitude 400 N and 100 N are acting in such a way that their lines of action are 150 mm apart. Determine the magnitude of the resultant force and the point at which it acts.

Solution. Given : The system of given force is shown in Fig. 4.4
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Fig. 4.4.

Magnitude of the resultant force

Since the given forces are unlike and parallel, therefore magnitude of the resultant force, R = 400 – 100 = 300 N Ans.


*  The procedure for finding the reaction at either end will be discussed in the 

Point where the resultant force acts

Let x = Distance between the lines of action of the resultant force and A in mm. Now taking clockwise and anticlockwise moments about A and equating the same,
300 × x = 100 × 150 = 15 000

	∴
	x 
	15 000
	 50 mmAns.

	
	
	300
	



Example 4.4. A uniform beam AB of weight 100 N and 6 m long had two bodies of weights 60 N and 80 N suspended from its two ends as shown in Fig. 4.5.
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Fig. 4.5.

Find analytically at what point the beam should be supported, so that it may rest horizontally.

Solution. Given : Weight of rod AB = 100 N ; Length of rod AB = 6 mm and weight of the

	bodies supported at A and
	B = 60 N and 80 N.

	Let
	x
	= Distance between B and the point where the beam should be supported.



We know that for the beam to rest horizontally, the moments of the weights should be equal. Now taking moments of the weights about D and equating the same,

	
	80x
	= 60 (6 – x) + 100 (3 – x)
	

	
	
	= 360 – 60x + 300 – 100x = 660 – 160x
	

	
	240x
	= 660
	
	
	

	
	
	660
	  2.75 m
	Ans.
	

	or
	x
	= 240
	
	
	

	
	
	
	
	
	


4.7.  GRAPHICAL METHOD FOR THE RESULTANT OF PARALLEL FORCES

Consider a number of parallel forces (say three like parallel forces) P1, P2 and P3 whose resultant is required to be found out as shown in Fig. 4.6 (a).
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Fig. 4.6. Resultant of parallel forces

First of all, draw the space diagram of the given system of forces and name them according to Bow’s notations as shown in Fig. 4.6 (a). Now draw the vector diagram for the given forces as shown in Fig. 4.6 (b) and as discussed below :

1. Select some suitable point a, and draw ab equal to the force AB (P1) and parallel to it to some suitable scale. 
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2. Similarly draw bc and cd equal to and parallel to the forces BC (P2) and CD (P3) respec-tively. 

3. Now take some convenient point o and joint oa, ob, oc and od. 

4. Select some point p, on the line of action of the force AB of the space diagram and through it draw a line Lp parallel to ao. Now through p draw pq parallel to bo meeting the line of action of the force BC at q. 

5. Similarly draw qr and rM parallel to co and do respectively. 

6. Now extend Lp and Mr to meet at k. Through k, draw a line parallel to ad, which gives the required position of the resultant force. 

7. The magnitude of the resultant force is given by ad to the scale. 

Note. This method for the position of the resultant force may also be used for any system of forces i.e. parallel, like, unlike or even inclined.

Example 4.5. Find graphically the resultant of the forces shown in Fig. 4.7. The distances between the forces are in mm.
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Fig. 4.7.

Also find the point, where the resultant acts.

Solution. Given : forces : 50 N, 70 N, 20 N and 100 N.

First of all, draw the space diagram for the given system of forces and name them according to Bow’s notations as shown in Fig. 4.8 (a)
[image: ]














Fig. 4.8.

Now draw the vector diagram for the given forces as shown in Fig. 4.8 (b) and as discussed below :

1. Take some suitable point a and draw ab equal and parallel to force AB (i.e. 50 N) to some scale. Similarly draw bc equal to the force BC (i.e. 70 N), cd equal to the force CD (i.e. 20 N) and de equal to the force DE (i.e. 100 N) respectively. 
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2. Now select some suitable point o, and join oa, ob, oc, od and oe. 

3. Now take some suitable point p on the line of action of the force AB of the space diagram. Through p draw a line Lp, parallel to ao of the vector diagram. 

4. Now, through p, draw pq parallel to bo, meeting, the line of action of the force BC at q. Similarly, through q draw qr parallel to co, through r draw rs parallel to do and through s draw sM parallel to eo. 

5. Now extend the lines Lp and Ms meeting each other at k. Through k draw a line parallel to ae which gives the required position of the resultant force. 

6. By measurement, we find that resultant force, 

R = ae = 240 N Ans. and line of action of k from force AB = 51 mm Ans.

Example 4.6. Find graphically the resultant of the forces shown in Fig. 4.9
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Fig. 4.9.

Also find the point where the resultant force acts.

Solution. Given forces : 60 N; 20 N; and 100 N.
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Fig. 4.10.

First of all, draw the space diagram for the given system of forces and name them according to Bow’s notations as shown in Fig. 4.10 (a).

It may be noted that the force AB (equal to 60 N) is acting downwards, force BC (equal to 20 N) is acting upwards and the force CD (equal to 100 N) is acting downwards as shown in the figure. Now draw the vector diagram for the given forces as shown in Fig. 4.10 (b) and as discussed below :

1. Take some suitable point a and draw ab equal and parallel to force AB (i.e., 60 N) to some scale. Similarly, draw bc (upwards) equal to force BC (i.e. 20 N) and cd equal to the force CD (i.e, 100 N) respectively. 
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2. Now select some suitable point o and join oa, ob, oc and od. 

3. Now take some suitable point p on the line of action of the force AB of the space diagram. Through p draw a line Lp parallel to ao of the vector diagram. 

4. Now through p, draw pq parallel to bo meeting the line of action of the force BC at q. Similarly through q draw qr parallel to co. Through r draw rM Parallel to do. 

5. Now extend the lines Lp and Mr meeting each other at k. Through k draw a line parallel to ad, which gives the required resultant force. 

6. By measurement, we find that resultant force, 

R = ad = 140 N    Ans.

and line of action of k from force AB = 33 mm   Ans.

Note. In some cases, the lines Lp and rM are parallel and do not meet each other. This happens, when magnitude of the sum of upward forces is equal to sum of the downward forces.

EXERCISE 4.1

1.	Two like parallel forces of 10 N and 30 N act at the ends of a rod 200 mm long. Find magnitude of the resultant force and the point where it acts. [Ans. 40 N ; 150 mm]

2. Find the magnitude of two like parallel forces acting at a distance of 240 mm, whose resultant is 200 N and its line of action is at a distance of 60 mm from one of the forces. 

[Ans. 50 N ; 150 N]

	Hint.
	P + Q
	= 200

	
	Q × 240
	= 200 × 60 = 12 000

	∴
	Q
	= 50 N and P = 200 – 50 = 150 N



3. Two unlike parallel forces are acting at a distance of 450 mm from each other. The forces are equivalent to a single force of 90 N, which acts at a distance of 200 mm from the 

greater of the two forces. Find the magnitude of the forces. [Ans. 40 N ; 130 N] 4. Find graphically the resultant force of the following like parallel forces :

P1 = 20 N ; P2 = 50 N ; P3 = 60 N and P4 = 70 N

Take distances between P1 and P2 as 40 mm, between P2 and P3 as 30 mm and between P3 and P4 as 20 mm.
[image: ][Ans. 200 N ; 62.5 mm]

4.8.  COUPLE


A pair of two equal and unlike parallel forces (i.e. forces equal in magnitude, with lines of action parallel to each other and acting in opposite directions) is known as a couple.

As a matter of fact, a couple is unable to produce any translatory motion (i.e., motion in a straight line). But it produces a motion of rotation in the body, on which it acts. The simplest example of a couple is the forces applied to the key of a lock, while locking or unlocking it.











A couple is a pair of forces applied to the key of a lock.
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4.9.  ARM OF A COUPLE
[image: ]
The perpendicular distance (a), between the lines of action of the two equal and opposite parallel forces, is known as arm of the couple as shown in Fig. 4.11.


	4.10. MOMENT OF A COUPLE
	Fig. 4.11.



The moment of a couple is the product of the force (i.e., one of the forces of the two equal and opposite parallel forces) and the arm of the couple. Mathematically:

Moment of a couple = P × a

where	P = Magnitude of the force, and

a = Arm of the couple. 

4.11. CLASSIFICATION OF COUPLES 

The couples may be, broadly, classified into the following two categories, depending upon their direction, in which the couple tends to rotate the body, on which it acts :

1. Clockwise couple, and	2. Anticlockwise couple.

4.12. CLOCKWISE COUPLE

A couple, whose tendency is to rotate the body, on which it acts, in a clockwise direction, is known as a clockwise couple as shown in Fig. 4.12 (a). Such a couple is also called positive couple.
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Fig. 4.12.

4.13. ANTICLOCKWISE COUPLE

A couple, whose tendency is to rotate the body, on which it acts, in an anticlockwise direction, is known as an anticlockwise couple as shown in Fig. 4.12 (b). Such a couple is also called a negative couple.

4.14. CHARACTERISTICS OF A COUPLE

A couple (whether clockwise or anticlockwise) has the following characteristics :

1. The algebraic sum of the forces, constituting the couple, is zero. 

2. The algebraic sum of the moments of the forces, constituting the couple, about any point is the same, and equal to the moment of the couple itself. 

3. A couple cannot be balanced by a single force. But it can be balanced only by a couple of opposite sense. 

4. Any no. of coplaner couples can be reduced to a single couple, whose magnitude will be equal to the algebraic sum of the moments of all the couples. 
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Example 4.7. A square ABCD has forces acting along its sides as shown in Fig. 4.13. Find the values of P and Q, if the system reduces to a couple. Also find magnitude of the couple, if the side of the square is 1 m.

Solution. Given : Length of square = 1 m

Values of P and Q
[image: ]
We know that if the system reduces to a couple, the resultant force in horizontal and vertical directions must be zero. Resolving the forces horizontally,
[image: ]
	∴
	100 – 100 cos 45° – P = 0
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	P = 100
	– 100 cos 45° N
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	= 100
	– (100 × 0.707)
	= 29.3 N Ans.
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	Now resolving the forces vertically,
	
	
	Fig. 4.13.
	

	
	200 – 100 sin 45° – Q = 0
	

	∴
	Q  = 200
	– (100 × 0.707)
	= 129.3 N Ans.
	


[image: ][image: ][image: ]
Magnitude of the couple

We know that moment of the couple is equal to the algebraic sum of the moments about any point. Therefore moment of the couple (taking moments about A)

· (– 200 × 1) + (– P × 1) = – 200 – (29.3 × 1) N-m 

· – 229.3 N-m Ans. 

Since the value of moment is negative, therefore the couple is anticlockwise.
[image: ]
Example 4.8. ABCD is a rectangle, such that AB = CD = a and BC = DA = b. Forces equal to P act along AD and CB and forces equal to Q act along AB and CD respectively. Prove that the perpendicular distance between the resultants of P and Q at A and that of P and Q at C

 (P  a) – (Q  b) (P2  Q2 )

	Solution. Given : The system of forces is shown in Fig. 4.14.
	
	
	
	
	
	
	
	
	

	Let
	x = Perpendicular distance
	between the
	
	
	
	
	
	
	
	
	

	
	
	two resultants.
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that the resultant of the forces P and Q at A,
	
	
	
	
	
	
	
	
	
	
	

	
	R1 
	P2   Q2
	
	...(i)
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and resultant of the forces P and Q at C,
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	R2 
	P2  Q2
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	...(ii)
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	∴
	
	
	
	
	
	
	
	Fig. 4.14.
	

	
	Resultant R = R1 = R2
	...[from equations (i) and
	
	

	
	
	
	
	
	
	
	(ii)]
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that moment of the force (P) about A,
	
	
	
	
	
	
	
	
	

	
	M1 = P × a
	
	
	
	
	
	...( + Due to clockwise)
	

	and moment of the force (Q) about A,
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	M2 = – Q × b
	
	
	
	
	
	...(– Due to anticlockwise)
	

	∴  Net moment of the two couples
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	= (P × a) – (Q × b)
	
	
	
	
	
	
	
	...(iii)
	

	and moment of the couple formed by the resultants
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	= R × x =   P2
	 Q2    x
	
	
	
	
	
	
	
	...(iv)
	


[image: ][image: ][image: ][image: ]

Equating the moments (iii) and (iv),
[image: ]
	
	P 2  Q 2    x  ( P  a ) – (Q  b)
	

	∴
	x 
	( P  a ) – (Q  b)
	Ans.
	

	
	
	
	
	

	
	
	P 2  Q2
	


[image: ]
Example 4.9. Three forces, acting on a rigid body, are represented in magnitude, direction and line of action by the three sides of a triangle taken in order as shown in Fig.4.15
[image: ]









Fig. 4.15.

Prove that the forces are equivalent to a couple whose moment is equal to twice the area of the triangle.

Solution. The system of forces on the triangle ABC is shown in Fig. 4.16. Now complete the

figure as discussed below :
[image: ]
1.  Through A draw a line EF parallel to BC.

2.  Extend CA to D, such that AD is equal to Q (i.e. CA).

3.  Now apply two equal and opposite forces (P) at A repre-

sented by AE and AF.
[image: ][image: ]
4.  Complete the parallelogram ABED with adjacent sides AB

and AD.

We know that the diagonal AE represents in magnitude and

direction of the resultant of the two forces R and Q.
[image: ][image: ][image: ][image: ]
Thus the force AF (equal to P) will set the forces Q and R in equilibrium. Thus we are left with only two forces BC (equal to P)

and AE (equal to P) which will constitute a couple. Now from A, draw AH perpendicular to BC. Let this perpendicular be equal to h.

We know that moment of the couple,

	
	M = P × a = P × h
	
	
	...(i)

	and area of triangle
	
	1
	 Base  Height 
	1
	  P  h
	...(ii)

	
	
	2
	
	2
	
	



From equations (i) and (ii), we find that moment of the couple = Twice the area of triangle. Ans.
Example 4.10. A machine component of length 2.5 metres and height 1 metre is carried upstairs by two men, who hold it by the front and back edges of its lower face.

If the machine component is inclined at 30° to the horizontal and weighs 100 N, find how much of the weight each man supports ?

Solution. Given : Length of machine component = 2.5 m; Height of the component = 1 m ; Inclination = 30° and weight of component = 100 N
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	Let
	P
	= Weight supported by the man at A.

	
	Q
	= Weight supported by the man at B.



C = Point where the vertical line through the centre of gravity cuts the lower face.

Now join G (i.e., centre of gravity) with M (i.e., mid-point of AB) as shown in Fig. 4.17.

From the geometry of the figure, we find that
	
	GM 
	1  0.5m
	
	
	

	
	
	2
	
	
	

	and
	AM 
	2.5  1.25m
	
	
	

	
	
	2
	
	
	

	
	
	
	
	CM
	

	∴
	AC =
	AM – CM = 1.25 – GM tan 30°
	... Q
	
	

	
	
	
	
	GM
	

	
	
	
	
	
	

	
	=
	1.25 – (0.5 × 0.577) = 0.96 m
	
	
	

	and
	CB =
	AB – AC = 2.5 – 0.96 = 1.54 m
	
	
	

	We know that P × CA =
	Q × CB
	
	
	

	
	P × 0.96 =
	(100 – P) 1.54 = 154 – 1.54 P
	
	
	



∴ 2.5 P = 154   or  P = 61.6 N  Ans. 

and	Q = 100 – 61.6 = 38.4 N  Ans.

















Fig. 4.17.
[image: ]
  tan CGM   tan 30






...(Q P + Q = 100)


EXERCISE 4.2.

1. ABCD is rectangle, in which AB = CD = 100 mm and BC = DA = 80 mm. Forces of 100 N each act along AB and CD and forces of 50 N each at along BC and DA. Find the resultant 
moment of the two couples.	[Ans. – 13 000 N-mm]

2. A square ABCD has sides equal to 200 mm. Forces of 150 N each act along AB and CD and 250 N act along CB and AD. Find the moment of the couple, which will keep the 

system in equilibrium.	[Ans. – 20 000 N-mm]

QUESTIONS

1. What do you understand by the term ‘parallel forces’ ? Discuss their classifications. 

2. Distinguish clearly between like forces and unlike forces. 

3. What is a couple ? What is the arm of a couple and its moment ? 

4. Discuss the classification of couples and explain clearly the difference between a positive couple and a negative couple. 

5. State the characteristics of a couple. 

OBJECTIVE TYPE QUESTIONS

1. The like parallel forces are those parallel forces, which are liked by the scientist and engineers. 


(a) Yes	(b) No
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2. A couple consists of 

(a)  two like parallel forces of same magnitude. 

(b)  two like parallel forces of different magnitudes. 

(c)  two unlike parallel forces of same magnitude.

(d) two unlike parallel forces of different magnitudes. 3. If the arm of a couple is doubled, its moment will

(a) be halved (b) remain the same (c) be doubled 4. A couple can be balanced by a force equal to its magnitude.

(a)  Agree	(b)  Disagree

5. One of the characteristics of a couple is that it can cause a body to move in the direction of the greater force. 

	(a)
	True
	(b)
	False
	

	6.  In a couple, the lines of action of the forces are
	

	(a)
	parallel
	(b)
	inclined
	(c)  none of the two



ANSWERS

1.	(b)	2. (c)	3. (c)	4. (b)	5. (b)	6. (a)


Top
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5.1.  INTRODUCTION

In the previous chapter, we have discussed the various methods of finding out resultant force, when a particle is acted upon by a number of forces. This resultant force will produce the same effect as produced by all the given forces.

A little consideration will show, that if the resultant of a number of forces, acting on a particle is zero, the particle will be in equilibrium. Such a set of forces, whose resultant is zero, are called equilibrium forces.

The force, which brings the set of forces in equilibrium is called an equilibrant.

As a matter of fact, the equilibrant is equal to the resultant force in magnitude, but opposite in direction.


55
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5.2. PRINCIPLES OF EQUILIBRIUM 

Though there are many principles of equilibrium, yet the following three are important from the subject point of view :

1. Two force principle. As per this principle, if a body in equilibrium is acted upon by two forces, then they must be equal, opposite and collinear. 

2. Three force principle. As per this principle, if a body in equilibrium is acted upon by three forces, then the resultant of any two forces must be equal, opposite and collinear with the third force. 

3. Four force principle. As per this principle, if a body in equilibrium is acted upon by four forces, then the resultant of any two forces must be equal, opposite and collinear with the resultant of the other two forces. 

5.3. METHODS FOR THE EQUILIBRIUM OF COPLANAR FORCES 

Though there are many methods of studying the equilibrium of forces, yet the following are important from the subject point of view :

1. Analytical method.   2. Graphical method. 

5.4. ANALYTICAL METHOD FOR THE EQUILIBRIUM OF COPLANAR FORCES 

The equilibrium of coplanar forces may be studied, analytically, by Lami’s theorem as dis-cussed below :
[image: ]
5.5.  LAMI’S THEOREM

It states, “If three coplanar forces acting at a point be in equilibrium, then each force is proportional to the sine of the angle between the other two.” Mathematically,

	P
	
	Q
	
	R
	

	sin α
	
	sin β
	
	sin γ
	

	
	
	
	
	
	



	where, P, Q, and R are three forces and α, β, γ are the angles as shown in
	Fig. 5.1. Lami’s theorem
	

	
	
	

	Fig. 5.1.
	
	

	Proof
	
	



Consider three coplanar forces P, Q, and R acting at a point O. Let the opposite angles to three forces be α , β and γ as shown in Fig. 5.2.
[image: ]
Now let us complete the parallelogram OACB with OA and OB as adjacent sides as shown in the figure. We know that the resultant of two forces P and Q will be given by the diagonal OC both in magnitude and direction of the parallelogram OACB.

Since these forces are in equilibrium, therefore the re-sultant of the forces P and Q must be in line with OD and equal to R, but in opposite direction.


From the geometry of the figure, we find

BC = P and AC = Q

	∠ AOC = (180° – β)

and	∠ ACO = ∠ BOC = (180° – α)



Fig. 5.2. Proof of Lami’s theorem
[image: ]
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But



or








or




	

	∠ CAO = 180° – (∠ AOC + ∠ ACO)

· 180° – [(180° – β) + (180° – α)] 

· 180° – 180° + β – 180° + α 

· α + β – 180° α + β + γ = 360° 

Subtracting 180° from both sides of the above equation, (α + β – 180°) + γ = 360° – 180° = 180°

∠ CAO = 180° – γ We know that in triangle AOC,

	
	OA
	
	
	AC
	
	
	OC
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	sin ∠ ACO
	
	sin ∠ AOC
	
	
	sin ∠ CAO
	
	
	

	
	OA
	
	
	
	
	AC
	
	
	
	OC
	

	
	
	
	
	
	
	
	
	
	
	

	sin (180  – α )
	
	
	sin (180  – β)
	
	sin (180  – γ)
	
	

	
	
	P
	
	
	
	
	Q
	
	R
	
	
	
	
	
	...[Q sin (180° – θ) = sin θ]
	

	
	
	sin α
	
	
	
	
	sin β
	
	sin γ
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	




Example 5.1. An electric light fixture weighting 15 N hangs from a point C, by two strings AC and BC. The string AC is inclined at 60° to the horizontal and BC at 45° to the horizontal as shown in Fig. 5.3
[image: ]









Fig. 5.3.

Using Lami’s theorem, or otherwise, determine the forces in the strings AC and BC.

Solution. Given : Weight at C = 15 N

Let TAC = Force in the string AC, and TBC = Force in the string BC.
[image: ]The system of forces is shown in Fig. 5.4. From the geometry of the figure, we find that angle between TAC and 15 N is 150° and angle between
TBC and 15 N is 135°.

∴ ∠ ACB = 180° – (45° + 60°) = 75° Applying Lami’s equation at C,
	
	15
	
	TAC
	
	
	
	TBC
	
	
	

	
	sin 75 
	
	sin135 
	
	
	
	sin150
	
	
	
	

	or
	15
	
	
	TAC
	
	
	
	TBC
	
	
	Fig. 5.4.
	

	
	sin 75 
	
	
	sin 45
	
	sin 30
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	∴
	TAC
	
	15sin 45 
	 15  0.707
	 10.98 N
	Ans.
	

	
	
	
	
	sin 75
	0.9659
	
	
	


[image: ]
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	T    15sin 30
	 15  0.5  7.76 N  Ans.
	

	
	BC
	sin 75
	0.9659
	

	
	
	
	
	



Example 5.2. A string ABCD, attached to fixed points A and D has two equal weihts of 1000 N attached to it at B and C. The weights rest with the portions AB and CD inclined at angles as shown in Fig. 5.5.
[image: ]









Fig. 5.5.

Find the tensions in the portions AB, BC and CD of the string, if the inclination of the portion BC with the vertical is 120°.

Solution. Given : Load at B = Load at C = 1000 N

For the sake of convenience, let us split up the string ABCD into two parts. The system of forces at joints B and is shown in Fig. 5.6 (a) and (b).
[image: ][image: ][image: ][image: ]














	
	
	
	
	
	
	
	
	Fig. 5.6.
	
	
	

	Let
	TAB
	=
	Tension in the portion AB of the string,
	
	

	
	TBC
	=
	Tension in the portion BC of the string, and
	

	
	TCD  =
	Tension in the portion CD of the string.
	
	

	Applying Lami’s equation at joint B,
	
	
	

	
	TAB
	
	TBC
	
	
	1000
	
	
	
	

	
	sin 60 
	
	sin150 
	
	
	sin150
	
	
	
	

	
	TAB
	
	
	TBC
	
	1000
	
	
	
	...[Q sin (180° – θ) = sin θ]
	

	
	sin 60 
	
	
	sin 30
	
	sin 30
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	∴
	TAB  
	1000 sin 60   1000  0.866
	 1732 N
	Ans.
	

	
	
	
	
	sin 30
	0.5
	
	
	

	and
	T
	
	 1000 sin 30   1000 N  Ans.
	
	
	

	
	BC
	
	
	sin30
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Again applying Lami’s equation at joint C,
	
	TBC
	
	
	TCD
	1000
	
	

	
	
	
	
	
	
	
	
	

	
	sin 120
	
	
	sin 120 
	
	sin 120
	
	

	∴
	TCD
	
	1000 sin 120   1000 N  Ans.
	

	
	
	
	
	sin 120
	
	
	


Example 5.3. A light string ABCDE whose extremity A is fixed, has weights W1 and W2 attached to it at B and C. It passes round a small smooth peg at D carrying a weight of 300 N at the free end E as shown in Fig. 5.7.
[image: ]











Fig. 5.7.

If in the equilibrium position, BC is horizontal and AB and CD make 150° and 120° with BC, find (i) Tensions in the portion AB, BC and CD of the string and (ii) Magnitudes of W1 and W2.

Solution. Given : Weight at E = 300 N

For the sake of convenience, let us split up the string ABCD into two parts. The system of forces at joints B and C is shown in Fig. 5.8. (a) and (b).
[image: ]













Fig. 5.8.

(i) Tensions is the portion AB, BC and CD of the string

Let	TAB = Tension in the portion AB, and TBC = Tension in the portion BC,

We know that tension in the portion CD of the string. TCD = TDE = 300 N Ans.

Applying Lami’s equation at C,
	TBC
	
	W2
	
	300
	

	sin 150
	
	sin 120 
	
	sin 90
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	TBC
	
	W2
	
	300
	...[Q sin (180° – θ) = sin θ]
	

	
	
	sin 30 
	
	sin 60 
	
	1
	
	

	
	
	
	
	
	
	
	
	

	∴
	
	TBC = 300 sin 30° = 300 × 0.5 = 150 N  Ans.
	
	




and











and

W2 = 300 sin 60° = 300 × 0.866 = 259.8 N
Again applying Lami’s equation at B,
	
	TAB
	
	
	W1
	
	
	
	TBC
	
	

	
	sin 90
	
	
	sin 150 
	
	
	sin 120
	
	
	

	
	
	TAB
	
	
	
	W1
	
	
	
	
	
	150
	
	
	
	...[Q sin (180° – θ) = sin θ]
	

	
	1
	
	
	
	sin 30 
	  sin 60
	
	

	
	
	
	
	
	
	
	
	

	∴
	
	TAB  
	150
	
	
	
	
	
	150
	 173.2 N
	Ans.
	

	
	
	
	sin 60
	
	
	
	0.866
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	W  150sin 30
	
	 150  0.5  86.6 N
	

	
	1
	
	
	
	sin 60 
	0.866
	
	

	
	
	
	
	
	
	
	
	
	



(ii) Magnitudes of W1 and W2
From the above calculations, we find that the magnitudes of W1 and W2 are 86.6 N and 259.8 N respectively. Ans.

EXERCISE 5.1

1. Two men carry a weight of 2 kN by means of two ropes fixed to the weight. One rope is inclined at 45° and the other at 30° with their vertices. Find the tension in each rope. 

[Ans. 1.04 kN ; 1.46 kN]

2. Three forces acting on a particle are in equilibrium. The angles between the first and second is 90° and that between the second and third is 120°. Find the ratio of the forces. 

[Ans. 1.73 : 1 : 2]

3. A smooth sphere of weight W is supported by a string fastened to a point A on the smooth vertical wall, the other end is in contact with point B on the wall as shown in Fig. 5.9 
[image: ][image: ]

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Fig. 5.9.
	
	
	
	
	
	
	
	Fig. 5.10.
	
	
	


[image: ]
If length of the string AC is equal to radius of the sphere, find tension (T) in the string and

reaction of the wall.	[Ans. 1.155 W ; 0.577 W]

Hint. Since AO = 2 OB, therefore ∠ AOB = 60°
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4. A rope is connected between two points A and B 120 cm apart at the same level. A load of 200 N is suspended from a point C on the rope 45 cm from A as shown in Fig. 5.10. Find the load, that should be suspended from the rope D 30 cm from B, which will keep the 
rope CD horizontal.	[Ans. 400 N]

5. A uniform sphere of weight W rests between a smooth vertical plane and a smooth plane inclined at an angle θ with the vertical plane. Find the reaction at the contact surfaces. 

[Ans. W cot θ ; W cosec θ]

Example 5.4. Two equal heavy spheres of 50 mm radius are in equilibrium within a smooth cup of 150 mm radius. Show that the reaction between the cup of one sphere is double than that between the two spheres.

Solution. Given : Radius of spheres = 50 mm and radius of the cup = 150 mm.
[image: ]















Fig. 5.11.

The two spheres with centres A and B, lying in equilibrium, in the cup with O as centre are shown in Fig. 5.11 (a). Let the two spheres touch each other at C and touch the cup at D and E respectively.

Let R = Reactions between the spheres and cup, and S = Reaction between the two spheres at C.

From the geometry of the figure, we find that OD = 150 mm and AD = 50 mm. Therefore OA = 100 mm. Similarly OB = 100 mm. We also find that AB = 100 mm. Therefore OAB is an equilateral triangle. The system of forces at A is shown in Fig. 5.11 (b).

Applying Lami’s equation at A,

	
	R
	
	
	
	W
	
	
	
	
	
	S
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	sin 90
	
	
	
	sin 120
	
	
	sin 150
	

	
	
	R
	
	
	
	
	W
	
	
	
	
	
	S
	
	
	

	
	1
	
	
	sin 60
	
	sin 30
	

	
	
	
	
	
	
	
	
	

	∴
	
	R 
	
	
	S
	
	
	
	S
	
	 2S
	

	
	
	
	
	sin 30
	
	0.5
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	



Hence the reaction between the cup and the sphere is double than that between the two spheres. Ans.

Example 5.5. A smooth circular cylinder of radius 1.5 meter is lying in a triangular groove, one side of which makes 15° angle and the other 40° angle with the horizontal. Find the reactions at the surfaces of contact, if there is no friction and the cylinder weights 100 N.
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Solution. Given : Weight of cylinder = 100 N 
[image: ]













	
	
	
	
	
	
	
	
	
	
	
	Fig. 5.12.
	
	
	
	
	
	
	

	Let
	
	
	R
	
	=
	Reaction at A, and
	
	
	
	
	
	
	
	

	
	
	
	A
	=
	Reaction at B.
	
	
	
	
	
	
	
	
	
	

	
	
	
	R
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	B
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	The smooth cylinder lying in the groove is shown in Fig. 5.12 (a). In order to keep the system
	

	in equilibrium, three forces i.e. R
	, R
	B
	and weight of cylinder (100 N) must pass through the centre of
	

	
	
	
	
	
	
	A
	
	
	
	
	
	
	
	
	
	
	and R
	
	must be normal to the surfaces
	

	the cylinder. Moreover, as there is no *friction, the reactions R
	A
	
	B
	
	

	as shown in Fig. 5.12 (a). The system of forces is shown in
	Fig. 5.12 (b).
	

	Applying Lami’s equation, at O,
	
	
	
	
	
	
	
	
	
	
	

	
	R
	A
	
	
	
	
	R
	
	
	
	100
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	B
	
	
	
	
	
	
	
	
	
	
	

	
	sin (180  – 40)
	
	sin (180 – 15)
	
	sin (15 40)
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	R
	A
	
	
	R
	
	
	
	100
	
	
	
	
	
	
	
	
	

	or
	
	
	
	
	
	B
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	sin 40 
	
	sin 15 
	
	sin 55
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	∴
	
	
	R
	A
	
	100  sin 40
	
	100  0.6428
	 78.5 N
	Ans.
	

	
	
	
	
	
	
	sin 55
	
	
	
	0.8192
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	
	
	R
	
	
	100  sin 15
	
	100  0.2588
	
	 31.6 N
	Ans.
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	B
	
	sin 55
	
	
	
	0.8192
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	

	Example 5.6. Two cylinders P and Q rest in a channel as shown in Fig. 5.13.
	


[image: ][image: ][image: ][image: ][image: ]













Fig. 5.13. The cylinder P has diameter of 100 mm and weighs 200 N, whereas the cylinder Q has diameter of 180 mm and weighs 500 N.
[image: ]

*  This point will be discussed in more details in the chapter of Principles of Friction.
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If the bottom width of the box is 180 mm, with one side vertical and the other inclined at 60°, determine the pressures at all the four points of contact.

Solution. Given : Diameter of cylinder P = 100 mm ; Weight of cylinder P = 200 N ; Diameter of cylinder Q = 180 mm ; Weight of cylinder Q = 500 N and width of channel = 180 mm.

First of all, consider the equilibrium of the cylinder P. It is in equilibrium under the action of the following three forces which must pass through A i.e., the centre of the cylinder P as shown in Fig. 5.14 (a).

1. Weight of the cylinder (200 N) acting downwards. 
2. Reaction (R1) of the cylinder P at the vertical side. 

3. Reaction (R2) of the cylinder P at the point of contact with the cylinder Q. 
From the geometry of the figure, we find that

ED  Radius of cylinder P = 1002  50 mm

	Similarly
	BF = Radius of cylinder Q 
	180
	 90 mm

	
	
	2
	

	and
	∠ BCF = 60°
	
	



∴ CF  BF cot 60 90  0.577  52 mm 

∴ FE = BG = 180 – (52 + 50) = 78 mm 

and	AB = 50 + 90 = 140 mm

∴ cos ∠ ABG   BGAB  14078  0.5571 

or	∠ ABG = 56.1°

The system of forces at A is shown in Fig. 5.14 (b).
[image: ]















	
	
	
	
	
	
	
	
	
	
	Fig. 5.14.
	

	Applying Lami’s equation at A,
	
	
	

	
	R1
	
	R2
	
	
	200
	

	
	sin (90 56.1)
	
	
	sin 90
	
	sin (180  – 56.1)
	

	
	
	R1
	
	R2
	
	200
	
	

	
	
	cos 56.1
	
	1
	
	sin 56.1
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	∴
	R1
	
	200 cos 56.1
	
	200  0.5571
	 134.2 N  Ans.
	

	
	
	
	sin 56.1
	
	
	
	0.830
	
	

	
	
	
	
	
	
	
	
	
	

	and
	R2
	
	200
	
	200
	 240.8 N
	Ans.
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	sin 56.1 
	
	0.8300
	
	
	

	
	
	
	
	
	
	
	
	



Now consider the equilibriXum of the cylinder Q. It is in equilibrium under the action of the following four forces, which must pass through the centre of the cylinder as shown in Fig. 5.15 (a).

1. Weight of the cylinder Q (500 N) acting downwards. 

2. Reaction R2 equal to 240.8 N of the cylinder P on cylinder Q. 

3. Reaction R3 of the cylinder Q on the inclined surface. 

4. Reaction R4 of the cylinder Q on the base of the channel. 
[image: ][image: ][image: ]
















Fig. 5.15.

A little consideration will show, that the weight of the cylinder Q is acting downwards and the reaction R4 is acting upwards. Moreover, their lines of action also coincide with each other.
∴  Net downward force = (R4 – 500) N

The system of forces is shown in Fig. 5.15 (b). Applying Lami’s equation at B,
	
	
	R3
	
	240.8
	
	
	R4
	– 500
	
	

	
	sin (90 56.1)
	
	
	
	
	sin 60 
	
	
	sin (180  30  – 56.1)
	
	
	

	
	
	
	R3
	
	240.8
	
	
	
	R4  – 500
	
	
	
	

	
	
	
	cos 56.1
	
	
	
	sin 60
	
	
	
	sin 26.1
	
	
	
	
	

	∴
	
	R3
	
	
	240.8  cos 56.1   
	240.8  0.5577
	 155 N  Ans.
	

	
	
	
	
	
	
	
	
	sin 60 
	0.866
	
	
	

	and
	
	R  – 500   240.8  sin 26.1    240.8  399  122.3 N
	

	
	4
	
	
	
	
	sin 60
	0.866
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	∴
	
	R4
	= 122.3 + 500 = 622.3 N  Ans.
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8.1.  INTRODUCTION

It has been established since long that all surfaces of the bodies are never perfectly smooth. It has been observed that whenever, even a very smooth surface is viewed under a microscope, it is found to have some roughness and irregularities, which may not be detected by an ordinary touch.

It will be interesting to know that if a block of one substance is placed over the level surface of the same or different material, a certain degree of interlocking of the minutely projecting particles takes place. This does not involve any force, so long as the block does not move or tends to move. But whenever one of the blocks moves or tends to move tangentially with respect to the surface, on which it rests, the
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interlocking property of the projecting particles opposes the motion. This opposing force, which acts in the opposite direction of the movement of the block, is called force of friction or simply friction. It is of the following two types:

1. Static friction.   2. Dynamic friction. 

8.2. STATIC FRICTION 

It is the friction experienced by a body when it is at rest. Or in other words, it is the friction when the body tends to move.

8.3.  DYNAMIC FRICTION

It is the friction experienced by a body when it is in motion. It is also called kinetic friction. The dynamic friction is of the following two types :

1. Sliding friction. It is the friction, experienced by a body when it slides over another body. 

2. Rolling friction. It is the friction, experienced by a body when it rolls over another body. 

8.4. LIMITING FRICTION 

It has been observed that when a body, lying over another body, is gently pushed, it does not move because of the frictional force, which prevents the motion. It shows that the force of the hand is being exactly balanced by the force of friction, acting in the opposite direction. If we again push the body, a little harder, it is still found to be in equilibrium. It shows that the force of friction has increased itself so as to become equal and opposite to the applied force. Thus the force of friction has a remarkable property of adjusting its magnitude, so as to become exactly equal and opposite to the applied force, which tends to produce motion.

There is, however, a limit beyond which the force of friction cannot increase. If the applied force exceeds this limit, the force of friction cannot balance it and the body begins to move, in the direction of the applied force. This maximum value of frictional force, which comes into play, when a body just begins to slide over the surface of the other body, is known as limiting friction. It may be noted that when the applied force is less than the limiting friction, the body remains at rest, and the friction is called static friction, which may have any value between zero and limiting friction.

8.5.  NORMAL REACTION

It has been experienced that whenever a body, lying on a horizontal or an inclined surface, is in equilibrium, its weight acts vertically downwards through its centre of gravity. The surface, in turn, exerts an upward reaction on the body. This reaction, which is taken to act perpendicular to the plane, is called normal reaction and is, generally, denoted by R. It will be interesting to know that the term ‘normal reaction’ is very important in the field of friction, as the force of friction is directly propor-tional to it.

8.6.  ANGLE OF FRICTION

Consider a body of weight W resting on an inclined plane as shown in Fig. 8.1. We know that the body is in equilibrium under the action of the following forces :
[image: ]

1. Weight (W) of the body, acting vertically downwards, 

2. Friction force (F) acting upwards along the plane, and 

3. Normal reaction (R) acting at right angles to the plane. 

Let the angle of inclination (α) be gradually increased, till the body just starts sliding down the plane. This angle of inclined plane, at which a body just begins to slide down the plane, is called the angle of friction. This is also equal to the angle, which the normal reaction makes with the vertical.








Fig. 8.1. Angle of friction.
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8.7.  COEFFICIENT OF FRICTION

It is the ratio of limiting friction to the normal reaction, between the two bodies, and is gener-ally denoted by μ.

Mathematically, coefficient of friction,

	
	μ 
	F
	 tan φ
	or
	F = μR

	
	
	R
	
	
	

	where
	φ = Angle of friction,
	



F = Limiting friction, and

R = Normal reaction between the two bodies.

8.8.  LAWS OF FRICTION

Prof. Coulomb, after extensive experiments, gave some laws of friction, which may be grouped under the following heads :

1. Laws of static friction, and 

2. Laws of kinetic or dynamic friction. 
[image: ]
















The coefficient of friction of various surfaces, as well as the difference between static and kinetic friction can be illustred by pulling objects with large spring scale.

