
MATHEMATICS - IV 
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UNIT II : COMPLEX INTEGRATION 



 

 



 

 



 

 



 

 



 

 



 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

Power series 
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UNIT III : BILINEAR TRANSFORMATIONS 

 

 



 

 



 

 



 

 

 



 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 



UNIT III : EVALUATION OF INTEGRALS & BILINEAR 

TRANSFORMATIONS 

 

 

 
 



 

 



 

 



 

 



 

 



 

 

 



 
 

 

 

 

 

 



 

 



 

 



 

 

 



 

 



 

 



 

 
 

 

UNIT IV : Fourier Series and Fourier Transforms 

 

Suppose that a given function  f x  defined in  ,   (or)  0,2  (or) in any other interval can be expressed 

as  

    0

1

cos sin
2

n n

n

a
f x a nx b nx





    

The above series is known as the Fourier series for  f x  and the constants  0 , , 1,2,3 n na a b n  are 

called Fourier coefficients of  f x  

 

Periodic Functions:- 

 A function  f x  is said to be  periodic with period 0T   if for all    x f x T f x   and T is the least of 

such values 

Example:-     sin sin 2 sin 4x x x        the function sin x  is periodic with period 2  there is no 

positive value T, 0 2T    such that  sin sin  x T x x  

 

Euler’s Formula:- 

 The Fourier series for the function  f x  in the interval 2c x c     is given by 



    0

1

cos sin
2

n n

n

a
f x a nx b nx





    

Where  
2

0

1 c

c
a f x dx







   

  
21

cos .
c

n
c

a f x nx dx






   and  

  
21

sin .
c

n
c

b f x nx dx






   

 These values of 
0 , ,n na a b  are known as Euler’s formula 

Corollary:-    if  f x  is to be expanded as a fourier series in the interval 0 2x   , put 0c   then the formulae (1) 

reduces to  

 

 

 

 

2

0
0

2

0

2

0

1

1
cos .

1
sin .

n

n

a f x dx

a f x nx dx

b f x nx dx

























 

Corollay  2:- if  f x  is to expanded as a fourier series in  ,   put c   , the interval becomes x     and 

the formula (1) reduces to 

 

 

 

 

0

1

1
cos .

1
sin .



















n

n

a f x dx

a f x nx dx

b f x nx dx

















  
 

 

Conditions For Fourier Expansion:- 

 Dirichlet has formulated certain conditions known as Dirichlet conditions under which certain functions posses 

valid Fourier Expansions. 

A given function  f x  has a valid Fourier series expansion of the form  0

1

cos sin
2

n n

n

a
a nx b nx





    

Where 
0 , ,n na a b  are constants, provided  

(i)   f x  is well defined and single – valued except possibly at a finite number of points in the interval of definition 

(ii)  f x  has a finite number of discontinuities in the interval of definition 

(iii)  f x  has al most a finite number of maxima and minima in the interval of definition 

Note:-  The above conditions are sufficient but not necessary 

 

Functions Having Points of Discontinuity :- 

In Euler’s formulae for 
0 , ,n na a b  it was assumed that  f x  is continuous. Instead a function may have a finite 

number of discontinuities. Even then such a function is expressible as a Fouries series 



Let  f x  be defined by  

   

 

0

0 2

f x x c x x

x x x c



 

  

   
 

 Where 
0x  is the point of discontinuity in  , 2c c   in such cases also we obtain the Fourier series for  f x  in 

the usual way. The values of 
0 , ,n na a b  are given by 

 

   

   

   

0

0

0

0

0

0

2

0

2

2

1

1
cos . cos .

1
sin . sin .

x c

c x

x c

n
c x

x c

n
c x

a x dx x dx

a x nx dx x nx dx

b x nx dx x nx dx







 


 


 








  
  

  
  

  
  

 

 

 

 

 

Note :- 

 

0

( ) cos cos , 0

2 , 0

0 0
( )( ) sin sin

, 0








  
  

  
 

 





for m n

i mx nx dx for m n

for m n

for m n and m n
ii i mx nx dx

for m n















 

 

 

Examples:- 

1. Express  f x x    as Fourier series in the interval x     

Sol       Let the function x   be represented by the Fourier series 

   0

1 1

cos sin 1
2

n n

n n

a
x a nx b nx

 

 

       

        Then  

 

   

 

 

 

 

 

0

0

0

1 1

1

1
0 .2

1
2

2 0 2

1
cos .

1
cos .

1
cos . cos .