8.9.  LAWS OF STATIC FRICTION

Following are the laws of static friction :

1. The force of friction always acts in a direction, opposite to that in which the body tends to move, if the force of friction would have been absent. 

2. The magnitude of the force of friction is exactly equal to the force, which tends to move the body. 

3. The magnitude of the limiting friction bears a constant ratio to the normal reaction between the two surfaces. Mathematically : 

FR   Constant
[image: ]
where F = Limiting friction, and R = Normal reaction.
4. The force of friction is independent of the area of contact between the two surfaces. 

5. The force of friction depends upon the roughness of the surfaces. 
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8.10. LAWS OF KINETIC OR DYNAMIC FRICTION
[image: ]

Following are the laws of kinetic or dynamic friction :

1. The force of friction always acts in a direction, opposite to that in which the body is moving. 

2. The magnitude of kinetic friction bears a constant ratio to the normal reaction between the two surfaces. But this ratio is slightly less than that in case of limiting friction. 

3. For moderate speeds, the force of friction remains constant. But it decreases slightly with the increase of speed. 

















This rock climber uses the static frictional force between her hands and feet and the vertical rock walls.


8.11. EQUILIBRIUM OF A BODY ON A ROUGH HORIZONTAL PLANE

We know that a body, lying on a rough horizontal plane will remain in equilibrium. But when-ever a force is applied on it, the body will tend to move in the direction of the force. In such cases, equilibrium of the body is studied first by resolving the forces horizontally and then vertically.

Now the value of the force of friction is obtained from the relation :

F = μR

where	μ = Coefficient of friction, and R = Normal reaction.

Example 8.1. A body of weight 300 N is lying on a rough horizontal plane having a coefficient of friction as 0.3. Find the magnitude of the force, which can move the body, while acting at an angle

of 25 with the horizontal.

Solution. Given: Weight of the body (W) = 300 N; Coefficient of friction (μ) = 0.3 and angle made by the force with the horizontal (α) = 25

	Let
	P = Magnitude of the force, which can move
	
	
	
	

	
	the body, and
	
	
	
	

	
	
	
	
	
	

	
	F = Force of friction.
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	Resolving the forces horizontally,
	
	
	
	

	
	
	
	
	

	
	F = P cos α = P cos 25° = P × 0.9063
	Fig. 8.2.
	


[image: ][image: ][image: ][image: ]
and now resolving the forces vertically,

R = W – P sin α = 300 – P sin 25 = 300 – P × 0.4226

We know that the force of friction (F),

0.9063 P = μR = 0.3 × (300 – 0.4226 P) = 90 – 0.1268 P

	or
	90 = 0.9063 P + 0.1268 P = 1.0331 P
	

	∴
	
	90
	
	Ans.
	

	
	
	
	
	
	
	

	
	P 
	1.0331  87.1 N
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Example 8.2. A body, resting on a rough horizontal plane, required a pull of 180 N in-clined at 30 to the plane just to move it. It was found that a push of 220 N inclined at 30 to the plane just moved the body. Determine the weight of the body and the coefficient of friction.

Solution. Given: Pull = 180 N; Push = 220 N and angle at which force is inclined with horizontal plane (α) = 30°

Let	W = Weight of the body R = Normal reaction, and μ = Coefficient of friction.

First of all, consider a pull of 180 N acting on the body. We know that in this case, the force of friction (F1) will act towards left as shown in Fig. 8.3. (a).
Resolving the forces horizontally,

F1 = 180 cos 30 = 180 × 0.866 = 155.9 N and now resolving the forces vertically,

R1 = W – 180 sin 30 = W – 180 × 0.5 = W – 90 N We know that the force of friction (F1),
155.9 = μR1 = μ (W – 90)	...(i)
[image: ]









Fig. 8.3.

Now consider a push of 220 N acting on the body. We know that in this case, the force of friction (F2) will act towards right as shown in Fig. 8.3 (b).

Resolving the forces horizontally,

	F2 = 220 cos 30 = 220 × 0.866 = 190.5 N
	

	and now resolving the forces horizontally,
	
	
	

	R2 = W + 220 sin 30 = W + 220 × 0.5 = W + 110 N
	

	We know that the force of friction (F2),
	

	190.5 = μ.R2 = μ (W + 110)
	...(ii)

	Dividing equation (i) by (ii)
	
	
	

	155.9 
	μ (W – 90)
	
	W – 90
	

	190.5
	μ (W  110)
	
	W  110
	
	



155.9 W + 17 149 = 190.5 W – 17 145 

34.6 W = 34 294 

	or
	W 
	34 294
	 991.2 N
	Ans.
	

	
	
	34.6
	
	
	

	
	
	
	
	
	

	
	Now substituting the value of W in equation (i),
	

	
	155.9 = μ (991.2 – 90) = 901.2 μ
	

	∴
	μ 
	155.9
	 0.173
	Ans.
	

	
	
	901.2
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Example 8.3. Two blocks A and B of weights 1 kN and 2 kN respectively are in equilibrium position as shown in Fig. 8.4.
[image: ]








Fig. 8.4.

If the coefficient of friction between the two blocks as well as the block B and the floor is 0.3, find the force (P) required to move the block B.

Solution. Given: Weight of block A (WA) = 1 kN; Weight of block B (WB) = 2 kN and coefficient of friction (μ) = 0.3.
[image: ][image: ][image: ]










Fig. 8.5.

The forces acting on the two blocks A and B are shown in Fig. 8.5 (a) and (b) respectively. First of all, consider the forms acitng in the block A.

Resolving the forces vertically,

R1 + T sin 30 = 1 kN

or T sin 30 = 1 – R1 ...(i) and now resolving the forces horizontally,

T cos 30° = F1 = μR1 = 0.3 R1 ...(ii) Dividing equation (i) by (ii)

	
	
	T sin 30
	
	
	1− R1
	
	1 – R
	
	

	
	
	
	
	
	
	
	
	
	
	1
	
	
	

	
	T cos30  0.3 R1
	
	
	
	
	

	
	
	or
	tan 30
	0.3 R
	
	
	

	
	
	
	
	
	
	
	
	
	
	1
	
	
	

	∴
	0.5774 
	1 – R1
	or
	0.5774 × 0.3 R1 = 1– R1
	
	

	
	
	
	0.3 R1
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	or
	0.173 R1 = 1 – R1
	or
	1.173 R1 = 1
	
	

	or
	
	R1
	
	1
	
	
	 0.85 kN
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	1.173
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	
	F1 = μ.R1 = 0.3 × 0.85 = 0.255 kN
	...(iii)
	



Now consider the block B. A little consideration will show that the downward force of the block A (equal to R1) will also act alongwith the weight of the block B.
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Resolving the forces vertically,

R2 = 2 + R1 = 2 + 0.85 = 2.85 kN

	F2 = μR2 = 0.3 × 2.85 = 0.855 kN	...(iv)

and now resolving the forces horizontally,

P = F1 + F2 = 0.255 + 0.855 = 1.11 kN    Ans.

Example 8.4. What is the maximum load (W) which a force P equal to 5 kN will hold up, if the coefficient of friction at C is 0.2 in the arrangement shown in Fig. 8.6. Neglect other friction and weight of the member.
[image: ]











Fig. 8.6.

If W = 3 kN and P = 4.5 kN, what are the normal and tangential forces transmitted at C ?

Solution. Given: Force (P) = 5 kN and coefficient of friction at C (μ) = 0.2
Maximum load W

Let	R = Normal reaction of the pulley on the beam at C.

First of all, consider the equilibrium of the beam AB. Taking moments about the hinge A and equating the same,

R × 1 = 5 × 1.5 = 7.5	or	R = 7.5 kN

Now consider the equilibrium of the pulley. It is subjected to a normal reaction of 7.5 kN (as calculated above). The load (W) tends to rotate it. A little consideration will show that the rotation of the pulley is prevented by the frictional force between the pulley and beam at C. We know that maximum force of friction at C

= μ . R = 0.2 × 7.5 = 1.5 kN

Now taking moments about the centre of the pulley and equating the same, W × 50 = 1.5 × 75 = 112.5
	or
	W  112.5   2.25 kN
	Ans.

	
	50
	

	Normal and tangential forces transmitted at C
	

	Now consider a weight W equal to 3 kN suspended from the pulley and a force P equal to

	4.5 kN applied at B.
	
	

	Let
	R1 = Normal force or normal reaction at C, and


F1 = Tangential force at C.

Again consider equilibrium of the beam. Taking moments about the hinge A and equating the same,
R1 × 1 = 4.5 × 1.5 = 6.75 or R1 = 6.75 kN Ans.
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We know that the tangential force at C will be the frictional force between the pulley and beam. Again taking moments about the centre of the pulley and equating the same,

	
	F1 × 75 = W × 50 = 3 × 50 = 150
	

	or
	F  150
	  2 kN
	Ans.
	

	
	1
	75
	
	
	

	
	
	
	
	
	



8.12. EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE

Consider a body, of weight W, lying on a rough plane inclined at an angle α with the horizon-tal as shown in Fig. 8.7 (a) and (b).
[image: ]










Fig. 8.7.

A little consideration will show, that if the inclination of the plane, with the horizontal, is less the angle of friction, the body will be automatically in equilibrium as shown in Fig. 8.7 (a). If in this condition, the body is required to be moved upwards or downwards, a corresponding force is required, for the same. But, if the inclination of the plane is more than the angle of friction, the body will move down. And an upward force (P) will be required to resist the body from moving down the plane as shown in Fig. 8.7 (b).

Though there are many types of forces, for the movement of the body, yet the following are important from the subject point of view :

1. Force acting along the inclined plane. 

2. Force acting horizontally. 

3. Force acting at some angle with the inclined plane. 

Note. In all the above mentioned three types of forces, we shall discuss the magnitude of force, which will keep the body in equilibrium, when it is at the point of sliding downwards or upwards.

8.13. EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE SUBJECTED TO A FORCE ACTING ALONG THE INCLINED PLANE 

Consider a body lying on a rough inclined plane subjected force acting along the inclined plane, which keeps it in equilibrium as shown in Fig. 8.8. (a) and (b).

Let	W = Weight of the body,

α = Angle, which the inclined plane makes with the horizontal, R = Normal reaction,

μ = Coefficient of friction between the body and the inclined plane, and φ = Angle of friction, such that μ = tan φ. 

A little consideration will show that if the force is not there, the body will slide down the plane. Now we shall discuss the following two cases :
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1. Minimum force (P1) which will keep the body in equilibrium, when it is at the point of sliding downwards.
[image: ]













Fig. 8.8.

In this case, the force of friction (F1 = μ.R 1) will act upwards, as the body is at the point of sliding downwards as shown in Fig. 8.8 (a). Now resolving the forces along the plane,

P1 = W sin α – μ.R1 ...(i) and now resolving the forces perpendicular to the plane.

R1 = W cos α ...(ii) Substituting the value of R1 in equation (i),

P1 = W sin α – μ W cos α = W (sin α – μ cos α) and now substituting the value of μ = tan φ in the above equation,

P1 = W (sin α – tan φ cos α) Multiplying both sides of this equation by cos φ,

P1 cos φ = W (sin α cos φ – sin φ cos α) = W sin (α – φ)
	∴
	P
	 W   sin (α  – φ)
	

	
	1
	cos φ
	

	
	
	
	



2. Maximum force (P2) which will keep the body in equilibrium, when it is at the point of sliding upwards.

In this case, the force of friction (F2 = μ.R2) will act downwards as the body is at the point of sliding upwards as shown in Fig. 8.8 (b). Now resolving the forces along the plane,

P2 = W sin α + μ.R2 ...(i) and now resolving the forces perpendicular to the plane,

R2 = W cos α ...(ii) Substituting the value of R2 in equation (i),

P2 = W sin α + μ W cos α = W (sin α + μ cos α) and now substituting the value of μ = tan φ in the above equation,

P2 = W (sin α + tan φ cos α) Multiplying both sides of this equation by cos φ,

P2 cos φ = W (sin α cos φ + sin φ cos α) = W sin (α + φ)
	∴
	P
	 W   sin (α   φ)
	

	
	2
	cos φ
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Example 8.5. A body of weight 500 N is lying on a rough plane inclined at an angle of 25 with the horizontal. It is supported by an effort (P) parallel to the plane as shown in Fig. 8.9.
[image: ]







Fig. 8.9.

Determine the minimum and maximum values of P, for which the equilibrium can exist, if the angle of friction is 20 .

Solution. Given: Weight of the body (W) = 500 N ; Angle at which plane is inclined (α) = 25 and angle of friction (φ) = 20.

Minimum value of P

We know that for the minimum value of P, the body is at the point of sliding downwards. We also know that when the body is at the point of sliding downwards, then the force
	P  W   sin (α  – φ)  500   sin (25  – 20) N
	
	

	1
	cos φ
	
	cos 20
	
	

	
	
	
	
	
	

	 500 
	sin 5
	 500 
	0.0872   46.4 N
	Ans.
	

	
	cos 20
	
	
	
	

	
	
	
	0.9397
	
	


Maximum value of P

We know that for the maximum value of P, the body is at the point of sliding upwards. We also know that when the body is at the point of sliding upwards, then the force
	P   W   sin (α    φ)  500   sin (25  20) N
	
	

	2
	cos φ
	
	cos 20
	
	

	
	
	
	
	
	

	 500 
	sin 45
	 500 
	0.7071
	 376.2 N
	Ans.
	

	
	cos 20
	
	0.9397
	
	
	

	
	
	
	
	
	
	



Example 8.6. An inclined plane as shown in Fig. 8.10. is used to unload slowly a body weighing 400 N from a truck 1.2 m high into the ground.
[image: ]










Fig. 8.10.


The coefficient of friction between the underside of the body and the plank is 0.3. State whether it is necessary to push the body down the plane or hold it back from sliding down. What minimum force is required parallel to the plane for this purpose ?
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Solution. Given: Weight of the body (W) = 400 N and coefficient of friction (μ) = 0.3.
Whether it is necessary to push the body down the plane or hold it back from sliding down.

We know that
	tan α    1.2   0.5   or
	α    26.5
	
	
	
	

	2.4
	
	
	
	
	

	and normal reaction,   R = W cos α = 400 cos 26.5° N
	
	
	
	

	
	
	
	
	

	= 400 × 0.8949 = 357.9 N
	
	
	
	

	∴ Force of friction,
	
	
	
	
	

	F = μR = 0.3 × 357.9 = 107.3 N
	...(i)
	
	
	

	
	
	
	
	

	Now resolving the 400 N force along the plane
	Fig. 8.11.
	

	= 400 sin α = 400 × sin 26.5° N
	
	

	
	
	
	
	

	= 400 × 0.4462 = 178.5 N
	
	
	...(ii)
	


[image: ]
We know that as the force along the plane (which is responsible for sliding the body) is more than the force of friction, therefore the body will slide down. Or in other words, it is not necessary to push the body down the plane, rather it is necessary to hold it back from sliding down. Ans.

Minimum force required parallel to the plane

We know that the minimum force required parallel to the plane to hold the body back, P = 178.5 – 107.3 = 71.2 N Ans.

Example 8.7. An effort of 200 N is required just to move a certain body up an inclined plane of angle 15° the force acting parallel to the plane. If the angle of inclination of the plane is made 20° the effort required, again applied parallel to the plane, is found to be 230 N. Find the weight of the body and the coefficient of friction.
Solution. Given: First case : When effort (P1) = 200 N, then angle of inclination (α1) = 15°
and second case : When effort (P2) = 230 N, then angle of inclination (α2) = 20°.

Let	μ = Coefficient of friction,

W = Weight of the body,

R = Normal reaction, and

F = Force of friction.
[image: ]










Fig. 8.12.

First of all, consider the body lying on a plane inclined at an angle of 15° with the horizontal

and subjected to an effort of 200 N as shown in Fig. 8.12 (a).

Resolving the forces at right angles to the plane,
R1 = W cos 15°	...(i)

[bookmark: page261][image: ]Contents




	
	
	
	Chapter 8 : Principles of Friction
	135
	

	and now resolving the forces along the plane,
	
	
	

	
	200 = F1 + W sin 15° = μ.R1 + W sin 15 °
	...(Q F = μ.R )
	

	
	
	= μ W cos 15° + W sin 15°
	...(Q R1 = W cos 15°)
	

	
	
	= W (μ cos 15° + sin 15°)
	
	...(ii)
	

	Now consider the body lying on a plane inclined at an angle of 20° with the horizontal and
	

	subjected to an effort of 230 N shown in Fig. 8.12 (b).
	
	
	

	Resolving the forces at right angles to the plane,
	
	
	

	
	R2 = W cos 20°
	
	
	...(iii)
	

	and now resolving the forces along the plane,
	
	
	

	
	230 = F2 + W sin 20° = μ R2 + W sin 20°
	...(Q F = μ.R)
	

	
	
	= μ W cos 20° + W sin 20°
	...(Q R2 = W cos 20°)
	

	
	
	= W (μ cos 20° + sin 20°)
	
	...(iv)
	

	Coefficient of friction
	
	
	
	
	

	Dividing equation (iv) by (ii),
	
	
	
	

	230
	 W ( μ cos 20  sin 20 )
	
	
	

	200
	W (μ cos15 sin 20)
	
	
	

	230 μ cos 15° + 230 sin 15° = 200 μ cos 20° + 200 sin 20°
	
	
	

	230 μ cos 15° – 200 μ cos 20° = 200 sin 20° – 230 sin 15°
	
	
	

	μ (230 cos 15° – 200 cos 20°) = 200 sin 20° – 230 sin 15°
	
	
	

	
	200 sin 20  – 230 sin 15
	(200  0.3420) – (230  0.2588)
	
	

	∴  μ 
	
	  (230  0.9659) – (200  0.9397)  0.259
	Ans.
	

	
	230 cos 15  – 200 cos 20
	
	
	


Weight of the body

Substituting the value of μ in equation (ii),

200 = W (0.259 cos 15° + sin 15°)

= W (0.259 × 0.9659 + 0.2588) = 0.509 W

	
	
	200
	
	Ans.
	

	
	
	
	
	
	

	∴
	W 
	0.509  392.9 N
	
	

	
	
	
	
	


EXERCISE 8.1

1. Find the horizontal force required to drag a body of weight 100 N along a horizontal plane. If the plane, when gradually raised up to 15°, the body will begin to slide. 

[Ans. 26.79 N]

Hint.	φ = 15°	or	μ = tan φ = tan 15° = 0.2679

2.	A body of weight 50 N is hauled along a rough horizontal plane by a pull of 18 N acting at an angle of 14° with the horizontal. Find the coefficient of friction. [Ans. 0.383]

3. A man is walking over a dome of 10 m radius. How far he can descend from the top of the dome without slipping ? Take coefficient of friction between the surface of the dome and 

shoes of the man as 0.6.	[Ans. 1.413 m]
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Hint. Let the man start from the top of the dome (A) and reach a point (B), beyond which he can not walk. Now let (W) be the weight of the man and (θ) and angle subtended by the arc AB at the centre of the dome.

	∴
	Normal reaction at
	B = W cos θ
	

	
	and force of friction, F = W sin θ
	

	∴
	W sin θ
	= μ.W cos θ
	

	
	tan θ
	= μ = 0.6   or
	θ = 31°



4. A force of 250 N pulls a body of weight 500 N up an inclined plane, the force being applied parallel to the plane. If the inclination of the plane to the horizontal is 15°, find 

the coefficient of friction.	[Ans. 0.25]

8.14. EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE SUBJECTED TO A FORCE ACTING HORIZONTALLY 

Consider a body lying on a rough inclined plane subjected to a force acting horizontally, which keeps it in equilibrium as shown in Fig. 8.13. (a) and (b).

W = Weight of the body,

α = Angle, which the inclined plane makes with the horizontal, R = Normal reaction,

μ = Coefficient of friction between the body and the inclined plane, and φ = Angle of friction, such that μ = tan φ. 

A little consideration will show that if the force is not there, the body will slide down on the plane. Now we shall discuss the following two cases :
1. Minimum force (P1) which will keep the body in equilibrium, when it is at the point of sliding downwards.
[image: ][image: ][image: ]












Fig. 8.13.

In this case, the force of friction (F1 = μ.R1) will act upwards, as the body is at the point of sliding downwards as shown in Fig. 8.13. (a). Now resolving the forces along the plane,

P1 cos α = W sin α – μ R1 ...(i) and now resolving the forces perpendicular to the plane,

R1 = W cos α + P1 sin α ...(ii) Substituting this value of R1 in equation (i),

P1 cos α = W sin α – μ(W cos α + P1 sin α) = W sin α – μW cos α – μP1 sin α
P1 cos α + μP1 sin α = W sin α – μW cos α
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P1(cos α + μ sin α) = W (sin α – μ cos α)
	∴
	P  W   (sin α  – μ cos α)
	

	
	1
	(cos α   μ sin α)
	

	
	
	
	

	Now substituting the value of μ = tan φ in the above equation,
	

	P  W  (sin α – tan φ cos α)
	
	

	1
	(cos α  tan φ sin α)
	
	

	
	
	
	

	Multiplying the numerator and denominator by cos φ,
	
	

	P
	 W   sin α  cos φ  – sin φ cos α
	 W   sin (α  – φ)
	

	1
	cos α  cos φ  sin α sin φ
	cos (α  – φ)
	

	
	
	
	

	
	= W tan (α – φ)
	...(when α > φ)
	

	
	= W tan (φ – α)
	...(when φ > α)
	


2. Maximum force (P2) which will keep the body in equilibrium, when it is at the point of sliding upwards
	In this case, the force of friction (F2 = μR 2) will act downwards, as the body is at the point of
	

	sliding upwards as shown in Fig.8.12. (b). Now resolving the forces along the plane,
	

	
	P2 cos α = W sin α + μR2
	...(iii)
	

	and now resolving the forces perpendicular to the plane,
	
	

	
	R2 = W cos α   P2 sin α
	...(iv)
	

	Substituting this value of R2 in the equation (iii),
	
	

	
	P2 cos α
	= W sin α + μ (W cos α + P2 sin α)
	

	
	
	= W sin α + μ W cos α + μ P2 sin α
	

	P2 cos α – μ P2 sin α = W sin α + μ W cos α
	
	

	P2 (cos α – μ sin α) = W (sin α + μ cos α)
	
	

	∴
	P2
	 W   (sin α   μ cos α)
	
	

	
	
	(cos α  – μ sin α)
	
	

	Now substituting the value of μ = tan φ in the above equation,
	

	
	P  W   sin α   tan φ cos α
	
	

	
	2
	cos α  – tan φ sin α
	
	

	
	
	
	
	

	Multiplying the numerator and denominator by cos φ,
	
	

	
	P  W   sin α cos φ  sin φ cos α
	 W   sin (α   φ)
	

	
	2
	cos α cos φ  – sin φ sin α
	cos (α   φ)
	

	
	
	
	
	



= W tan (α + φ)

Example 8.8. An object of weight 100 N is kept in position on a plane inclined 30° to the horizontal by a horizontally applied force (F). If the coefficient of friction of the surface of the inclined plane is 0.25, determine the minimum magnitude of the force (F).

Solution. Given: Weight of the object (W ) = 100 N; Angle at which plane is inclined (α) = 30° and coefficient of friction (μ) = 0.25 = tan φ or φ = 14°.

We know that the minimum magnitude of the force to kept the object in position (when it is at the point of sliding downwards),

F = W tan (α – φ) = 100 tan (30° – 14°) = 100 tan 16° = 100 × 0.2867 = 28.67 N Ans.
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Example 8.9. A load of 1.5 kN, resting on an inclined rough plane, can be moved up the plane by a force of 2 kN applied horizontally or by a force 1.25 kN applied parallel to the plane. Find the inclination of the plane and the coefficient of friction.

Solution. Given: Load (W ) = 1.5 kN; Horizontal effort (P1) = 2 kN and effort parallel to the inclined plane (P2) = 1.25 kN.

Inclination of the plane

Let	α = Inclination of the plane, and φ = Angle of friction.
[image: ]










Fig. 8.14.

First of all, consider the load of 1.5 kN subjected to a horizontal force of 2 kN as shown in Fig. 8.14 (a). We know that when the force is applied horizontally, then the magnitude of the force, which can move the load up the plane.

	
	P
	= W tan (α + φ)
	
	
	

	or
	2
	= 1.5 tan (α + φ)
	
	
	

	∴
	tan ( α    φ) 
	2
	 1.333
	or
	(α + φ) = 53.1°
	

	
	
	
	
	
	
	

	
	
	1.5
	
	
	
	



Now consider the load of 1.5 kN subjected to a force of 1.25 kN along the plane as shown in Fig. 8.14 (b). We Know that when the force is applied parallel to the plane, then the magnitude of the force, which can move the load up the plane,
	
	P  W   sin ( α   φ)
	
	
	
	

	
	
	
	cos φ
	
	
	
	
	

	or
	1.25  1.5   sin 53.1
	 1.5 
	0.8
	
	1.2
	

	
	
	
	cos φ
	
	cos φ
	

	
	
	
	cos φ
	
	
	
	
	

	∴
	cos φ 
	1.2
	 0.96
	or
	φ = 16.3°
	

	
	
	
	
	
	
	

	
	1.25
	
	
	
	
	

	and
	α = 53.1° – 16.3° = 36.8°
	Ans.
	

	Coefficient of friction
	
	
	
	
	

	We know that the coefficient of friction,
	
	
	
	

	
	μ = tan φ = tan 16.3° = 0.292
	Ans.
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Example 8.10. Two blocks A and B, connected by a horizontal rod and frictionless hinges are supported on two rough planes as shown in Fig. 8.15.
[image: ]











Fig. 8.15.

The coefficients of friction are 0.3 between block A and the horizontal surface, and 0.4 between block B and the inclined surface. If the block B weighs 100 N, what is the smallest weight of block A, that will hold the system in equilibrium?

Solution. Given: Coefficient of friction between block A and horizontal surface (μA) = 0.3; Coefficient of friction between block B and inclined surface (μB) = 0.4 and weight of block B (WB) = 100 N.

Let	WA = Smallest weight of block A.

We know that force of friction of block A, which is acting horizontally on the block B,

P = μA WA = 0.3 × WA = 0.3 WA and angle of friction of block B

tan φ = μB = 0.4   or   φ = 21.8°

We also know that the smallest force, which will hold the system in equilibrium (or will prevent the block B from sliding downwards),

P = WB tan (α – φ) = 100 tan (60° – 21.8°)

	or
	0.3 WA = 100 tan 38.2° = 100 × 0.7869 = 78.69

	∴
	WA
	
	78.69
	 262.3 N
	Ans.

	
	
	
	0.3
	
	



Alternative method

Consider the equilibrium of block B. We know that it is in equilibrium under the action of the following four forces as shown in Fig. 8.16.

1. Its own weight 100 N 

2. Normal reaction R, 

3.  Force of friction of block A (acting horizontally on B),
[image: ]
FA = μA × WA = 0.3 × WA = 0.3 WA

4.  Force of friction between the block B and inclined surface,

F = μB × R = 0.4 R Resolving the forces along the plane,
[image: ]
	
	F = 100 cos 30° – 0.3 WA cos 60°
	
	

	
	= 100 × 0.866 – 0.3 WA × 0.5
	Fig. 8.16.  ...(i)
	

	or
	0.4 R = 86.6 – 0.15 W
	A
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and now resolving the forces at right angles to the plane, R = 0.3 WA cos 30° + 100 sin 30°
= 0.3 WA × 0.866 + 100 × 0.5
= 0.26 WA + 50 ...(ii) Substituting the value of R in equation (i)

0.4 (0.26 WA + 50) = 86.6 – 0.15 WA 0.104 WA + 20 = 86.6 – 0.15 WA 

0.254 WA = 86.6 – 20 = 66.6 

	∴
	WA 
	66.6
	 262.2 NAns.
	

	
	
	0.254
	
	

	
	
	
	
	



8.15. EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE SUBJECTED TO A FORCE ACTING AT SOME ANGLE WITH THE INCLINED PLANE 

Consider a body lying on a rough inclined plane subjected to a force acting at some angle with the inclined plane, which keeps it in equilibrium as shown in Fig. 8.17 (a) and (b).

Let	W = Weight of the body,

α = Angle which the inclined plane makes with the horizontal, θ = Angle which the force makes with the inclined surface,

R = Normal reaction,

μ = Coefficient of friction between the body and the inclined plane, and φ = Angle of friction, such that μ = tan φ. 

A little consideration will show that if the force is not there, the body will slide down the plane. Now we shall discuss the following two cases :
1. Minimum force (P1) which will keep the body in equilibrium when it is at the point of sliding downwards.
[image: ]











Fig. 8.17.

In this case, the force of friction (F1 = μR1) will act upwards, as the body is at the point of sliding downwards as shown in Fig. 8.17 (a). Now resolving the forces along the plane,

P1 cos θ = W sin α – μR1 ...(i) and now resolving the forces perpendicular to the plane,

R1 = W cos α – P1 sin θ	...(ii)
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Substituting the value of R1 in equation (i),

	
	P1 cos θ = W sin α – μ (W cos α – P1 sin θ)
	

	
	
	= W sin α – μ W cos α + μ P1 sin θ
	

	
	P1 cos θ – μ P1 sin θ = W sin α – μ W cos α
	

	
	P1(cos θ – μ sin θ) = W (sin α – μ cos α)
	

	∴
	P  W   (sin α  – μ cos α)
	

	
	1
	(cos θ – μ sin θ)
	

	
	
	
	


and now substituting the value of μ = tan φ in the above equation,
	P  W   (sin α  – tan φ cos α)
	

	1
	(cos θ – tan φ sin θ)
	

	
	
	



Multiplying the numerator and denominator by cos φ,
	P
	 W   (sin α cos φ  – sin φ cos α )  W
	  sin ( α  – φ)
	

	1
	(cos θ cos φ  – sin φ sin θ )
	cos ( θ   φ)
	

	
	
	
	


2. Maximum force (P2) which will keep the body in equilibrium, when it is at the point of sliding upwards.

In this case, the force of friction (F2 = μ R2) will act downwards as the body is at the point of sliding upwards as shown in Fig. 8.17 (b). Now resolving the forces along the plane.

P2 cos θ = W sin α + μ R2 ...(iii) and now resolving the forces perpendicular to the plane,

R2 = W cos α – P2 sin θ ...(iv) Substituting the value of R2 in equation (iii),

P2 cos θ = W sin α + μ (W cos α – P2 sin θ) = W sin α + μ W cos α – μ P2 sin θ

P2 cos θ + μ P2 sin θ = W sin α + μ W cos α P2 (cos θ + μ sin θ) = W (sin α + μ cos α)
	∴
	P   W   (sin α   μ cos α)
	

	
	2
	(cos θ  μ sin θ)
	

	
	
	
	



and now substituting the vaue of μ = tan φ in the above equation,
	P   W   (sin α   tan φ cos α)
	

	2
	(cos θ   tan φ sin θ)
	

	
	
	



Multiplying the numerator and denominator by cos φ,
	P
	 W  (sin α cos φ  sin φ cos α)
	 W 
	sin (α  φ)
	
	

	
	
	
	
	
	

	2
	(cos θ cos φ  sin φ sin θ)
	
	cos (θ – φ)
	

	
	
	
	
	



Example 8.11. Find the force required to move a load of 300 N up a rough plane, the force being applied parallel to the plane. The inclination of the plane is such that when the same load is kept on a perfectly smooth plane inclined at the same angle, a force of 60 N applied at an inclination of 30° to the plane, keeps the same load in equilibrium.

Assume coefficient of friction between the rough plane and the load to be equal to 0.3.
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Solution. Given: Load (W ) = 300 N; Force (P1) = 60 N and angle at which force is inclined (θ) = 30°,
Let	α = Angle of inclination of the plane.
First of all, consider the load lying on a smooth plane inclined at an angle (α) with the horizontal and subjected to a force of 60 N acting at an angle 30° with the plane as shown in Fig. 8.18 (a).
[image: ][image: ][image: ]










Fig. 8.18.

We know that in this case, because of the smooth plane μ = 0 or φ = 0. We also know that the force required, when the load is at the point of sliding upwards (P),

	
	60  W 
	sin(α  φ)
	 300
	
	sin α
	 300 
	sin α
	 346.4 sin α
	

	
	
	cos(θ – φ)
	
	
	
	cos 30
	
	
	0.866
	
	

	
	
	60
	
	
	
	
	
	
	
	
	
	...(Q φ = 0)
	

	or
	sin α  
	
	
	 0.1732
	
	
	or
	α = 10°
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	346.4
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	



Now consider the load lying on the rough plane inclined at an angle of 10° with the horizontal as shown in Fig. 8.18. (b). We know that in this case, μ = 0.3 = tan φ or φ = 16.7°.

We also know that force required to move the load up the plane,
	P  W  sin( α  φ)  300 
	sin (10 16.7)
	N
	
	

	
	
	
	
	

	cos φ
	
	
	cos 16.7
	
	
	

	 300   sin 26.7
	 300 
	0.4493  140.7 N
	Ans.
	

	cos 16.7 
	
	
	0.9578
	
	
	


Alternative method

Ist case

Given: In this case load (P) = 60 N; Angle (θ) = 30° and force of friction F = 0 (because of smooth plane). Resolving the forces along the inclined plane,

60 cos 30° = 300 sin α
	∴
	sin α    60 cos 30   
	60  0.866  0.1732
	or
	α = 10°
	

	
	300
	300
	
	
	

	2nd case
	
	
	
	
	

	Given: In this case, coefficient of friction (μ) = 0.3 = tan φ
	or
	φ = 16.7°
	

	Let
	P = Force required to move the load up the plane,
	

	
	R = Normal reaction, and
	
	
	

	
	F = Force of friction equal to 0.3 R.
	
	
	

	Resolving the forces along the plane,
	
	
	

	
	P = F + 300 sin 10° = 0.3 R + (300 × 0.1732) = 0.3 R + 51.96 N
	...(i)
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and now resolving the forces at right angles to the plane,

R = 300 cos 10° = 300 × 0.9849 = 295.5 N ...(ii) Substituting the value of R in equation (i),

P = (0.3 × 295.5) + 51.96 = 140.7 N	Ans.

Example 8.12. The upper half of an inclined having inclination θ with the horizontal is smooth, while the lower half in rough as shown in Fig 8.19.
[image: ]








Fig. 8.19.

If a body of weight W slides down from rest at the top, again comes to rest at the bottom of the plane, then determine the value of coefficient of friction for the lower half of the plane.

Solution. Given: Angle of inclination = θ and weight of the body = W.

	Let
	μ  = Coefficient of friction for the lower half of the inclined alone.

	We know that acceleration on the smooth surface of the plane

	
	= g sin θ
	...(i)

	and retardation on the rough surface of the plane
	

	
	= – g (sin θ – μ cos θ)
	...(Minus sign due to retardation)

	
	= g (μ cos θ – sin θ)
	...(ii)



Since body starts from rest at the top comes to rest at the bottom of therefore acceleration on the smooth surface is equal to retardation on the rough surface.

	∴
	g sin θ = g (μ cos θ – sin θ)
	or
	sin θ = μ cos θ – sin θ

	or
	μ cos θ = 2 sin θ
	or
	μ = 2 tan θ
	Ans.



Example 8.13. Two loads, W1 (equal to 1 kN ) and W2 resting on two inclined rough planes OA and OB are connected by a horizontal link PQ as shown in Fig. 8.20.
[image: ]










Fig. 8.20.

Find the maximum and minimum values of W2 for which the equilibrium can exist. Take angle of friction for both the planes as 20°.

Solution. Given: First load (W1) = 1 kN ; Angle made by inclined plane OA with the hori-zontal (α1) 45°; Angle made by inclined plane OB with the horizontal (α2) = 30° and Angle of friction for both the planes (φ) = 20°.
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	Maximum value of W2
	

	
	We know that for maximum value of W2, the load W2 will be at the point of sliding down-

	wards whereas the load W1 will be at the point of sliding upwards. We also know that when the load

	W1 is
	at the point of sliding upwards on the plane OA, the horizontal thrust in the link PQ,
	

	
	P = W1 tan (α 1 + φ) = 1 × tan (45° + 20°) kN
	

	
	= 1 tan 65° = 1 × 2.1445 = 2.1445 kN
	...(i)



and when the load W2 is at the point of sliding downwards on the plane OB, the horizontal thrust in the link PQ

P = W2 tan (α2 – φ) = W2 tan (30° – 20°) kN
= W2 tan 10° = W2 × 0.1763 kN	...(ii)

Since the values of the horizontal thrusts in the link PQ, obtained in both the above equations is the same, therefore equating equations (i) and (ii),

2.1445 = W2 × 0.1763
	∴
	W2
	
	2.1445
	 12.16 kN
	Ans.
	

	
	
	
	0.1763
	
	
	

	
	
	
	
	
	
	


Minimum value of W2
We know that for maximum value of W2, the load W2 will be at the point of sliding upwards whereas the load W1 will be at the point of sliding downwards. We also know that when the load W1 is at the point of sliding downwards on the plane OA, the horizontal thrust in the link PQ,
P = W1 tan (α1 – φ) = 1 × tan (45° – 20°) kN

= 1 × tan 25° = 1 × 0.4663 = 0.4663 kN ...(iii) and when the load W2 is at the point of sliding upwards on the plane OB, the horizontal thrust in the link PQ,

P = W2 tan (α2 + φ) = W2 (30° + 20°) kN

= W2 tan 50° = W2 × 1.1918 kN ...(iv) Since the values of the horizontal thrust in the link PQ, obtained in the above equations is the

same, therefore, equating (iii) and (iv), 0.4663 = W2 × 1.1918

	∴
	W2
	
	0.4663
	 0.391 kN  391 N
	Ans.

	
	
	
	1.1918
	
	


Example 8.14. A block (A) weighing 1 kN rests on a rough inclined plane whose inclina-tion to the horizontal is 45°. This block is connected to another block (B) weighing 3 kN rests on a rough horizontal plane by a weightless rigid bar inclined at an angle of 30° to the horizontal as shown in Fig. 8.21.
[image: ]









Fig. 8.21.


Find horizontal force (P) required to be applied to the block (B) just to move the block (A) in upward direction. Assume angle of limiting friction as 15° at all surface where there is sliding.
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6 , the solid will slide before it topples.
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Solution. Given: Weight of block A (WA) = 1 kN; Weight of block B (WB) = 3 kN; Angle of inclination of plane with horizontal (α) = 45° or coefficient of friction (μ) = tan φ = tan 15° = 0.2679 or angle between rod and inclined plane (θ) = 45° – 30° = 15° and angle of limiting friction (φ) = 15°.

First of all, consider the equilibrium of the block (A), which is subjected to the forces as shown in Fig. 8.22 (a).
[image: ]















Fig. 8.22.

We know that the thrust or force in the rigid bar just to move the block (A) in the upward direction,
	T  WA   sin ( α  φ)
	 1 
	
	sin (45  15 )
	
	kN
	

	
	
	cos (– 15  – 15)
	
	

	
	cos ( θ  – φ)
	
	
	
	

	
	
	
	
	
	
	...(The value of θ is taken as negative)
	

	 1 
	sin 60
	
	 1  sin 60
	 1  0.866  1kN
	...[Q cos (– θ) = cos θ ]
	

	
	cos (– 30)
	
	
	
	

	
	
	
	cos 30
	0.866
	
	
	



Now consider the equilibrium of the block (B), which is subjected to the forces as shown in Fig. 8.22 (b). We know that as the block is at the point of sliding towards left, therefore, the force of friction (FB = μ RB) will act towards right as shown in the figure. Now resolving the forces vertically,

RB = 3 + 1 sin 30° = 3 + (1 × 0.5) = 3.5 kN and now resolving the forces horizontally,
P = 1 cos 30° + FB = (1 × 0.866) + (0.2679 × 3.5) = 1.8 kN	Ans.
[image: ]
Example 8.15. A solid body is formed by joining the base of a right circular cone of height 12 cm to the equal base of a right circular cylinder of height 3 cm. The solid is placed with its face on a rough inclined plane, and the inclination to the horizontal of the plane is gradually increased. Show that if radius r of the base is 2 cm, and the coefficient of friction μ = 0.5, the body will topple over before it begins to slide.

If the heights are so chosen that the centre of mass of the solid is at the centre of the common

base, show that if μH < r
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Solution. Given: Height of right circular cone (H) = 12 cm; Height of right circular cylinder (h) = 3 cm; Radius of the base (r) = 2 cm and coefficient of friction (μ) = 0.5.
[image: ]
We have already found out in example 6.6 that the centre of gravity of the body is at a height of 4.07 cm from the base. A little consideration will show, that when the body is at the point of toppling, the weight of the body will pass through the extreme point B as shown in Fig. 8.23. Thus in the limiting case, the angle (θ1) at which the body is inclined with the horizontal is given by:
	[image: ]tan θ     BD
	
	2
	 0.49
	

	
	
	
	
	

	1
	DG
	
	4.07
	
	


Thus we see that the angle (θ1) is less than the angle (θ). It is so, as the value of tan θ1 (equal to 0.49) is less than tan θ (equal to 0.5). Or in other words, the angle of inclination is less than the angle of friction. Thus the body will topple over before it begins to slide.

Ans.

	Now in the second case, let us first find out the relation be-
	Fig. 8.23.



tween h and H from the given condition that the centre of the body is at the centre of the common base (G) as shown in Fig. 8.24. [image: ]
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	Fig. 8.24.
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	1 π r 2
	H
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	In this case, when the body is at the point of toppling, the angle (θ2) at which it is inclined
	

	with the horizontal is given by :
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	tan θ 2
	
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	
	
	r
	
	
	r
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Now if the body is to slide before toppling, the angle of friction should be less than the angle of friction. Or in other words, tan θ should be less than tan θ2, Mathematically,
[image: ]
	μ 
	r  6
	or   μ H  r  6Ans.
	

	
	H
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EXERCISE 8.2

1. A load of 500 N is lying on an inclined plane, whose inclination with the horizontal is 30°. If the coefficient of friction between the load and the plane is 0.4, find the minimum and maximum horizontal force, which will keep the load in equilibrium. 

[Ans. 72.05 N, 635.4 N]

2. Two blocks A and B of weight 100 N and 300 N respectively are resting on a rough inclined plane as shown in Fig. 8.25. 

Find the value of the angle (θ) when the block B is about to slide. Take coefficient of friction between the two blocks as well as block B and the inclined plane as 0.25. 

[Ans. 22.6°]
[image: ]












Fig. 8.25.	Fig. 8.26.

3. A rectangular prism (W) weighing 150 N, is lying on an inclined plane whose inclination with the horizontal is shown in Fig. 8.26. 

The block is tied up by a horizontal string, which has a tension of 50 N. From fundamentals find (i) the frictional force on the block (ii) the normal reaction of the inclined plane, (iii) the coefficient of friction between the surface of contact. 

[Ans. 70.7 N ; 141.4 N ; 0.5 ;]

QUESTIONS

1. What do you understand by the term friction ? Explain clearly why it comes into play ? 

2. How will you distinguish between static friction and dynamic friction ? 

3. State the laws of friction. 

4. Explain the term angle of friction. 

5. Define coefficient of friction and limiting friction. 

OBJECTIVE TYPE QUESTIONS

1. The force of friction between two bodies in contact (a) Depends upon the area of their contact 

(b) Depends upon the relative velocity between them (c) Is always normal to the surface of their contact (d) All of the above 
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2. The magnitude of the force of friction between two bodies, one lying above the other, depends upon the roughness of the 

	(a) Upper body
	(b)
	Lower body

	(c) Both the bodies
	(d)
	The body having more roughness



3. The force of friction always acts in a direction opposite to that (a) In which the body tends to move 

(b) In which the body is moving (c) Both (a) and (b) 

(d) None of the two 

4. Which of the following statement is correct ? 

(a) The force of friction does not depend upon the area of contact 

(b) The magnitude of limiting friction bears a constant ratio to the normal reaction between the two surfaces 

(c) The static friction is slightly less than the limiting friction. (d) All (a), (b) and (c) 

ANSWERS

1.  (c)	2. (c)	3. (c)	4. (d)
[image: ]
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9.1.  INTRODUCTION

In the last chapter, we have discussed the principles of friction of various types. Though these principles have a number of applications in Engineering-science, yet the following are important from the subject point of view:

1.  Ladder friction

2.  Wedge friction

3.  Screw friction.

9.2.  LADDER FRICTION

The ladder is a device for climbing or scaling on the roofs or walls. It consists of two long uprights of wood, iron or rope connected by a number of cross pieces called rungs. These runing serve as steps.
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Consider a ladder AB resting on the rough ground and leaning against a wall, as shown in Fig. 9.1.
[image: ]
As the upper end of the ladder tends to slip downwards, therefore the direction of the force of friction between the ladder and the wall
[image: ](Fw) will be upwards as shown in the figure. Similarly, as the lower end of the ladder tends to slip away from the wall, therefore the direction of the force of friction between the ladder and the floor (Ff) will be towards the wall as shown in the figure.

Since the system is in equilibrium, therefore the algebraic sum of the horizontal and vertical components of the forces must also be equal to zero.
Fig. 9.1. Ladder friction
Note: The normal reaction at the floor (Rf) will act perpendicular of the floor. Similarly, normal reaction of the wall (Rw) will also act perpendicular to the wall.

Example 9.1. A uniform ladder of length 3.25 m and weighing 250 N is placed against a smooth vertical wall with its lower end 1.25 m from the wall. The coefficient of friction between the ladder and floor is 0.3.

What is the frictional force acting on the ladder at the point of contact between the ladder and the floor? Show that the ladder will remain in equilibrium in this position.

Solution. Given: Length of the ladder (l) = 3.25 m; Weight of the ladder (w) = 250 N; Distance between the lower end of ladder and wall = 1.25 m and coefficient of friction between the

ladder and floor (μf) = 0.3.
[image: ]
Frictional force acting on the ladder.

The forces acting on the ladder are shown in Fig. 9.2.

let	Ff = Frictional force acting on the ladder at the

Point of contact between the ladder and

floor, and

Rf = Normal reaction at the floor.

Since the ladder is placed against a smooth vertical wall, therefore there will be no friction at the point of contact between the ladder and wall. Resolving the forces vertically,
[image: ]
Rf = 250 N

From the geometry of the figure, we find that
[image: ]
BC     (3.25) 2 – (1.25) 2  3.0 m

Taking moments about B and equating the same,

Ff × 3 = (Rf × 1.25) – (250 × 0.625) = (250 × 1.25) – 156.3 = 156.2 N

	∴
	Ff 
	156.2
	 52.1N
	Ans.

	
	
	3
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Equilibrium of the ladder

We know that the maximum force of friction available at the point of contact between the ladder and the floor
= μRf = 0.3 × 250 = 75 N

Thus we see that the amount of the force of friction available at the point of contact (75 N) is more than the force of friction required for equilibrium (52.1 N). Therefore the ladder will remain in an equilibrium position. Ans.

Example 9.2. A ladder 5 meters long rests on a horizontal ground and leans against a smooth vertical wall at an angle 70° with the horizontal. The weight of the ladder is 900 N and acts at its middle. The ladder is at the point of sliding, when a man weighing 750N stands on a rung 1.5 metre from the bottom of the ladder.

Calculate the coefficient of friction between the ladder and the floor.

Solution. Given: Length of the ladder (l) = 5 m; Angle which the ladder makes with the horizontal (α) = 70°; Weight of the ladder (w1) = 900 N; Weight of man (w2) = 750 N and distance between the man and bottom of ladder = 1.5 m.
[image: ]
Forces acting on the ladder are shown in Fig. 9.3.

Let	μf  = Coefficient of friction between ladder and
floor and

Rf  = Normal reaction at the floor.

Resolving the forces vertically,

	
	Rf  = 900 + 750 = 1650 N
	...(i)
	

	∴      Force of friction at A
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	Ff  = μf × Rf = μf × 1650
	...(ii)
	
	
	

	
	
	
	
	
	

	Now taking moments about B, and equating the same,
	
	
	
	Fig. 9.3.
	

	Rf
	× 5 sin 20° = (Ff × 5 cos 20°) + (900 × 2.5 sin 20°)
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	+ (750 × 3.5 sin 20°)
	
	
	
	
	
	
	


[image: ]
= (Ff × 5 cos20°) + (4875 sin 20°)

= (μf × 1650 × 5 cos 20°) + 4875 sin 20° and now substituting the values of Rf and Ff from equations (i) and (ii)

1650 × 5 sin 20° = (μf × 1650 × 5 cos 20°) + (4875 sin 20°) Dividing both sides by 5 sin 20°,

	
	1650 = (μf
	× 1650 cot 20°) + 975

	
	= (μf
	× 1650 × 2.7475) + 975 = 4533 μf + 975

	∴
	μ f  1650 – 975  0.15
	Ans.

	
	
	4533
	



Example 9.3. A uniform ladder of 4 m length rests against a vertical wall with which it makes an angle of 45°. The coefficient of friction between the ladder and the wall is 0.4 and that between ladder and the floor is 0.5. If a man, whose weight is one-half of that of the ladder ascends it, how high will it be when the ladder slips?
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Solution. Given: Length of the ladder (l) = 4 μ; Angle which the ladder makes with the horizontal (α) = 45°; Coefficient of friction between the ladder and the wall (μw) = 0.4 and coefficient of friction between the ladder and the floor (μf) = 0.5.

The forces acting on the ladder are shown in Fig. 9.4.
[image: ]
	Let
	x = Distance between A and the man,
	
	

	
	when the ladder is at the point
	
	
	
	

	
	
	
	
	
	

	
	of slipping.
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	

	
	W = Weight of the ladder, and
	
	
	

	
	Rf = Normal reaction at floor.
	

	∴     Weight of the man
	
	
	
	
	
	
	
	
	
	

	
	 W  0.5 W
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	2
	
	
	
	
	
	
	
	
	
	

	We know that frictional force at the floor,
	
	
	
	Fig. 9.4.
	

	
	Ff = μf Rf = 0.5 Rf
	
	
	
	
	
	
	
	...(i)
	

	and frictional force at the wall,
	
	
	
	
	
	
	
	
	
	

	
	Fw = μw Rw = 0.4 Rw
	
	
	
	
	
	
	
	...(ii)
	

	Resolving the forces vertically,
	
	
	
	
	
	
	
	
	
	

	
	Rf + Fw = W + 0.5W = 1.5 W
	
	
	
	
	
	
	...(iii)
	

	and now resolving the forces horizontally,
	
	
	
	
	
	
	
	
	
	

	
	Rw = Ff = 0.5 Rf    or
	Rf = 2Rw
	


[image: ][image: ]Now substituting the values of Rf and Fw in equation (iii), 2Rw + 0.4 Rw = 1.5 W




and














∴



	∴
	Rw  1.5 W  0.625 W
	
	

	
	2.4
	
	

	
	Fw = 0.4 Rw = 0.4 × 0.625 W = 0.25 W
	...(iv)

	Taking moments about A and equating the same,
	

	(W × 2 cos 45°) + (0.5 W × x cos 45°)
	
	

	
	= (Rw × 4 sin 45°) + (Fw × 4 cos 45°)
	

	Substituting values of Rw and Fw from equations (iii) and (iv) in the above equation,
	

	(W × 2 cos 45°) + (0.5 W × x cos 45°)
	
	

	
	= (0.625 W × 4 sin 45°) + (0.25 W × 4 cos 45°)
	

	Dividing both sides by (W sin 45°)*,
	
	

	
	2 + 0.5 x = 2.5 + 1 = 3.5
	
	

	
	x   3.5 – 2  3.0m
	Ans.
	

	
	0.5
	
	




* sin 45° = cos 45° = 0.707
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       A wedge is, usually, of a triangular or trapezoidal in cross-section. It is, generally, used for
slight adjustements in the position of a body i.e. for tightening fits or keys for shafts. Sometimes, a
wedge is also used for lifting heavy weights as shown in Fig. 9.10.
Fig. 9.10.
       It will be interesting to know that the problems on wedges are basically the problems of
equilibrium on inclined planes. Thus these problems may be solved either by the equilibrium method
or by applying Lami’s theorem. Now consider a wedge ABC, which is used to lift the body DEFG.
       Let W = Weight fo the body DEFG,
           P = Force required to lift the body, and
           = Coefficient of friction on
the planes AB, AC and DE such that
        tan = 
A little consideration will show that when the force is sufficient to lift the body, the sliding
will take place along three planes AB, AC and DE will also occur as shown in Fig. 9.11 (a) and (b).
Fig. 9.11.
     The three reactions and the horizontal force (P) may now be found out either by graphical
method or analytical method as discussed below:
Graphical method
      1. First of all, draw the space diagram for the body DEFG and the wedge ABC as shown in
          Fig. 9.12 (a). Now draw the reactions R1, R2 and R3 at angle f with normal to the faces
          DE, AB and AC respectively (such that tan = 

[image: ]Contents
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2. Now consider the equilibrium of the body DEFG. We know that the body is in equilib-
   rium under the action of
      (a) Its own weight (W) acting downwards
      (b) Reaction R1 on the face DE, and
      (c) Reaction R2 on the face AB.
   Now, in order to draw the vector diagram for the above mentioned three forces, take
   some suitable point l and draw a vertical line lm parallel to the line of action of the weight
   (W) and cut off lm equal to the weight of the body to some suitable scale. Through l draw
   a line parallel to the reaction R1. Similarly, through m draw a line parallel to the reaction
   R2, meeting the first line at n as shown in Fig. 9.12 (b).
Fig. 9.12.
       3. Now consider the equilibrium of the wedge ABC. We know that it is equilibrium under
            the action of
              (a) Force acting on the wedge (P),
              (b) Reaction R2 on the face AB, and
              (c) Reaction R3 on the face AC.
            Now, in order to draw the vector diagram for the above mentioned three forces, through m
            draw a horizontal line parallel to the force (P) acting on the wedge. Similarly, through n
            draw a line parallel to the reaction R3 meeting the first line at O as shown in Fig. 9.12 (b).
       4. Now the force (P) required on the wedge to raise the load will be given by mo to the
            scale.
Analytical method
       1. First of all, consider the equilibrium of the body DEFG. And resolve the forces W, R1
            and R2 horizontally as well as vertically.
       2. Now consider the equilibrium of the wedge ABC. And resolve the forces P, R2 and R3
            horizontally as well as vertically.
       Example 9.6. A block weighing 1500 N, overlying a 10° wedge on a horizontal floor and
leaning against a vertical wall, is to be raised by applying a horizontal force to the wedge.
       Assuming the coefficient of friction between all the surface in contact to be 0.3, determine
the minimum horizontal force required to raise the block.
       Solution. Given: Weight of the block (W) = 1500 N; Angle of the wedge (α) = 10° and
coefficient of friction between all the four surfaces of contact (μ) = 0.3 = tan or = 16.7°.

[image: ]Contents
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Let
P = Minimum horizontal force required to raise the block.
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     The example may be solved graphically or analytically. But we shall solve it by both the
methods.
Fig. 9.13.
Graphical method
      1. First of all, draw the space diagram for the block DEFG and the wedge ABC as shown in
           Fig. 9.13 (a). Now draw reactions R1, R2 and R3 at angles of (i.e. 16.7° with normal to
           the faces DE, AB and AC respectively.
      2. Take some suitable point l, and draw vertical line lm equal to 1500 N to some suitable
           scale (representing the weight of the block). Through l, draw a line parallel to the
           reaction R1. Similarly, through m draw another line parallel to the reaction R2 meeting
           the first line at n.
      3. Now through m, draw a horizontal line (representing the horizontal force P).
           Similarly,through n draw a line parallel to the reaction R3 meeting the first line at O as
           shown in Fig. 9.13(b).
      4. Now measuring mo to the scale, we find that the required horizontal force
                                P = 1420 N. Ans.
Analytical method
Fig. 9.14.
       First of all, consider the equilibrium of the block. We know that it is in equilibrium under
the action of the following forces as shown in Fig. 9.14 (a).
        1. Its own weight 1500 N acting downwards.
        2. Reaction R1 on the face DE.
        3. Reaction R2 on the face DG of the block.

[image: ]Contents
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Resolving the forces horizontally,
R1 cos (16.7°) = R2 sin (10 + 16.7°) = R2 sin 26.7°
R1 × 0.9578 = R2 × 0.4493
or
R2 = 2.132 R1
and now resolving the forces vertically,
R1 × sin (16.7°) + 1500 = R2 cos (10° + 16.7°) = R2 cos 26.7°
R1 × 0.2874 + 1500 = R2 × 0.8934 = (2.132 R1)0.8934
= 1.905 R1
R1(1.905 – 0.2874) = 1500
∴
and
R1 
 1500
       927.3 N
1.6176
    R2 = 2.132 R1 = 2.132 × 927.3 = 1977 N
...(R2 = 2.132 R1)
       Now consider the equilibrium of the wedge. We know that it is in equilibrium under the
action of the following forces as shown in Fig. 9.14 (b).
1. Reaction R2 of the block on the wedge.
2. Force (P) acting horizontally, and
3. Reaction R3 on the face AC of the wedge.
Resolving the forces vertically,
R3 cos 16.7° = R2 cos (10° + 16.7°) = R2 cos 26.7°
R3 × 0.9578 = R2 × 0.8934 = 1977 × 0.8934 = 1766.2
                             1766.2
                                    1844 N
                             0.9578
and now resolving the forces horizontally,
∴
R3 
P = R2 sin (10° + 16.7°) + R3 sin 16.7° = 1977 sin 26.7° + 1844 sin 16.7° N
= (1977 × 0.4493) + (1844 × 0.2874) = 1418.3 N
Ans.
      Example 9.7. A 15° wedge (A) has to be driven for tightening a body (B) loaded with 1000
N weight as shown in Fig. 9.15.
Fig. 9.15.
      If the angle of friction for all the surfaces is 14°, find graphically the force (P), which should
be applied to the wedge. Also check the answer analytically.
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      Solution. Given: Angle of the Wedge (α) = 15°; Weight acting on the body (W) = 1000 N
and angle of friction for all the surfaces of contact (φ) = 14°.
Graphical solution
Fig. 9.16.
       1. First of all, draw the space diagram for the body (B) and wedge (A) as shown in Fig. 9.16
            (a). Now draw the reactions R1, R2 and R3 at angles of 14° with normal to the faces.
       2. Take some suitable point l and draw a vertical line lm equal to 1000 N to some suitable
            scale, representing the weight of the body. Through l draw a line parallel to the reaction
            R2. Similarly, through m draw another line parallel to the reaction R1 meeting first line
            at n.
       3. Now through l draw a vertical line representing the vertical force (P). Similarly, through
            n draw a line parallel to the reaction R3 meeting the first line at O as shown in Fig. 9.16
            (b).
       4. Now measuring ol to the scale, we find that the required vertical force, P = 232 N Ans.
Analytical check
       First of all, consider equilibrium of the body. We know that it is in equilibrium under the
action of the following forces as shown in Fig. 9.17 (a).
Fig. 9.17.
1. Its own weight 1000 N acting downwards
2. Reaction R1 acting on the floor, and
3. Reaction R2 of the wedge on the body.
Resolving the forces horizontally,
               R1 sin 14° = R2cos (15° + 14°) = R2 cos 29°
R1 × 0.2419 = R2 × 0.8746
∴
R2 
0.8746
       R2 3.616 R2
0.2419
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R2 sin (15° + 14°) + 1000 = R1 cos 14°
R2 × 0.4848 + 1000 = R1 × 0.9703 = (3.616 R2) 0.9703 = 3.51 R2
or
∴
1000 = R2 (3.51 – 0.4848) = 3.0252 R2
R2 
and now resolving the forces vertically,
...(Q R1 = 3.616 R2)
                              1000
                                      330.6 N
                             3.0252
       Now consider equilibrium of the wedge. We know that it is in equilibrium under the action of
the following forces as shown in Fig. 9.17. (b) :
1. Reaction R2 of the body on the wedge,
2. Force (P) acting vertically downwards, and
3. Reaction R3 on the vertical surface.
Resolving the forces horizontally,
R3 cos 14° = R2 cos (14° + 15°) = R2 cos 29°
R3 × 0.9703 = R2 × 0.8746 = 330.6 × 0.8746 = 289.1
∴
R3 
 289.1
       297.9 N
0.9703
and now resolving the forces vertically,
                        P = R3 sin 14° + R2 sin (14° + 15°)
= (297.9 × 0.2419) + (330.6 × 0.4848) = 232.3 N
Ans.
EXERCISE 9.2
1. A block (A) of weight 5 kN is to be raised by means of a 20° wedge (B) by the application
   of a horizontal force (P) as shown in Fig. 9.18. The block A is constrained to move
   vertically by the application of a horizontal force (S). Find the magnitude of the forces F
   and S, when the coefficient of friction at the contact surfaces is 0.25.
[Ans. 4.62 kN; 3.77 kN]
Fig. 9.18.
Fig. 9.19.
2. A block weighing 10 kN is to be raised against a surface, which is inclined at 60° with the
   horizontal by means of a 15° wedge as shown in Fig. 9.19.
Find graphically the horizontal force (P) which will just start the block to move, if the
coefficient of friction between all the surfaces of contact be 0.2. Also check the answer
analytically.[Ans. 6 kN]

SCREW FRICTION
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       The screws, bolts, studs, nuts etc. are widely used in various machines and structures for
fastenings. These fastenings have screw threads, which are made by cutting a continuous helical
groove on a cylindrical surface. If the threads are cut on the outer surface of a solid rod, these are
known as external threads. But if the threads are cut on the internal surface of a hollow rod these are
known as internal threads.
       The screw threads are mainly of two types viz. V-threads and square threads. The V-threads
are stronger and offer more frictional resistance to motion than square threads. Moreover, the
V-threads have an advantage of preventing the nut from slackening. I will be interesting to
know that the V-threads are used for the purpose of tightening pieces together (e.g. bolts and
nuts etc.). Square threads are used in screw jacks, vice screws etc. which are used for lifting
heavy loads. The following terms are important for the study of screws:
       1. Helix. It is the curve traced by a particle, while describing a circular path at a uniform
            speed and advancing in the axial direction at a uniform rate. Or in other words, it is the
            curve traced by a particle while moving along a screw thread.
2. Pitch. It is the distance from one point of a thread to the corresponding point on the next
   thread. It is measured parallel to the axis of the screw.
3. Lead. It is the distance through which a screw thread advances axially in one turn.
4. Depth of thread. It is the distance between the top and bottom surfaces of a thread (also
   known as crest and root of thread).
5. Single-threaded screw. If the lead of a screw is equal to its pitch, it is known as single-
   threaded screw.
6. Multi-threaded screw. If more than one threads are cut in one lead distance of a screw, it
   is known as multi-threaded screw e.g. in a double-threaded screw, two threads are cut in
   one lead length. In such cases, all the threads run independently along the length of the
   rod. Mathematically,
Lead = Pitch × No. of threads.
7. Slope of the thread. It is the inclination of the thread with horizontal. Mathematically,
tan 

     Lead of screw
Circumference of screw
p
d
...(In single-threaded screw)
...(In multi-threaded screw)

np
d
where
= Angle of inclination of the thread,
p = Pitch of the screw,
d = Mean diameter of the screw, and
n = No. of threads in one lead.
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9.5. RELATION BETWEEN EFFORT AND WEIGHT LIFTED BY A SCREW JACK
        The screw jack is a device for lifting heavy loads, by applying a comparatively smaller effort
at its handle. The principle, on which a screw jack works, is similar to that of an inclined plane.
Fig. 9.20. Screw jack
       Fig. 9.20 shows common form of a screw jack, which consists of a threaded rod A, called
screw rod or simply screw. The screw has square threads, on its outer surface, which fit into the inner
threads of the jack B. The load, to be raised or lowered, is placed on the head of the screw, which is
rotated by the application of an effort at the end of the lever for lifting or lowering the load.
       If one complete turn of a screw thread, be imagined to be unwound, from the body of the
screw and developed, it will form an inclined plane as shown in Fig. 9.21
       Let p = Pitch of the screw,
                          d = Mean diameter of the screw
                          r = Mean radius of the screw, and
                         = Helix angle.
       From the geometry of the figure, we find that
                                                                            Fig. 9.21. Helix anglepp
                                     ...(where d = 2r)
                                 d 2r
        Now letP = Effort applied at the mean radius of the screw jack to lift the load,
                          W = Weight of the body to be lifted, and
                            = Coefficient of friction, between the screw and nut.
        Let= Angle of friction, such that = tan 
As a matter of fact, the principle, on which a screw jack works, is similar to that of an inclined
plane. Thus the force applied on the lever of a screw jack is considered to be horizontal. We have
already discussed in Art. 8.14 that the horizontal force required to lift a load on an inclined rough
plane
                           P = W tan (α + 
Example 9.8. A screw jack has mean diameter of 50 mm and pitch 10 mm. If the coefficient
of friction between its screw and nut is 0.15, find the effort required at the end of 700 mm long
handle to raise a load of 10 kN.
tan 
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       Solution. Given: Mean diameter of screw jack (d) = 50 mm or radius (r) = 25 mm; Pitch
of the screw (p) = 10 mm; Coefficient of friction between screw and nut (μ) = 0.15 = tan or
= 8.5°; Length of the handle (l) = 700 mm and load to be raised (W) = 10 kN.
Let
and
We know that
tan 
p10
  0.0637
d 50
P1 = Effort required at the end of 700 mm long handle to raise the load,
= Helix angle
or
= 3.6°
and effort required at mean radius of the screw to raise the load,
                         P = W tan (α + = W tan (3.6° + 8.5°)
                           = W tan 12.1° = 10 × 0.2144 = 2.144 kN
       Now the effort required at the end of the handle may be obtained from the relation.
                  P1 × 700 = P × r = 2.144 × 25 = 53.6
                               53.6
                                                                    Ans.0.0766 kN = 76.6 N
                                700
       Example 9.9. The mean radius of the screw of a square threaded screw jack is 25 mm. The
pitch of thread is 7.5 mm. If the coefficient of friction is 0.12, what effort applied at the end of lever
60 cm length is needed to raise a weight of 2 kN.
∴
P1
      Solution. Given: Mean radius of the screw (r) = 25 mm; Pitch of the thread (p) = 7.5 mm;
Coefficient of friction (μ) = 0.12 = tan Length of the lever (l) = 60 cm and weight to be raised =
2 kN = 2000 N.
Let
and
We know that
tan 
 p0.75
   0.048
2r 22.5
 tan + tan 0.048 0.12
              P 2000 
1 – tan .tan 1 – 0.048 0.12
P1 = Effort required at the end of the 60 cm long handle to raise the weight,
= Helix angle.
and effort required at mean radius of the screw to raise the weight,
P W tan () W 
2000 0.169 338 N
Now the effort applied at the end of the lever, may be found out from the relation,
P1 × 60 = P × 2.5 = 338 × 2.5 = 845
∴
P1
845
    14.1N
 60
Ans.
       Example 9.10. A screw press is used to compress books. The thread is a double thread
(square head) with a pitch of 4 mm and a mean radius of 25 mm. The coefficient of the friction (μ)
for the contact surface of the thread is 0.3. Find the torque for a pressure of 500 N.
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      Solution. Given: No. of threads (n) = 2; Pitch (p) = 4 mm; Mean radius (r) = 25 mm ;
Coefficient of friction (μ) = 0.3 = tan or = 16.7° and pressure (W) = 500 N
      Let= Helix angle.
We know that tan 
np24
   0.0509
2r 225
or
= 2.9°
∴Effort required at the mean radius of the screw to press the books
                         P = W tan (α + = 500 tan (2.9° + 16.7°) N
                           = 500 tan 19.6° = 500 × 0.356 = 178 N
and * torque required to press the books,
                         T = P × r = 178 × 25 = 4450 N-mmAns.
9.6. RELATION BETWEEN EFFORT AND WEIGHT LOWERED BY A SCREW
     JACK
       We have already discussed in the last article that the principle, on which a screw works, is
similar to that of an inclined plane. And force applied on the lever of a screw jack is considered to be
horizontal. We have also discussed in Art. 8.14 that the horizontal force required to lower a load on
an inclined plane,
                                P = W tan (α – ...(when > 
= W tan (φ – ...(when > 
Note. All the notations have the usual values as discussed in the last article.
       Example 9.11. A screw Jack has a square thread of 75 mm mean diameter and a pitch of
15 mm. Find the force, which is required at the end of 500 mm long lever to lower a load of 25 kN.
Take coefficient of friction between the screw and thread as 0.05.
       Solution. Given: Mean diameter of thread (d) = 75 mm or radius (r) = 37.5 mm; Pitch of
thread (p) = 15mm; Length of lever (l) = 500 mm; load to be lowered (W) = 25 kN and coefficient of
friction between the screw and thread (μ) = 0.05 = tan or = 2.9°
Let
and
P1 = Effort required at end of 500 mm long handle to lower the load,
= Helix angle.
                                   p15
                            tan 0.0637 or 3.6We know that
                                   d 75
and effort required at the mean radius of the screw to lower the load,
P = W tan (α – = W tan (3.6° – 2.9°)
= W tan 0.7° = 25 × 0.0122 = 0.305 kN = 305 N
Now the effort required at the end of the handle may be found out from the relation,
                       P1 × 500 = P × r = 305 × 37.5 = 11438
                                    11438
                                                        Ans.P23 N∴1
                                     500
       Example 9.12. The screw of a jack is square threaded with two threads in a centimeter. The
outer diameter of the screw is 5 cm. If the coefficient of friction is 0.1, calculate the force required to
be applied at the end of the lever, which is 70 cm long (a) to lift a load of 4 kN, and (ii) to lower it.
       Solution. Given: Outer diameter of the screw (D) = 5 cm; Coefficient of friction (μ) = 0.1
= tan Length of the lever (l) = 70 cm and load to be lifted (W) = 4 kN = 4000 N.
*
Torque = Force × Radius
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       We know that as there are two threads in a cm, (i.e. n = 2) therefore pitch of the screw,
                              p = 1/2 = 0.5 cm
and internal diameter of the screw,
                                = 5 – (2 × 0.5) = 4 cm
       ∴Mean diameter of the screw,
   54
         4.5 cm
     2
= Helix angle.
d 
tan 
p0.5
  0.0353
d 4.5
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Let
We know that
(i) Force required at the end of 70 cm long lever to lift the load
LetP1 = Force required at the end of the lever to lift the load.
We know that the force required to be applied at the mean radius to lift the load,
P W tan () W 
4000 
 tan tan 
1 – tan .tan 
                                     0.0353 0.1
                                                    543.1 N
                                  1 – 0.0353 0.1
Now the force required at the end of the lever may be found out from the relation,
                                       d4.5
                                         543.1 1222
                                       22
                                  1222
                                                      Ans.P 17.5 N∴1
                                   7.0
(ii) Force required at the end of 70 cm long lever to lower the load
P 70 P 1
Let
P2 = Force required at the end of the lever to lower the load.
 tan – tan 
1 tan tan 
We know that the force required at the mean radius to lower the load,
P W tan (– ) 4000 
4000 
                                    0.1 – 0.0353
                                                   257.9 N
                                  1 0.1 0.0353
Now the force required at the end of the lever may be found out from the relation:
                               d4.5
               P2 70 P 257.9 580.3
                               22
                          580.3
                     P2 8.3 NAns.∴
70
9.7. EFFICIENCY OF A SCREW JACK
      We have seen in Art. 9.6 that the effort (P) required at the mean radius of a jack to lift the
load (W),
                           P = W tan (α + ...(i)
where= Helix angle, and
                            = Coefficient of friction between the screw and the nut,
                              = tan ...(where = Angle of friction)
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       If there would have been no friction between the screw and the nut, then will be zero. In such
a case, the value of effort (P0) necessary to raise the same load, will be given by the equation :
P0 = W tan 
∴
Efficiency () =
...[substituting = 0 in equation (i)]
                                                   PIdeal effortW tan tan 
0 
Actual effortP W tan () tan ()
       It shows that the efficiency of a screw jack is independent of the weight lifted or effort ap-
plied. The above equation for the efficiency of a screw jack may also be written as:
     sin 
cos sin cos ()

sin () cos sin ()
  cos ()
or
1– 1–
      sin cos () cos sin () – sin cos ()
                       
cos sin ()cos sin ()
         sin 

cos sin () [Q sin (A – B) = sin A cos B – cos A sin B]
      2 sin 
2 cos sin ()
      2 sin 
sin (2) – sin 
1– 

[Multiplying and dividing by 2]
...[Q 2 cos A sin B = sin (A + B) + sin (A – B)]
       Now for the efficiency to be maximum, the term (1 – should be the least. Or in other words,
the value of sin (2α + should be the greatest. This is only possible, when

2
       It shows that the maximum efficiency of a screw jack is also independent of the weight lifted
or effort applied.
2α + = 90°
or
2α = 90° – 
∴
45–
       Example 9.13. A load of 2.5 kN is to be raised by a screw jack with mean diameter of
75 mm and pitch of 12 mm. Find the efficiency of the screw jack, if the coefficient of friction between
the screw and nut is 0.075.
      Solution. Given: Load (W) = 2.5 kN ; Mean diameter of the screw (d) = 75 mm; Pitch of the
screen (p) = 12 mm and coefficient of friction between the screw and nut (μ) = 0.075 = tan 
We know that
tan 
p12
  0.051
d75
   tan tan 0.0510.051
          
tan tan 0.051 0.075tan ()0.1265
            1 – tan tan 1 – (0.051 0.075)
and efficiency of the screw jack,

= 0.403 = 40.3%
Ans.
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3.1 INTRODUCTION
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	The power is transmitted from one shaft to the other by means of belts, chains and gears.
	

	The belts and ropes are flexible members which are used where distance between the
	

	two shafts is large. The chains also have flexibility but they are preferred for
	

	intermediate distances. The gears are used when the shafts are very close with each
	

	other. This type of drive is also called positive drive because there is no slip. If the
	

	distance is slightly larger, chain drive can be used for making it a positive drive. Belts
	

	and ropes transmit power due to the friction between the belt or rope and the pulley.
	

	There is a possibility of slip and creep and that is why, this drive is not a positive drive.
	

	A gear train is a combination of gears which are used for transmitting motion from one
	

	shaft to another.
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Objectives

After studying this unit, you should be able to

13.10. understand power transmission derives, 

13.11. understand law of belting, 

13.12. determine power transmitted by belt drive and gear, 

13.13. determine dimensions of belt for given power to be transmitted, 

13.14. understand kinematics of chain drive, 

13.15. determine gear ratio for different type of gear trains, 

13.16. classify gears, and 

13.17. understand gear terminology. 

2 POWER TRANSMISSION DEVICES 
[image: ][image: ]
Power transmission devices are very commonly used to transmit power from one shaft to another. Belts, chains and gears are used for this purpose. When the distance between the shafts is large, belts or ropes are used and for intermediate distance chains can be used.

For belt drive distance can be maximum but this should not be more than ten metres for good results. Gear drive is used for short distances.

3.2.1  Belts

In case of belts, friction between the belt and pulley is used to transmit power. In practice, there is always some amount of slip between belt and pulleys, therefore, exact velocity ratio cannot be obtained. That is why, belt drive is not a positive drive. Therefore, the belt drive is used where exact velocity ratio is not required.

The following types of belts shown in Figure 3.1 are most commonly used :
[image: ]









(a) Flat Belt and Pulley (b) V-belt and Pulley (c) Circular Belt or Rope Pulley Figure 3.1 : Types of Belt and Pulley

The flat belt is rectangular in cross-section as shown in Figure 3.1(a). The pulley for this belt is slightly crowned to prevent slip of the belt to one side. It utilises the friction between the flat surface of the belt and pulley.

The V-belt is trapezoidal in section as shown in Figure 3.1(b). It utilizes the force of friction between the inclined sides of the belt and pulley. They are preferred when distance is comparative shorter. Several V-belts can also be used together if power transmitted is more.

The circular belt or rope is circular in section as shown in Figure 8.1(c). Several ropes also can be used together to transmit more power.

The belt drives are of the following types :

1 open belt drive, and 

2 cross belt drive. 

Open Belt Drive

Open belt drive is used when sense of rotation of both the pulleys is same. It is desirable to keep the tight side of the belt on the lower side and slack side at the


top to increase the angle of contact on the pulleys. This type of drive is shown in Figure 3.2.

Slack Side  Thickness
[image: ]
Driving
Driving	Pulley

Pulley



Tight Side
Effective Radius	Neutral Section

Figure 3.2 : Open Belt Derive

Cross Belt Drive

In case of cross belt drive, the pulleys rotate in the opposite direction. The angle of contact of belt on both the pulleys is equal. This drive is shown in Figure 3.3. As shown in the figure, the belt has to bend in two different planes. As a result of this, belt wears very fast and therefore, this type of drive is not preferred for power transmission. This can be used for transmission of speed at low power.
[image: ]






Figure 3.3 : Cross Belt Drive

Since power transmitted by a belt drive is due to the friction, belt drive is subjected to slip and creep.

Let d1 and d2 be the diameters of driving and driven pulleys, respectively. N1 and N2 be the corresponding speeds of driving and driven pulleys, respectively.

The velocity of the belt passing over the driver
V1   d1 N1
60

If there is no slip between the belt and pulley
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If thickness of the belt is ‘t’, and it is not negligible in comparison to the diameter,
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Let there be total percentage slip ‘S’ in the belt drive which can be taken into account as follows :
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If the thickness of belt is also to be considered
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The belt moves from the tight side to the slack side and vice-versa, there is some loss of power because the length of belt continuously extends on tight side and contracts on loose side. Thus, there is relative motion between the belt and pulley due to body slip. This is known as creep.

3.2.2  Chain

The belt drive is not a positive drive because of creep and slip. The chain drive is a positive drive. Like belts, chains can be used for larger centre distances. They are made of metal and due to this chain is heavier than the belt but they are flexible like belts. It also requires lubrication from time to time. The lubricant prevents chain from rusting and reduces wear.

The chain and chain drive are shown in Figure 3.4. The sprockets are used in place of pulleys. The projected teeth of sprockets fit in the recesses of the chain. The distance between roller centers of two adjacent links is known as pitch. The circle passing through the pitch centers is called pitch circle.
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Figure 3.4 : Chain and Chain Drive

Let	‘’ be the angle made by the pitch of the chain, and

‘r’ be the pitch circle radius, then

pitch, p  2r sin  2

	or,
	r 
	p
	cosec
	
	

	
	
	2
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The power transmission chains are made of steel and hardened to reduce wear. These chains are classified into three categories

(a) Block chain 

(b) Roller chain 

(c) Inverted tooth chain (silent chain) 

[bookmark: page9]
Out of these three categories roller chain shown in Figure 3.4(b) is most commonly used. The construction of this type of chain is shown in the figure. The roller is made of steel and then hardened to reduce the wear. A good roller chain is quiter in operation as compared to the block chain and it has lesser wear. The block chain is shown in

Figure 3.4(a). It is used for low speed drive. The inverted tooth chain is shown in Figures 3.4(c) and (d). It is also called as silent chain because it runs very quietly even at higher speeds.