 

 





 

  

  
  

  
  

  
 

    



 

  
  

 

 







 

n

a f x dx x dx

xdx dx

dx x is odd function

x

and

a f x nx dx

x nx dx

x nx dx nx dx
x

 

 

 

 













 

 


 










 








 

      
0

1
0 2 cos .nx dx





  
    



( cosx nx  is odd function and cosnx  is even function)

 

 

 

 

 

0

0

0

2

2 cos .

sin
2

2
sin sin 0

2
0 0 0 1, 2,3..........

1
sin .

1
sin .

1
sin sin .

1
2 sin . 0

2 cos sin
1





 

  

 
   

 


 


   



 

  
  

  
  

   
  

 







 



n

n

a nx dx

nx

n

n
n

for n
n

b f x nx dx

x nx dx

x nx nx dx

x nx dx

nx nx
x

n n













 

 


















 

0

2 cos
0 0 0

 
  
  

   
     

  

n

n



 



 

 

         

 

 
1

2 2
cos 1

2
1 1, 2,3.....

n

n

n
n

n
n






 
  

   

 

Substituting the values of 
0 , ,n na a b  in (1), 

We get  

 
1

1

2
1 sin

1 1 1
2 sin sin 2 sin 3 sin 4 ......

2 3 4

n

n

x nx

x x x x

 









    

 
       

 



 
 

2. Find the Fourier series to represent the function 
axe from x to    . Deduce from this that 

2 2 2

1 1 1
2

sinh 2 1 3 1 4 1

 
           




 

Sol. Let the function 
axe

 be represented by the Fourier series 

     0

1

cos sin 1
2

ax

n n

n

a
e a nx b nx






     

 Then  

   

0

0

1 1

1

1 sinh

2 2

ax
ax

a a
a a

a a

e
a e dx

a

e e
e e

a a

a e e a

a a







 
 

 

 

 



 












 
   

 

 
  

 
   

 



 

 And  



  

 

 

   

 
 

 

 

 

2 2

2 2

2 2 2 2

2 2

2 2

2 2

1
cos .

1
cos sin

cos . cos sin

1
cos 0 cos 0

cos

2 cos sinh

1 2 sinh















 
   

 

 


 
       

  

 














ax

n

ax

ax
ax

ax a

n

a a

n

a e nx dx

e
a nx n nx

a n

e
e bx dx a bx b bx

a b

e e
a a n a n

a n a n

a
e e n

a n

a n a

a n

a a

a n











 





 





 






  cos 1 

n
n

 

 

 Finally 
1

sin .ax

nb e nx dx







   

   2 2

1
sin cos





 
   

 

axe
a nx n nx

a n






 

      

   

 
 

 

2 2 2 2

2 2 2 2

1
0 cos 0 cos

1 2 sinhcos





 
    

  


 

 

a a

na a

e e
n n n n

a n a n

n an n e e

a n a n

 

 

 




 

 

 Substituting the values of  0 ,
2

n n

a
a and b  in (1) we get 

 

 

 
 

 2 2 2 2
1

2 2 2 2 2 2 2 2 2 2 2 2

1 2 sinhsinh sinh
cos 1 2 sin

2sinh 1 cos cos 2 cos3 sin 2sin 2 3sin 3

2 1 2 3 1 2 3






 
    

   

    
             

        


n

nax

n

a aa a
e nx n nx

a a n a n

a a x a x a x x x x

a a a a a a a

 

  





 

 

Deduction:- 

  

Putting 0x   and 1a   in (2), we get 

 

2 2 2

2 2 2

2sinh 1 1 1 1 1
1

2 2 2 1 3 1 4 1

1 1 1
2

sinh 2 1 3 1 4 1









 
           

 
       

     
 

3. Find the Fourier series of the periodic function defined as  
0

0

x
f x

x x

 



   
  

  
 



Hence deduce that 
2

2 2 2

1 1 1

1 3 5 8


      

Sol.   Let    0

1 1

cos sin 1
2

n n

n n

a
f x a nx b nx

 

 

      

          Then  

   

 

 

 

0

0

2
0

0

2 2
2

1

1

1

2

1 1

2 2 2









   
  

  
    

   

    
       

   



 
o

a f x dx

dx xdx

x
x





















  


 

 

   

 

 

 

1

2 2

1 2 3 4 52 2 2

0

0

0

2

0

1 1
cos 1 1

2 2 2
, 0, , 0, ,

1 . 3 . 5 .

1
sin .

1
sin . sin .

1 cos cos sin

1
1 cos cos







    
 

  
       



   
  

    
       

     

 
  

 



 

n

n

n
n n

a a a a a

b f x nx dx

nx dx x nx dx

nx nx nx
x

n n n

n n
n n














 

  









 
 



 
1

1 2cos



  n
n



 

 

        

 

 
0

0

2

0

2 2

1
cos .