3.2.3  Gears

Gears are also used for power transmission. This is accomplished by the successive engagement of teeth. The two gears transmit motion by the direct contact like chain drive. Gears also provide positive drive.

The drive between the two gears can be represented by using plain cylinders or discs 1 and 2 having diameters equal to their pitch circles as shown in Figure 3.5. The point of contact of the two pitch surfaces shell have velocity along the common tangent. Because there is no slip, definite motion of gear 1 can be transmitted to gear 2 or vice-versa.

The tangential velocity ‘Vp’ = 1 r1 = 2 r2

where r1 and r2 are pitch circle radii of gears 1 and 2, respectively.

VP
[image: ]
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Figure 3.5 : Gear Drive

	or,
	2 N1
	
	
	r  
	2 N2
	r
	

	
	
	
	
	
	
	
	
	

	
	
	60
	1
	
	60
	2
	

	
	
	
	
	
	
	
	
	
	

	or,
	N1 r1
	 N 2  r2
	
	

	or,
	
	N1
	
	
	
	r2
	
	
	
	

	
	
	N 2
	
	
	
	r1
	
	
	

	
	
	
	
	
	
	
	
	
	



Since, pitch circle radius of a gear is proportional to its number of teeth (t).

	
	N1
	
	t2
	

	
	N 2
	
	t1
	

	
	
	
	
	



where t1 and t2 are the number of teeth on gears 1 and 2, respectively.

SAQ 1

In which type of drive centre distance between the shafts is lowest? Give reason for this?
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3.3 TRANSMISSION SCREW
[image: ]
	In a screw, teeth are cut around its circular periphery which form helical path. A nut has
	

	similar internal helix in its bore. When nut is turned on the screw with a force applied
	

	tangentially, screw moves forward. For one turn, movement is equal to one lead. In case
	

	of lead screw, screw rotates and nut moves along the axis over which tool post is
	

	mounted.
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Let	dm be the mean diameter of the screw,  be angle of friction, and

p be the pitch.

If one helix is unwound, it will be similar to an inclined plane for which the angle of inclination ‘’ is given by (Figure 3.6)

	
	tan 
	L
	

	
	
	
	

	
	
	 dm
	

	
	
	
	

	For single start L = p
	
	

	
	tan 
	p
	

	
	
	
	

	
	
	 dm
	

	
	
	
	



If force acting along the axis of the screw is W, effort applied tangential to the screw (as discussed in Unit 2)

P  W tan ()

for motion against force.

Also	P  W tan ()

for motion in direction of force.
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P

W
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 dm




Figure 3.6 : Transmission Screw

3.3.1  Power Transmitted

Torque acting on the screw

T  P dm  W dm tan () 2 2

If speed is N rpm

Power transmitted  T 2 N watt 60
 W dm tan () 
2	N kW
2  60  1000
[image: ]
3.4 POWER TRANSMISSION BY BELTS
[image: ]
In this section, we shall discuss how power is transmitted by a belt drive. The belts are used to transmit very small power to the high amount of power. In some cases magnitude of the power is negligible but the transmission of speed only may be important. In such cases the axes of the two shafts may not be parallel. In some cases to increase the angle


of lap on the smaller pulley, the idler pulley is used. The angle of lap may be defined as the angle of contact between the belt and the pulley. With the increase in angle of lap, the belt drive can transmit more power. Along with the increase in angle of lap, the idler pulley also does not allow reduction in the initial tension in the belt. The use of idler pulley is shown in Figure 3.7.
[image: ]
[image: ] Idler Pulley









Figure 3.7 : Use of Idler in Belt Drive

SAQ 2

(a) What is the main advantage of idler pulley? 

(b) A prime mover drives a dc generator by belt drive. The speeds of prime mover and generator are 300 rpm and 500 rpm, respectively. The diameter of the driver pulley is 600 mm. The slip in the drive is 3%. Determine diameter of the generator pulley if belt is 6 mm thick. 







3.4.1 Law of Belting 

The law of belting states that the centre line of the belt as it approaches the pulley, must lie in plane perpendicular to the axis of the pulley in the mid plane of the pulley otherwise the belt will run off the pulley. However, the point at which the belt leaves the other pulley must lie in the plane of a pulley.

The Figure 3.8 below shows the belt drive in which two pulleys are at right angle to each other. It can be seen that the centre line of the belt approaching larger or smaller pulley lies in its plane. The point at which the belt leaves is contained in the plane of the other pulley.

If motion of the belt is reversed, the law of the belting will be violated. Therefore, motion is possible in one direction in case of non-parallel shafts as shown in Figure 3.8.
[image: ]
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	Figure 3.8 : Law of Belting
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3.4.2  Length of the Belt

For any type of the belt drive it is always desirable to know the length of belt required. It will be required in the selection of the belt. The length can be determined by the geometric considerations. However, actual length is slightly shorter than the theoretically determined value.

Open Belt Drive

The open belt drive is shown in Figure 3.9. Let O1 and O2 be the pulley centers and AB and CD be the common tangents on the circles representing the two pulleys. The total length of the belt ‘L’ is given by

L = AB + Arc BHD + DC + Arc CGA

Let	r be the radius of the smaller pulley,

R be the radius of the larger pulley,

C be the centre distance between the pulleys, and

 be the angle subtended by the tangents AB and CD with O1 O2.

	
	C  J
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	D
	
	K
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	β
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	β
	
	
	
	
	
	
	
	
	
	β
	
	
	
	
	
	
	
	N
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	G
	=
	O1
	
	
	
	
	
	
	
	
	
	
	
	
	
	R
	
	O2
	
	
	
	
	H
	
	
	

	
	r
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	A
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	B
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	C
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	Figure 3.9 : Open Belt Drive
	
	
	
	
	
	
	
	
	
	
	
	
	

	Draw O1 N parallel to CD to meet O2 D at N.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	By geometry,
	 O2 O1, N =  C O1 J =  D O2 K= 
	
	
	
	
	
	
	
	
	

	
	
	Arc BHD = ( + 2) R,
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	Arc CGA = ( 2) r
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	AB = CD = O1 N = O1 O2 cos  = C cos 
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This provides approximate length because of the approximation taken earlier.

[bookmark: page17]
Crossed-Belt Drive

The crossed-belt drive is shown in Figure 3.10. Draw O1 N parallel to the line CD which meets extended O2 D at N. By geometry

C O1 J  DO2 K  O2 O1 N

L  Arc AGC  AB  Arc BKD  CD

Arc AGC  r (  2), and Arc BKD  (  2) R
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L  r (  2)  2C cos  R (  2)

 (  2) ( R  r )  2C cos 
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Figure 3.10 : Cross Belt Drive

For approximate length
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SAQ 3

Which type of drive requires longer length for same centre distance and size of pulleys?







3.4.3  Cone Pulleys

Sometimes the driving shaft is driven by the motor which rotates at constant speed but the driven shaft is designed to be driven at different speeds. This can be easily done by using stepped or cone pulleys as shown in Figure 3.11. The cone pulley has different sets of radii and they are selected such that the same belt can be used at different sets of the cone pulleys.
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Figure 3.11 : Cone Pulleys

Let	Nd be the speed of the driving shaft which is constant.

Nn be the speed of the driven shaft when the belt is on nth step. rn be the radius of the nth step of driving pulley.

Rn be the radius of the nth step of the driven pulley. where n is an integer, 1, 2, . . .
The speed ratio is inversely proportional to the pulley radii

	
	N1
	
	r1
	. . . (3.1)
	

	
	N d
	
	R1
	
	

	
	
	
	
	
	



For this first step radii r1 and R1 can be chosen conveniently.
	For second pair
	
	N 2
	
	
	r2
	, and similarly
	N n
	
	rn
	.
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	N d
	
	R2
	N d
	
	Rn
	

	In order to use same belt on all the steps, the length of the belt should be same
	

	i.e.
	L1
	 L2
	 . . .  Ln
	
	
	. . . (3.2)
	



Thus, two equations are available – one provided by the speed ratio and other provided by the length relation and for selected speed ratio, the two radii can be calculated. Also it has to be kept in mind that the two pulleys are same. It is desirable that the speed ratios should be in geometric progression.

Let k be the ratio of progression of speed.

	
	N2
	
	N 3
	 . . .
	Nn
	 k
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· N 2   k N1  and N3  k 2 N1 
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	and
	r3
	 k 2
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	R2
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Since, both the pulleys are made similar.
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	rn
	
	R1
	or k n 1
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	or,
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If radii R1 and r1 have been chosen, the above equations provides value of k or vice-versa.

SAQ 4

How the speed ratios are selected for cone pulleys?








3.4.4  Ratio of Tensions

The belt drive is used to transmit power from one shaft to the another. Due to the friction between the pulley and the belt one side of the belt becomes tight side and other becomes slack side. We have to first determine ratio of tensions.

Flat Belt

Let tension on the tight side be ‘T1’ and the tension on the slack side be ‘T2’. Let ‘’ be the angle of lap and let ‘’ be the coefficient of friction between the belt and the pulley. Consider an infinitesimal length of the belt PQ which subtend an angle  at the centre of the pulley. Let ‘R’ be the reaction between the element and the pulley. Let ‘T’ be tension on the slack side of the element, i.e. at point P and let ‘(T + T)’ be the tension on the tight side of the element.

The tensions T and (T + T) shall be acting tangential to the pulley and thereby normal to the radii OP and OQ. The friction force shall be equal to ‘R’ and its action will be to prevent slipping of the belt. The friction force will act tangentially to the pulley at the point S.
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T2	T1

Figure 3.12 : Ratio of Tensions in Flat Belt

Considering equilibrium of the element at S and equating it to zero. Resolving all the forces in the tangential direction

	
	R  T cos
	
	 (T T ) cos
	
	 0
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	2
	
	

	or,
	R T cos
	
	
	. . . (3.4)
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2 Rn sinα

Theory of Machines

Resolving all the forces in the radial direction at S and equating it to zero.

	
	R  T sin
	
	 (T
	T ) sin
	
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	2
	
	
	2
	
	

	or,
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Since  is very small, taking limits
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Neglecting the product of the two infinitesimal quantities negligible in comparison to other quantities :
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	Substituting the value of R and cos
	
	1 in Eq. (3.4), we get
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	or,
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Taking limits on both sides as  0

dT d  T

Integrating between limits, it becomes
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	 e
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	. . . (3.5)
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V-belt or Rope

The V-belt or rope makes contact on the two sides of the groove as shown in

Figure 3.13.
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Figure 3.13 : Ratio of Tension in V-Belt

Let the reaction be ‘Rn’ on each of the two sides of the groove. The resultant reaction will be 2Rn sin  at point S.

Resolving all the forces tangentially in the Figure 3.13(b), we get
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	Resolving all the forces radially, we get
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	Neglecting the product of the two infinitesimal quantities
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	Substituting the value of Rn and using the approximation cos
	
	1 , in Eq. (3.6),
	

	
	2
	
	

	we get
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	T 
	
	
	T
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	sin
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	or,
	
	T 
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	T
	
	
	
	
	sin 
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Taking the limits and integrating between limits, we get
	
	
	

	
	
	T1
	
	
	
	
	dT
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	d
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	T
	
	
	
	
	
	
	sin 
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	T2
	
	
	
	
	
	
	
	
	
	
	
	0
	
	
	
	
	
	
	
	
	
	
	
	
	

	or,
	ln
	
	T1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	T2
	
	
	
	
	sin 
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	T1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	or,
	
	
	
	
	
	 esin 
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	. . . (3.7)
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	T2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


SAQ 5

22. If a rope makes two full turn and one quarter turn how much will be angle of lap? 

23. If smaller pulley has coefficient of friction 0.3 and larger pulley has 

coefficient of friction 0.2. The angle of lap on smaller and larger pulleys are 160o and 200o which value of () should be used for ratio of tensions? 
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3.4.5  Power Transmitted by Belt Drive

The power transmitted by the belt depends on the tension on the two sides and the belt speed.
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Let	T1 be the tension on the tight side in ‘N’

T2 be the tension on the slack side in ‘N’, and

V be the speed of the belt in m/sec.

Then power transmitted by the belt is given by

	
	Power P  (T1
	 T2 ) V Watt
	
	

	
	
	
	
	
	(T1
	 T2 ) V
	kW
	. . . (3.8)
	

	
	
	
	
	
	
	
	1000
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	T1
	
	1 
	T2
	
	V
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	T1
	
	
	
	
	

	or,
	P 
	
	
	
	
	
	
	
	kW
	
	
	

	
	
	
	
	1000
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	



If belt is on the point of slipping.
T1   e
T2

	
	
	T1 (1  e
	
	) V
	
	
	

	
	P 
	
	
	
	kW
	. . . (3.9)
	

	
	
	1000
	
	
	
	

	
	
	
	
	
	
	



The maximum tension T1 depends on the capacity of the belt to withstand force. If allowable stress in the belt is ‘t’ in ‘Pa’, i.e. N/m2, then

	T
	 ( t  b) N
	. . . (3.10)

	1
	t
	



where t is thickness of the belt in ‘m’ and b is width of the belt also in m.

The above equations can also be used to determine ‘b’ for given power and speed.

3.4.6  Tension due to Centrifugal Forces

The belt has mass and as it rotates along with the pulley it is subjected to centrifugal forces. If we assume that no power is being transmitted and pulleys are rotating, the centrifugal force will tend to pull the belt as shown in Figure 3.14(b) and, thereby, a tension in the belt called centrifugal tension will be introduced.

TC
[image: ]
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	TC
	
	
	
	
	TC
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	(a)
	
	
	
	
	(b)
	


[image: ]
Figure 3.14 : Tension due to Centrifugal Foces

Let ‘TC’ be the centrifugal tension due to centrifugal force.

Let us consider a small element which subtends an angle  at the centre of the pulley.

Let ‘m’ be the mass of the belt per unit length of the belt in ‘kg/m’.

The centrifugal force ‘Fc’ on the element will be given by

FC   ( r  m)  Vr2

where V is speed of the belt in m/sec. and r is the radius of pulley in ‘m’.

Resolving the forces on the element normal to the tangent

	
	
	FC   2TC
	sin
	
	 0
	

	
	
	
	
	2
	
	

	
	
	
	
	
	
	
	

	Since  is very small.
	
	
	
	

	
	
	
	
	
	
	

	
	sin  2
	2
	
	
	

	or,
	
	FC   2TC
	
	 0
	
	

	
	
	
	2
	
	
	

	or,
	
	FC   TC  
	
	
	

	Substituting for FC
	
	
	
	

	
	
	m V 2
	
	
	
	

	
	
	
	r  TC  
	

	
	
	
	
	

	
	
	r
	
	
	
	

	or,
	T   m V 2
	
	. . . (3.11)
	

	
	
	C
	
	
	
	



Therefore, considering the effect of the centrifugal tension, the belt tension on the tight side when power is transmitted is given by

Tension of tight side Tt   T1  TC  and tension on the slack side Ts   T2   TC .

The centrifugal tension has an effect on the power transmitted because maximum tension can be only Tt which is

Tt  t   t  b

· T1 t   t  b  m V 2 

SAQ 6

What will be the centrifugal tension if mass of belt is zero?









3.4.7  Initial Tension

When a belt is mounted on the pulley some amount of initial tension say ‘T0’ is provided in the belt, otherwise power transmission is not possible because a loose belt cannot sustain difference in the tension and no power can be transmitted.

When the drive is stationary the total tension on both sides will be ‘2 T0’.

When belt drive is transmitting power the total tension on both sides will be (T1 + T2), where T1 is tension on tight side, and T2 is tension on the slack side.

If effect of centrifugal tension is neglected. 2T0  T1  T2
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	or,
	T0
	
	T1
	 T2
	
	
	

	
	
	
	
	2
	
	
	

	
	
	
	
	
	
	
	

	If effect of centrifugal tension is considered, then
	
	

	
	T0   Tt
	 Ts   T1  T2   2TC
	
	

	or,
	T0
	
	T1
	 T2
	 TC
	. . . (3.12)
	

	
	
	
	
	2
	
	
	

	
	
	
	
	
	
	
	




3.4.8  Maximum Power Transmitted

The power transmitted depends on the tension ‘T1’, angle of lap , coefficient of friction ‘’ and belt speed ‘V’. For a given belt drive, the maximum tension (Tt), angle of lap and coefficient of friction shall remain constant provided that

(a) the tension on tight side, i.e. maximum tension should be equal to the maximum permissible value for the belt, and 

(b) the belt should be on the point of slipping. 

	Therefore,
	Power
	P  T1 (1  e
	
	) V
	

	
	
	
	
	
	
	

	Since,
	T1  Tt
	 Tc
	
	
	
	
	

	or,
	P  (Tt
	 Tc ) (1  e
	
	) V
	

	
	
	
	
	
	
	

	or,
	P  (T   m V 2 ) (1  e  ) V
	

	
	t
	
	
	
	
	
	



For maximum power transmitted





or,

or,

or,


or,


Also,


dP  (Tt  3m V 2 ) (1  e ) dV

Tt   3m V 2   0

Tt   3Tc   0

Tc   Tt
3
m V 2   Tt
3
[image: ]
	V 
	
	Tt
	
	. . . (3.13)
	

	
	
	3m
	
	
	

	
	
	
	
	
	




At the belt speed given by the Eq. (3.13) the power transmitted by the belt drive shall be maximum.

SAQ 7

What is the value of centrifugal tension corresponding to the maximum power transmitted?
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	Centre of Gravity
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It has been established, since long, that every particle of a body is attracted by the earth towards its centre. The force of attraction, which is proportional to the mass of the particle, acts vertically downwards and is known as weight of the body. As the *distance between the different particles of a body and the centre of the earth is the same, therefore these forces may be taken to act along parallel lines.

We have already discussed in Art. 4.6 that a point may be found out in a body, through which the resultant of all such parallel forces act. This point,

· Strictly speaking, this distance is not the same. But it is taken to the same, because of the very small size of thebody as compared to the earth. 
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through which the whole weight of the body acts, irrespect of its position, is known as centre of gravity (briefly written as C.G.). It may be noted that every body has one and only one centre of gravity.

6.2. CENTROID

The plane figures (like triangle, quadrilateral, circle etc.) have only areas, but no mass. The centre of area of such figures is known as centroid. The method of finding out the centroid of a figure is the same as that of finding out the centre of gravity of a body. In many books, the authors also write centre of gravity for centroid and vice versa.

6.3. METHODS FOR CENTRE OF GRAVITY 

The centre of gravity (or centroid) may be found out by any one of the following two methods: 

1. By geometrical considerations 

2. By moments 

3. By graphical method 

As a matter of fact, the graphical method is a tedious and cumbersome method for finding out the centre of gravity of simple figures. That is why, it has academic value only. But in this book, we shall discuss the procedure for finding out the centre of gravity of simple figures by geometrical considerations and by moments one by ones.

6.4. CENTRE OF GRAVITY BY GEOMETRICAL CONSIDERATIONS

The centre of gravity of simple figures may be found out from the geometry of the figure as given below.

1.  The centre of gravity of uniform rod is at its middle point.
[image: ]













Fig. 6.1. Rectangle	Fig. 6.2. Triangle

2. The centre of gravity of a rectangle (or a parallelogram) is at the point, where its diagonals meet each other. It is also a middle point of the length as well as the breadth of the rect-angle as shown in Fig. 6.1. 

3. The centre of gravity of a triangle is at the point, where the three medians (a median is a line connecting the vertex and middle point of the opposite side) of the triangle meet as shown in Fig. 6.2. 

4. The centre of gravity of a trapezium with parallel sides a and b is at a distance of 
h    b   2a 
measured form the side b as shown in Fig. 6.3. 3 b  a 

[bookmark: page151][image: ]Contents
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4r

5.	The centre of gravity of a semicircle is at a distance of 3π from its base measured along the vertical radius as shown in Fig. 6.4.
[image: ]








Fig. 6.3. Trapezium	Fig. 6.4. Semicircle
6.  The centre of gravity of a circular sector making semi-vertical angle α is at a distance

	of
	2 r
	sin α
	from the centre of the sector measured along the central axis as shown
	

	
	3
	α
	
	


in Fig. 6.5.
[image: ]










	
	Fig. 6.5. Circular sector
	Fig. 6.6. Hemisphere
	

	7.
	The centre of gravity of a cube is at a distance of
	l
	from every face (where l is the length
	

	
	
	2
	
	

	
	of each side).
	
	

	8.
	The centre of gravity of a sphere is at a distance of d2 from every point (where d is the
	

	
	diameter of the sphere).
	
	



9. The centre of gravity of a hemisphere is at a distance of 38r from its base, measured along the vertical radius as shown in Fig. 6.6. 
[image: ][image: ]












Fig. 6.7. Right circular solid cone	Fig.6.8. Segment of a sphere
10.  The centre of gravity of right circular solid cone is at a distance of  h from its base,
measured along the vertical axis as shown in Fig. 6.7.	4
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3 (2r – h)2 11. The centre of gravity of a segment of sphere of a height h is at a distance of 4 (3r – h)
[image: ]from the centre of the sphere measured along the height. as shown in Fig. 6.8.

6.5. CENTRE OF GRAVITY BY MOMENTS 

The centre of gravity of a body may also be found out by moments as discussed below: 
[image: ]















Fig. 6.9. Centre of gravity by moments

Consider a body of mass M whose centre of gravity is required to be found out. Divide the
	body into small masses, whose centres of gravity are known as shown in Fig. 6.9. Let m , m , m ....;
	

	
	
	1
	2
	3
	

	etc. be the masses of the particles and (x1, y1), (x2, y2), (x3, y3), ...... be the co-ordinates of the centres
	

	of gravity from a fixed point O as shown in Fig. 6.9.
	
	
	

	Let x
	and y be the co-ordinates of the centre of gravity of the body. From the principle of
	

	moments, we know that
	
	
	
	
	

	
	M x = m1 x1 + m2 x2 + m3 x3 .....
	
	
	

	Or
	x 
	Σ mx
	
	
	

	
	
	M
	
	
	

	Similarly
	y 
	Σ m y
	,
	
	
	

	
	
	
	
	
	
	

	
	
	M
	
	
	

	Where
	M = m1 + m2 + m3 + .....
	
	
	



6.6. AXIS OF REFERENCE

The centre of gravity of a body is always calculated with reference to some assumed axis known as axis of reference (or sometimes with reference to some point of reference). The axis of reference, of plane figures, is generally taken as the lowest line of the figure for calculating y and the left line of the figure for calculating x .

6.7. CENTRE OF GRAVITY OF PLANE FIGURES

The plane geometrical figures (such as T-section, I-section, L-section etc.) have only areas but no mass. The centre of gravity of such figures is found out in the same way as that of solid bodies. The centre of area of such figures is known as centroid, and coincides with the centre of gravity of the figure. It is a common practice to use centre of gravity for centroid and vice versa.
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Let x and y be the co-ordinates of the centre of gravity with respect to some axis of reference,

then
x   a1 x1  a2 x2  a3 x3  ........
[image: ]a1  a2  a3

	And
	y 
	a1 y1  a2 y2
	 a3 y3  ........
	

	
	
	a1
	 a2
	 a3  ...
	

	
	
	
	
	
	

	where a , a , a ........ etc., are the areas into which the whole figure is divided x , x , x
	3
	..... etc.,
	

	
	
	1
	2
	3
	
	
	1
	2
	
	
	

	are the respective co-ordinates of the areas a1, a2, a3....... on X-X axis with respect to same axis of
	

	reference.
	
	
	
	
	
	
	
	
	
	
	

	y , y , y ....... etc., are the respective co-ordinates of the areas a , a , a ....... on Y-Y axis with
	

	1
	2
	3
	
	
	1
	2
	3
	
	
	
	

	respect to same axis of the reference.
	
	
	
	
	
	
	

	Note. While using the above formula, x1, x2, x3
	..... or y1, y2, y3 or x and y must be measured
	



from the same axis of reference (or point of reference) and on the same side of it. However, if the figure is on both sides of the axis of reference, then the distances in one direction are taken as positive and those in the opposite directions must be taken as negative.

6.8. CENTRE OF GRAVITY OF SYMMETRICAL SECTIONS

Sometimes, the given section, whose centre of gravity is required to be found out, is symmetrical about X-X axis or Y-Y axis. In such cases, the procedure for calculating the centre of gravity of the

body is very much simplified; as we have only to calculate either x or y . This is due to the reason that the centre of gravity of the body will lie on the axis of symmetry.
Example 6.1. Find the centre of gravity of a 100 mm × 150 mm × 30 mm T-section.

Solution. As the section is symmetrical about Y-Y axis, bisecting the web, therefore its centre of gravity will lie on this axis. Split up the section into two
[image: ]rectangles ABCH and DEFG as shown in Fig 6.10.
[image: ]
Let bottom of the web FE be the axis of reference. (i) Rectangle ABCH
[image: ]
	
	a1 = 100 × 30 = 3000 mm2
	

	
	
	
	
	30
	
	
	
	
	
	
	
	
	
	

	and
	y1 
	150 –
	
	
	 135mm
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	

	(ii)
	Rectangle DEFG
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	a2 = 120 × 30 = 3600 mm2
	
	
	
	

	
	y2  
	120 
	
	
	
	
	
	
	Fig. 6.10.
	

	and
	
	
	60 mm
	

	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ]
We know that distance between centre of gravity of the section and bottom of the flange FE,

	y 
	a1 y1   a2 y2
	
	(3000  135)  (3600  60)
	mm
	

	
	a1   a2
	
	3000  3600
	
	

	
	
	
	
	
	

	= 94.1 mm
	Ans.
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Example 6.2. Find the centre of gravity of a channel section 100 mm × 50 mm × 15 mm.

Solution. As the section is symmetrical about X-X axis, therefore its centre of gravity will lie on this axis. Now split up the whole section into three rectangles ABFJ, EGKJ and CDHK as shown in Fig. 6.11.

Let the face AC be the axis of reference.

	(i)
	Rectangle ABFJ
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a = 50 × 15 = 750 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	x    50  25 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	1
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii)
	Rectangle EGKJ
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a2 = (100 – 30) × 15 = 1050 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	x2  
	15  7.5 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(iii)
	Rectangle CDHK
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a3 = 50 × 15 = 750 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	x3 
	50  25 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that distance between the centre of gravity of the
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	section and left face of the section AC,
	
	
	
	
	
	
	Fig. 6.11.
	

	
	x 
	a1 x1  a2 x2  a3 x3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	a1  a2  a3
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	(750  25)  (1050  7.5)  (750  25)
	 17.8 mm    Ans.
	

	
	
	750  1050  750
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ]
Example 6.3. An I-section has the following dimensions in mm units :

Bottom flange = 300 × 100

	Top flange
	= 150 × 50

	Web
	= 300 × 50



Determine mathematically the position of centre of gravity of the section.

Solution. As the section is symmetrical about Y-Y axis, bisecting the web, therefore its centre of gravity will lie on this axis. Now split up the section into three
[image: ]
rectangles as shown in Fig. 6.12. Let bottom of the bottom flange be the axis of reference.

	(i)
	Bottom flange
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a1 = 300
	× 100 = 30 000 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y1
	 100  50 mm
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii)
	Web
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	× 50 = 15 000 mm2
	
	
	
	
	
	
	
	
	
	

	
	a2 = 300
	
	
	
	
	
	
	
	
	
	
	

	and
	y2
	 100   300  250 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Fig. 6.12.
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(iii)  Top flange

a3 = 150 × 50 = 7500 mm2

and	y3  100  300   502   425 mm

We know that distance between centre of gravity of the section and bottom of the flange,

	y 
	
	a1 y1  a2 y2  a3 y3
	
	
	
	

	
	
	a1  a2  a3
	
	
	

	
	
	
	
	
	

	
	(30 000  50)  (15 000   250)  (7500   425)
	= 160.7 mm
	Ans.
	

	
	30 000  15 000  7500
	
	
	

	
	
	
	
	



6.9. CENTRE OF GRAVITY OF UNSYMMETRICAL SECTIONS

Sometimes, the given section, whose centre of gravity is required to be found out, is not sym-metrical either about X-X axis or Y-Y axis. In such cases, we have to find out both the values of x and y

Example 6.4. Find the centroid of an unequal angle section 100 mm × 80 mm × 20 mm.

Solution. As the section is not symmetrical about any axis, therefore we have to find out the values of x and y for the angle section. Split up the section into two rectangles as shown in Fig. 6.13.
Let left face of the vertical section and bottom face of the horizontal section be axes of

	reference.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(i)
	Rectangle 1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a = 100 × 20 = 2000 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	x
	  20  10 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	1
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y1
	
	
	100  50 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii)
	Rectangle 2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a
	2
	= (80 – 20) × 20 = 1200 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	x2
	 20   60  50 mm .
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	Fig. 6.13.
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y2 
	20  10 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that distance between centre of gravity of the section and left face,
	
	

	
	x 
	a1 x1   a2 x2
	
	(2000  10)  (1200  50)
	
	= 25 mm
	Ans.
	
	

	
	
	
	
	2000  1200
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	a1   a2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Similarly, distance between centre of gravity of the section and bottom face,
	
	

	
	y 
	
	a1 y1   a2 y2
	
	
	(2000  50)  (1200  10)
	
	= 35 mm
	Ans.
	
	

	
	
	
	
	
	2000  1200
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	a1   a2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ]
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Example 6.5. A uniform lamina shown in Fig. 6.14 consists of a rectangle, a circle and a triangle.
[image: ]















Fig. 6.14.

Determine the centre of gravity of the lamina. All dimensions are in mm.

Solution. As the section is not symmetrical about any axis, therefore we have to find out the values of both x and y for the lamina.

Let left edge of circular portion and bottom face rectangular portion be the axes of reference. (i) Rectangular portion

a1 = 100 × 50 = 5000 mm2
	
	x  25  100  75 mm
	
	
	

	
	1
	
	2
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	and
	y1
	  50  25 mm
	
	
	

	
	
	2
	
	
	
	
	
	
	

	(ii)  Semicircular portion
	
	
	
	
	
	
	

	
	a2
	  π  r2  
	π (25)2
	 982 mm2
	

	
	
	2
	
	
	
	2
	
	
	

	
	x2
	  25 –
	
	4 r
	
	 25 –
	4  25
	 14.4 mm
	

	
	
	
	
	3π
	
	3π
	
	

	
	
	
	
	
	
	
	
	

	and
	y2
	  50   25 mm
	
	
	

	(iii)  Triangular
	
	2
	
	
	
	
	
	
	

	
	portion
	
	
	
	
	
	
	

	
	a
	  50  50  1250 mm2
	
	

	
	3
	2
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	x3 = 25 + 50 + 25 = 100 mm
	
	

	and
	y3
	 50 
	50
	
	 66.7 mm
	
	

	
	
	
	3
	
	
	
	
	



We know that distance between centre of gravity of the section and left edge of the circular portion,

	x 
	a1 x1  a2 x2
	 a3 x3
	
	(5000  75)  (982  14.4)  (1250  100)

	
	a1  a2  a3
	
	5000  982  1250

	= 71.1 mm
	Ans.
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Similarly, distance between centre of gravity of the section and bottom face of the rectangular portion,

	y 
	a1 y1  a2 y2  a3 y3
	
	(5000  25)  (982  25)  (1250  66.7)
	mm
	

	
	a1  a2  a3
	
	5000  982  1250
	
	

	
	
	
	
	
	

	= 32.2 mm
	Ans.
	
	
	
	



Example 6.6. A plane lamina of 220 mm radius is shown in figure given below
[image: ]











Fig. 6.15.

Find the centre of gravity of lamina from the point O.

Solution. As the lamina is symmetrical about y-y axis, bisecting the lamina, therefore its centre of gravity lies on this axis. Let O be the reference point. From the geometry of the lamina. We find that semi-vertical angle of the lamina

α = 30°   π6 rad

We know that distance between the reference point O and centre of gravity of the lamina,

	y 
	2 r
	sin α
	
	2   220
	
	sin 30
	
	440
	
	0.5
	= 140 mm
	Ans.
	

	
	3
	α
	
	3
	
	
	π
	
	3
	
	
	π
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	6
	
	
	
	
	6
	
	
	



	
	EXERCISE 6.1

	1.
	Find the centre of gravity of a T-section with flange 150 mm × 10 mm and web also

	
	150 mm × 10 mm.
	[Ans. 115 mm for bottom of the web]

	2.
	Find the centre of gravity of an inverted T-section with flange 60 mm × 10 mm and web

	
	50 mm × 10 mm
	[Ans. 18.6 mm from bottom of the flange]

	3.
	A channel section 300 mm × 10 mm is 20 mm thick. Find the centre of gravity of the

	
	section from the back of the web.
	[Ans. 27.4 mm]



4. Find the centre of gravity of an T-section with top flange 100 mm × 20 mm, web 200 mm × 30 mm and bottom flange 300 mm × 40 mm. 

[Ans. 79 mm from bottom of lower flange]

5.	Find the position of the centre of gravity of an unequal angle section 10 cm × 16 cm × 2cm. [Ans. 5.67 cm and 2.67 cm]
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6. A figure consists of a rectangle having one of its sides twice the other, with an equilateral triangle described on the larger side. Show that centre of gravity of the section lies on the line joining the rectangle and triangle. 

7. A plane lamina of radius 100 mm as shown in fig 6.16 given below: 
[image: ]










Fig. 6.16.

Find the centre of gravity of lamina from the point O.

[Ans. 65 mm]

6.10.  CENTRE OF GRAVITY OF SOLID BODIES

The centre of gravity of solid bodies (such as hemispheres, cylinders, right circular solid cones etc.) is found out in the same way as that of plane figures. The only difference, between the plane figures and solid bodies, is that in the case of solid bodies, we calculate volumes instead of areas. The
	volumes of few solid bodies are given below :
	
	
	
	
	
	

	1.
	Volume of cylinder
	= π × r2 × h
	

	2.
	Volume of hemisphere
	
	2π
	
	3
	

	
	
	3
	
	 r
	
	

	
	
	
	
	
	
	

	3.
	Volume of right circular solid cone
	
	π
	
	2
	
	

	
	
	3
	 r   h
	

	
	
	
	
	

	where
	r = Radius of the body, and
	
	
	
	



h = Height of the body.

Note. Sometimes the densities of the two solids are different. In such a case, we calculate the weights instead of volumes and the centre of gravity of the body is found out as usual.

Example 6.7. A solid body formed by joining the base of a right circular cone of height H to the equal base of a right circular cylinder of height h. Calculate the distance of the centre of mass of the solid from its plane face, when H = 120 mm and h = 30 mm.

Solution. As the body is symmetrical about the vertical axis, therefore its centre of gravity will lie on this axis as shown in Fig. 6.17. Let r be the radius of the cylinder base in cm. Now let base of the cylinder be the axis of reference.
(i)  Cylinder
	[image: ]
	v1  = π × r2 × 30 = 30 π r2 mm3
	
	
	
	

	and
	y1   30  15 mm
	
	
	
	

	(ii)  Right circular cone2
	
	
	
	
	
	
	

	
	v
	  π   r 2  h   π  r2  120 mm3
	
	
	
	

	
	2
	3
	
	
	3
	
	
	
	

	
	
	= 40 πr2 mm3
	
	
	
	
	

	and
	y2
	 30 
	120
	
	60 mm
	Fig. 6.17.
	

	
	
	
	4
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We know that distance between centre of gravity of the section and base of the cylinder,

	y 
	v1 y1  v2 y2
	
	(30 π r 2  15)  (40 π r2  60)
	
	2850
	mm
	

	
	v1  v2
	
	30 π r 2   40 π r2
	
	70
	
	

	
	
	
	
	
	
	
	

	= 40.7 mm
	Ans.
	
	
	
	



Example 6.8. A body consists of a right circular solid cone of height 40 mm and radius 30 mm placed on a solid hemisphere of radius 30 mm of the same material. Find the position of centre of gravity of the body.
Solution. As the body is symmetrical about Y-Y axis, therefore its centre of gravity will lie on this axis as shown in Fig. 6.18. Let bottom of the hemisphere (D) be the point of reference.
(i)  Hemisphere
	
	v
	  2 π   r3   2π (30) 3 mm3
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	1
	3
	3
	
	
	
	
	
	
	
	
	

	
	
	= 18 000 π mm3
	
	
	
	
	
	
	
	
	

	and
	y1
	5r
	5  30
	 18.75 mm
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	8
	
	
	
	
	
	
	
	
	

	
	
	8
	
	
	
	
	
	
	
	
	
	
	

	(ii)  Right circular cone
	
	
	
	
	
	
	
	
	
	
	

	
	v
	  π   r 2  h   π   (30) 2  40 mm3
	
	
	
	
	
	
	
	

	
	2
	3
	
	3
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	Fig. 6.18.
	

	
	
	= 12 000 π mm3
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	and
	y2
	 30 
	40  40 mm
	
	
	
	
	
	
	
	

	
	
	
	
	4
	
	
	
	
	
	
	
	
	
	

	We know that distance between centre of gravity of the body and bottom of hemisphere D,
	

	
	y 
	v1 y1  v2 y2
	
	(18 000 π  18.75)  (12 000 π  40)
	mm
	

	
	
	v1  v2
	
	18 000 π  12 000π
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	= 27.3 mm
	Ans.
	
	
	
	
	
	
	
	


[image: ]
Example 6.9. A body consisting of a cone and hemisphere of radius r fixed on the same base rests on a table, the hemisphere being in contact with the table. Find the greatest height of the cone, so that the combined body may stand upright.

Solution. As the body is symmetrical about Y-Y axis, therefore its centre of gravity will lie on this axis as shown in Fig. 6.19. Now consider two parts of the body viz., hemisphere and cone. Let bottom of the hemisphere (D) be the axis of reference. [image: ]
[image: ]
(i)  Hemisphere

	
	v
	
	
	2 π
	 r3
	
	
	
	
	
	
	

	
	1
	3
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	and
	y1
	
	5r
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	(ii)
	Cone
	8
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	  π  r 2  h
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	v
	
	
	
	
	
	
	
	

	
	2
	3
	
	
	Fig. 6.19.
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	and
	y2
	 r   h
	
	
	
	
	
	
	

	
	
	4
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We know that distance between centre of gravity of the body and bottom of hemisphere D,

	
	
	
	
	
	2 π
	  r
	3
	
	5r
	
	π
	  r
	2
	
	
	
	h
	

	
	v y
	 v  y
	
	
	3
	
	
	
	
	
	
	
	  h   r 
	
	

	
	
	
	
	
	
	
	
	
	8
	
	3
	
	
	
	
	
	
	4
	

	y 
	1  1
	2   2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	v1  v2
	
	
	
	2 π
	  r
	3
	
	
	π
	  r
	2
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	3
	
	
	
	
	3
	
	
	  h
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Now for stable equilibrium, we know that the centre of gravity of the body should preferably be below the common face AB or maximum may coincide with it. Therefore substituting y equal to r in the above equation,

	
	
	
	
	
	
	
	2 π
	  r
	3
	
	5r
	
	
	π
	  r
	2
	
	
	
	
	
	h
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	3
	
	
	
	
	
	
	
	
	3
	
	
	
	  h   r
	
	4
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	r 
	
	
	
	
	
	
	
	
	
	
	8
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	2 π
	  r
	3
	
	
	
	π
	  r
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	3
	
	
	
	
	
	
	
	
	
	
	
	  h
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	2 π
	
	4
	
	
	
	π
	
	
	
	3
	
	
	
	
	
	5 π
	
	
	
	4
	
	
	
	
	
	
	π
	
	3
	
	
	
	
	
	
	π
	
	
	2
	
	
	2
	
	

	or
	
	
	 r
	
	
	
	
	
	 r
	
	
	h
	
	
	
	
	
	
	
	
	 r
	
	
	
	
	
	
	 r
	
	 h
	
	
	
	
	
	 r
	
	 h
	
	
	

	
	
	
	
	
	
	
	3
	
	
	
	
	
	
	
	
	12
	
	
	
	
	
	
	
	3
	
	
	
	
	
	12
	
	
	
	
	
	

	
	3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Dividing both sides by π r2,
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	2 r
	2
	
	
	
	r h
	
	5 r 2
	
	
	
	r h
	
	
	
	h 2
	
	
	
	or
	
	
	
	
	3 r 2
	
	
	h2
	
	
	

	
	
	
	
	
	
	
	
	
	
	3
	
	
	
	
	3
	
	12
	
	
	
	
	3
	
	
	
	12
	
	
	
	
	
	
	12
	
	12
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	3 r2 = h2
	
	
	
	
	
	
	or
	
	
	
	h = 1.732 r
	
	Ans.
	
	
	


Example 6.10. A right circular cylinder of 12 cm diameter is joined with a hemisphere of the same diameter face to face. Find the greatest height of the cylinder, so that centre of gravity of the composite section coincides with the plane of joining the two sections. The density of the material of hemisphere is twice that the material of cylinder.

Solution. As the body is symmetrical about the vertical axis, therefore its centre of gravity will lie on this axis. Now let the vertical axis cut the plane joining the two sections at O as shown in Fig. 6.20. Therefore centre of gravity of the section is at a distance of 60 mm from P i.e., bottom of the hemisphere.
[image: ]

	Let
	h = Height of the cylinder in mm.
	

	(i)  Right circular cylinder
	π    d 2
	
	
	
	
	

	Weight
	(w )
	ρ1
	
	
	  h
	
	
	
	

	
	1
	
	
	
	4
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	 ρ   π  (120) 2
	 h  3 600π ρ  h
	

	
	
	1
	
	4
	
	
	
	1
	

	
	
	
	
	
	
	
	
	
	

	and
	y1
	 60 
	h  60   0.5 h mm
	
	

	
	
	
	
	
	2
	
	
	
	
	

	(ii)  Hemisphere
	
	
	
	
	
	
	
	
	

	Weight
	(w )
	ρ
	2
	  2 π    r 3
	  2 ρ
	1
	  2π
	  (60)3
	

	
	2
	
	
	
	3
	
	
	3
	
	

	
	
	= 288 000 π ρ1
	
	
	
	
	

	and
	y2
	  5 r
	
	5  60 
	300  37.5 mm
	

	
	
	8
	
	
	8
	8
	
	
	
	













Fig. 6.20.
[image: ]

...(Q ρ2 = 2 ρ1)
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We know that distance between centre of gravity of the combined body from P ( y),

	60 
	w1 y1  w2 y2
	
	3 600 πρ1h (60  0.5h)  (288 000 πρ1  37.5)
	

	
	
	
	
	

	
	w1  w2
	
	3 600 πρ1 h  288 000 π ρ1
	

	
	
	
	
	



 216 000h  1800 h2  10 800 000 3 600h  288 000
[image: ]
216 000 h + 17 280 000 = 216 000 h + 1 800 h2 + 10 800 000 1 800 h2 = 17 280 000 – 10 800 000 = 6 480 000
[image: ]
	h 
	6 480 000
	    3 600  60 mm
	Ans.

	
	1 800
	
	


[image: ]
Example 6.11. Find the centre of gravity of a segment of height 30 mm of a sphere of radius 60 mm.

Solution. Let O be the centre of the given sphere and ABC is the segment of this sphere as shown in
[image: ]
Fig. 6.21 As the section is symmetrical about X-X axis,

therefore its centre of gravity lies on this axis.

Let O be the reference point. We know that centre of gravity of the segment of

sphere

	x 
	3(2r – h)2
	
	3(2  60 – 30)2
	
	

	
	
	4(3r – h)
	
	4(3  60 – 30)
	

	
	
	
	
	
	

	
	3  (90)2
	
	
	
	
	Fig. 6.21.
	

	
	
	
	= 40.5 mm.
	Ans.
	

	
	
	4  150
	
	
	
	



EXERCISE 6.2
[image: ]
1.	A hemisphere of 60 mm diameter is placed on the top of the cylinder having 60 mm diameter. Find the common centre of gravity of the body from the base of cylinder, if its height is 100 mm. [Ans. 60.2 mm]

2. A solid consists of a cylinder and a hemisphere of equal radius fixed base to base. Find the ratio of the radius to the height of the cylinder, so that the solid has its centre of gravity at 

the common face.	[Ans.   2 : 1]

Hint. For stable equilibrium, the centre of the body should be below the common face or maximum lie on it. So take the centre of gravity of the body at a distance (a) from the bottom of the hemisphere.

3. A body consisting of a cone and hemisphere of radius (r) on the same base rests on a table, the hemisphere being in contact with the table. Find the greatest height of the cone, so that 


the combined solid may be in stable equilibrium. [Ans. 1.732 r] 4. Find the centre of gravity of a segment of height 77 mm of a sphere of radius 150 mm.

[Ans. 100 mm]
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6.11. CENTRE OF GRAVITY OF SECTIONS WITH CUT OUT HOLES

The centre of gravity of such a section is found out by considering the main section, first as a complete one, and then deducting the area of the cut out hole i.e., by taking the area of the cut out hole as negative. Now substituting a2 (i.e., the area of the cut out hole) as negative, in the general equation for the centre of gravity, we get
	
	a x – a x
	and
	y 
	a1 y1 – a2 y2
	

	x 
	1
	1
	2
	2
	
	
	
	
	

	
	
	
	
	
	
	
	a1
	– a2
	

	
	
	a – a
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	1
	2
	
	
	
	
	
	


Note. In case of circle the section will be symmeterical along the line joining the centres of the bigger and the cut out circle.

Example 6.12. A square hole is punched out of circular lamina, the digonal of the square being the radius of the circle as shown in Fig.6.22. Find the centre of gravity of the remainder, if r is the radius of the circle.

Solution. As the section is symmetrical about X-X axis, therefore its centre of gravity will lie on this axis. Let A be the point of reference.
[image: ]
	(i)
	Main circle
	= π r2
	
	
	
	
	
	
	
	
	
	
	
	

	
	a1
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	x1
	= r
	
	
	
	
	
	
	
	
	
	
	
	

	(ii)  Cut out square
	
	
	r  r
	
	
	
	
	
	
	
	
	
	
	
	

	
	a 2
	
	
	
	 0.5 r2
	
	
	
	
	
	
	
	

	
	
	
	
	2
	r
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	x2
	 r 
	
	
	 1.5 r
	
	
	
	
	
	Fig. 6.22.
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that distance between centre of gravity of the section and A,
	

	
	
	
	
	a x – a
	x
	
	( π r 2  r ) – (0.5 r 2
	 1.5 r)
	

	
	x 
	
	1  1
	
	2
	2
	
	
	
	
	
	
	
	
	

	
	
	
	a1 – a2
	
	
	
	π r 2 – 0.5r2
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	r 3 ( π  – 0.75)
	
	r( π  – 0.75)
	Ans.
	

	
	
	
	
	r2 ( π  – 0.5)
	
	π  – 0.5
	
	
	


[image: ]
Example 6.13. A semicircle of 90 mm radius is cut out from a trapezium as shown in Fig 6.23
[image: ]










Fig. 6.23.

Find the position of the centre of gravity of the figure.

Solution. As the section is symmetrical about Y-Y axis, therefore its centre of gravity will lie on this axis. Now consider two portions of the figure viz., trapezium ABCD and semicircle EFH.

Let base of the trapezium AB be the axis of reference. (i) Trapezium ABCD

a1  120  200  300  30 000 mm2 2
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	y1
	
	
	
	300   2
	
	
	 56 mm
	

	and
	
	
	120
	
	
	 200
	
	

	(ii)  Semicircle
	
	
	3
	
	300   200
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	a
	  1  π r2   1  π  (90) 2  4050 π mm2
	

	
	2
	
	2
	
	2
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	and
	y2
	
	4 r
	  4  90 
	120
	mm
	
	

	
	
	
	3π
	
	3π
	π
	
	
	

	We know that distance between centre of gravity of the section and AB,
	
	

	
	
	(30 000
	
	4050 π 
	120
	
	
	

	
	a1 y1 − a2 y2
	
	 56) −
	
	π
	
	
	

	y 
	
	
	
	
	
	
	
	mm
	

	
	a1 − a2
	
	
	30 000 −
	4050 π
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	= 69.1 mm
	Ans.
	
	
	
	
	
	



Example 6.14. A semicircular area is removed from a trapezium as shown in Fig.6.24 (dimensions in mm)
[image: ]











Fig. 6.24.

Determine the centroid of the remaining area (shown hatched).

Solution. As the section in not symmetrical about any axis, therefore we have to find out the values of x and y for the area. Split up the area into three parts as shown in Fig. 6.25. Let left face and base of the trapezium be the axes of reference.
(i)  Rectangle
[image: ]a1 = 80 × 30 = 2400 mm2
	
	x   80  40 mm
	

	
	1
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y1
	
	30  15 mm
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii)
	Triangle
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	80  30
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a2
	
	
	 1200 mm2
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	2
	
	
	
	
	Fig. 6.25.
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	x2
	
	80  2  53.3 mm
	

	
	
	
	3
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y2
	 30   30
	  40 mm
	

	(iii)
	Semicircle
	
	3
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a
	  π  r2   π (20)2  628.3 mm2
	

	
	3
	
	2
	2
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	x
	 40   40  60 mm
	
	

	
	3
	
	
	
	
	2
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	and
	y3
	
	
	
	4 r
	  4  20
	 8.5 mm
	

	
	
	
	
	
	3π
	
	
	

	
	
	
	
	
	
	3π
	
	
	
	

	We know that distance between centre of gravity of the area and left face of trapezium,
	

	
	x 
	a1 x1  a2 x2 – a3 x3
	
	  (2400  40)  (1200  53.3) – (628.3  60)
	

	
	
	
	
	
	
	a1  a2 – a3
	
	2400  1200 – 628.3
	

	
	
	= 41.1 mm
	Ans.
	
	

	Similarly, distance between centre of gravity of the area and base of the trapezium,
	

	
	y 
	a1 y1  a2 y2 – a3 y3
	  (2400  15)  (1200  40) – (628.3  8.5)
	

	
	
	
	
	

	
	
	
	
	
	
	a1  a2 – a3
	2400  1200 – 628.3
	

	
	
	= 26.5 mm
	Ans.
	
	



Example 6.15. A circular sector of angle 60° is cut from the circle of radius r as shown in Fig. 6.26 :
[image: ]








Fig. 6.26.

Determine the centre of gravity of the remainder.

Solution: As the section is symmetrical about X-X axis, therefore its centre of gravity will lie on this axis.

Let C be the reference point. (i) Main circle
	
	a1 = π r2
	
	
	
	
	
	
	

	and
	x1 = r
	
	
	
	
	
	
	

	(ii)  Cut out sector
	
	
	
	
	
	
	
	
	

	
	a
	
	π r2 θ
	
	π r2
	 60
	
	π r2
	

	
	2
	
	360
	
	360
	
	6
	

	
	
	
	
	
	
	
	
	

	and
	x 2
	 r 
	2r
	
	
	
	
	

	
	
	
	
	π
	
	
	
	
	


We know that distance between the centre of gravity of the section and C

	
	
	
	
	
	
	
	
	
	(π r
	2
	
	
	
	π r2
	
	
	
	2 r
	

	
	
	
	
	
	
	
	
	
	
	
	 r) –
	
	6
	
	
	   r 
	π
	
	

	x 
	
	a1 x1 – a2 x2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	π r2
	
	
	
	
	
	

	
	
	a1 – a2
	
	
	
	
	
	
	
	π r
	2
	–
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	6
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	π r
	2
	
	
	1
	
	2 r
	
	
	
	
	1
	
	
	
	2 r
	

	
	
	
	
	r –
	r
	
	π
	
	
	r –
	6
	   r
	
	π
	
	

	
	
	
	
	
	
	6
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	π r
	2
	
	1
	
	
	
	
	
	
	
	
	
	1 –
	1
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	1 –
	6
	
	
	
	
	
	
	
	
	
	
	
	6
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	
	
	6
	
	
	
	r
	
	
	
	2 r
	
	6
	
	r
	
	r
	
	

	
	
	
	r –
	
	
	
	
	
	
	
	
	
	
	
	r –
	
	–
	
	
	

	
	
	5
	
	
	6
	
	
	
	
	
	
	5
	
	6
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	6 π
	
	
	
	
	
	3 π
	

	
	
	6
	
	5
	r
	–
	
	r
	
	  r
	–
	2 r
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	Ans.
	
	

	
	
	5
	
	6
	
	
	3
	
	
	
	
	5 π
	
	
	

	
	
	
	
	
	
	
	
	
	π
	
	
	
	
	
	
	
	
	


Example 6.16. A solid consists of a right circular cylinder and a hemisphere with a cone cut out from the cylinder as shown in Fig. 6.27.
[image: ]










Fig. 6.27

Find the centre of gravity of the body.

Solution. As the solid is symmetrical about horizontal axis, therefore its centre of gravity lie on this axis.

Let the left edge of the hemispherical portion (E) be the axis of reference. (i) Hemisphere ADE

	
	v 
	2 π
	 r3 
	2 π
	 (60)3  144 000 π mm3
	

	
	
	
	
	
	
	

	
	1
	
	3
	
	3
	
	

	
	
	
	
	
	
	
	

	and
	x1
	5r
	5  60  37.5 mm
	

	
	
	
	8
	8
	
	

	(ii)  Right circular cylinder ABCD
	

	
	v2 = π × r2 × h = π × (60)2 × 150 = 540 000 π mm3
	

	and
	x2  60 
	150  135mm
	

	
	
	
	
	
	2
	
	

	(iii)  Cone BCF
	
	
	
	
	
	

	
	v
	  π  r2  h   π  (60)2  150  180 000 π mm3
	

	
	3
	3
	3
	

	
	
	
	
	
	

	and
	x3  60  150   3  172.5 mm
	

	
	
	
	
	
	4
	



We know that distance between centre of gravity of the solid and left edge of the hemi-sphere (E),
x  v1 x1  v2 x2 – v3 x3 v1  v2 – v3
[image: ] (144 000 π  37.5)  (540 000 π  135) – (180 000 π  172.5)
144 000 π  540 000 π – 180 000 π

= 93.75 mm	Ans.
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Example 6.17. A frustum of a solid right circular cone has an axial hole of 50 cm diameter as shown in Fig. 6.28.
[image: ]











Fig. 6.28.

Determine the centre of gravity of the body.

Solution. As the body is symmetrical about vertical axis, therefore its centre of geravity lie on this axis. For the sake of sim-plicity, let us assume a right circular cone OCD, from which a right circulr cone OAB is cut off as shown in Fig. 6.29.
[image: ]
Let base of cone CD be the axis of reference. (i) Right circular cone OCD

v1   π3   R 2   H

  π3  (1) 2   4   43π  m3

	and
	y1
	
	
	4
	 1m
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	4
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii)  Right circular cone OAB
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	π
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	v2
	
	
	
	 r
	
	 h
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	Fig. 6.29.
	

	
	
	
	
	3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	π
	 (0.5) 2  2 
	π  m3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	3
	
	
	
	
	
	
	6
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y2  2   2
	  5 m
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(iii)  Circular hole
	
	
	
	
	
	4
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	v
	π
	 d 2  h   π   (0.5) 2  2   π  m3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	3
	
	
	4
	
	
	
	
	
	4
	
	
	
	
	8
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y2
	
	2  1 m
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that distance between centre of gravity of the body and the base of the cone,
	

	
	y 
	
	
	v1 y1 – v 2 y 2 – v3 y3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	v1 – v 2 – v3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	4 π
	
	
	
	π
	
	5
	π
	
	
	
	4
	
	5
	
	1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	3
	 1
	−
	6
	
	
	−
	 1
	
	
	
	−
	
	
	
	
	−
	
	
	19
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	3
	
	12
	
	8
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	2
	8
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	 0.76 m   Ans.
	

	
	
	
	
	
	
	
	
	
	
	4π
	π
	π
	
	
	
	
	4
	
	1
	
	1
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	25
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	−  6
	−  8
	
	
	
	
	
	−
	
	
	
	
	−
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	3
	
	
	
	
	
	
	
	3
	
	6
	
	8
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Example 6.18. A solid hemisphere of 20 mm radius supports a solid cone of the same base and 60 mm height as shown in Fig. 6.30. Locate the centre of gravity of the composite section.
[image: ]













Fig. 6.30.

If the upper portion of the cone is removed by a certain section, the centre of gravity lowers down by 5 mm. Find the depth of the section plane (h) below the apex.

Solution. As the body is symmetrical about Y-Y axis, therefore its centre of gravity will lie on this axis.

Let apex of the cone (O) be the axis of reference.

Centre of gravity of the composite section (i) Right circular cone
	
	v   π
	 r 2  h   π  (20) 2 60  25 133 mm3
	

	
	1
	3
	
	
	3
	

	
	
	
	
	
	
	

	and
	y1  60 
	3  45 mm
	

	(ii)
	Hemisphere
	
	
	
	4
	
	

	
	
	
	
	
	
	
	
	

	
	v   2 π
	 r2   2 π  (20)3  16 755 mm3
	

	
	2
	3
	
	
	3
	

	
	
	
	
	
	
	

	and
	y2  60 
	
	3  20
	 67.5 mm
	

	
	
	8
	
	

	
	
	
	
	
	
	
	


We know that distance between centre of gravity of the body and apex of the cone,

	y 
	v1 y1  v2 y2
	
	(25 133   45)  (16 755
	 67.5)
	mm
	

	
	
	
	
	
	
	

	
	
	v1  v2
	
	
	
	25 133  16 755
	
	
	

	
	2 261 950
	= 54 mm
	Ans.
	
	
	

	
	41 888
	
	
	
	
	

	
	
	
	
	
	
	
	
	



Depth of the section plane below the apex

We know that the radius of the cut out cone,

	r 
	h
	...
	
	r
	
	h
	

	
	
	
	Q
	
	
	
	
	

	
	3
	
	
	20
	
	60
	
	

	
	
	
	
	
	
	
	
	

	∴    Volume of the cut out cone,
	
	
	
	
	
	
	

	v   π
	 r2  h 
	π    h
	2
	 h  0.1164 h2
	mm3
	

	3
	3
	
	3
	
	3
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and distance between centre of gravity of the cut out cone and its apex,

3h
y3    4   0.75 h

We also know that distance between the centre of gravity of the body and apex of the cone (i.e. 54 + 5 = 59 mm),
y  v1 y1  v 2 y 2 – v3 y3 v1  v 2 – v2

	∴
	59 
	(25 133  45)  (16 755  67.5) – 0.1164 h 3
	 0.75 h
	

	
	
	25 133
	 16 755 – 0.1164 h3
	
	

	
	
	
	
	
	


 2 261 950 – 0.0873h4 41 888 – 0.1164 h3

2 471 400 – 6.868 h3 = 2 261 950 – 0.0873 h4

0.0873 h4 – 6.868 h3 = – 209 450 Dividing both sides by 0.0873,

h4 – 78.67 h3 = –2 399 200	...(i)

We shall solve this equation by trial and error. First of all, let us substitute h = 10 mm in the left hand side of equation (i). We find

(10)4 – 78.67 (10)3 = – 68 670

We find that answer obtained does not tally with the value of right hand side of equation (i), and is much less than that. Now let us substitute h = 20 mm in the left hand side of equation (i),

(20)4 – 78.67 (20)3 = – 469 360

We again find that the answer obtained does not tally with the right hand side of equation (i), But it is closer to the value of right hand side than the first case (i.e. when we substituted h = 10 mm.) Or in other words, the value obtained is still less than the right hand side of equation (i). But the difference has reduced. Now let us substitute h = 30 mm in the left hand side of equation (i).
(30)4 – 78.67 (30)3 = 1 314 100

We again find the answer obtained does not tally with the right hand side of equation (i), But it is more close to the right hand side than the previous case i.e. when we substituted h = 20 mm. Now let us substitute h = 40 mm in the left hand side of the equation (i).

(40)4 – 78.67 (40)3 = 2474900

Now we find that the answer obtained does not tally with the right hand side of equation (i). But its value is more than the right hand side of equation (i), In the previous cases, the value of the answer obtained was less. Thus we find that the value of (h) is less than 40 mm.

A little consideration will show, that as the value of the answer is slightly more than the right hand side of equation (i). (as compared to the previous answers), the value of (h) is slightly less than 40 mm. Now let us substitude h = 39 mm in the left hand side of the equation (i).

(39)4 – 78.67 (39)3 = – 2 153 200

Now we find that the answer obtained is less than the right hand side of equation (i). Thus the value of (h) is more than 39 mm. Or in other words it is within 39 and 40 mm. This is due to the reason that when we substitude h = 39 mm, the answer is less and when we substitute h = 40 mm, answer is more than the right hand side of equation (i), Now let us substitute h = 39.5 mm in the left hand side of the equation (i).

(39.5)4 – 78.67 (39.5)3 = – 2 414 000
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Now we find that the answer obtained is more than the right hand side of equation (i). Thus the value of (h) is less than 39.5 mm. Now let us substitute the h = 39.4 mm in the left hand side of equation, (i).

(39.4)4 – 78.67 (39.4)3 = – 2 401 900

We find that is answer is very close to the right hand side of the equation and there is no need of further calculations. Thus the value of h = 39.4 mm Ans.

EXERCISE 6.3

1.	A circular hole of 50 mm diameter is cut out from a circular disc of 100 mm diameter as shown in Fig. 6.31. Find the centre of gravity of the section from A. [Ans. 41.7 mm]
[image: ]










	
	Fig. 6.31.
	Fig. 6.32.
	

	
	
	
	

	2.
	Find the centre of gravity of a semicircular section having outer and inner diameters of 200
	
	

	
	mm and 160 mm respectively as shown in Fig. 6.32.
	
	[Ans. 57.5 mm from the base]
	

	3.
	A circular sector of angle 45° is cut from the circle of radius 220 mm Determine the centre
	

	
	of gravity of the remainder from the centre of the sector.
	[Ans. 200 mm]
	



4. A hemisphere of radius 80 mm is cut out from a right circular cylinder of diameter 80 mm and height 160 mm as shown in Fig. 6.33. Find the centre of gravity of the body 

from the base AB.	[Ans. 77.2 mm]
[image: ]












Fig. 6.33.	Fig. 6.34.

5.	A right circular cone of 30 mm diameter and 60 mm height is cut from a cylinder of 50 mm diameter at 120 mm height as shown in Fig. 6.34. Find the position of the centre of gravity of the body from its base. [Ans. 60.7 mm]

QUESTIONS

1. Define the terms ‘centre of gravity’. 

2. Distinguish between centre of gravity and centroid. 
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3. How many centres of gravity a body has? 

4. Describe the various methods of finding out the centre of gravity of a body. 

5. How would you find out the centre of gravity of a section, with a cut out hole? 

OBJECTIVE TYPE QUESTIONS

1. The centre of gravity of an equilateral triangle with each side (a) is ...... from any of the three sides. 

	(a)
	a  3
	(b)
	a  2
	(c)
	a
	(d)
	a
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	2  3
	
	3  2
	

	
	2
	
	3
	
	
	
	
	


[image: ][image: ][image: ][image: ]
2. The centre of gravity of hemisphere lies at a distance of ......form its base measured along the vertical radius. 

	(a)
	3r
	(b)
	3
	(c)
	8r
	(d)
	8
	

	
	
	
	8r
	
	
	
	3r
	

	
	8
	
	
	
	3
	
	
	



3. The centre of gravity of a right circular cone of diameter (d) and height (h) lies at a distance of ...... from the base measured along the vertical radius. 
h	h	h	h
(a) 2	(b) 3	(c) 4	(d) 6

4. A circular hole of radius (r) is cut out from a circular disc of radius (2r) in such a way that the diagonal of the hole is the radius of the disc. The centre of gravity of the section lies at 

(a) Centre of a disc	(b) Centre of the hole

(c) Somewhere in the disc	(d) Somewhere in the hole



















C H A P T E R
Moment of Inertia   3
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	Moment of Inertia of a
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	Composite Section.
	

	
	16.
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	distance (x) between the point and the line of action
	
	
	

	
	
	Built-up Section.
	

	of the force i.e. P.x (x) = Px2, then this quantity is
	
	
	



called moment of the moment of a force or second moment of force or moment of inertia (briefly written as M.I.).

Sometimes, instead of force, area or mass of a figure or body is taken into consideration. Then the second moment is known as second moment of area
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or second moment of mass. But all such second moments are broadly termed as moment of inertia. In this chapter, we shall discuss the moment of inertia of plane areas only.

7.2.  MOMENT OF INERTIA OF A PLANE AREA

Consider a plane area, whose moment of inertia is required to be found out. Split up the whole area into a number of small elements.
Let	a1, a2, a3, ... = Areas of small elements, and
r1, r2, r3, ... = Corresponding distances of the elements from the line about which the moment of inertia is required to be found out.

Now the moment of inertia of the area,

I   a1 r12    a 2 r22    a 3 r32   ...

· ∑ a r2 

7.3. UNITS OF MOMENT OF INERTIA 

As a matter of fact the units of moment of inertia of a plane area depend upon the units of the area and the length. e.g.,
1. If area is in m2 and the length is also in m, the moment of inertia is expressed in m4. 
2. If area in mm2 and the length is also in mm, then moment of inertia is expressed in mm4. 

7.4. METHODS FOR MOMENT OF INERTIA 

The moment of inertia of a plane area (or a body) may be found out by any one of the following

two methods :

1. By Routh’s rule	2. By Integration.

Note : The Routh’s Rule is used for finding the moment of inertia of a plane area or a body of uniform thickness.

7.5.  MOMENT OF INERTIA BY ROUTH’S RULE

The Routh’s Rule states, if a body is symmetrical about three mutually perpendicular axes*, then the moment of inertia, about any one axis passing through its centre of gravity is given by:

	
	I 
	A (or M )  S
	... (For a Square or Rectangular Lamina)
	

	
	
	3
	
	
	

	
	
	
	
	
	

	
	I 
	A (or M )  S
	... (For a Circular or Elliptical Lamina)
	

	
	
	4
	
	
	

	
	
	
	
	
	

	
	I 
	A (or M )  S
	... (For a Spherical Body)
	

	
	
	5
	
	
	

	
	
	
	
	
	

	where
	A = Area of the plane area
	
	

	
	M = Mass of the body, and
	
	



S = Sum of the squares of the two semi-axis, other than the axis, about which the moment of inertia is required to be found out.

Note : This method has only academic importance and is rarely used in the field of science and technology these days. The reason for the same is that it is equally convenient to use the method of integration for the moment of inertia of a body.


· i.e., X-X axis, Y-Y axis and Z-Z axis. 

[bookmark: page195][image: ]
b = Width of the section and d = Depth of the section.
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7.6.  MOMENT OF INERTIA BY INTEGRATION
[image: ]

The moment of inertia of an area may also be found out by the method of integration as discussed below:

Consider a plane figure, whose moment of inertia is required to be found out about X-X axis and Y-Y axis as shown in Fig 7.1. Let us divide the whole area into a no. of strips. Consider one of these strips.

Let	dA = Area of the strip

x = Distance of the centre of gravity of the strip on X-X axis and

y = Distance of the centre of gravity of the strip on Y-Y axis.













Fig. 7.1. Moment of inertia by integration.
[image: ][image: ]

We know that the moment of inertia of the strip about Y-Y axis = dA . x2

Now the moment of inertia of the whole area may be found out by integrating above equation. i.e.,
IYY = ∑ dA . x2
Similarly	IXX = ∑ dA . y2

In the following pages, we shall discuss the applications of this method for finding out the moment of inertia of various cross-sections.

7.7.  MOMENT OF INERTIA OF A RECTANGULAR SECTION

Consider a rectangular section ABCD as shown in Fig. 7.2 whose moment of inertia is required

to be found out. 












Let
[image: ]
Now consider a strip PQ of thickness dy parallel to X-X axis and at a distance y from it as shown in the figure

	Area of the strip

= b.dy

We know that moment of inertia of the strip about X-X axis, = Area × y2 = (b. dy) y2 = b. y2. dy
Now *moment of inertia of the whole section may be found out by integrating the above equation for the whole length of the
	d
	to  
	d
	Fig. 7.2. Rectangular section.
	

	lamina i.e. from – 2
	
	2 ,
	
	

	
	
	
	
	



· This may also be obtained by Routh’s rule as discussed below : 

	
	I XX
	
	
	AS
	
	
	
	
	
	
	
	
	...(for rectangular section)
	

	
	
	
	3
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	where area,    A = b × d and sum of the square of semi axes Y-Y and Z-Z,
	

	
	S 
	d
	2
	 0 
	d 2
	
	
	
	
	

	
	
	
	
	
	
	4
	
	
	
	
	

	
	
	
	2
	
	
	
	
	
	d 2
	
	
	
	

	
	
	
	
	
	
	
	
	
	(b  d ) 
	
	
	
	bd 3
	

	∴
	
	
	
	AS
	
	
	
	
	
	
	
	

	
	I XX
	
	
	
	
	
	
	4
	
	
	
	

	
	
	
	3
	
	
	
	
	
	3
	
	
	
	12
	



[bookmark: page197][image: ]
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	d
	
	
	
	
	d
	
	
	
	
	
	
	

	
	
	
	2
	
	
	
	
	
	
	2
	
	
	
	
	
	

	
	I xx   ∫ b . y 2 . dy  b
	
	∫
	y 2 . dy
	
	
	
	
	

	
	
	
	– d
	
	
	
	
	– d
	
	
	
	
	
	
	

	
	
	
	2
	
	
	
	
	
	
	2
	
	
	
	
	
	

	
	
	
	y 3
	
	d
	
	
	( d / 2)3
	
	(–d / 2)3
	
	bd 3
	

	
	
	
	
	
	2
	
	
	
	
	
	
	
	

	
	
	 b
	
	
	
	
	 b
	
	
	
	–
	
	
	
	
	

	
	
	
	
	3
	
	
	
	
	
	3
	
	3
	
	
	12
	

	
	
	
	
	
	− d
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	

	Similarly,
	IYY
	
	db3
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	12
	
	
	
	
	
	
	
	
	
	
	
	
	
	


Note. Cube is to be taken of the side, which is at right angles to the line of reference.

Example 7.1. Find the moment of inertia of a rectangular section 30 mm wide and 40 mm deep about X-X axis and Y-Y axis.

Solution. Given: Width of the section (b) = 30 mm and depth of the section (d) = 40 mm. We know that moment of inertia of the section about an axis passing through its centre of
gravity and parallel to X-X axis,
	
	
	
	bd 3
	
	
	30  (40)3
	
	3
	
	
	4
	
	

	
	I XX
	
	
	
	
	
	
	 160  10
	
	mm
	
	Ans.
	

	
	
	
	12
	
	
	
	12
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Similarly
	IYY
	
	db3
	
	
	40  (30)3
	 90  10
	3
	mm
	4
	
	Ans.
	

	
	
	
	12
	
	
	
	12
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



7.8.  MOMENT OF INERTIA OF A HOLLOW RECTANGULAR SECTION

Consider a hollow rectangular section, in which ABCD is the main section and EFGH is the cut out section as shown in Fig 7.3
[image: ]
Let	b = Breadth of the outer rectangle,

d = Depth of the outer rectangle and
b1, d1 = Corresponding values for the

cut out rectangle. We know that the moment of inertia, of the outer rectangle
ABCD about X-X axis
  bd 3
12
and moment of inertia of the cut out rectangle EFGH
	about X-X axis
	b d
	3
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	1
	1
	...(ii)
	Fig. 7.3. Hollow rectangular
	

	
	
	12
	
	
	
	

	∴
	M.I. of the hollow rectangular section about X-X axis,
	
	
	section.
	

	
	
	
	
	
	
	
	
	


IXX = M.I. of rectangle ABCD – M.I. of rectangle EFGH
· bd3 – b1 d13 
12    12 
	
	
	
	db3
	
	d b3
	

	Similarly,
	I yy
	
	
	–
	1  1
	

	
	
	
	12
	
	12
	

	
	
	
	
	
	
	


Note : This relation holds good only if the centre of gravity of the main section as well as that of the cut out section coincide with each other.

Example 7.2. Find the moment of inertia of a hollow rectangular section about its centre of gravity if the external dimensions are breadth 60 mm, depth 80 mm and internal dimensions are breadth 30 mm and depth 40 mm respectively.

[bookmark: page199][image: ]Contents
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Solution. Given: External breadth (b) = 60 mm; External depth (d) = 80 mm ; Internal breadth (b1) = 30 mm and internal depth (d1) = 40 mm.

We know that moment of inertia of hollow rectangular section about an axis passing through its centre of gravity and parallel to X-X axis,
	
	
	
	
	
	bd3
	
	
	
	
	b d
	3
	
	
	60 (80)3
	
	30 (40)3
	
	 103
	mm4
	
	

	
	IXX
	
	
	
	
	–
	
	1  1
	
	
	–
	
	
	 2400
	
	
	Ans.
	

	
	
	
	12
	
	
	12
	
	
	
	12
	
	12
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	db3
	
	
	
	d b3
	
	
	
	80 (60) 3
	
	40 (30)3
	 1350  10 3
	mm4
	
	

	Similarly,
	IYY
	
	
	
	
	–
	
	1  1
	
	
	
	
	
	–
	
	
	
	
	Ans.
	

	
	
	
	
	12
	
	
	12
	
	
	
	
	12
	
	12
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



7.9.  THEOREM OF PERPENDICULAR AXIS

It states, If IXX and IYY be the moments of inertia of a plane section about two perpendicular axis meeting at O, the moment of inertia IZZ about the axis Z-Z, perpendicular to the plane and passing through the intersection of X-X and Y-Y is given by:

IZZ  = IXX + IYY
Proof :

Consider a small lamina (P) of area da having co-ordinates as x and y along OX and OY two mutually perpendicular axes on a plane section as shown in Fig. 7.4.

Now consider a plane OZ perpendicular to OX and OY. Let (r) be the distance of the lamina (P) from Z-Z axis such that

OP = r.

From the geometry of the figure, we find that r2 = x2 + y2











Fig. 7.4. Theorem of
[image: ]
perpendicular axis.

We know that the moment of inertia of the lamina P about X-X axis,
	
	I
	XX
	= da. y2
	...[Q I = Area × (Distance)2]
	

	Similarly,
	I
	
	= da. x2
	
	
	

	
	
	YY
	
	
	
	

	
	
	
	
	
	
	

	and
	IZZ = da. r2
	= da (x2 + y2)
	...(Q r2 = x2 + y2)
	


· da. x2 + da. y2 = IYY + IXX 

7.10. MOMENT OF INERTIA OF A CIRCULAR SECTION 

Consider a circle ABCD of radius (r) with centre O and X-X' and Y-Y' be two axes of reference through O as shown in Fig. 7.5.
[image: ]
Now consider an elementary ring of radius x and thickness dx. Therefore area of the ring,

da = 2 π x. dx

and moment of inertia of ring, about X-X axis or Y-Y axis = Area × (Distance)2
= 2 π x. dx × x2
= 2 π x3. dx
Fig. 7.5. Circular section.
Now moment of inertia of the whole section, about the

central axis, can be found out by integrating the above equation for the whole radius of the circle i.e., from 0 to r.

r	r
	I ZZ    ∫ 2 π x 3 . dx  2 π ∫x 3 . dx
0	0

[bookmark: page201][image: ]Contents
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	x 4  r
	
	π
	
	
	4
	
	
	π
	
	
	
	4
	
	
	d
	
	

	
	I ZZ    2 π
	
	
	
	
	
	
	
	( r )
	
	
	
	
	
	
	( d )
	
	... substituting
	r 
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	4  0
	
	2
	
	
	
	
	32
	
	
	
	
	
	2
	
	

	
	We know from the Theorem of Perpendicular Axis that
	
	
	
	
	
	

	
	IXX + IYY = IZZ
	
	
	
	
	
	
	
	
	π
	
	
	
	
	
	
	
	π
	
	
	
	
	
	
	

	∴
	* I XX    I YY
	
	IZZ
	
	  1
	
	
	
	
	( d ) 4
	
	
	
	( d )4
	
	
	
	
	

	
	
	
	2
	
	
	
	
	32
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	2
	
	
	
	
	
	64
	
	
	
	
	
	
	


Example 7.3. Find the moment of inertia of a circular section of 50 mm diameter about an axis passing through its centre.

Solution. Given: Diameter (d) = 50 mm

We know that moment of inertia of the circular section about an axis passing through its centre,

	I XX  
	π
	( d ) 4  
	π
	 (50) 4   307  10 3 mm4
	Ans.
	

	
	64
	
	64
	
	
	

	
	
	
	
	
	
	



7.11. MOMENT OF INERTIA OF A HOLLOW CIRCULAR SECTION

Consider a hollow circular section as shown in Fig.7.6, whose moment of inertia is required to be found out.
[image: ]
Let	D = Diameter of the main circle, and d = Diameter of the cut out circle.

We know that the moment of inertia of the main circle [image: ] about X-X axis
  64π  ( D)4
and moment of inertia of the cut-out circle about X-X axis
	π
	4

	
	
	
	Fig. 7.6. Hollow circular section.
	

	
	64 ( d )
	
	

	
	
	
	


∴ Moment of inertia of the hollow circular section about X-X axis, 

IXX = Moment of inertia of main circle – Moment of inertia of cut out circle,  64π ( D ) 4 – 64π ( d ) 4  64π ( D 4 – d 4 )
	Similarly,
	I YY  
	π
	( D 4  – d 4 )
	

	
	
	64
	
	

	
	
	
	
	



Note : This relation holds good only if the centre of the main circular section as well as that of the cut out circular section coincide with each other.

· This may also be obtained by Routh’s rule as discussed below 
	
	I XX
	
	AS
	
	
	
	
	
	
	
	
	
	
	(for circular section)
	

	
	
	
	4
	
	
	
	
	
	
	
	
	
	
	
	
	

	where area,
	A 
	π
	 d 2
	and sum of the square of semi axis Y-Y and Z-Z,
	

	
	
	
	4
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	S 
	d
	2
	
	
	
	d 2
	
	
	
	
	
	
	

	
	
	
	
	 0 
	4
	
	
	
	
	
	
	

	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	π
	 d
	2
	
	d 2
	
	
	
	
	

	∴
	
	
	AS
	
	
	
	4
	
	
	
	4
	
	π
	
	4
	

	
	I XX
	
	
	
	
	
	
	
	
	
	
	
	
	( d )
	
	

	
	
	
	4
	
	
	
	
	
	4
	
	
	
	64
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Fig. 7.7. Theorem of parallel axis.
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Example 7.4. A hollow circular section has an external diameter of 80 mm and internal diameter of 60 mm. Find its moment of inertia about the horizontal axis passing through its centre.