1
cos . cos .

1 sin sin cos

1 1 1
0 cos









   
  

    
       

     

 
   

 



 

n

o

a f x nx dx

nx dx x nx dx

nx nx nx
x

n n n

n
n n






















 

 

1 2 3 4

1 1
3, , 1,

2 4
b b b b

 
     and so --- on substituting the values of 

0 , n na a and b  in (1), we get 

   2 2

2 cos3 cos5 sin 2 3sin 3 sin 4
cos 3sin

4 3 5 2 3 4

    
                 

   

x x x x x
f x x x





Deduction:- 

 Putting 0x   in (2), we obtain 



   2 2

2 1 1
0 1

4 4 3 5

  
        

 
f


 

 Now  f x  is discontinuous at 0x   

 

   

     

0 0 0 0 0

1
0 0 0 0 0

2 2

f and f

f f f





    


      

 

 Now (3) becomes 

 
2 2 2

2

2 1 1 1

2 4 1 3 5

8

 





   
      

 



 

 

 

 

 

Even and Odd Functions:- 

A function  f x  is said to be even    if f x f x   and odd if    f x f x    

 

Example:-   2 4 2, 1, x xx x x e e    are even functions 

           3, ,sin ,cosx x x ecx  are odd functions 

 

Note:-  

1. Product of two even (or) two odd functions will be an even function  

2. Product of an even function and an odd function will be an odd function 

Note 2:-   0
a

a
f x dx


  when  f x  is an odd function 

    
0

2
a

f x dx   when   f x  is even function 

Fourier series for even and odd functions 

We know that a function  f x  defined in  ,   can be represented by the Fourier series 

    0

1 1

cos sin
2

n n

n n

a
f x a nx b nx

 

 

     

 Where  0

1
a f x dx



 
   

   
1

cos .na f x nx dx


 
   

 And   
1

sin .nb f x nx dx


 
   

 Case (i):-  when  f x  is even function 

     0
0

1 2
a f x dx f x dx

 

 
    

 Since cosnx  is an even function,  cosf x nx  is also an even function 



 Hence  

 

 
0

1
cos .

2
cos .










na f x nx dx

f x nx dx











 

 Since sinnx  is an odd function,  sinf x nx  is an odd function 

   
1

sin . 0nb f x nx dx


 
    

  If a function  f x  is even in  ,  , its Fourier series expansion contains only cosine terms 

   0

1

cos
2

n

n

a
f x a nx





    

Where  
0

2
cos . , 0,1,2,na f x nx dx n




        

 

Case 2:- when   f x  is an odd function in  ,   

  0

1
0a f x dx



 
   since  f x  is odd 

Since cosnx  is an even function,  cosf x nx  is an odd function and hence 

  
1

cos . 0na f x nx dx


 
   

Since sinnx  is odd function ;  sinf x nx  is an even function 

 

 

 

 

0

1

1
sin .

2
sin .

sin

n

n

n

b f x nx dx

f x nx dx

f x b nx

















 



 







 

Where  
0

2
sin .nb f x nx dx




   

Thus, if a function  f x  defined in  ,  is odd, its Fourier expansion contains only sine terms 

 

Examples:- 

1. Expand the function   2f x x  as a Fourier series in  ,  , hence deduce that 

(i) 
2

2 2 2 2

1 1 1 1

1 2 3 4 12


       

Sol. Since      
2 2    f x x x f x  

       Hence in its Fourier series expansion, the sine terms are absent 

   2 0

1

cos
2

n

n

a
x a nx





    

 Where  



  

 

2

0
0

3 2

0

0

2

0

2

2 3

0

2

2

2 2

3 3

2
cos .

2
cos .

2 sin cos sin
2 2

2 cos
0 2 2.0

n

a x dx

x

a f x nx dx

x nx dx

nx nx nx
x x

n n n

nx

n




























 
  

 





        
        

      

 
   

 







 

        2 2

4cos 4
1

nn

n n


    

Substituting the values of 
0 na and a  from (2) and (3) in (1) we get  

 

 

 

 

2
2

2
1

12

2
1

2

2 2 2

4
1 cos

3

1
4 cos

3

cos 2 cos3 cos 4
4 cos 4

3 2 3 4

n

n

n

n

x nx
n

nx
n

x x x
x
















  


 

 
          

 



  

Deductions:-   

 Putting 0x   in (4), we get 

 

2

2 2 2

2

2 2 2

1 1 1
0 4 1

3 2 3 4

1 1 1
1

2 3 4 12





 
       

 

      
 

 

 

2. Find the Fourier series to represent the function   sin ,f x x x      

Sol   Since sin x  is an even function, 

         0nb for all n  

         Let    0

1

sin cos 1
2

n

n

a
f x x a nx





     

         Where  



 

 

0

0

0

1
sin

2
sin

2
cos

2 4
1 1






 


   





a xdx

x dx

x

and















   

 

   

   

   

0

0

0

0

1 2
cos . sin .cos

1
sin 1 sin 1

cos 1 cos 11
, 1

1 1

cos 1 cos 11 1 1
1

1 1 1 1


 

     

  
    

  

  
      

    

 



na f x nx dx x nx dx

n x n x dx

n x n x
n

n n

n n
n

n n n n

 









 





 



   

 

1 1

1

1 1 1 11

1 1

1 1 1 1 1
1

1 1 1 1

n n

n

n n

n n n n





 



    
  

   

    
        

      

 

         

 

 
 

 
 

 

 

1

2 2

1

2

2

2

1
0

0

0

1 2 2
1

1 1

2
1 1

1

2
1 1

1

0

4

1

2
1, sin .cos

1
sin 2

1 cos 2

2

1
cos 2 1 0





  
     

   
 

    
 




  
 


 



 
  

 


  





n

n

n

n

n n

n

n

if n is odd

a
if n is even

n

for n a x x dx

x dx

x
























 

Substituting the values of 
0 1, na a and a  in (1) 



We get 
 2

2,4,

2 4
sin cos

1n

x nx
n 



 


 


  

           

2
2,4

2
1

2 4 cos

1

2 4 cos 2

4 1

n

n

nx

n

nx

n

 

 



 





 


 






 

       ( replace n by 2n) 

Hence 
2 4 cos 2 cos 4

sin
3 15

x x
x

 

 
        

 
 

 

Half –Range Fourier Series:-  

1) The sine series:- 

 
1

sin




 n

n

f x b nx  

 
0

2
sin . nwhere b f x nx dx




 

 2) The cosine series:- 

    0

1

cos
2

n

n

a
f x a nx





   

   0
0

2
where a f x dx and




   

   
0

2
cos .na f x nx dx




   

 

 

 

Note:-  

1) Suppose    0,f x x in  , it can have Fourier cosine series expansion as well as Fourier sine series 

expansion in  0,  

2) If    2 0,f x x in  , can have Fourier cosine series as well as sine series 

Examples:- 

1. Find the half range sine series for     0f x x x in x     . Deduce that 
3

3 3 3 3

1 1 1 1

1 3 5 7 32
     


 

Ans.   The Fourier sine series expansion of  f x  in  0,  is 

  

   

 

 

1

0

0

sin

2
sin .

2
sin .





  



 







n

n

n

n

f x x x b nx

where b f x nx dx

hence b x x nx dx












 

       2

0

2
sin .x x nx dx






   



     

     

 

  

2

2 3

0

3

3

2 cos sin cos
2 2

2 2
1 cos

4
1 1

n

nx nx nx
x x x

n n n

n
n

n



 







      
         

    

 
  

 

  

 

  

3

0,

8
,

n

when n is even

b
when n is odd

n




 



 

Hence  

   

   

3
1,3,5...

3 3

8
sin

8 sin 3 sin 5
sin 1

3 5

n

x x nx or
n

x x
x x x









 

 
          

 


 

Deduction:-  

  Putting 
2

x


  in (1), we get 

 

 

3 3

2

3 3 3

2

3 3 3

8 1 3 1 5
sin sin

2 2 2 3 2 5 2

8 1 1 1
1 sin sin 2 sin 3

4 3 2 5 2 7 2

1 1 1
1

32 3 5 7

x sin

or

    



   
  





   
         

   

      
                

      

       

 

3) Find the half- range sine series for the function    0,
ax ax

a a

e e
f x in

e e 










 

Ans. Let  
1

sinn

n

f x b nx




  



  

 
0

0

2
sin .

2
.sin .

n

ax ax

a a

then b f x nx dx

e e
nx dx

e e





 




















   

 

 

 
   

 
   

 

 

0 0

2 2 2 2

0 0

2 2 2 2 2 2 2 2

2
sin . sin .

2
sin cos sin cos

2
1 1

2 1

ax ax

a a

ax ax

a a

a a
n n

a a

n

a a

e nx dx e nx dx
e e

e e
a nx n nx a nx n nx

a n a be e

e n e n
n n

a n a b a b a be e

n

e e

 

 

 

 

 

 

 























  
  

    
        

       

 
      

     






 

 

 

2 2

1

2 2

2 1

a a

n

e e

n a

n

n a

 







 
 

 






 

Substituting (2) in (1), we get 

 

 
 

1

2 2
1

2 2 2 2 2 2

12
sin

2 sin 2sin 2 3sin 3

1 2 3

n

n

n
f x nx

a n

nx x x

a a a















 
           


 

 

Fourier series of  f x  defined  in  1 2c c l  

  It can be seen that role played by the functions 

  1,cos ,cos 2 ,cos3 ,.....sin ,sin 2 .........x x x x x  

 In expanding a function  f x  defined  in   1 2c c   as a Fourier series, will be played by  

 

2 3
1,cos ,cos ,cos ,.....