Solution. Given : External diameter (D) = 80 mm and internal diameter (d) = 60 mm. We know that moment of inertia of the hollow circular section about the horizontal axis
passing through its centre,

	I XX  
	π
	(D4  – d 4 ) 
	π
	[(80)4  – (60)4 ]  1374  103 mm4
	Ans.
	

	
	64
	
	64
	
	
	

	
	
	
	
	
	
	



7.12. THEOREM OF PARALLEL AXIS

It states, If the moment of inertia of a plane area about an axis through its centre of gravity is denoted by IG, then moment of inertia of the area about any other axis AB, parallel to the first, and at a distance h from the centre of gravity is given by:

	
	I
	AB
	= I
	G
	+ ah2
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	where
	IAB = Moment of inertia of the area about an axis AB,
	

	
	lG  = Moment of Inertia of the area about its centre of gravity
	

	
	
	a = Area of the section, and
	

	
	
	h = Distance between centre of gravity of the section and axis AB.
	

	Proof
	
	
	
	
	
	
	
	
	
	
	
	
	

	Consider a strip of a circle, whose moment of inertia is required to be found out about a line
	

	AB as shown in Fig. 7.7.
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	Let
	δa = Area of the strip
	
	
	
	
	
	

	
	
	y =
	Distance of the strip from the
	
	
	
	
	
	

	
	
	
	
	centre of gravity the section and
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	h = Distance between centre of
	
	
	
	
	
	

	
	
	
	
	gravity of the section and the
	
	
	
	
	
	

	
	
	
	
	axis AB.
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ]
We know that moment of inertia of the whole section about an axis passing through the centre of gravity of the section

= δa. y2

and moment of inertia of the whole section about an axis passing through its centre of gravity,

IG = ∑ δa. y2

∴    Moment of inertia of the section about the axis AB, 

IAB = ∑ δa (h + y)2 = ∑ δa (h2 + y2 + 2 h y)

· (∑ h2. δa) + (∑ y2. δa) + (∑ 2 h y . δa) 

· a h2 +  IG + 0 

It may be noted that ∑ h2 . δa = a h2 and ∑ y 2 . δa = IG [as per equation (i) above] and ∑ δa.y is the algebraic sum of moments of all the areas, about an axis through centre of gravity of the section and is equal to a. y , where y is the distance between the section and the axis passing through the centre of gravity, which obviously is zero.

[bookmark: page205][image: ]Contents



Chapter 7 : Moment of Inertia	107

7.13. MOMENT OF INERTIA OF A TRIANGULAR SECTION
[image: ]
Consider a triangular section ABC whose moment of inertia
[image: ]
is required to be found out. Let b = Base of the triangular section and
h = Height of the triangular section. Now consider a small strip PQ of thickness dx at a distance of

x from the vertex A as shown in Fig. 7.8. From the geometry of the figure, we find that the two triangles APQ and ABC are similar.
	[image: ]Therefore
	
	
	
	
	BC . x
	
	
	
	
	
	
	Fig. 7.8. Triangular section.
	

	
	PQ
	
	x
	
	or   PQ 
	
	
	bx
	
	
	
	(Q BC = base = b)
	

	
	BC
	
	h
	
	h
	
	h
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that area of the strip PQ
	
	
	
	
	
	
	
	
	
	

	
	
	  bx
	. d x
	
	
	
	
	
	
	
	
	
	

	
	
	
	h
	
	
	
	
	
	
	
	
	
	
	

	and moment of inertia of the strip about the base BC
	
	
	
	

	
	
	= Area × (Distance)2 
	bx
	dx (h – x)2
	
	bx
	(h – x)2 dx
	

	
	
	
	
	
	
	h
	
	

	
	
	
	
	
	
	
	
	h
	
	
	
	



Now moment of inertia of the whole triangular section may be found out by integrating the above equation for the whole height of the triangle i.e., from 0 to h.

	I BC  
	h
	b x
	(h – x )2  dx
	
	
	
	
	

	
	∫0
	
	
	
	
	
	
	

	
	
	h
	
	
	
	
	
	
	
	
	

	
	b
	
	h
	
	
	
	
	
	
	
	
	

	
	h
	∫0
	x (h 2    x 2  – 2 h x ) dx
	
	

	
	b
	
	h
	
	
	
	
	
	
	
	
	

	
	h
	∫0
	(x h 2    x 3  – 2 hx 2 ) dx
	
	

	
	b
	x
	2 h 2
	
	x 4
	–
	2 hx 3  h
	
	b h3
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	h
	
	
	2
	
	4
	
	3
	
	
	12
	

	
	
	
	
	
	
	
	
	0
	
	
	



We know that distance between centre of gravity of the triangular section and base BC, d  h3

∴ Moment of inertia of the triangular section about an axis through its centre of gravity and parallel to X-X axis,

	I
	G
	= I
	BC
	– ad 2
	
	
	
	
	
	...(Q I
	XX
	= I
	G
	+ a h2)
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	bh 3
	
	bh   h
	2
	
	bh3
	
	
	
	
	

	
	
	
	
	
	
	–
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	12
	
	
	
	
	3
	
	
	36
	
	
	
	
	
	

	
	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	


Notes : 1. The moment of inertia of section about an axis through its vertex and parallel to the base

	  I G   a d
	2
	
	b h 3
	b h
	2 h 2
	
	9 b h 3
	
	b h3
	

	
	
	
	36
	
	2
	
	3
	
	
	36
	
	4
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	



2. This relation holds good for any type of triangle.
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Example. 7.5. An isosceles triangular section ABC has base width 80 mm and height 60 mm. Determine the moment of inertia of the section about the centre of gravity of the section and the base BC.
Solution. Given : Base width (b) = 80 mm and height (h) = 60 mm.

Moment of inertia about the centre of gravity of the section

We know that moment of inertia of triangular section about its centre of gravity,

	IG  
	b h3
	
	80  (60)3
	 480  10
	3
	mm
	4
	

	
	36
	
	36
	
	
	
	
	

	
	
	
	
	
	
	
	
	


Moment of inertia about the base BC

We also know that moment of inertia of triangular section about the base BC,

	IBC  
	b h3
	
	80  (60)3
	 1440  10
	3
	mm
	4
	

	
	12
	
	12
	
	
	
	
	

	
	
	
	
	
	
	
	
	


Exmple 7.6. A hollow triangular section shown in Fig. 7.9 is symmetrical about its vertical axis.
[image: ]












Fig. 7.9.

Find the moment of inertia of the section about the base BC.

Solution. Given : Base width of main triangle (B) = 180 mm; Base width of cut out triangle (b) = 120 mm; Height of main triangle (H) = 100 mm and height of cut out triangle (h) = 60 mm.

We know that moment of inertia of the triangular, section about the base BC,
	IBC
	
	BH 3
	– bh3
	
	180  (100) 3
	–
	120  (60)3
	mm4
	

	
	
	12
	12
	
	12
	
	12
	
	

	
	= (15 × 106) – (2.16 × 106) = 12.84 × 106 mm4
	Ans.



7.14. MOMENT OF INERTIA OF A SEMICIRCULAR SECTION

Consider a semicircular section ABC whose moment of inertia is required to be found out as shown in Fig. 7.10.
[image: ]
Let	r = Radius of the semicircle.

We know that moment of inertia of the semicircular section about the base AC is equal to half the moment of inertia of the circular section about AC. Therefore moment of inertia of the semicircular section ABC about the base AC,
[image: ][image: ][image: ]
	I AC
	
	1
	
	π
	 ( d ) 4   0.393 r4
	Fig. 7.10. Semicircular section ABC.
	

	
	
	2
	
	64
	
	
	

	
	
	
	
	
	
	
	



We also know that area of semicircular section,

	a 
	1
	  π r2
	π r
	2

	
	2
	
	2
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and distance between centre of gravity of the section and the base AC,
h 4r

3π 
∴      Moment of inertia of the section through its centre of gravity and parallel to x-x axis, 
	
	
	
	2
	π
	
	
	4
	
	
	
	π r 2
	
	4 r  2
	

	I G    I AC  – ah
	
	
	
	
	 ( r)
	
	
	–
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	2
	
	
	
	
	
	

	
	
	
	
	
	8
	
	
	
	
	
	
	
	
	3 π
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	π
	
	4
	
	
	
	8
	
	
	
	4
	
	
	
	
	
	4
	
	
	

	
	 ( r )
	
	
	
	–
	
	
	 ( r )
	
	
	 0.11 r
	
	
	
	

	
	
	
	
	
	
	9 π
	
	
	
	
	
	
	
	

	8
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


Note. The moment of inertia about y-y axis will be the same as that about the base AC i.e., 0.393 r4.

Example 7.7. Determine the moment of inertia of a semicircular section of 100 mm diameter about its centre of gravity and parallel to X-X and Y-Y axes.

Solution. Given: Diameter of the section (d) = 100 mm or radius (r) = 50 mm

Moment of inertia of the section about its centre of gravity and parallel to X-X axis

We know that moment of inertia of the semicircular section about its centre of gravity and parallel to X-X axis,
	I
	XX
	= 0.11 r4
	= 0.11 × (50)4 = 687.5 × 103 mm4
	Ans.
	

	Moment of inertia of the section about its centre of gravity and parallel to Y-Y axis.
	

	We also know that moment of inertia of the semicircular section about its centre of gravity
	

	and parallel to Y-Y axis.
	
	
	
	
	
	
	

	I
	YY
	= 0.393 r4
	= 0.393 × (50)4 = 2456 × 103 mm4
	Ans.
	

	
	
	
	
	
	
	



Example 7.8. A hollow semicircular section has its outer and inner diameter of 200 mm and 120 mm respectively as shown in Fig. 7.11.
[image: ]








Fig. 7.11.

What is its moment of inertia about the base AB ?

Solution. Given: Outer diameter (D) = 200 mm or Outer Radius (R) = 100 mm and inner diameter (d) = 120 mm or inner radius (r) = 60 mm.

We know that moment of inertia of the hollow semicircular section about the base AB,

IAB = 0.393 (R4 – r4) = 0.393 [(100)4 – (60)4] = 34.21 × 106 mm4     Ans.

EXERCISE 7.1

1.	Find the moment of inertia of a rectangular section 60 mm wide and 40 mm deep about its centre of gravity. [Ans. IXX = 320 × 103 mm4 ; IYY = 720 × 103 mm4]

2. Find the moment of inertia of a hollow rectangular section about its centre of gravity, if the external dimensions are 40 mm deep and 30 mm wide and internal dimensions are 25 

mm deep and 15 mm wide.	[Ans. IXX = 140 470 mm4 : IYY = 82 970 mm4]

[bookmark: page211][image: ]Contents
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3.	Find the moment of inertia of a circular section of 20 mm diameter through its centre of gravity. [Ans. 7854 mm4]

4. Calculate the moment of inertia of a hollow circular section of external and internal diameters 100 mm and 80 mm respectively about an axis passing through its centroid. 
[Ans. 2.898 × 106 mm4]

5. Find the moment of inertia of a triangular section having 50 mm base and 60 mm height about an axis through its centre of gravity and base. 

[Ans. 300 × 103 mm 4: 900 × 103 mm4] 6.  Find the moment of inertia of a semicircular section of 30 mm radius about its centre of gravity and parallel to X-X and Y-Y axes.           [Ans. 89 100 mm4 : 381 330 mm4]

7.15. MOMENT OF INERTIA OF A COMPOSITE SECTION

The moment of inertia of a composite section may be found out by the following steps :

1. First of all, split up the given section into plane areas (i.e., rectangular, triangular, circular etc., and find the centre of gravity of the section). 

2. Find the moments of inertia of these areas about their respective centres of gravity. 

3. Now transfer these moment of inertia about the required axis (AB) by the Theorem of Parallel Axis, i.e., 
IAB = IG + ah2

where IG = Moment of inertia of a section about its centre of gravity and parallel to the axis. a = Area of the section,

h = Distance between the required axis and centre of gravity of the section.

4. The moments of inertia of the given section may now be obtained by the algebraic sum of the moment of inertia about the required axis. 

Example 7.9. Figure 7.12 shows an area ABCDEF.
[image: ]








Fig. 7.12.

Compute the moment of inertia of the above area about axis K-K.

Solution. As the moment of inertia is required to be found out about the axis K-K, therefore there is no need of finding out the centre of gravity of the area.
[image: ]









Fig. 7.13.


Let us split up the area into two rectangles 1 and 2 as shown in Fig. 7.13.

[bookmark: page213][image: ]
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We know that moment of inertia of section (1) about its centre of gravity and parallel to axis K-K,

IG1  120  (40)3  640  103 mm4 12

and distance between centre of gravity of section (1) and axis K-K, h1  100  402  120 mm
∴       Moment of inertia of section (1) about axis K-K 

  I G1  a1 h12  (640  103 )  [(120  40)  (120) 2 ] = 69.76 × 106 mm4

Similarly, moment of inertia of section (2) about its centre of gravity and parallel to axis K-K,

IG2  40  (240)3  46.08  106 mm4 12

and distance between centre of gravity of section (2) and axis K-K, h2  100  2402  220 mm
∴      Moment of inertia of section (2) about the axis K-K, 

  I G2  a2 h22  (46.08  106 )  [(240  40)  (220) 2 ] = 510.72 × 106 mm4

	Now moment of inertia of the whole area about axis K-K,
	

	IKK = (69.76 × 106) + (510.72 × 106) = 580.48 × 106 mm4
	Ans.


Example 7.10. Find the moment of inertia of a T-section with flange as 150 mm × 50 mm and web as 150 mm × 50 mm about X-X and Y-Y axes through the centre of gravity of the section.

	Solution. The given T-section is shown in Fig. 7.14.
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	First of all, let us find out centre of gravity of the section.
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	As the section is symmetrical about Y-Y axis, therefore its centre
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	of gravity will lie on this axis. Split up the whole section into two
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	rectangles viz., 1 and 2 as shown in figure. Let bottom of the web
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	be the axis of reference.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(i) Rectangle (1)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a
	1
	= 150 × 50 = 7500 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y1
	 150 
	50
	 175 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii) Rectangle (2)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a
	2
	= 150 × 50 = 7500 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	Fig. 7.14.
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	y2
	 150   75 mm
	
	
	
	
	
	
	
	

	and
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that distance between centre of gravity of the section and bottom of the web,
	

	
	y 
	a1 y1   a2 y2
	
	(7500  175)  (7500  75)
	 125 mm
	

	
	
	
	
	7500  7500
	
	
	
	

	
	
	
	
	a1   a2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ][image: ][image: ][image: ]Moment of inertia about X-X axis

We also know that M.I. of rectangle (1) about an axis through its centre of gravity and parallel

to X-X axis.

IG1 	1.5625106mm4

and distance between centre of gravity of rectangle (1) and X-X axis, h1 = 175 – 125 = 50 mm

[bookmark: page215][image: ]Contents
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∴     Moment of inertia of rectangle (1) about X-X axis 

I G1  a1 h12  (1.5625  106 )  [7500  (50) 2 ]  20.3125  10 6 mm4

Similarly, moment of inertia of rectangle (2) about an axis through its centre of gravity and parallel to X-X axis,

IG2  50 (150)3  14.0625  106 mm4 12

and distance between centre of gravity of rectangle (2) and X-X axis, h2 = 125 – 75 = 50 mm
	Moment of inertia of rectangle (2) about X-X axis
	  I
	G2
	  a
	h2  (14.0625  106 )  [7500  (50)2
	]  32.8125  106
	mm4
	

	
	
	2
	2
	
	
	
	

	Now moment of inertia of the whole section about X-X axis,
	
	
	
	

	IXX = (20.3125
	× 106) + (32.8125 × 106) = 53.125 × 106 mm4
	Ans.
	
	


Moment of inertia about Y-Y axis

We know that M.I. of rectangle (1) about Y-Y axis

· 50 (150)3  14.0625  106 mm4 12 
and moment of inertia of rectangle (2) about Y-Y axis,

 150 (50)3  1.5625  106 mm4 12
Now moment of inertia of the whole section about Y-Y axis,
IYY = (14.0625 × 106) + (1.5625 × 106) = 15.625 × 106 mm4     Ans.
Example 7.11. An I-section is made up of three rectangles as shown in Fig. 7.15. Find the moment of inertia of the section about the horizontal axis passing through the centre of gravity of the section.

Solution. First of all, let us find out centre of gravity of the section. As the section is symmetrical

	about Y-Y axis, therefore its centre of gravity will lie on this axis.
	

	Split up the whole section into three rectangles 1, 2 and 3 as shown
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	in Fig. 7.15, Let bottom face of the bottom flange be the axis of
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	reference.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(i) Rectangle 1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a1 = 60 × 20 = 1200 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y1
	 20  100   20  130 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii) Rectangle 2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a
	2
	= 100 × 20 = 2000 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	 20  100  70 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(iii) Rectangle 3
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a
	3
	= 100 × 20 = 2000 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	  20  10 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y3
	
	
	
	
	
	
	
	
	Fig. 7.15.
	

	
	
	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that the distance between centre of gravity of the section and bottom face,
	

	
	y 
	a1 y1   a2 y 2    a3 y3
	
	(1200  130)  (2000  70)  (2000  10) mm
	

	
	
	
	
	
	a1   a2   a3
	1200   2000   2000
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	= 60.8 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ]
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We know that moment of inertia of rectangle (1) about an axis through its centre of gravity and parallel to X-X axis,
IG1  0  (20)3  40  103 mm4 12

and distance between centre of gravity of rectangle (1) and X-X axis, h1 = 130 – 60.8 = 69.2 mm
	Moment of inertia of rectangle (1) about X-X axis,

  IG1   a1 h12   (40  103 )  [1200  (69.2)2 ]  5786  103 mm4

Similarly, moment of inertia of rectangle (2) about an axis through its centre of gravity and parallel to X-X axis,

IG2  20  (100)3  1666.7  103 mm4 12

and distance between centre of gravity of rectangle (2) and X-X axis, h2 = 70 – 60.8 = 9.2 mm
∴     Moment of inertia of rectangle (2) about X-X axis, 

  I G2  a2 h22  (1666.7  103 )  [2000  (9.2) 2 ]  1836  103 mm4

Now moment of inertia of rectangle (3) about an axis through its centre of gravity and parallel to X-X axis,

IG3  100  (20)3  66.7  103 mm4 12

and distance between centre of gravity of rectangle (3) and X-X axis, h3 = 60.8 – 10 = 50.8 mm
∴     Moment of inertia of rectangle (3) about X-X axis, 

= IG 3    a3 h32    (66.7  103 )   [2000   (50.8)2 ] = 5228 × 103 mm4

Now moment of inertia of the whole section about X-X axis,

	I
	XX
	= (5786 × 103) + (1836 × 103) + (5228 × 103) = 12 850 × 103 mm4
	Ans.
	

	
	
	
	
	



Example 7.12. Find the moment of inertia about the centroidal X-X and Y-Y axes of the angle section shown in Fig. 7.16.

Solution. First of all, let us find the centre of gravity of the section. As the section is not symmetrical about any section, therefore we have to find out the values of x and y for the angle section. Split up the section into two rectangles (1) and (2) as shown in Fig. 7.16.
Moment of inertia about centroidal X-X axis

Let bottom face of the angle section be the axis of reference.

Rectangle (1)
[image: ]
a1 = 100 × 20 = 2000 mm2
[image: ]
	and
	y1
	
	100
	 50 mm

	
	
	
	2
	

	Rectangle (2)
	
	
	

	
	a2 = (80 – 20) × 20 = 1200 mm2

	and
	y2
	
	20
	 10 mm

	
	
	
	2
	


[image: ]
Fig. 7.16.
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We know that distance between the centre of gravity of the section and bottom face,
	y 
	a1 y1   a2 y2
	
	(2000  50)
	 (1200  10)
	 35 mm
	

	
	a1   a2
	
	2000
	 1200
	
	

	
	
	
	
	
	
	



We know that moment of inertia of rectangle (1) about an axis through its centre of gravity and parallel to X-X axis,
IG1  20  (100)3  1.667  106 mm4 12

and distance of centre of gravity of rectangle (1) from X-X axis, h1 = 50 – 35 = 15 mm
∴ Moment of inertia of rectangle (1) about X-X axis 

  I G1  a h12  (1.667  10 6 )  [2000  (15) 2 ] = 2.117 × 106 mm4

Similarly, moment of inertia of rectangle (2) about an axis through its centre of gravity and parallel to X-X axis,
	
	IG2
	  60  (20)3
	0.04  106  mm4
	
	
	

	
	
	
	12
	
	
	
	
	

	and distance of centre of gravity of rectangle (2) from X-X axis,
	
	
	

	
	h2 = 35 – 10 = 25 mm
	
	
	

	∴    Moment of inertia of rectangle (2) about X-X axis
	
	
	

	
	
	
	  I G2  a h22
	 (0.04  10 6 )  [1200  (25) 2 ] = 0.79 × 106 mm4
	

	Now moment of inertia of the whole section about X-X axis,
	
	
	

	
	IXX = (2.117 × 106) + (0.79 × 106) = 2.907 × 106 mm4
	Ans.
	

	Moment of inertia about centroidal Y-Y axis
	
	
	

	Let left face of the angle section be the axis of reference.
	
	
	

	Rectangle (1)
	
	
	
	
	
	
	
	

	
	a
	1
	= 2000 mm2
	
	
	
	...(As before)
	

	
	
	
	  20  10 mm
	
	
	

	and
	x1
	
	
	
	

	Rectangle (2)
	
	2
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	a
	2
	= 1200 mm2
	
	
	
	...(As before)
	

	
	
	
	
	
	
	
	
	
	

	and
	x2
	 20   60  50 mm
	
	
	

	
	
	
	2
	
	
	
	
	

	We know that distance between the centre of gravity of the section and left face,
	

	
	x 
	a1 x1   a 2 x2
	  (2000  10)  (1200  50)
	 25 mm
	
	

	
	
	
	
	
	
	

	
	
	
	
	a1   a2
	2000  1200
	
	
	



We know that moment of inertia of rectangle (1) about an axis through its centre of gravity and parallel to Y-Y axis,
IG1  100  (20)3  0.067  106 mm4 12

and distance of centre of gravity of rectangle (1) from Y-Y axis, h1 = 25 – 10 = 15 mm
∴ Moment of inertia of rectangle (1) about Y-Y axis 

· I G1    a1 h12    (0.067  10 6 )   [2000   (15) 2 ] = 0.517 × 106 mm4 

[bookmark: page221][image: ]Contents




Chapter 7 : Moment of Inertia	115

Similarly, moment of inertia of rectangle (2) about an axis through its centre of gravity and parallel to Y-Y axis,

IG2  20  (60)3  0.36 106 mm4 12

and distance of centre of gravity of rectangle (2) from Y-Y axis, h2 = 50 – 25 = 25 mm,

∴     Moment of inertia of rectangle (2) about Y-Y axis 

  I G2  a2 h22  0.36  10 6  [1200  (25) 2 ]  1.11  106 mm4

Now moment of inertia of the whole section about Y-Y axis,
	I
	YY
	= (0.517 × 106) + (1.11 × 106) = 1.627 × 106 mm4
	Ans.
	

	
	
	
	
	



Example 7.13. Figure 7.17 shows the cross-section of a cast iron beam.
[image: ]















Fig. 7.17.

Determine the moments of inertia of the section about horizontal and vertical axes passing through the centroid of the section.

Solution. As the section is symmetrical about its horizontal and vertical axes, therefore centre of gravity of the section will lie at the centre of the rectangle. A little consideration will show that when the two semicircles are placed together, it will form a circular hole with 50 mm radius or 100 mm diameter.

Moment of inertia of the section about horizontal axis passing through the centroid of the section.

We know that moment of inertia of the rectangular section about its horizontal axis passing through its centre of gravity,

	
	b d 3
	
	120  (150)3
	 33.75  10
	6
	mm
	4
	

	
	12
	
	
	12
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	



and moment of inertia of the circular section about a horizontal axis passing through its centre of gravity,

  π4 ( r) 4   π4 (50) 4  4.91  10 6 mm4

∴ Moment of inertia of the whole section about horizontal axis passing through the centroid of the section,

IXX = (33.75 × 106) – (4.91 × 106) = 28.84 × 106 mm4     Ans.
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Moment of inertia of the section about vertical axis passing through the centroid of the section

We know that moment of inertia of the rectangular section about the vertical axis passing through its centre of gravity,
	IG1 
	db3
	
	
	150  (120)3
	 21.6  106
	mm4
	...(i)
	

	
	
	
	12
	
	
	
	

	12
	
	
	
	
	
	

	and area of one semicircular section with 50 mm radius,
	
	
	

	a   π r2
	
	
	π (50)2   3927 mm2
	
	
	

	2
	
	2
	
	
	
	



We also know that moment of inertia of a semicircular section about a vertical axis passing through its centre of gravity,
IG2 = 0.11 r4 = 0.11 × (50)4 = 687.5 × 103 mm4
and distance between centre of gravity of the semicircular section and its base

 4 r  4  50  21.2 mm 3 π 3π

∴ Distance between centre of gravity of the semicircular section and centre of gravity of the whole section,
h2 = 60 – 21.2 = 38.8 mm
and moment of inertia of one semicircular section about centre of gravity of the whole section,
	  I
	G2
	  a
	h2  (687.5  103 )  [3927  (38.8)2
	]  6.6  106
	mm4
	

	
	
	2
	2
	
	
	

	∴    Moment of inertia of both the semicircular sections about centre of gravity of the whole
	

	section,
	
	
	
	
	
	

	= 2 × (6.6 × 106) = 13.2 × 106 mm4
	
	...(ii)
	


and moment of inertia of the whole section about a vertical axis passing through the centroid of the

	section,
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	= (21.6 × 106) – (13.2 × 106) = 8.4 × 106 mm4
	
	Ans.
	
	
	
	
	
	
	
	
	
	
	

	Example 7.14. Find the moment of inertia of a hollow section shown in Fig. 7.18. about an
	

	axis passing through its centre of gravity or parallel X-X axis.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Solution. As the section is symmentrical about Y-Y axis,
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	therefore centre of a gravity of the section will lie on this axis.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Let y be the distance between centre of gravity of the section
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	from the bottom face.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(i) Rectangle
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	a1 = 300 × 200 = 60 000 mm2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y1
	  300  150 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii) Circular hole
	
	
	
	
	
	
	
	
	
	
	
	Fig. 7.18.
	

	
	
	  π  (150) 2  17 670 mm2
	
	
	
	
	
	
	
	

	
	a
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	2
	4
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	and
	y2
	= 300 – 100 = 200 mm
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	We know that distance between the centre of gravity of the section and its bottom face,
	

	
	y 
	a1 y1
	– a2 y2
	
	(60000  150) – (17670   200)
	= 129.1 mm
	

	
	
	a1
	
	
	60000 – 17670
	
	
	
	
	
	
	
	

	
	
	
	
	– a2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ]∴ Moment of inertia of rectangular section about an axis through its centre of gravity and parallel to X-X axis,

IG1  200  (300)3  450  106 mm4 12

[bookmark: page225][image: ]Contents




Chapter 7 : Moment of Inertia	117

and distance of centre of gravity of rectangular section and X-X axis, h1 = 150 – 129.1 = 20.9 mm
	Moment of inertia of rectangle about X-X axis

  I G1  ah2  (450  106 )  [(300  200)  (20.9)]2  476.21  106 mm4

Similarly, moment of inertia of circular section about an axis through its centre of gravity and parallel to X-X axis,
	IG2  
	π
	 (150) 4   24.85  10 6  mm4
	

	
	64
	
	

	
	
	
	



and distance between centre of gravity of the circular section and X-X axis, h2 = 200 – 129.1 = 70.9 mm
∴ Moment of inertia of the circular section about X-X axis, 
· IG2 + ah2 = (24.85 × 106) + [(17 670) × (70.9)2] = 113.67 × 106 mm4 
Now moment of inertia of the whole section about X-X axis

= (476.21 × 106) – (113.67 × 106) = 362.54 × 106 mm4	Ans.

Example 7.15. A rectangular hole is made in a triangular section as shown in Fig. 7.19.
[image: ]











Fig. 7.19.

Determine the moment of inertia of the section about X-X axis passing through its centre of gravity and the base BC.

Solution. As the section is symmetrical about Y-Y axis, therefore centre of gravity of the section will lie on this axis. Let y be the distance between the centre of gravity of the section and the base BC.

(i) Triangular section
	
	a
	
	 100  90  4500 mm2
	

	
	1
	2
	

	
	
	
	
	

	and
	y1
	  90  30 mm
	

	
	
	
	3
	

	(ii) Rectangular hole
	

	
	a
	2
	= 30 × 20 = 600 mm2
	

	
	
	
	
	

	and
	y2
	 30   30  45 mm
	

	
	
	
	2
	


We know that distance between the centre of gravity of the section and base BC of the triangle,

	y 
	a1 y1 – a2 y2
	
	(4500  30)
	– (600  45)
	 27.7 mm
	

	
	a1 – a2
	
	4500
	– 600
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Moment of inertia of the section about X-X axis.

We also know that moment of inertia of the triangular section through its centre of gravity and parallel to X-X axis,

	IG1
	
	b d 3
	
	100  (90)3
	 2025  10 3 mm4
	

	
	
	
	
	
	36
	
	

	
	36
	
	
	
	
	



and distance between the centre of gravity of the section and X-X axis, h1 = 30 – 27.7 = 2.3 mm
	Moment of inertia of the triangular section about X-X axis

  IG1    a2 h12    2025  103    [4500   (2.3)2 ] = 2048.8 × 103 mm4

Similarly moment of inertia of the rectangular hole through its centre of gravity and parallel to the X-X axis

	IG2 
	b d 3
	
	20  (30)3
	 45  10
	3
	mm
	4
	

	
	12
	
	12
	
	
	
	
	

	
	
	
	
	
	
	
	
	



and distance between the centre of gravity of the section and X-X axis h2 = 45 – 27.7 = 17.3 mm
∴ Moment of inertia of rectangular section about X-X axis 

  I G 2    a 2 h22    (45  10 3 )   [600   (17.3) 2 ] = 224.6 × 103 mm4

Now moment of inertia of the whole section about X-X axis.

Ixx = (2048.8 × 103) – (224.6 × 103) = 1824.2 × 103 mm4     Ans.

Moment of inertia of the section about the base BC

We know that moment of inertia of the triangular section about the base BC

	
	b d 3
	
	100  (90)3
	3
	
	4
	

	IG1 
	
	
	
	
	 6075  10
	mm
	
	

	
	12
	
	12
	
	
	
	

	
	
	
	
	
	
	
	



Similarly moment of inertia of the rectangular hole through its centre of gravity and parallel to X-X axis,

	IG2 
	b d 3
	
	20  (30)3
	 45  10
	3
	mm
	4
	

	
	12
	
	12
	
	
	
	
	

	
	
	
	
	
	
	
	
	



and distance between the centre of gravity of the section about the base BC,

h2   30   302  45 mm

∴ Moment of inertia of rectangular section about the base BC, 

  I G2  a2 h22  (45  103 )  [600  (45) 2 ]  1260  103 mm4

Now moment of inertia of the whole section about the base BC,

IBC = (6075 × 103) – (1260 × 103) = 4815 × 103 mm4     Ans.

7.16.  MOMENT OF INERTIA OF A BUILT-UP SECTION


A built-up section consists of a number of sections such as rectangular sections, channel sections, I-sections etc., A built-up section is generally made by symmetrically placing and then fixing these section by welding or riveting. It will be interesting to know that a built-up section
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behaves as one unit. The moment of inertia of such a section is found out by the following steps.

1. Find out the moment of inertia of the various sections about their respective centres of gravity as usual. 

2. Now transfer these moments of inertia about the required axis (say X-X axis or Y-Y axis) by the Theorem of Parallel Axis. 

Note. In most of the standard sections, their moments of inertia of about their respective centres of gravity is generally given. However, if it is not given then we have to calculate it before transferring it to the required axis.

Example 7.16. A compound beam is made by welding two steel plates 160 mm × 12 mm one on each flange of an ISLB 300 section as shown in Fig 7.20.
[image: ]


















Fig. 7.20.

Find the moment of inertia the beam section about an axis passing through its centre of gravity and parallel to X-X axis. Take moment of inertia of the ISLB 300 section about X-X axis as 73.329 × 106 mm4.

Solution. Given: Size of two steel plates = 160 mm × 12 mm and moment of inertia of ISLB 300 section about X-X axis = 73.329

From the geometry of the compound section, we find that it is symmetrical about both the X-X and Y-Y axes. Therefore centre of gravity of the section will lie at G i.e. centre of gravity of the beam section.

We know that moment of inertia of one steel plate section about an axis passing through its centre of gravity and parallel to X-X axis.

IG  160  (12)3  0.023  106 mm4 12

and distance between the centre of gravity of the plate section and X-X axis, h  150  122  156 mm
∴    Moment of inertia of one plate section about X-X axis, 

· IG + a h2 = (0.023 × 106) + [(160 × 12) × (156)2] = 46.748 × 106 mm4 
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and moment of inertia of the compound beam section about X-X axis, IXX = Moment of inertia of ISLB section

+ Moment of inertia of two plate sections.

= (73.329 × 106) + 2 (46.748 × 106) = 166.825 × 106 mm4    Ans.

Example 7.17. A compound section is built-up by welding two plates 200 mm × 15 mm on two steel beams ISJB 200 placed symmetrically side by side as shown in Fig. 7.21.
[image: ]


















Fig. 7.21.

What is the moment of inertia of the compound section about an axis passing through its centre of gravity and parallel to X-X axis ? Take IXX for the ISJB section as 7.807 × 106 mm4.

Solution. Given: Size of two plates = 200 mm × 15 mm and moment of inertia of ISJB 200 section about X-X axis = 7.807 × 106 mm4.

From the geometry of the compound section, we find that it is symmetrical about both the X-X and Y-Y axis. Therefore centre of gravity of the section will lie at G i.e., centre of gravity of the beam sections.

We know that moment of inertia of one plate section about an axis passing through its centre of gravity and parallel to X-X axis,

IG  200  (15)3  0.056  106 mm4 12

and distance between the centre of gravity of the plate section and X-X axis,

h  100  152  107.5 mm

	Moment of inertia of the plate section about x-x axis

= IG + a h2 = (0.056 × 10 6) + (200 × 15) × (107.5)2 = 34.725 × 106 mm4 and moment of inertia of the compound section about x-x axis,
IXX = Moment of inertia of two ISJB sections

+ Moment of inertia of two plate sections

= [2 × (7.807 × 106) + 2 × (34.725 × 106)] = 85.064 × 106 mm4	Ans.

[bookmark: page233][image: ]Contents



Chapter 7 : Moment of Inertia	121

Example 7.18. A built up section is made by needing too stable and two channel sections as shown in Fig. 7.22.
[image: ]
















Fig. 7.22.

Determine moment of inertia of a built up section about X-X axis passing through centre of gravity of the section.

Solution. As the section is symmetrical about X-X axis and Y-Y axis therefore centre of gravity of the section will coincide with the geometrical centre of section.

We know that the moment of inertia of one top or bottom plate about an axis through its centre os gravity and parallel to X-X axis,
[image: ]IG1  90  (10)3  7500 mm4 12

and distance between centre of gravity of the plates from X-X axis, h1 = 65 – 5 = 60 mm
∴ Moment of inertia of top and bottom plates about X-X axis, 
= IG1 + a h2 = 2 [7500 + (90 × 10) × (60)2] mm4 (because of two plates)

= 6.5 × 106 mm4

Now moment of inertia of part (1) of one channel section about an axis through its centre of gravity and parallel to X-X axis,

	IG2
	
	30  (10)
	3
	 2500 mm4
	Fig. 7.23.
	

	
	
	
	
	
	
	

	
	
	12
	
	
	
	

	
	
	
	
	
	
	



and distance of centre of gravity of this part from X-X axis, h2 = 55 – 5 = 50 mm
∴ Moment of inertia of part (1) about X-X axis, 
	
	= I
	G2
	+ a h2 = 4 [2500 + (30 × 10) × (50)2 mm4
	...(because of four plates)
	

	
	
	
	
	
	
	
	
	
	

	
	= 3.0 × 106 mm4
	
	
	
	
	
	

	Similarly moment of inertia of part (2) of the channel about an axis through its centre of
	

	gravity and parallel to X-X axis,
	
	
	
	
	
	

	IG 3
	
	10   (90)3
	
	6
	mm
	4
	...(because of two plates)
	

	
	  2
	12
	  0.6  10
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Now moment of inertia of the whole built-up section about an axis through its centre of gravity and parallel to X-X axis,
IXX = (6.5 × 106) + (3.0 × 106) + (0.6 × 106) = 10.1 × 106 mm4     Ans.

EXERCISE 7.2

1. Find the moment of inertia of a T-section having flange and web both 120 mm × 30 mm about X-X axis passing through the centre of gravity of the section. 

[Ans. 14 715 × 103 mm4]

2. Calculate the moment of inertia of an I-section having equal flanges 30 mm × 10 mm and web also 30 mm × 10 mm about an axis passing through its centre of gravity and parallel 
to X-X and Y-Y axes.	[Ans. 267.5 × 103 mm4; 47 × 103 mm4]

3.	Find the moment of inertia of the lamina with a circular hole of 30 mm diameter about the axis AB as shown in Fig. 7.24. [Ans. 638.3 × 103 mm4]
[image: ]













Fig. 7.24.	Fig. 7.25.

4. A circular hole of diameter R is punched out from a circular plate of radius R shown in Fig. 7.25. Find the moment of inertia about both the centroidal axes. 

	
	
	15 π R4
	; IYY  
	29 π R4
	

	Ans. I XX
	
	
	
	
	
	
	

	
	
	64
	
	192
	
	

	
	
	
	
	
	
	



5.	The cross-section of a beam is shown in Fig. 7.26. Find the moment of inertia of the section about the horizontal centroidal axis. [Ans. 1.354 × 106 mm4]
[image: ]








Fig. 7.26.	Fig. 7.27.

6.  A built-up section consists of an I-section and two plates as shown in Fig 7.27. Find

values of IXX and IYY of the section. Take values of IXX as 3.762 × 106 mm4 and IYY as 73.329 × 106 mm6 respectively for the I-section.

[Ans. IXX = 17.095 × 106 mm4 ; IYY = 169.46 × 106 mm4]
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QUESTIONS

1. How would you find out the moment of inertia of a plane area ? 

2. What is Routh’s rule for finding out the moment of inertia of an area ? Explain where it is used and why ? 

3. Derive an equation for moment of inertia of the following sections about centroidal axis: 

(a) a rectangular section,

(b) a hollow rectangular section, (c) a circular section, and

(d) a hollow circular section.