2 3
sin ,sin ,sin ,.....

x x x

e e e

x x x

e e e

  

  

     
     
     

     
     
     

 

 In expanding a function  f x  defined in  , 2c c I  it can be verified directly that, when m, n are 

integers  



2

2

2

2
sin .cos 0

0

sin .sin 0

2 2 0

0

cos .cos 0

2 0







   
   

   


   

     
      


   

     
      







c l

c

c l

c

c l

c

m x x
dx

l l

if m n
m x n x

dx l if m n
l l

l if m n

if m n
m x n x

dx l if m n
l l

l if m n

 

 

 

 
 

Fourier series of  f x  defined in  0,2l :- 

 Let  f x  be defined in  0,2l  and be periodic with period 2l . Its Fourier series expansion is defined 

as  

 

   

   

   

0

1

2

0

2

0

1
cos sin 1

2

1
cos 2

1
sin 3

n n

n

l

n

l

n

n x n x
f x a a b

l l

n x
where a f x dx and

l l

n x
b f x dx

l l

 









 
    

 

 

 







 

Fourier series of  f x  defined in  ,l l :-  

 Let  f x  be defined in  ,l l  and be periodic with period 2l . Its Fourier series expansion is defined 

as 

   0

1

1
cos sin

2
n n

n

n x n x
f x a a b

l l

 



 
   

 
  

  
1

cos
l

n
l

n x
where a f x dx

l l




   

  
1

sin


 
l

n
l

n x
b f x dx

l l


 

Fourier series for even and odd functions in  ,l l :- 

 Let  f x be defined in  ,l l . If  f x  is even  cos
n x

f x
l


 is also even 

  

 

   

 

0

1
cos

2
cos sin

1
sin 0

l

n
l

l

l

n
l

n x
a f x dx

l l

n x n x
f x dx and f x is odd

l l l

n x
b f x dx n

l l



 







 



   







 

 

 



 Hence if  f x  is defined in  ,l l  and is even its Fourier series expansion is given by 

  

 

 

0

1

0

1
cos

2

2
cos

n

n

l

n

n x
f x a a

l

n x
where a f x dx

l l









 







 

 If  f x  is defined in  ,l l and its odd its Fourier series expansion is given by  

    
0

1

2
sin sin

l

n n

n

n x n x
f x b where b f x dx

l l l

 



    

Note:-  In the above discussion if we put 2 2 ,l l    we get the discussion regarding the intervals  0,2  

and  ,   as special cases 

Examples:- 

1. Express   2f x x  as a Fourier series in  ,l l  

Sol      
2 2f x f x x f x      

 Therefore  f x  is an even function 

 Hence the Fourier series of  f x  in  ,l l  is given by  

  

 

 

0

1

0

cos
2

2
cos

n

n

l

n

a n x
f x a

l

n x
where a f x dx

l l









 







 

  

 

3
2

0
0

0

0

2 2 2

3 3

2
cos

l
l

l

n

x l
hence a x dx

l l

n x
also a f x dx

l l



 
   

 







 

  2

0

2
cos

l n x
x dx

l l


   

  
2

2 2 3 3

2 3

0

sin cos sin
2

2 2

l

n x n x n x

l l lx x
n n nl

l l l

  

  

       
                

      
           

 

   
2 2

2
0

cos
2

2

 
 

  
 
  

l

n x

lx
nl

l




 

Since the first and last terms vanish at both upper and lower limits 

  

 

2

2 2 2 2 2

2

2 2

2 cos 4 cos
2

/

1 4

 
   

 




n

n

n l n
a l

l n l n

l

n

 

 

  

 



Substituting these values in (1), we get 

  

 

 

     

22
2

2 2
1

12 2

2 2
1

2 2

2 2 2 2

1 4
cos

3

14
cos

3

cos / cos 2 / cos 3 /4

3 1 2 3

n

n

n

n

ll n x
x

n l

l l n x

n l

x l x l x ll l









  













 


 

 
         

 



  

2. Find a Fourier series with period 3 to represent    2 0,3f x x x in   

Sol. Let     0

1

cos sin 1
2

n n

n

a n x n x
f x a b

l l

 



 
    

 
  

 Here 2 3, 3 / 2l l   

 Hence (1) becomes 

 

 

2

0

1

2 2
cos sin 2

2 3 3





 

 
    

 
 n n

n

f x x x

a n x n x
a b

   

 

 

2

0
0

3
2 3

3
2

0
0

1

2 2
9

3 3 2 3



 
     

 





l

Where a f x dx
l

x x
x x dx

 

  

 

 

2

0

3
2

0

1
cos

2 2
cos

3 3

 
  

 

 
   

 





n

n x
and a f x dx

l l

n x
x x dx




 

 Integrating by parts, we obtain 

  
2 2 2 2 2 2 2 2

2 3 2 54 9

3 4 4 3 9
na

n n n n   

   
       

 

 Finally  
2

0

1
sin

l

n

n x
b f x dx

l l


   

  

 
3

2

0

2 2
sin

3 3

12

n x
x x dx

n





 
   

 





 

 Substituting the values of a’s and b’s in (2) we get 

 2

2 2
1 1

9 9 1 2 12 1 2
cos sin

2 3 3

 

 

   
      

   
 
n n

n x n x
x x

n n

 

 
 

 



Half- Range Expansion of    0,f x in l :- 

Some times we will be interested in finding the expansion of  f x  defined in  0,l  in terms of sines only (or) 

in terms of cosines only. Suppose we  want the expansion of  f x  in terms of sine series only. Define    1f x f x  in 

 0,l  and    1 1  f x f x n  with    1 12  f l x f x ,  1f x  is an odd function in  ,l l . Hence its Fourier series 

expansion is given by 

 

 

 

1

1

1

1
0

sin

2

n

n

n

n x
f x b dx

l

where b f x dx
l













 

 The above expansion is valid for  ,x in l l  in particular for  0,x in l , 

    1f x f x  and  1

1

sinn

n

n x
f x b dx

l





  where  
0

2
sin 

l

n

n x
b f x dx

l l


 

This expansion in (3) is called the half- range sine series expansion of  f x  in  0,l . If we want the half – 

range expansion of  f x  in  0,l , only in terms of cosines, define    1f x f x  in  0,l  and    1 1f x f x   for 

all x with 

    1 12f x l f x  . 

Then  1f x  is even in  ,l l  and hence its Fourier series expansion is given  

 By  

  

 

 

0
1

1
0

cos
2

cos

n

l

n

a n x
f x a

l

n x
where a f x dx

l l





 








 

The expansion is valid in  ,l l  and hence in particular on  0,l ,    1f x f x  hence in  0,l  

   0

1

1
cos

2





  n

n

n x
f x a a

l


 

 Where  
1

0

2
cosn

n x
a f x dx

l l


   

1. The half range sine series expansion of  
1

sinn

n

n x
f x b

l





  in  0,2  is given by 

 Where  
1

0

2
sinn

n x
b f x dx

l l


   

2. The half range cosine series expansion of    0,f x in l  is given by 

  

 

 

0

1

0

1
cos

2

2
cos

n

n

l

n

n x
f x a a

l

n x
where b f x dx

l l









 







 

 

Examples:- 

 

 

1. Find the half- range sine series of    1 0,f x in l  



Ans.      The Fourier sine series of    0,f x in l  is given by  
1

1 sinn

n

n x
f x b

l





   

 
0

0

2
sin

2
1.sin









l

n

l

n x
here b f x dx

l l

n x
dx

l l




 

0

cos
2

/

 
 

  
 
 

l
n x

l

l n l




 

    

 

0

1

2
cos

2
cos 1

2
1 1



 
  

 

  

   
 

l

n

n x

n l

n
n

n










 

 0nb   when n is even 

         
4

n
 , when n is odd 

Hence the required Fourier series is  
1,3,5

4
sin

n

n x
f x

n l







 

 
 

2. Find the half – range cosine series expansion of   sin
x

f x
l

 
  

 
 in the range 0 x l   

Sol        

  

 

 

 

 

   

 

0
0

1

0
0 0

0

0

0

0

sin cos
2

2 2
sin

2 cos /

/

2 4
cos 1

2
cos

2
sin cos

sin 1 sin 11

cos 1

1





 
   

 

 

 
  

 

  



   
    

   

  
  

 




 



 







n

n

l l

l

l

n

l

l

ax n x
f xa a

l l

x
where a f x dx dx

l l l

x l

l l

and
l

n x
a f x dx

l l

x n x
dx

l l l

n x n x
dx

l l l

n

l

 












 

 

 

 

 
0

cos 1 /

1 / 1 /

 
 

 
  

  

l

x
n x ll

n l n l




   



      
   

1 1
1 11 1 1

1 1 1 1

n n

n n n n

   
     

     

 

When n is odd 

  
1 1 1 1 1

0
1 1 1 1

na
n n n n

 
         

 

When n is even  

  
  

   

1 1 1 1 1

1 1 1 1

4

1 1

cos 2 / cos 4 /2 4
sin

1.3 3.5

 
        




 

  
         

   

na
n n n n

n n

x l x lx

l





 

 

 

 

 

Fourier Transforms 

 

              Fourier Transforms are widely used to solve Partial Differential Equations  and in various boundary value 

problems of Engineering such as Vibration of Strings, Conduction of heat, Oscillation of an elastic beam, Transmission 

lines etc. 