4. State and prove the theorem of perpendicular axis applied to moment of inertia. 

5. Prove the parallel axis theorem in the determination of moment of inertia of areas with the help of a neat sketch. 

6. Describe the method of finding out the moment of inertia of a composite section. 

OBJECTIVE TYPE QUESTIONS

1. If the area of a section is in mm2 and the distance of the centre of area from a lines is in mm, then units of the moment of inertia of the section about the line is expressed in 

	
	(a) mm2
	(b) mm3
	(c) mm4
	(d) mm5
	

	2.
	Theorem of perpendicular axis is used in obtaining the moment of inertia of a
	

	
	(a) triangular lamina
	
	
	(b) square lamina
	
	
	
	

	
	(c) circular lamina
	
	
	(d) semicircular lamina
	
	
	
	

	3.
	The moment of inertia of a circular section of diameter (d) is given by the relation
	

	
	(a)
	π
	( d )4
	(b)
	π
	( d )4
	(c)
	π
	( d )4
	(d)
	π
	( d )4
	

	
	
	16
	
	
	32
	
	
	64
	
	
	96
	
	



4. The moment of inertia of a triangular section of base (b) and height (h) about an axis through its c.g. and parallel to the base is given by the relation. 

	(a)
	bh3
	(b)
	bh3
	(c)
	bh3
	(d)
	bh3
	

	
	12
	
	24
	
	36
	
	48
	

	
	
	
	
	
	
	
	
	



5. The moment of inertia of a triangular section of base (b) and height (h) about an axis passing through its vertex and parallel to the base is ... as that passing through its C.G. and parallel to the base. 

(a) twelve times	(b) nine times

(c) six times	(d) four times

ANSWERS

1. (c)	2. (b)	3. (c)	4. (c)	5. (b)
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20.1. INTRODUCTION
In the previous chapters, we have been discussing the motion of bodies, either in horizontal
or vertical directions. But we see that whenever a particle is projected upwards at a certain angle (but
not vertical), we find that the particle traces some path in the air and falls on the ground at a point, other than
the point of projection. If we study the motion of the particle, we find that the velocity, with which the
particle was projected, has two components namely vertical and horizontal. The function of the vertical component is toproject the body vertically upwards, and that of thehorizontal is to move the body horizontally in its
Contents
direction. The combined effect of both the components is to move the particle along a parabolic
path. A particle, moving under the combined effect of vertical and horizontal forces, is called a
projectile. It may be noted that the vertical component of the motion is always subjected to gravitational
acceleration, whereas the horizontal component remains constant.
20.2. IMPORTANT TERMS
The following terms, which will be frequently used in this chapter, should be clearly understood
at this stage :
1. Trajectory. The path, traced by a projectile in the space, is known as trajectory.
2. Velocity of projection. The velocity, with which a projectile is projected, is known as the
velocity of projection.
3. Angle of projection. The angle, with the horizontal, at which a projectile is projected, is
known as the angle of projection.
4. Time of flight. The total time taken by a projectile, to reach maximum height and to
return back to the ground, is known as the time of flight.
5. Range. The distance, between the point of projection and the point where the projectile
strikes the ground, is known as the range. It may be noted that the range of a projectile
may be horizontal or inclined.
20.3. MOTION OF A BODY THROWN HORIZONTALLY INTO THE AIR
Consider a body at A thrown horizontally into the *air with a
horizontal velocity (v) as shown in Fig. 20.1. A little consideration
will show, that this body is subjected to the following two
velocities :
1. Horizontal velocity (v), and
2. Vertical velocity due to gravitational acceleration.
It is thus obvious, that the body will have some resultant
velocity, with which it will travel into the air. We have already
discussed in Art 20.1. that the vertical component of this velocity is
always subjected to gravitational acceleration, whereas the horizontal component remains constant.
Thus the time taken by the body to reach the ground, is calculated from the vertical component of
the velocity, whereas the horizontal range is calculated from the horizontal component of the velocity.
The velocity, with which the body strikes the ground at B, is the resultant of horizontal and vertical
velocities.












KINETICS AND KINEMATICS

The motion of an object is called two dimensional, if two of the three co-ordinates are required to specify the position of the object in space changes w.r.t time.

In such a motion, the object moves in a plane. For example, a billiard ball moving over the billiard table, an insect crawling over the floor of a room, earth revolving around the sun etc.
[image: ]
Two special cases of motion in two dimension are	1. Projectile motion	2. Circular motion

PROJECTILE MOTION

3.1 Introduction.

A hunter aims his gun and fires a bullet directly towards a monkey sitting on a distant tree. If the monkey remains in his position, he will be safe but at the instant the bullet leaves the barrel of gun, if the monkey drops from the tree, the bullet will hit the monkey because the bullet will not follow the linear path.

	The path of motion of a
	
	
	as projectile motion.
	

	
	
	
	
	

	
	
	
	
	



If the force acting on a particle is oblique with initial velocity then the motion of particle is called projectile motion.

9.7. Projectile. 

A body which is in flight through the atmosphere but is not being propelled by any fuel is called projectile. 

Example:	(i) A bomb released from an aeroplane in level flight

A bullet fired from a gun 

An arrow released from bow 

A Javelin thrown by an athlete 

3.3 Assumptions of Projectile Motion. 

(1) There is no resistance due to air. 

(2) The effect due to curvature of earth is negligible. 

(3) The effect due to rotation of earth is negligible. 

(4) For all points of the trajectory, the acceleration due to gravity ‘g’ is constant in magnitude and direction. 
[image: ]
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2 Motion in Two Dimension


(b) Principles of Physical Independence of Motions. 

The motion of a projectile is a two-dimensional motion. So, it can be discussed in two parts. Horizontal motion and vertical motion. These two motions take place independent of each other. This is called the principle of physical independence of motions. 

The velocity of the particle can be resolved into two mutually perpendicular components. Horizontal component and vertical component. 

The horizontal component remains unchanged throughout the flight. The force of gravity continuously affects the vertical component. 

The horizontal motion is a uniform motion and the vertical motion is a uniformly accelerated retarded 
motion. 

(c) Types of Projectile Motion. 
[image: ][image: ]

(1) Oblique projectile motion	(2) Horizontal projectile motion


(3) Projectile motion on an inclined
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	
	X
	

	
	
	




3.6 Oblique Projectile.


X






Y



Y

X
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In projectile motion, horizontal component of velocity (u cos), acceleration (g) and mechanical energy remains constant while, speed, velocity, vertical component of velocity (u sin ), momentum, kinetic energy and potential energy all changes. Velocity, and KE are maximum at the point of projection while minimum (but not zero) at highest point.

(1) Equation of trajectory : A projectile thrown with velocity u at an angle  with the horizontal. The
	velocity u can be resolved into two rectangular components.
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	Y
	
	
	
	
	
	

	v cos  component along X–axis and u sin  component along Y–axis
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	For horizontal motion
	
	
	x = u cos  t
	 t 
	
	
	x
	
	…. (i)
	
	
	
	
	
	x
	P
	
	

	
	
	
	
	
	u cos 
	
	
	
	
	u sin 
	u
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	For vertical motion
	
	
	y  (u sin )t 
	
	gt
	2
	
	
	
	
	
	
	…. (ii)
	
	
	O
	u cos 
	X
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	
	x
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	
	
	x 2
	
	
	
	
	
	
	
	
	
	
	

	From equation (i) and (ii)  y  u sin 
	
	
	
	
	
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	 u cos 
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	y  x tan  
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	gx 2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	2 u 2 cos 2 
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



This equation shows that the trajectory of projectile is parabolic because it is similar to equation of parabola

y = ax – bx2
[image: ]:  Equation of oblique projectile also can be written as
	y  x tan 
	
	
	x 
	(where R = horizontal range =
	u 2 sin 2
	)
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Sample problems based on trajectory

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Problem 1.
	The trajectory of a projectile is represented by y 
	3 x  gx 2 /2 . The angle of projection is
	
	
	
	
	
	

	
	(a)  30o
	
	
	(b) 45o
	(c)  60o
	(d) None of these
	

	Solution : (c)
	By comparing the coefficient of x in given equation with standard equation
	y  x tan  
	
	
	
	gx 2
	
	
	
	
	

	
	
	
	2u 2 cos
	2
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	tan 
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	3    60
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Problem 2.
	The path followed by a body projected along y-axis is given as by y   3 x  (1 / 2)x 2 , if g = 10 m/s, then
	

	
	the initial velocity of projectile will be – (x and y are in m)
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	(a)  3
	10 m/s
	
	
	(b)  2  10 m/s
	(c)  10  3 m/s
	(d)  10  2 m/s
	
	
	
	
	

	Solution : (b)
	By comparing the coefficient of x2 in given equation with standard equation
	y  x tan  
	
	
	
	gx 2
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	2u
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	2u 2 cos 2 
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Substituting  = 60o we get u  2[image: ][image: ]10 m / sec .

	Problem 3.
	The equation of projectile is y 
	16 x 
	5 x
	2
	. The horizontal range is
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	4
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	(a)  16 m
	(b) 8 m
	
	
	
	
	
	
	
	
	(c)  3.2 m
	(d) 12.8 m
	

	Solution : (d)
	Standard equation of projectile motion
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	y  x tan 
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	Given equation :
	
	5 x 2
	
	or y 
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	x
	
	
	
	
	
	

	
	
	y  16 x 
	
	
	
	16 x 1
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	By comparing above equations
	R 
	64
	=12.8 m.
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(2) Displacement of projectile (r) : Let the particle acquires a position P having the coordinates (x, y)

just after time t from the instant of projection. The corresponding position vector of the particle at time t is r as shown in the figure.

	
	ˆ
	ˆ
	….(i)
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	 xi  yj
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	The horizontal distance covered during time t is given as
	
	
	
	
	

	x  v x t  x  u cos  t
	….(ii)
	
	
	P (x, y)
	
	

	
	
	
	
	
	
	
	
	

	The vertical velocity of the particle at time t is given as
	v
	
	
	v x
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	v y
	 (v0 )y
	
	….(iii)
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	Now the vertical displacement y is given as
	
	
	
	vi
	

	
	
	
	
	
	

	y  u sin  t  1 / 2 gt 2
	….(iv)
	
	
	
	
	



Putting the values of x and y from equation (ii) and equation (iv) in equation (i) we obtain the position vector at any time t as
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4 Motion in Two Dimension
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·  The angle of elevation  of the highest point of the projectile and the angle of projection  are related to each other as 

tan   12 tan




Sample problems based on displacement
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Problem 4. A body of mass 2 kg has an initial velocity of 3 m/s along OE and it is subjected to a force of 4 Newton’s in OF direction perpendicular to OE. The distance of the body from O after 4 seconds will be

	(a) 12 m
	
	
	
	
	(b) 28 m
	
	
	
	
	
	(c)  20 m
	(d) 48 m
	
	

	Solution : (c)    Body moves horizontally with constant initial velocity 3 m/s upto 4
	
	
	
	

	seconds  x  ut  3  4  12 m
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	and in perpendicular direction it moves under the effect of constant
	
	
	
	

	
	
	
	
	

	force with zero initial velocity upto 4 seconds.
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	y
	
	d
	

	
	y  ut 
	1
	(a) t
	2
	 0 
	1
	 F 
	2
	
	1  4
	
	4
	2
	 16 m
	
	
	
	

	
	
	2
	
	
	
	
	 t
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	2
	 m 
	
	
	2  2
	
	
	
	
	
	
	
	x
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	So its distance from O is given by d 
	x 2
	 y 2
	
	(12)2   (16)2
	
	
	
	

	
	d  20 m
	
	
	
	
	
	
	
	
	
	
	
	
	
	F
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ]
Problem 5.   A body starts from the origin with an acceleration of 6 m/s2 along the x-axis and 8 m/s2 along the y-axis.
	Its distance from the origin after 4 seconds will be
	
	[MP PMT 1999]

	(a) 56 m
	(b) 64 m
	(c)  80 m
	(d) 128 m



	Solution : (c)    Displacement along X- axis :
	x  u x t 
	
	1
	a x t 2
	
	1
	
	 6  (4)2
	 48 m
	

	
	
	2
	
	
	2
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Displacement along Y- axis :
	y  u y t 
	1
	ay t 2
	
	
	1
	
	 8  (4)2
	 64 m
	

	
	
	2
	
	
	
	2
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	

	Total distance from the origin   x 2   y 2  
	
	(48)2   (64)2
	 80 m
	




(3) Instantaneous velocity v : In projectile motion, vertical component of velocity changes but horizontal component of velocity remains always constant.

Example : When a man jumps over the hurdle leaving behind its skateboard then vertical component of his velocity is changing, but not the horizontal component, which matches with the skateboard velocity.

As a result, the skateboard stays underneath him, allowing him to land on it.












Let vi be the instantaneous velocity of projectile at time t direction of this velocity is along the tangent to the trajectory at point P.

	
	ˆ
	
	
	
	
	
	
	
	
	
	

	
	
	2
	2
	
	u
	2
	cos
	2
	  (u sin  gt)
	2
	

	
	
	
	
	
	
	
	
	
	
	
	

	vi   v x i  vy j  vi  
	v x
	 v y
	
	
	
	
	
	
	
	


[image: ][image: ]

[image: ]genius	
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Motion in Two Dimension 5




vi  [image: ][image: ]u 2   g 2 t 2   2u gt sin

	Direction of instantaneous velocity tan  
	v y
	
	u sin   gt
	or
	

	
	
	
	
	
	

	
	v x
	
	u cos 
	
	

	
	
	
	
	
	


[image: ]




3.4.2  tan 1 tan   gt sec   
a 
 u 


	
	
	
	
	
	
	
	
	ˆ
	
	ˆ
	
	

	(4) Change in velocity : Initial velocity (at projection point) u i   u cos  i
	 u sin  j
	
	

	
	
	
	
	
	
	ˆ
	ˆ
	
	
	
	

	
	
	Final velocity (at highest point) u f   u cos  i  0 j
	
	
	

	(i) Change in velocity (Between projection point and highest point) u  u f
	 u i
	u sin  ˆj
	
	

	When body reaches the ground after completing its motion then final velocity u f
	ˆ
	ˆ
	

	
	 u cos  i
	 u sin  j
	

	
	
	
	
	
	
	
	
	
	
	ˆ
	
	

	(ii) Change in velocity (Between complete projectile motion) u  u f   ui  2u sin i
	
	

	
	
	Sample problems based on velocity
	
	
	
	
	

	
	
	
	
	
	
	
	

	Problem 6.   In a projectile motion, velocity at maximum height is
	
	
	
	
	

	(a)
	u cos 
	
	(b)  u cos
	(c)
	u sin 
	
	
	
	
	(d) None of these
	

	
	
	
	
	
	
	
	
	
	
	
	

	2
	
	
	2
	
	
	
	
	
	
	


[image: ][image: ]
Solution : (b)   In a projectile motion at maximum height body possess only horizontal component of velocity i.e. u cos.

Problem 7. A body is thrown at angle 30o to the horizontal with the velocity of 30 m/s. After 1 sec, its velocity will be (in m/s) (g = 10 m/s2)

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	(a) 10
	
	7
	
	(b)  700  10
	(c)  100
	7
	
	
	(d)   40
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Solution : (a)
	From the formula of instantaneous velocity v 
	u 2   g 2 t 2
	 2 u g t sin 
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	(30)2  (10)2 12
	 2  30 10 1  sin 30 o
	
	
	
	
	
	
	
	
	

	
	v 
	
	
	 10  7 m / s
	
	
	
	

	Problem 8.
	A projectile is fired at 30o to the horizontal. The vertical component of its velocity is 80 ms–1. Its time of
	

	
	flight is T. What will be the velocity of the projectile at t = T/2
	
	
	
	

	
	
	
	
	
	
	
	

	
	(a) 80 ms–1
	(b)  80  3  ms–1
	(c)  (80/  3 ) ms–1
	(d) 40 ms–1
	



Solution : (b) At half of the time of flight, the position of the projectile will be at the highest point of the parabola and at that position particle possess horizontal component of velocity only.







Problem 9.






Solution : (b)



	Given uvertical
	 u sin  80  u 
	80
	
	 160 m / s
	

	
	
	
	
	
	

	
	
	sin 30 o
	
	

	
	
	
	
	
	
	

	
	 u cos   160 cos 30 o   80
	
	
	
	

	u horizontal
	
	
	3 m / s.
	



A particle is projected from point O with velocity u in a direction making an angle  with the horizontal. At any instant its position is at point P at right angles to the initial [image: ]

	direction of projection. Its velocity at point P is
	
	
	
	
	90o
	P
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	u
	
	v
	

	(a) u tan
	(b)
	u cot
	(c) u cosec
	(d)
	u sec
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	Horizontal velocity at point ' O'  u cos
	
	
	
	O
	
	
	

	Horizontal velocity at point ' P'  v sin
	
	
	
	90o
	P
	v sin
	

	
	
	
	
	
	
	
	
	
	
	

	In projectile motion horizontal component of velocity remains
	
	u
	
	90o – 
	

	constant throughout the motion
	
	
	sin
	
	
	v
	

	
	
	
	
	
	
	
	

	
	
	
	u
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	O
	u cos
	
	
	



[image: ]genius	

6 Motion in Two Dimension


 v sin  u cos  v  u cot 


Problem 10. A particle P is projected with velocity u1 at an angle of 30o with the horizontal. Another particle Q is thrown vertically upwards with velocity u2 from a point vertically below the highest point of path of P. The necessary condition for the two particles to collide at the highest point is
[image: ]

	(a) u1
	 u2
	

	(b) u1
	 2u2
	

	(c) u1
	
	u 2
	

	
	
	2
	
	

	
	
	
	
	

	(d) u1
	 4u2
	









	u1
	u2
	

	30o
	
	

	P
	Q
	




Solution : (b)




Problem 11.



Solution : (b)


Both particle collide at the highest point it means the vertical distance travelled by both the particle will be equal, i.e. the vertical component of velocity of both particle will be equal
	[image: ]u1 sin 30 u2   
	u1
	 u 2
	 u1   2u2
	

	
	2
	
	
	

	
	
	
	
	



Two seconds after projection a projectile is travelling in a direction inclined at 30o to the horizontal after one more sec, it is travelling horizontally, the magnitude and direction of its velocity are

(a)  2[image: ][image: ]20 m/sec, 60 o	(b)  20 [image: ][image: ]3 m/sec, 60 o	(c)  6 [image: ][image: ]40 m/sec, 30 o	(d)  40 [image: ][image: ]6 m/sec, 30 o

Let in 2 sec body reaches upto point A and after one more sec upto point B.


	Total time of ascent for a body is given 3 sec i.e.
	t 
	u sin 
	

	
	
	
	

	
	
	g
	

	
	
	
	
	

	 u sin   10  3  30
	…..(i)
	
	
	



Horizontal component of velocity remains always constant u cos  v cos 30 …..(ii)

For vertical upward motion between point O and A v sin 30 o  u sin   g  2 Using v  u  g t


 3

v	B

A

[image: ] 30o

u



O	u cos


v sin 30 o   30  20	Asusin30

 v  20 m / s.

	
	
	
	u cos   20 cos 30 o
	
	
	
	
	
	

	Substituting this value in equation (ii)
	
	 10  3  …..(iii)
	

	
	
	
	
	
	
	
	
	

	From equation (i) and (iii) u  20  3 and   60
	
	
	
	
	
	

	Problem 12.  A body is projected up a smooth inclined plane (length =  20
	
	
	
	

	
	
	2 m ) with velocity u from the point M as
	



shown in the figure. The angle of inclination is 45o and the top is connected to a well of diameter 40 m. If the body just manages to cross the well, what is the value of v

	(a)
	40 ms 1
	
	

	(b)
	40
	2 ms 1
	45o
	

	
	
	
	
	

	(c)
	20 ms 1
	M
	

	
	
	
	40 m
	

	(d)
	20
	2 ms 1
	
	



Solution : (d) At point N angle of projection of the body will be 45°. Let velocity of projection at this point is v. If the body just manages to cross the well then Range  Diameter of well
[image: ]

	v 2 sin 2
	 40
	As   45
	

	g
	
	
	

	
	
	
	

	v 2   400
	
	v  20 m / s
	




v

N

R

45o

u

M	40 m

	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	Motion in Two Dimension 7
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	But we have to calculate the velocity (u) of the body at point M.
	
	
	

	
	For motion along the inclined plane (from M to N)
	
	
	
	

	
	Final velocity (v) = 20 m/s,
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	acceleration (a) = – g sin = – g sin 45o, distance of inclined plane (s) = 20
	2 m
	

	
	(20)2   u 2   2
	g
	
	
	
	
	
	
	[Using v2 = u2 + 2as]
	
	
	
	

	
	
	
	
	.20  2
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	2
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	u 2   20 2   400   u  20  2 m / s.
	
	
	
	

	Problem 13.
	A projectile is fired with velocity u making angle  with the horizontal. What is the change in velocity
	

	
	when it is at the highest point
	
	
	
	
	

	
	(a) u cos
	
	
	
	
	
	(b)
	u
	(c)  u sin
	(d) (u cos – u)
	

	Solution : (c)
	Since horizontal component of velocity remain always constant therefore only vertical component of
	


[image: ][image: ][image: ][image: ][image: ][image: ]
velocity changes.

Initially vertical component u sin

Finally it becomes zero. So change in velocity  u sin


(5) Change in momentum : Simply by the multiplication of mass in the above expression of velocity (Article-4).

	(i) Change in momentum (Between projection point and highest point)
	ˆ
	

	
	p  p f   p i  mu sin j
	


ˆ
(ii) Change in momentum (For the complete projectile motion)   p   p f     p i	2mu sin  j

(6) Angular momentum : Angular momentum of projectile at highest point of trajectory about the
	point of projection is given by
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	u 2 sin2
	
	
	Y
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	L  mvr
	Here r  H 
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	2g
	
	
	
	
	
	
	P = mv
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	u
	
	r
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	u 2 sin 2 
	
	m u
	3 cos  sin 2 
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	L  m u cos 
	
	
	
	
	
	
	
	
	
	X
	

	
	
	2g
	
	
	
	2g
	
	
	
	O
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Sample problems based on momentum and angular momentum

Problem 14. A body of mass 0.5 kg is projected under gravity with a speed of 98 m/s at an angle of 30o with the horizontal. The change in momentum (in magnitude) of the body is

(a)  24.5 N–s	(b) 49.0 N–s	(c)  98.0 N–s	(d) 50.0 N–s

Solution : (b)   Change in momentum between complete projectile motion = 2mu sin  2 0.5 98 sin30 = 49 N–s.

Problem 15. A particle of mass 100 g is fired with a velocity 20 m sec–1 making an angle of 30o with the horizontal. When it rises to the highest point of its path then the change in its momentum is

(a) [image: ][image: ]3kg m sec 1 (b) 1/2 kg m sec–1 (c) [image: ][image: ]2 kg m sec 1 (d) 1 kg m sec–1 Solution : (d) Horizontal momentum remains always constant

So  change  in  vertical  momentum  ( p )  =  Final  vertical  momentum  –  Initial  vertical  momentum

 0  mu sin

| P |  0.1  20  sin 30 o    1 kg m / sec .

Problem 16. Two equal masses (m) are projected at the same angle () from two points separated by their range with equal velocities (v). The momentum at the point of their collision is

[image: ]genius	

8 Motion in Two Dimension


(a)  Zero	(b) 2 mv cos	(c)  – 2 mv cos	(d) None of these

Solution : (a) Both masses will collide at the highest point of their trajectory with equal and opposite momentum. So net momentum of the system will be zero.
[image: ]








Problem 17.





Solution : (b)

Problem 18.




Solution : (b)

Problem 19.






Solution : (a)


mv cos  mv cos

v	[image: ][image: ]           v

	

A particle of mass m is projected with velocity v making an angle of 45o with the horizontal. The magnitude of the angular momentum of the particle about the point of projection when the particle is at its maximum height is (where g = acceleration due to gravity)

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(a)  Zero
	
	
	(b) mv3/ (4  2 g)
	(c)  mv3/ (  2 g)
	(d) mv2/2g
	

	L 
	m u 3
	cos  sin 2 
	=
	mv 3
	[As  = 45o]
	
	

	
	
	2g
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	(4  2 g)
	
	
	

	
	
	
	
	
	
	
	
	
	


[image: ]
A body is projected from the ground with some angle to the horizontal. What happens to the angular momentum about the initial position in this motion

	(a) Decreases
	(b)
	Increases

	(c) Remains same
	(d)
	First increases and then decreases




In case of a projectile, where is the angular momentum minimum

· At the starting point 

· At the highest point 

· On return to the ground 

· At some location other than those mentioned above 



(7) Time of flight : The total time taken by the projectile to go up and come down to the same level from which it was projected is called time of flight.

For vertical upward motion 0 = u sin  – gt  t = (u sin /g)

Now as time taken to go up is equal to the time taken to come down so

	Time of flight T  2t 
	2u sin 
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	g
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(i) Time of flight can also be expressed as :
	T 
	2.u y
	
	
	(where uy is the vertical component of initial velocity).
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	g
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(ii) For complementary angles of projection  and 90o – 
	
	
	
	
	
	

	(a) Ratio of time of flight =
	T1
	
	2u sin  / g
	
	
	
	= tan  
	T1
	 tan 
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	T2
	2u sin(90  ) / g
	
	
	
	
	
	
	
	T2
	
	
	
	

	(b) Multiplication of time of flight = T1 T2
	
	2u sin  2u cos 
	 T1 T2
	
	2R
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	g
	
	
	
	
	
	g
	
	
	g
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



(iii) If t1 is the time taken by projectile to rise upto point p and t2 is the time taken in falling from point p
	to ground level then  t1   t 2  
	2u sin 
	
	time of flight
	

	
	
	
	
	

	
	g
	
	
	

	
	
	
	
	


[image: ]

	or
	u sin 
	g(t1  t2 )
	

	
	
	2
	
	

	
	
	
	
	





	Y
	P
	

	
	
	

	
	t1
	

	
	t2
	

	
	h
	

	O
	X
	

	
	
	



[image: ]genius	
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and height of the point p is given by h  u sin t1  12 gt12
	h  g
	(t1  t 2 )
	
	
	1
	2
	

	
	
	
	t1
	
	
	gt1
	

	
	2
	
	
	
	2
	
	

	
	
	
	
	
	
	
	


by solving h  g t1 t2
2

(iv) If B and C are at the same level on trajectory and the time difference between these two points is t1, similarly A and D are also at the same level and the time difference between these two positions is t2 then


	t 22   t12
	
	8h
	

	
	
	
	

	
	
	g
	

	
	
	
	





	Y
	
	
	
	

	h
	B
	t1
	C
	

	
	
	t2
	
	

	
	A
	
	D
	

	
	
	
	
	

	O
	
	
	X
	

	Sample problems based on time of flight
	
	
	
	


[image: ]

Problem 20.





Solution : (b)

Problem 21.




Solution : (b)

Problem 22.


For a given velocity, a projectile has the same range R for two angles of projection if t1 and t2 are the times of flight in the two cases then

	(a)
	t t
	 R 2
	(b)  t t
	R
	
	(c)
	t
	t
	
	1
	(d)  t t
	
	1
	

	
	1 2
	
	1 2
	
	
	
	1 2
	
	R
	1 2
	
	R 2
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	As we know for complementary angles t1 t 2  
	2R
	 t1 t 2
	 R .
	
	
	
	

	
	
	
	
	
	
	
	

	
	g
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



A body is thrown with a velocity of 9.8 m/s making an angle of 30o  with the horizontal. It will hit the
	ground after a time
	
	
	
	[JIPMER 2001, 2002; KCET (Engg.) 2001]
	

	(a)  1.5 s
	
	
	(b) 1 s
	(c)  3 s
	(d) 2 s
	

	
	2u sin 
	
	2  9.8  sin 30 o
	
	
	

	T 
	
	
	
	
	= 1sec
	
	
	

	
	g
	
	
	9.8
	
	
	
	

	
	
	
	
	
	
	
	
	



Two particles are separated at a horizontal distance x as shown in figure. They are projected at the same time as shown in figure with different initial speed. The time after which the horizontal distance between the particles become zero is

	
	
	
	
	
	
	u
	
	
	

	
	
	
	u /
	3
	
	
	
	
	

	
	
	
	30o
	
	60o
	
	
	

	
	
	
	A
	
	x
	
	B
	
	

	
	
	
	
	
	
	
	
	
	

	(a)
	u /2x
	(b)
	x/u
	
	(c)
	2u/x
	(d)
	u/x
	




Solution : (b)   Let x 1 and x 2 are the horizontal distances travelled by particle A and B respectively in time t.

	x 1
	
	u
	
	
	. cos 30 t
	…..(i)
	and
	x 2   u cos 60 o   t
	……(ii)
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	3
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

	x 1
	 x 2
	
	u
	
	. cos 30 o   t  u cos 60 o   t  ut
	 x  ut   t  x / u
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	3
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	


[image: ][image: ]
Problem 23. A particle is projected from a point O with a velocity u in a direction making an angle  upward with the horizontal. After some time at point P it is moving at right angle with its initial direction of projection. The time of flight from O to P is
[image: ]

	[image: ]
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	10 Motion in Two Dimension
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	(a)
	u sin 
	
	(b)
	u cosec 
	
	(c)
	u tan
	
	(d)
	u sec 
	
	

	
	g
	
	g
	
	g
	
	g
	

	
	
	
	
	
	
	
	
	


[image: ]
Solution : (b) When body projected with initial velocity u by making angle  with the horizontal. Then after time t, (at point P) it’s direction is perpendicular to u .
[image: ]
Magnitude of velocity at point P is given by v  u cot. (from sample problem no. 9)
[image: ]
	For vertical motion : Initial velocity (at point O)  u sin
	
	
	
	
	

	Final velocity (at point P) v cos u cot  cos
	
	90o
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	Time of flight (from point O to P) = t
	
	
	u
	
	P
	(90 – )
	

	
	
	
	
	
	
	sin
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	Applying first equation of motion v  u  g t
	
	
	
	
	
	
	

	
	
	u
	
	v cos
	
	v
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	u cot  cos u sin   g t
	
	
	
	O
	u cos
	
	
	

	 t 
	u sin   u cot  cos 
	
	u
	sin 2   cos 2
	
	u cosec 
	
	
	
	
	

	
	g
	
	g sin 
	
	
	g
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	



Problem 24. A ball is projected upwards from the top of tower with a velocity 50 ms–1 making angle 30o with the horizontal. The height of the tower is 70 m. After how many seconds from the instant of throwing will the ball reach the ground

(a)  2.33 sec	(b) 5.33 sec	(c)  6.33 sec	(d) 9.33 sec

Solution : (c)    Formula for calculation of time to reach the body on the ground from the tower of height ‘h’ (If it is
	thrown
	vertically   up   with
	
	velocity   u)   is   given   by
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	u sin30o  u
	

	t 
	u
	
	
	1 
	
	2 gh
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	1
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	o
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	g 
	
	
	
	
	u 2
	
	
	
	
	30
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	So we can resolve the given velocity in vertical direction and can
	
	
	
	
	

	apply the above formula.
	
	
	70 m
	
	
	
	

	Initial vertical component of velocity u sin  50 sin 30  25 m / s.
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	25
	
	
	
	
	
	
	
	2  9.8  70
	
	
	
	
	
	
	

	  t 
	
	
	1
	  1 
	
	
	 = 6.33 sec.
	
	
	
	
	

	
	9.8
	
	
	
	(25)2
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Problem 25.  If for a given angle of projection, the horizontal range is doubled, the time of flight becomes




Solution : (c)







Problem 26.



Solution : (c)



	
	
	
	
	
	
	
	
	
	
	
	
	

	(a)  4 times
	
	(b) 2 times
	(c)    2 times
	(d)  1 /  2 times
	

	R 
	u 2
	sin 2
	and T 
	2u sin 
	
	
	
	
	
	
	
	

	
	
	g
	
	g
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	



 R  u 2  and T  u (If  and g are constant).

In the given condition to make range double, velocity must be increased upto [image: ][image: ]2 times that of previous value. So automatically time of flight will becomes [image: ][image: ]2 times.

A particle is thrown with velocity u at an angle  from the horizontal. Another particle is thrown with the same velocity at an angle  from the vertical. The ratio of times of flight of two particles will be

	(a)  tan 2  : 1
	(b) cot 2  : 1
	(c)  tan  : 1
	
	
	(d) cot  : 1
	

	For first particles angle of projection from the horizontal is . So
	T1
	
	2u sin 
	

	
	
	
	
	
	

	
	
	
	g
	

	
	
	
	
	
	
	



For second particle angle of projection from the vertical is . it mean from the horizontal is (90 ).


	 T2
	
	2u sin (90 )
	
	2u cos
	. So ratio of time of flight
	T1
	 tan  .
	

	
	
	g
	
	
	g
	
	T2
	
	

	
	
	
	
	
	
	
	
	
	



Problem 27. The friction of the air causes vertical retardation equal to one tenth of the acceleration due to gravity (Take g = 10 ms–2). The time of flight will be decreased by
(a)  0%	(b) 1%	(c)  9%	(d) 11%

[image: ]genius	PHYSICS    by Pradeep Kshetrapal
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	g 
	g
	
	
	
	
	
	
	
	

	
	
	2u sin
	
	T1
	
	g 2
	
	
	
	
	
	11
	
	
	
	

	Solution : (c)
	T 
	
	
	
	
	
	
	
	10
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	g
	
	T2
	
	g1
	
	g
	
	
	10
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	Fractional decrease in time of flight 
	T1   T2
	
	1
	

	
	
	
	T1
	
	11
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Percentage decrease = 9%
[image: ]
	(8) Horizontal range : It is the horizontal distance travelled by a body during the time of flight.
	
	

	So by using second equation of motion
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	Y
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	R  u cos T  u cos  (2u sin / g) 
	
	u 2 sin 2
	
	
	
	
	
	
	
	
	

	
	
	
	g
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	u
	
	
	
	
	

	R 
	u 2
	sin 2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	g
	
	
	
	
	
	
	
	
	
	
	
	
	
	X
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	O
	
	Horizontal range
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(i) Range of projectile can also be expressed as :
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	R = u cos × T = u cos 
	2u sin 
	
	2 u cos  u sin 
	
	
	2u x u y
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	g
	
	g
	
	
	g
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	 R 
	2u x u y
	(where ux and uy are the horizontal and vertical component of initial velocity)
	

	
	
	
	

	
	g
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


[image: ]
(ii) If angle of projection is changed from  to   = (90 – ) then range remains unchanged.






	
	
	
	
	60o
	

	
	
	
	
	30o
	

	
	
	
	
	Blast
	

	R' 
	u 2
	sin 2
	
	
	

	
	
	g
	g
	g
	

	
	
	
	
	
	



So a projectile has same range at angles of projection  and (90 – ), though time of flight, maximum height and trajectories are different.

These angles  and 90o –  are called complementary angles of projection and for complementary angles
	of projection ratio of range
	R1
	
	u 2  sin 2 / g
	 1 
	R1
	 1
	

	
	R 2
	
	u 2  sin [2 (90 o   )] / g
	
	R 2
	
	



(iii) For angle of projection 1 = (45 – ) and 2 = (45 + ), range will be same and equal to u2 cos 2/g. 1 and 2 are also the complementary angles. Y

(iv) Maximum range : For range to be maximum
	
	dR
	 0
	
	d  
	u 2
	sin 2 
	 0
	u
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	H
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	d
	
	
	d 
	
	g
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	45o
	
	

	
	
	
	
	
	
	
	
	
	O
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	Rmax = 4 H
	X
	

	 cos 2 = 0 i.e. 2 = 90o   = 45o  and  Rmax = (u2/g)
	
	
	
	
	
	

	
	
	
	
	
	
	



[image: ]
[AMU (Engg.) 2001]
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i.e., a projectile will have maximum range when it is projected at an angle of 45o to the horizontal and the maximum range will be (u2/g).

When the range is maximum, the height H reached by the projectile
	H 
	u 2
	sin
	2 
	
	u 2 sin 2  45
	
	u 2
	
	R max
	

	
	
	2g
	
	
	2g
	
	4 g
	
	4
	

	
	
	
	
	
	
	
	
	
	
	



i.e., if a person can throw a projectile to a maximum distance Rmax, The maximum height to which it will rise is
	 R
	m ax
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	4   
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	(v) Relation between horizontal range and maximum height :
	R 
	u 2
	sin 2
	
	and H 
	u 2
	sin 2 
	

	
	
	
	
	
	g
	
	
	2 g
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	R
	
	u 2
	sin 2 / g
	
	 4 cot 
	
	 R  4 H cot
	
	
	
	
	
	
	
	

	
	
	
	
	H
	
	u 2
	sin 2  / 2g
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	(vi) If in case of projectile motion range R is n times the maximum height H
	
	
	
	

	
	
	i.e.
	R = nH
	
	u 2 sin 2
	 n
	u 2 sin 2 
	 tan   [4 / n]
	or   tan 1 [4 / n]
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	g
	
	2g
	
	
	
	
	
	
	
	


[image: ]
The angle of projection is given by   tan 1 [4 / n]
[image: ]
· IfR=Hthentan1(4)or76o.If R = 4H then   tan 1 (1) or   45 o . 
Sample problem based on horizontal range


Problem 28.






Solution : (a)


A boy playing on the roof of a 10m high building throws a ball with a speed of 10 m/s at an angle of 30o with the horizontal. How far from the throwing point will the ball be at the height of 10 m from the

	
	
	
	
	
	
	
	

	ground (g = 10 m/s2, sin 30o =
	1
	, cos 30o 
	3
	)
	[AIEEE 2003]

	
	2
	
	2
	
	
	



	(a)
	8.66 m
	
	
	(b) 5.20 m
	(c)
	4.33 m
	(d) 2.60 m
	

	Simply we have to calculate the range of projectile
	
	
	
	

	
	u 2
	
	
	(10)2
	
	
	
	u
	

	R 
	
	sin 2
	
	
	sin(2  30)
	
	
	o
	

	
	
	g
	
	
	10
	
	
	30
	

	
	
	
	
	
	
	
	
	
	

	R  5
	3   8.66 meter
	
	
	10 m
	10 m
	






Problem 29.








Solution : (b)

Problem 30.





Which of the following sets of factors will affect the horizontal distance covered by an athlete in a long–

jump event

24. Speed before he jumps and his weight 

25. The direction in which he leaps and the initial speed 

26. The force with which he pushes the ground and his speed 

27. The direction in which he leaps and the weight 

Because range  (Velocity of projection)2  sin 2(Angle of projection) g

For a projectile, the ratio of maximum height reached to the square of flight time is (g = 10 ms–2)
[EAMCET (Med.) 2000]

(a)  5 : 4 5 : 2	(c)  5 : 1	(d) 10 : 1

[image: ]
[CPMT 1997]

[EAMCET (Engg.) 2000]
genius	PHYSICS    by Pradeep Kshetrapal
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	Solution : (a)
	H 
	u 2 sin 2
	
	and
	T 
	2u sin
	
	H
	
	u 2
	sin 2  / 2g
	
	g
	
	10
	
	5
	

	
	
	2g
	
	
	
	g
	
	T 2
	
	4 u 2 sin 2  / g 2
	
	8
	
	8
	
	4
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Problem 31. A cricketer can throw a ball to a maximum horizontal distance of 100 m. The speed with which he throws the ball is (to the nearest integer)

	(a)  30 ms–1
	(b) 42 ms–1
	(c)  32 ms–1
	(d) 35 ms–1
	

	
	u 2
	
	
	
	

	Solution : (c)Rmax  
	
	
	= 100
	(when   45 )
	
	
	

	
	
	
	
	
	
	
	

	
	
	g
	
	
	
	

	 u 
	
	
	
	
	
	

	
	1000    31.62 m / s.
	