 

Integral Transforms: 

 

              The Integral transform of a function f(x) is defined as 

             I{f(x)} =  

Where K(s,x) is a known function of s & x, called the ‘Kernel’ of the transform. 

The function f(x) is called the Inverse transform of   

 

1.Laplace Transform:    When K(s,x) =  

            L{f(x)} =  

 

2.Fourier Transform: When K(s,x) =  

           F{f(x)} =  

 

3.Fourier Sine Transform:  When K(s,x)=Sinsx 

           {f(x)} =  

 

4. Fourier Cosine Transform:  When K(s,x)=Cossx 

           {f(x)} =  

 

5.Mellin Transform:  When K(s,x)=  

           M  

 

6.Hankel Transform:    When K(s,x) = x  

            H(s) =  

Where   is a Bessel function. 

 



Fourier Integral Theorem:- If f(x) satisfies Dirichlet’s conditions for expansion of Fourier series in (-c,c) and 

 converges, then  

 

          

 

Which is known as Fourier Integral of f(x) 

 

Proof: Since f(x) satisfies Dirichlet’s conditions in (-c,c), Fourier series of f(x) is  

                    ……………..(1) 

 

           Where    ,    ,       

 

Substitute the values of  ,  and  in (1) , we get 

 

              …………………….(2) 

 

Since  converges i.e., f(x) is absolutely integrable on x-axis, 

 

The first term on R.H.S of (2) approaches to ‘0’ as  

 

      Since  

 

The second term on R.H.S of (2) tends to 

 

    

 

Let  

 

         ……………………………(3) 

 

This is  of the form       

 

Thus , (3) becomes 

 

       

 

Which is known as Fourier Integral of f(x) 

 

Fourier Sine & Cosine Integrals:- 

 

From Fourier Integral theorem 

     …………………..(1) 

 

w.k.t cosλ(t-x) = cosλt cosλx + sinλt sinλx 

 

Sub. This value in eq(1), we get 

 ……….(2) 



 

 

when f(t) is odd function, then f(t)cosλt is an odd function while f(t)sinλt is an even function. 

then eq(2) becomes 

    

f(x) =  

This is called “Fourier sine Integral” 

 

when f(t) is even function then f(t) cosλt is an even function, while f(t)sinλt is an odd function 

then eq(2) becomes 

 
This is called “Fourier cosine Integral” 

 

Complex form of Fourier Integral:- 

     From  Fourier Integral theorem 

              ……………(1) 

                    =   

 

since cos λ(t-x) is an even function 

      

    ………………..(2) 

 

w.k.t sinλ(t-x) is an odd function, 

       

     

 

 ……………………(3) 

 

multiply (3) by i and add it to (2), then 

 

f(x) =  

     

         =  

 

which is known as ‘Complex form of Fourier Integral’. 

 

Problems: 

1.Express the function f(x) =   as a Fourier integral and hence evaluate 

        

sol: The Fourier Integral of f(x) is given by 

       f(x) =   ……………(1) 

      given that f(t) =  

       f(x)  =  



               =  

               =   

               =   

               =      ……………………(2) 

      which is fourier integral of f(x) 

    from (2),  = f(x) 

                      =  

             given f(x) =  

                 =  

           at  i.e., when x=±1 

        f(x) is discontinuous & the integral has the value   

                    

2.Find Fourier Sine Integral representation of  f(x) =  

sol:  Fourier Sine integral of f(x) is given by  

          f(x) =    ……………..(1) 

       given that  f(t) =  

           f(x) =  

                  =  

              f(x) =  

 

 

 

 



 

 

 

 



 

 

 

 

Fourier Transforms:- 

              Complex form of Fourier Integral of f(x) is  

                               

                              f(x)  =  

             replace λ by s 

                             

                             f(x) =  

            

              If we define        F(s) =  

                      

                                 then f(x) =  

            

 F(s) is called Fourier Transform (F.T) of f(x) and f(x) is called inverse Fourier transform of F(s) 

  

 Fourier Sine & Cosine transforms:- 

 