	
	


[image: ]
Problem 32.  If two bodies are projected at 30o and 60o respectively, with the same velocity, then [CBSE PMT 2000; JIPMER 2002]

	(a)  Their ranges are same
	(b)
	Their heights are same

	(c)  Their times of flight are same
	(d)
	All of these

	Solution : (a)   Because these are complementary angles.
	
	


[image: ]

Problem 33.












Solution : (d)


Figure shows four paths for a kicked football. Ignoring the effects of air on the flight, rank the paths according to initial horizontal velocity component, highest first


	
	
	
	y
	
	
	
	
	

	
	
	
	1
	2
	3
	4
	
	

	
	
	
	0
	
	
	x
	
	

	(a)
	1, 2, 3, 4
	(b)
	2, 3, 4, 1
	
	
	(c)  3, 4, 1, 2
	(d)
	4, 3, 2, 1



Range  horizontal component of velocity. Graph 4 shows maximum range, so football possess maximum horizontal velocity in this case.


Problem 34.



Solution : (a)

Problem 35.




Solution : (c)

Problem 36.




Solution : (b)

Problem 37.


Four bodies P, Q, R and S are projected with equal velocities having angles of projection 15o, 30o, 45o and

60o with the horizontal respectively. The body having shortest range is

(a) P (b) Q (c) R (d) S Range of projectile will be minimum for that angle which is farthest from 45°.

A particle covers 50 m distance when projected with an initial speed.  On the same surface it will cover a

	distance, when projected with double the initial speed
	
	[RPMT 2000]
	

	(a)  100 m
	(b) 150 m
	
	
	
	
	
	
	
	(c)
	200 m
	(d) 250 m
	

	
	u 2 sin 2
	
	
	R 2
	 u 2
	
	2
	 2u 
	2
	
	
	

	
	
	2
	
	
	
	
	
	
	
	
	
	

	R 
	
	 R  u
	so
	
	
	
	
	
	
	
	
	
	
	R2   4 R1 = 4
	 50 = 200 m
	

	
	
	
	
	R1
	
	
	
	
	
	
	
	
	

	
	g
	
	
	
	 u1
	
	
	 u
	
	
	
	
	



A bullet is fired from a canon with velocity 500 m/s. If the angle of projection is 15o and g = 10 m/s2. Then

the range is

	(a)  25 × 103 m
	
	
	(b) 12.5 × 103 m
	
	(c)  50 × 102 m
	(d) 25 × 102 m
	

	Range (R) 
	u 2
	sin 2
	
	500
	2 sin2 15
	
	 12500 m
	 12.5  10
	3
	m
	
	

	
	
	g
	
	
	10
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	



A projectile thrown with a speed v at an angle  has a range R on the surface of earth. For same v and , its range on the surface of moon will be


	
	(a)  R/6
	(b) 6 R
	(c)  R/36
	(d) 36 R
	

	Solution : (b)
	R 
	u 2
	sin 2
	 R  1 / g
	
	
	

	
	
	
	g
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	R Moon
	
	
	g Earth
	
	
	
	
	1
	
	
	

	
	
	
	
	
	= 6
	g
	Moon
	
	
	g
	Earth 
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	R Earth
	
	
	g Moon
	
	
	
	
	6
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	RMoon
	 6 R Earth   6 R
	
	
	
	
	
	
	



Problem 38. A projectile is thrown into space so as to have maximum horizontal range R. Taking the point of projection as origin, the co-ordinates of the point where the speed of the particle is minimum are

	
	
	R 
	
	R
	
	R 
	
	R 

	(a)  (R, R)
	(b)   R,
	
	
	(c)  
	
	,
	
	
	(d)   R,
	
	

	
	
	2 
	
	2
	
	4 
	
	4 



	Solution : (c)    For maximum horizontal Range   45
	
	

	From R  4 H cot = 4H
	[As  = 45o, for maximum range.]
	Y
	

	
	
	
	

	Speed of the particle will be minimum at the highest point of
	
	

	parabola.
	
	R/4
	

	So the co-ordinate of the highest point will be (R/2, R/4)
	45o
	

	
	X
	

	
	
	R/2
	


[image: ]
	Problem 39.
	The speed of a projectile at the highest point becomes
	1
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	2
	
	
	
	

	
	times its initial speed. The horizontal range of the projectile will be
	
	

	
	(a)
	u 2
	
	(b)
	u 2
	
	
	
	
	
	
	
	(c)
	u 2
	
	
	(d)
	u 2
	

	
	
	g
	
	2g
	
	
	
	
	
	
	
	
	3 g
	
	
	4 g
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Solution : (a)
	Velocity at the highest point is given by u cos  
	u
	
	
	(given)
	
	  = 45o
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	2
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	Horizontal range R 
	u 2 sin 2
	
	
	u 2 sin(2  45 o )
	
	u 2
	
	
	
	
	
	
	
	

	
	
	g
	
	
	
	g
	
	
	
	g
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Problem 40. A large number of bullets are fired in all directions with same speed u. What is the maximum area on the ground on which these bullets will spread

	
	u 2
	u 4
	
	2
	u 4
	
	
	2  u 2

	(a)  
	
	(b)  
	
	(c)  
	
	
	(d)
	
	
	

	
	g
	g 2
	
	
	g 2
	
	
	
	g 2



Solution : (b)   The maximum area will be equal to area of the circle with radius equal to the maximum range of projectile
	
	
	
	
	
	
	
	
	
	
	
	u 2
	
	2
	
	
	u 4
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Maximum area r 2
	  R m ax 2     
	
	
	
	
	
	
	
	
	
	
	
	
	[As r  Rmax   u 2  / g
	for  = 45o]
	

	
	
	
	
	
	
	
	
	
	
	
	2
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	g
	
	
	
	
	g
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Problem 41.  A projectile is projected with initial velocity
	ˆ
	
	
	
	
	ˆ
	
	
	
	
	
	If g = 10 ms
	–2
	

	
	(6i 
	8 j)m / sec.
	
	, then horizontal range is
	

	(a)  4.8 metre
	
	(b) 9.6 metre
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	(c)
	19.2 metre
	
	
	
	(d) 14.0 metre
	

	ˆ
	
	ˆ
	
	
	
	(given)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Solution : (b)   Initial velocity  6i 
	8 J m / s
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Magnitude of velocity of projection u 
	
	u
	2
	 u 2
	
	
	6 2
	
	 8 2
	
	= 10 m/s
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	x
	
	y
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Angle of projection
	tan  
	
	uy
	
	
	8
	
	
	
	4
	
	 sin  
	
	
	4
	
	and cos  
	3
	
	
	
	
	
	
	

	
	
	
	u x
	
	
	6
	
	
	3
	
	
	
	
	5
	
	
	5
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	(10)2
	
	
	4
	
	3
	
	
	
	

	
	
	
	u 2
	sin 2
	
	
	
	
	u 2 2 sin  cos
	
	
	 2 
	
	
	
	
	
	
	

	Now horizontal range
	
	
	
	
	
	
	
	
	
	
	
	5
	
	5
	
	
	
	

	
	R 
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	 9.6 meter
	

	
	
	
	
	
	g
	
	
	
	
	
	
	
	
	
	
	g
	
	
	
	
	
	
	
	
	
	
	10
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Problem 42. A projectile thrown with an initial speed u and angle of projection 15o to the horizontal has a range R. If the same projectile is thrown at an angle of 45o to the horizontal with speed 2u, its range will be

[image: ]
[EAMCET (Med.) 2000]

[MP PET 1993]
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(a)  12 R	(b) 3 R	(c)  8 R	(d) 4 R

	Solution : (c)
	R 
	
	u 2 sin 2
	 R  u 2
	sin 2
	
	
	
	
	
	
	
	

	
	
	
	
	g
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	R 2
	
	 u 2
	
	2
	 sin 2 2
	
	
	2u 2
	 sin 90 o  
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	 R 2   R1 
	
	
	
	
	
	
	 8 R1
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	R1
	
	
	
	
	
	
	
	u  
	
	o  
	
	

	
	
	
	 u1
	
	
	 sin 21
	
	
	
	 sin 30
	
	
	
	


Problem 43.  The velocity at the maximum height of a projectile is half of its initial velocity of projection u. Its range on

the horizontal plane is

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	(a)
	
	3u 2 / 2g
	
	
	
	
	(b)
	
	u 2 / 3g
	(c)
	3u 2 / 2 g
	(d)  3u 2 / g
	

	Solution : (a)
	If the velocity of projection is u then at the highest point body posses only u cos
	
	

	
	u cos 
	u
	(given)
	
	
	
	  60
	
	
	
	

	
	
	2
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	u 2 sin(2  60)
	
	
	
	
	
	
	
	
	
	
	
	

	
	Now R 
	
	
	
	
	
	3 u 2
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	g
	
	
	
	
	
	2   g
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Problem 44.
	A projectile is thrown from a point in a horizontal place such that its horizontal and vertical velocity
	

	
	component are 9.8 m/s and 19.6 m/s respectively. Its horizontal range is
	
	

	
	(a)
	4.9 m
	
	
	
	
	
	(b)
	
	9.8 m
	(c)
	19.6 m
	(d) 39.2 m
	

	Solution : (d)
	We know
	R 
	2u x
	uy
	
	2  9.8  19.6
	 39.2 m
	
	
	

	
	
	
	g
	
	
	
	
	9.8
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	Where u x
	 horizontal component of initial velocity, uy
	 vertical component of initial velocity.
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Problem 45. A particle is projected with a velocity v such that its range on the horizontal plane is twice the greatest height attained by it. The range of the projectile is (where g is acceleration due to gravity)
	(a)
	4v 2
	(b)
	4 g
	(c)
	v 2
	(d)
	4v 2
	
	

	
	5 g
	
	5v 2
	
	g
	
	
	
	
	

	
	
	
	
	
	
	
	
	5 g
	
	



Solution : (a)   We know R  4 H cot

	
	
	
	
	cot  
	1
	
	
	
	
	
	
	
	2
	
	
	
	
	
	
	
	1
	
	As R  2H given 
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	2H  4 H cot
	
	
	
	2  ; sin  
	
	
	
	
	
	
	
	; cos 
	
	
	
	
	

	
	
	
	
	
	
	5
	
	
	
	5
	
	
	

	
	
	
	
	
	
	
	
	
	2u 2
	2
	
	.
	
	1
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	u 2
	. 2. sin  . cos 
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	4u 2
	
	
	
	
	
	

	Range  
	
	
	
	
	
	5
	
	
	
	5
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	g
	
	
	
	
	
	g
	
	
	
	
	
	
	
	
	5 g
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Problem 46.  The range R of projectile is same when its maximum heights are h1 and h2. What is the relation between R

and h1 and h2

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	(a)  R 
	
	h1 h2
	(b)  R 
	
	2h1 h2
	
	
	
	
	
	(c)
	R  2
	
	h1 h2
	
	
	(d)  R  4  h1 h2
	

	Solution : (d)   For equal ranges body should be projected with angle  or (90 o
	) from the horizontal.
	

	And for these angles : h1  
	u 2
	sin
	2 
	and h2
	
	
	u 2
	cos 2
	
	
	
	
	
	
	
	
	
	
	

	
	
	2g
	
	
	
	
	
	
	2g
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	u 2
	sin 2 cos 2
	
	
	1
	
	u 2 sin 2 
	2
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	by multiplication of both height :
	h1 h2  
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	4 g
	2
	
	
	
	16
	
	
	g
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	 R 2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	 16h  h
	2
	
	 R  4  h h
	2
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	1
	
	
	
	
	
	1
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Problem 47. A grasshopper can jump maximum distance 1.6 m. It spends negligible time on the ground. How far can it go in 10 seconds



















UNIT - 5

      MECHANICAL VIBRATIONS

Introduction: When an elastic body such as, a spring, a beam and a shaft are displaced from the equilibrium position by the application of external forces, and then released, they execute a vibratory motion, due to the elastic or strain energy present in the body. When the body reaches the equilibrium position, the whole of the elastic or stain energy is converted into kinetic energy due to which the body continues to move in the opposite direction. The entire KE is again converted into strain energy due to which the body again returns to the equilibrium position. Hence the vibratory motion is repeated indefinitely.

Oscillatory motion is any pattern of motion where the system under observation moves back and forth across some equilibrium position, but dose not necessarily have any particular repeating pattern.

Periodic motion is a specific form of oscillatory motion where the motion pattern repeats itself with a uniform time interval. This uniform time interval is referred to as the period and has units of seconds per cycle. The reciprocal of the period is referred to as the frequency and has units of cycles per second. This unit of combination has been given a special unit symbol and is referred to as Hertz (Hz)

Harmonic motion is a specific form of periodic motion where the motion pattern can be describe by either a sine or cosine. This motion is also sometimes referred to as simple harmonic motion. Because the sine or cosine technically used angles in radians, the frequency term expressed in the units radians per seconds (rad/sec). This is sometimes referred to as the circular frequency. The relationship between the frequency in Hz (cps) and the frequency in rad/sec is simply the relationship. 2π rad/sec.

Natural frequency is the frequency at which an undamped system will tend to oscillate due to initial conditions in the absence of any external excitation. Because there is no damping, the system will oscillate indefinitely.

Damped natural frequency is frequency that a damped system will tend to oscillate due to initial conditions in the absence of any external excitation. Because there is damping in the system, the system response will eventually decay to rest.

Resonance is the condition of having an external excitation at the natural frequency of the system. In general, this is undesirable, potentially producing extremely large system response.

Degrees of freedom: The numbers of degrees of freedom that a body possesses are those necessary to completely define its position and orientation in space. This is useful in several fields of study such as robotics and vibrations. Consider a spherical object that can only be positioned somewhere on the x axis.
[image: ]

This needs only one dimension, ‘x’ to define the position to the centre of gravity so it has one degree of freedom. If the object was a cylinder, we also need an angle ‘θ’ to define the orientation so it has two degrees of freedom.
[image: ]
Now consider a sphere that can be positioned in Cartesian coordinates anywhere on the z plane. This needs two coordinates ‘x’ and ‘y’ to define the position of the centre of gravity so it has two degrees of freedom. A cylinder, however, needs the angle ‘θ’ also to define its orientation in that plane so it has three degrees of freedom.
[image: ]
In order to completely specify the position and orientation of a cylinder in Cartesian space, we would need three coordinates x, y and z and three angles relative to each angle. This makes six degrees of freedom. A rigid body in space has
(x,y,z,θx θy θz).

In the study of free vibrations, we will be constrained to one degree of freedom.

Types of Vibrations:

Free or natural vibrations: A free vibration is one that occurs naturally with no energy being added to the vibrating system. The vibration is started by some input of energy but the vibrations die away with time as the energy is dissipated. In each case, when the body is moved away from the rest position, there is a natural force that tries to return it to its rest position. Free or natural vibrations occur in an elastic system when only the internal restoring forces of the system act upon a body. Since these forces are proportional to the displacement of the body from the equilibrium position, the acceleration of the body is also proportional to the displacement and is always directed towards the equilibrium position, so that the body moves with SHM.
[image: ]

















Figure 1. Examples of vibrations with single degree of freedom.

Note that the mass on the spring could be made to swing like a pendulum as well as bouncing up and down and this would be a vibration with two degrees of freedom. The number of degrees of freedom of the system is the number of different modes of vibration which the system may posses.


The motion that all these examples perform is called SIMPLE HARMONIC MOTION (S.H.M.). This motion is characterized by the fact that when the displacement is plotted against time, the resulting graph is basically sinusoidal. Displacement can be linear (e.g. the distance moved by the mass on the spring) or angular (e.g. the angle moved by the simple pendulum). Although we are studying natural vibrations, it will help us understand S.H.M. if we study a forced vibration produced by a mechanism such as the Scotch Yoke.
[image: ]
Simple Harmonic Motion

The wheel revolves at ω radians/sec and the pin forces the yoke to move up and down. The pin slides in the slot and Point P on the yoke oscillates up and down as it is constrained to move only in the vertical direction by the hole through which it slides. The motion of point P is simple harmonic motion. Point P moves up and down so

at any moment it has a displacement x, velocity v and an Figure 2 acceleration a.

The pin is located at radius R from the centre of the wheel. The vertical displacement of the pin from the horizontal centre line at any time is x. This is also the displacement of point P. The yoke reaches a maximum displacement equal to R when the pin is at the top and –R when the pin is at the bottom.
[image: ]
This is the amplitude of the oscillation. If the wheel rotates at ω radian/sec then after time t seconds the angle rotated is θ = ωt radians. From the right angle triangle we find x = R Sin(ωt) and the graph of x - θ is shown on figure 3a.

Velocity is the rate of change of distance with time. The plot is also shown on figure 3a. v = dx/dt = ωR Cos(ωt).

The maximum velocity or amplitude is ωR and this occurs as the pin passes through the horizontal position and is plus on the way up and minus on the way down. This makes sense since the tangential velocity of a point moving in a circle is v = ωR and at the horizontal point they are the same thing.

Acceleration is the rate of change of velocity with time. The plot is also shown on figure 3a. a = dv/dt = -ω2R Sin(-ω2R)

The amplitude is ω2R and this is positive at the bottom and minus at the top (when the yoke is about to change direction)
Since R Sin(ωR) = x;   then substituting x we find a = -ω2  x

This is the usual definition of S.H.M. The equation tells us that any body that performs sinusoidal motion must have an acceleration that is directly proportional to the displacement and is always directed to the point of zero displacement. The constant of proportionality is ω2. Any vibrating body that has a motion that can be described in this way must vibrate with S.H.M. and have the same equations for displacement, velocity and acceleration.
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FIGURE 3a	FIGURE 3b

Angular Frequency, Frequency and Periodic time

ω is the angular velocity of the wheel but in any vibration such as the mass on the spring, it is called the angular frequency as no physical wheel exists.

The frequency of the wheel in revolutions/second is equivalent to the frequency of the vibration. If the wheel rotates at 2 rev/s the time of one revolution is ½ seconds. If the wheel rotates at 5 rev/s the time of one revolution is 1/5 second. If it rotates at f rev/s the time of one revolution is 1/f. This formula is important and gives the periodic time.

Periodic Time T = time needed to perform one cycle. f is the frequency or number of cycles per second.

	It follows that:
	T = 1/f    and
	f = 1/T
	
	

	Each cycle of an oscillation is equivalent to one rotation of the wheel and 1 revolution is an angle of
	
	

	2π radians.
	
	
	
	

	When θ = 2π
	and  t = T.
	
	
	

	It follows that since θ = ωt;
	then 2π = ωT
	
	

	Rearrange and θ = 2π/T.  Substituting T = 1/f,  then  ω =2πf
	
	

	
	
	
	

	
	
	4
	

	
	
	
	
	



Equations of S.H.M.
Consider the three equations derived earlier.
Displacement  x = R Sin(ωt).
Velocity	v = dx/dt  =  ωR Cos(ωt)  and   Acceleration  a = dv/dt  = -ω2R Sin(ωt)


The plots of x, v measured angle θ point.


and a against angle θ are shown on figure 3a. In the analysis so far made, we from the horizontal position and arbitrarily decided that the time was zero at this


Suppose we start the timing after the angle has reached a value of φ from this point. In these cases, φ is called the phase angle. The resulting equations for displacement, velocity and acceleration are then as follows.
Displacement  x = R Sin(ωt + φ).

Velocity v = dx/dt = ωR Cos(ωt + φ). Acceleration a = dv/dt = -ω2R Sin((ωt + φ).

The plots of x, v and a are the same but the vertical axis is displaced by φ as shown on figure 3b. A point to note on figure 3a and 3b is that the velocity graph is shifted ¼ cycle (90o) to the left and the acceleration graph is shifted a further ¼ cycle making it ½ cycle out of phase with x.

Forced vibrations: When the body vibrates under the influence of external force, then the body is said to be under forced vibrations. The external force, applied to the body is a periodic disturbing force created by unbalance. The vibrations have the same frequency as the applied force.

(Note: When the frequency of external force is same as that of the natural vibrations, resonance takes place)

Damped vibrations: When there is a reduction in amplitude over every cycle of vibration, the motion is said to be damped vibration. This is due to the fact that a certain amount of energy possessed by the vibrating system is always dissipated in overcoming frictional resistance to the motion.

Types of free vibrations:

Linear / Longitudinal vibrations: When the disc is displaced vertically downwards by an external force and released as shown in the figure 4, all the particles of the rod and disc move parallel to the axis of shaft. The rod is elongated and shortened alternately and thus the tensile and compressive stresses are induced alternately in the rod. The vibration occurs is know as Linear/Longitudinal vibrations.

Transverse vibrations: When the rod is displaced in the transverse direction by an external force and released as shown in the figure 5, all the particles of rod and disc move approximately perpendicular to the axis of the rod. The shaft is straight and bends alternately inducing bending stresses in the rod. The vibration occurs is know as transverse vibrations.

Torsional vibrations: When the rod is twisted about its axis by an external force and released as shown in the figure 6, all the particles of the rod and disc move in a circle about the axis of the rod. The rod is subjected to twist and torsional shear stress is induced. The vibration occurs is known as torsional vibrations.
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Oscillation of a floating body:
[image: ]
You may have observed that some bodies floating in water bob up and down. This is another example of simple harmonic motion and the restoring force in this case is buoyancy.

Consider a floating body of mass M kg. Initially it is at rest and all the forces acting on it add up to zero. Suppose a force F is applied to the top to push it down a distance x. The applied force F must overcome this buoyancy force and also overcome the inertia of the body.

Buoyancy force:
The pressure on the bottom increases by   p = ρ g x.

The buoyancy force pushing it up on the bottom is Fb and this increases by p A. Substitute for p and Fb = ρ g x A

Inertia force:
The inertia force acting on the body is Fi = M a

Balance of forces:

The applied force must be F = Fi + Fb -this must be zero if the vibration is free. 0 = Ma + ρ g x A

a  − ρAg x M

This shows that the acceleration is directly proportional to displacement and is always directed towards the rest position so the motion must be simple harmonic and the constant of proportionality must be the angular frequency squared.







	ω 2
	
	ρAg
	
	
	
	
	
	
	
	
	

	
	
	M
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	ω
	
	
	
	
	
	ρAg
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	M
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	f n
	
	ω
	
	
	1
	
	
	ρAg
	
	

	
	
	
	
	
	
	2π
	
	
	M
	
	

	
	
	2π
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Example: A cylindrical rod is 80 mm diameter and has a mass of 5 kg. It floats vertically in water of density 1036 kg/m3. Calculate the frequency at which it bobs up and down. (Ans. 0.508 Hz)

Principal of super position:
[image: ]
The principal of super position means that, when TWO or more waves meet, the wave can be added or subtracted.

Two waveforms combine in a manner, which simply adds their respective Amplitudes linearly at every point in time. Thus, a complex SPECTRUM can be built by mixing together different Waves of various amplitudes.

The principle of superposition may be applied to waves whenever two (or more) waves traveling through the same medium at the same time. The waves pass through each other without being disturbed. The net displacement of the medium at any point in space or time, is simply the sum of the individual wave dispacements.
General equation of physical systems is:

m&x& cx&  kx  F (t) - This equation is for a linear system, the inertia, damping and spring force are linear function &x&, x& and x respectively. This is not true case of non-linear systems.
	&&
	&
	
	Damping and spring
	

	mx
	 φ (x)   f (x)  F (t) -
	
	

	force are not linear functions of
	&
	
	

	
	x and  x
	
	



Mathematically for linear systems, if x1 is a solution of; m&x& cx&  kx  F1 (t )

and x2 is a solution of;

m&x& cx&  kx  F2 (t) then (x1  x2 ) is a solution of;

m&x& cx&  kx  F1 (t)  F2 (t )
Law of superposition does not hold good for non-linear systems.

If more than one wave is traveling through the medium: The resulting net wave is given by the
Superposition Principle given by the sum of the individual waveforms”








Beats: When two harmonic motions occur with the same amplitude ‘A’ at different frequency is added together a phenomenon called "beating" occurs.
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y1   Acos2πf1t 
y2   Acos2πf 2t 

The resulting motion is:

y   y1  y2   Acos2πf1t   cos2πf 2t 
[image: ]
with trigonometric manipulation, the above equation can be written as:

y  2 A cos 2π f1 − f 2 t  cos 2π f1  f 2 t 2 2

The resultant waveform can be thought of as a wave with frequency fave = (f1 + f2)/2 which is constrained by an envelope with a frequency of fb = |f1 - f2|. The envelope frequency is called the beat frequency. The reason for the name is apparent if you listen to the phenomenon using sound waves.

(Beats are often used to tune instruments. The desired frequency is compared to the frequency of the instrument. If a beat frequency is heard the instrument is "out of tune". The higher the beat frequency the more "out of tune" the instrument is.)

Fourier series: decomposes any periodic function or periodic signal into the sum of a (possibly infinite) set of simple oscillating functions, namely sines and cosines (or complex exponentials).

Fourier series were introduced by Joseph Fourier (1768–1830) for the purpose of solving the heat equation in a metal plate.

The Fourier series has many such applications in electrical engineering, vibration analysis, acoustics, optics, signal processing, image processing, quantum mechanics, thin-walled shell theory,etc.


















Sin & Cos functions
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J. Fourier, developed a periodic function in terms of series of Sines and Cosines. The vibration results obtained experimentally can be analysed analytically.
If x(t) is a periodic function with period T, the Fourier Series can be written as:

x(t)  ao   a1 cosωt  a2 cos 2ωt  a3 cos 3ωt  ............
2

 b1sin ωt  b2 sin 2ωt  b3sin 3ωt  ............
[image: ][image: ][image: ][image: ][image: ][image: ][image: ]
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Velocity  v  Aω Cosωt  φ 
9.8. 20  50 Cos1.963 

9.9. 999 mm / s 

Acceleration  a  − Aω 2 Sinωt  φ 

3 − 20  502  Sin1.963 

4 − 1712 mm / s 2 

Refer PPT – for more Problems

Undamped Free Vibrationis:

NATURAL FREQUENCY OF FREE LONGITUDINAL VIBRATION

Equilibrium Method: Consider a body of mass ‘m’ suspended from a spring of negligible mass as shown in the figure 4.
[image: ]Let	m = Mass of the body

W = Weight of the body = mg K = Stiffness of the spring
	δ = Static deflection of the spring due to ‘W’
	spring
	k= Stiffness
	

	
	
	
	




By applying an external force, assume the body is displaced vertically by a distance ‘x’, from the equilibrium position. On the release of external force, the unbalanced forces and acceleration imparted to the body are related by Newton Second Law of motion.

∴ The restoring force = F = - k  x

(-ve sign indicates, the restoring force ‘k.x’ is opposite to the direction of the displacement ‘x’)




W=kδ
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m[image: ]

x [image: ] W
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FIGURE 7         [image: ] mg
By Newton’s Law; F = m  a

∴ F  −k x  m d 2 x dt 2

∴ The differential equation of motion, if a body of mass ‘m’ is acted upon by a restoring force ‘k’ per unit displacement from the equilibrium position is;

	
	d 2 x
	
	k
	x  0
	− This equation represents SHM
	
	

	
	
	
	
	
	
	
	

	
	dt 2m
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	d 2 x
	 ω 2  x  0
	ω 2 
	k
	
	
	− for SHM
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	dt 2
	
	m
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	π
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	The natural period of vibration is
	T 
	
	2
	
	
	 2π
	
	
	m
	
	Sec
	
	

	
	
	
	ω
	
	
	
	
	k
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	1
	
	
	
	
	
	
	

	The natural frequency of vibration isf
	
	
	
	
	
	
	k
	
	cycles / sec
	
	

	
	n
	
	2π
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	From the figure 7; when the spring is strained by an amount of ‘δ’ due to the weight W = mg
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	Hence
	k
	
	
	g
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	

	
	m
	
	
	δ
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	

	∴  f n
	
	1
	
	
	
	g
	
	Hz  or cps
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Energy method: The equation of motion of a conservative system may be established from energy considerations. If a conservative system set in motion, the mechanical energy in the system is partially kinetic and partially potential. The KE is due to the velocity of mass and the PE is due to the stain energy of the spring by virtue of its deformation.

Since the system is conservative; and no energy is transmitted to the system and from the system in the free vibrations, the sum of PE and KE is constant. Both velocity of the mass and deformation of spring are cyclic. Thus, therefore be constant interchange of energy between the mass and the spring.

(KE is maximum, when PE is minimum and PE is maximum, when KE is minimum - so system goes through cyclic motion)
[image: ]
KE + PE = Constant

	
	d
	KE PE 0
	
	
	
	
	
	− (1)
	

	
	
	
	
	
	
	
	
	
	

	
	dt
	
	
	
	
	
	
	
	
	

	We have  KE  
	1
	m v 2
	
	1
	dx
	2
	

	
	
	
	
	
	m
	
	
	-(2)
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	2
	
	
	2
	dt
	
	



Potential energy due to the displacement is equal to the strain energy in the spring, minus the PE change in the elevation of the mass.

x
∴ PE  ∫Total spring  forecedx − mg dx

0





spring [image: ][image: ]  k= Stiffness
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FIGURE 8


m  Static Equilibrium
postion
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	 ∫mg  kx − mg dx 
	1
	kx 2
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	Equation (1) becomes
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	But velocity
	dx
	can be zero
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dx  0 dt

for all values of  time.

m &x& kx  0

− Equation represents SHM
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(The natural frequency is inherent in the system. It is the function of the system parameters 'k' and 'm' and it is independent of the amplitude of oscillation or the manner in which the system is set into motion.)

Rayleigh’s Method: The concept is an extension of energy method. We know, there is a constant interchange of energy between the PE of the spring and KE of the mass, when the system executes cyclic motion. At the static equilibrium position, the KE is maximum and PE is zero; similarly when the mass reached maximum displacement (amplitude of oscillation), the PE is maximum and KE is zero (velocity is zero). But due to conservation of energy total energy remains constant.

Assuming the motion executed by the vibration to be simple harmonic, then;
= A Sinωt 

x = displacement of the body from the mean position after time 't' sec and A = Maximum displacement from the mean position 
x&  A Sinωt

At mean position, t = 0;  Velocity is maximum

	
	dx
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UNIT 5

Kinetic Energy and Work

Kinetic Energy:

The kinetic energy of a moving object:
 12 mv2 

9.10. Kinetic energy is proportional to the square of the velocity. If the velocity of an object doubles, the kinetic energy increases by a 

factor of four. 

9.11. Kinetic energy is proportional to the mass. If a bowling ball and a ping pong ball have the same velocity, the bowling ball has much larger kinetic energy. 

9.12. Kinetic energy is always positive. 

9.13. unit : Joule (J) = kg  m2  / s2 

Example:

If we drop a 3-kg ball from a height of h = 10 m, the velocity when the ball hits the ground is given by:

v2  v02  2a(y  y0 )

· 0  2g(0  h) 

·   2 gh 

· [image: ][image: ] 2(9.8 m / s2 )(10 m) 

· 14 m / s 
[image: ][image: ]Initial:	k  12 mv2   0

Final:	k  12 mv2

3.4 12 (3 kg)(14 m / s)2 

3.5 294 J 

So as the ball falls, its kinetic energy increases. It is the gravitational force that accelerates the ball, causing the speed to increase. The increase in speed also increases the kinetic energy. The process of a force changing the kinetic energy of an object is called work.

Work:

Work is the energy transferred to or from an object by mean of a force acting on the object.

• energy transferred to an object is positive work, e.g. gravity performs positive work on a

falling ball by transferring energy to the ball, causing the ball to speed up.

• energy transferred from an object is negative work, e.g. gravity performs negative work on a
ball tossed up by transferring energy from the

ball, causing the ball to slow  down.
· both kinetic energy and work are scalars. 

· unit: J 
Work Energy Theorem:
The work done is equal to the change in the

kinetic energy:
K  K f   Ki  W

In the above example with the ball falling from a height of h = 10 m, the work done by gravity:
W k  k f   ki   294 J  0J  294 J.

If a ball rises to a height of h =10 m, the work done by gravity:
W k  k f   ki   0J  294 J 294 J.

Work Done by a Force:

Consider a box being dragged a distance d across a frictionless floor:
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[image: ][image: ][image: ][image: ][image: ]v2  v02  2ax d

12 mv2   12 mv02  max d

12 mv2   12 mv02   max d
k f   ki   ( F cos )d

W  ( F cos )d 

·  is the angle between the force vector and the direction of motion. 

· If the force is perpendicular to the direction of motion, then the work done: 
W  (F cos )d  Fd cos 90 Fd  0  0. 

· The work energy theorem and the relationship between work and force are valid only if the force does not cause any other form of energy to change, e. g. we can not apply the theorem when friction is 

involved because it causes a change in the thermal energy (temperature).

Work Done by Multiple Forces:

The total work done by many forces acting on an object:

Wtot  F1 cos1d  F2 cos 2d  F3 cos 3d L where the angles are the angle between each

force and the direction of motion. The total work is just the sum of individual work from each force:
Wtot   W1  W2  W3 L

The work energy theorem relates the changes in the kinetic energy to the total work performed on the object:
K  Wtot


Example:

A 3-kg box initially at rest slides 3 m down a frictionless 30° incline. What is the work done on the object? What is the kinetic energy and speed at the bottom?

N
[image: ]y


	
	x
	

	
	
	

	mg
	
	



• The work done is performed by the force in the x direction since there is no motion in the y direction:
W  Fx d 

· (mg sin )d 

· (3 kg)(9.8 m / s2 )(sin30)(3 m) 

· 44 J 

Alternatively,
W  (F cos )d 

· F cos(90)d 

· F sin d 

H The first method of using the component of the force in the direction of motion for the calculation is easier.

W  k f   ki

	
	 k f   0
	

	k f
	 W  44 J
	

	W 
	21 mv2
	

	v2
	
	2W
	
	

	
	
	m
	

	
	
	
	

	v 
	
	2W
	
	

	
	
	m
	

	
	
	
	
	

	
	
	
	2  44 J
	

	
	
	
	3 kg
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 5. 4 m / s

H calculate the speed without using the equation of motion.

Conceptual Question:

A 1-kg ball on a string is moving in uniform circular motion. The tension is providing the centripetal force on the ball. In one revolution, the work done by the tension on the ball is:
i) 2rT 

ii) 2 rT 

c) 2rT cos 



Problem 15 (p150):

A 12-m long fire hose is uncoiled by pulling the nozzle end horizontally along a frictionless surface at the steady speed of 2.3 m/s. The mass of 1.0 m of hose is 0.25 kg. How much work has been done on the hose by the applied force when the entire hose is moving?

H difficult to solve the problem by calculating the applied force that causes the front end of

the hose to move a large distance (12 m) while the other end has not moved very far
use work energy theorem
m  length   (mass per unit length)
· 12 m  0. 25 kg 
· 0 m 

· 3 kg 

W  k f   ki

· 12 mv2   0 

· 12 (3 kg)(2. 3 m / s)2 

· 7. 9 J 











Work done by Gravity:

Ball traveling up:
[image: ]
v
[image: ]



mg

• Work done by gravity is negative because gravity and the direction of motion are in opposite direction.

consistent with the decrease in kinetic

energy because the ball is slowing down:
Wg K  K f   Ki  12 mv2f  12 mvi2  0

Ball traveling down:
[image: ][image: ]

v

mg


• Work done by gravity is positive because gravity and the direction of motion are in same direction.

consistent with the increase in kinetic energy

because the ball is speeding up:
Wg K  K f   Ki  12 mv2f  12 mvi2  0








Question:

What is the total work done on a ball that is being pulled up a distance d with constant speed using a string?

T [image: ]
[image: ][image: ]
v

mg 

(c) F  T  mg  ma  0 T  mg 
Wg  mgd

WT   Td  mgd

Wtot   Wg  WT



`


mgd  mgd

 0


k  Wtot   0
consistent with the fact that the ball is being pulled up with constant speed.












Example:

A 10-kg crate initially at rest is being lowered down a frictionless 10-m ramp using a rope. The speed of the crate is 3 m/s at the bottom of the 40 ramp. Determine (a) the work done by gravity, (b) the work done by the rope, and (c) the tension in the rope.
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	(a)
	Wg   mg sin d
	
	
	

	
	
	
	
	 630 J
	
	
	
	
	
	

	(b)
	Wtot   Wg  WT
	K
	
	

	
	mg sin d  W
	T
	 1 mv2
	 1 mv 2
	

	
	
	
	
	
	
	
	2
	20
	

	
	WT   21 mv2  mg sin d
	
	

	
	
	
	
	585 J
	
	
	
	
	
	

	(c)
	WT  Td
	
	
	
	
	
	


T  WT d



 58. 5 N


Spring Force and Work:
[image: ]


x x0 = 0

When a spring is in a relaxed state, i.e. neither compressed nor stretched, it applied no force to the attached object.
[image: ]
Fs

 x
[image: ]
-x
x0  = 0

When a spring is compressed, the spring pushes the object back toward the relaxed position.

Fs
[image: ] x
[image: ]
+x x0 = 0

When a spring is stretched, the spring pulled the object back toward the relaxed position.

Hooke's Law:

The magnitude of the restoring force of a spring is proportional to the distance from the relaxed position:

F kx
where k is the spring constant.

· The direction of the spring force is always toward the "relaxed" or equilibrium position, i.e. this is a restoring force. 

· The force is not constant: increases linearly with displacement. 

· Hooke's law applies when the spring is not compressed or stretched too far, i.e. the spring should not be deformed. 

· Unit of k: N/m. 


Work Done By a Spring:

Since the force is not constant, we must perform an integral to determine the work: The work done by the spring when moving a small distance dx:

dW  Fdx kxdx
The total work done in moving from position xi
to xf :
W xxif  kxdx  12kxi2   12 kx f 2


Example:

A 3-kg mass is dropped from a height h = 5 m above a platform with a spring of spring constant

k = 500 N/m. What is the maximum distance the spring will compress?
v 0 = 0 m/s
[image: ]
h

xmax














• The total work done on the box must be zero
because the box is at rest at the  beginning and
at the end when the spring is   compressed:

W  Wg  Ws  K  K f   Ki  0
Wg  Ws

mg(h  xmax ) ( 12 kxi2  12 kx2f )

mg(h  xmax )  12 kxmax 2

12 kxmax2  mgxmax  mgh  0

12 500  xmax2  3  9. 8  xmax  3  9.8  5  0 250 xmax2  30 xmax 150  0
xmax  0. 7 m or 0.83 m
Power:

Consider a box being dragged up a ramp. The work done is:

W  F cos d

Whether the box is dragged quickly or slowly up the ramp, the work done is the same. However, doing the work quickly requires more effort. The quickness of doing the work is characterized using the concept of Power:

Power is the work done per unit time.

Average Power:
 PW
[image: ][image: ]t


Instantaneous Power:
P  dW dt





Unit: Watts (W) = J/s

This unit is also being used in other science besides describing mechanical work, e.g. a 100-W light bulb, i.e. the light bulb uses 100 J of energy in 1 s.

1 horsepower = 746 W


For a constant force,
P  dW dt


d
 dt Fdir. of motion x
 Fdir. of motion dx
dt
 Fdir. of motion v


Example:

If a box is being pulled up a ramp at a speed of 0.5 m/s by a 100-N force, what is the power supplied by the rope? If the ramp is 10 m long, what is the work done by the rope?
	P  FV  (100 N)(0. 5 m / s)  50
	W
	

	W  Fd  (100 N)(10 m)  1000 J
	
	

	
	10 m  
	
	
	

	 Pt  (50 W)
	
	
	 (50 W)(20 s)  1000 J
	

	
	0.5 m / s
	
	

	
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