           The Fourier sine integral of f(x) is defined as 

 

                      f(x) =  

 

                     f(x) =  

 



          If we define   

                   then f(x) =  

 

          here  is called Fourier sine transform of f(x) and f(x) is called Inverse Fourier 

          sine transform of  

 

          similarly, Fourier cosine integral of f(x) is 

 

                    f(x) =  

           if we define  

                   then f(x) =  

 

          here  is called Fourier cosine transform of f(x) and f(x) is called Inverse Fourier 

          cosine transform of  

 

 

NOTE: 1. Some authors define F.T  as follows 

 i) F(s) =            ii) f(x) =   

 

iii)F(s) =   iv) f(x) =   

 

2.Some authors define Fourier sine & cosine transforms as follows 

 

i)             ii)  f(x) =   

 

iii)           iv) f(x) =   

 

 

Properties of Fourier Transforms:- 

 

1.Linearity Property:- If   be the Fourier transforms of  

   respectively then   f{a    

 

  proof:-   by definition of Fourier transform, 

                F{  a } =  

                                                    

                                                    = a  + b  

                                                   

                                                    =     

 

2.Change of Scale Property:- If F{f(x)} = F(s) then  F{f(ax)} =  

    

proof:- By definition of F.T, 

 



                   F{f(x)} = F(s) =  …….(1) 

 

                    F{f(ax)} =  

 

                      put ax = t 

                            then a dx = dt  

 

                  F{f(ax)} =  

 

                                 =   

 

                                 =               by(1) 

 

3.Shifting Property:- If F{f(x)} = F(s) then F{f(x-a)} =  

   

 Proof:-  By definition of F.T, 

                   

                          F{f(x)} = F(s) =  …….(1) 

                     

                          F{f(x-a)} =  

                     

                           put x-a = t 

                            then  dx = dt  

                  

                          F{f(x-a)} =  

                        

                                          =   

                 

                                          =               by(1) 

 

4.Modulation Property:- If F{f(x)} = F(s) then  F{f(x)cosax} = ½ {F(s+a)+F(s-a)} 

    

Proof:- By definition of F.T, 

                  

                     F{f(x)} = F(s) =  …….(1) 

                    F{f(x)cosax} =  

  

                                          =  

 

                                          =  

 

                                           =  {F(s+a) + F(s-a)} 

 

5.Convolution Property:- The convolution of two functions f(t) and g(t) in (-∞,∞) is defined  

    as f(t) * g(t) =  

 

Theorem:- If F{f(t)}=  and F{g(t)}=  then F{f(t)*g(t)} =  

Proof:- By definition of F.T we have 



            F{f(t)*g(t)} =  

                               =  

                               =  

            on changing the order of integration, 

                              =  

                              =  

                              =  

              F{f(t)*g(t)} =  

 

6.If F{f(x)} = F(s) then  F{f(-x)}= F(-s) 

 

Proof:   By definition,  F{f(x)} =  …………..(1) 

            

                                      F{f(-x)} =  

    put –x = t then dx = -dt 

    as x→∞, t→-∞  and as x→-∞ , t→∞ 

                     

                                  F{f(x)} =  

  

                                                =  

 

                                                =  

                                               

                                               = F(-s)             (by (1)) 

 

7.  

 

 Proof: By definition,  F{f(x)} = F(s) =  …………..(1) 

                          

                                                   F(-s) =  

taking complex conjugate on both sides 

 

                                                 =  

 

                                                            =   

 

 8.  

 

Proof: By definition,  F{f(x)} = F(s) =  

     

take complex conjugate on both sides 

         

                                =  

  put x=-z then dx = -dz 

 

          =  

 

                  =  

 



                  = F{  

 

           

 

9.  

 

Proof:  By definition of Fourier sine transform 

 

             

 

          =  {  

 

                            =  

 

                            =  

 

                            =  

 

                            =  

 

Note:  

 

 

Problems: 

1. Find the F.T of f(x) =  

sol:  Given f(x) =  

                         = {  

      by definition, F{f(x)} =  

                                         =  

                                        =  

                                        =  

                                       =  

                                       = .  

 

2. S.T the Fourier Sine transform of f(x) = {    is  

 sol: By definition, 

          

 

                        =  

 

                        =  

 



                         =   

 

                         =  

 

                         =  

 

 

 
 

 
 



 

 
 



 

 



 

 



 

 
 

 

 

 



 

 



 
 

 
 



 
 

 
 

 

 



 

 



 

 

 



 

 

 

 



 

 



 

 

 

 



 

 

 

FINITE FOURIER TRANSFORMS:- 

                  If f(x) is a function defined in the interval (0,c) then, the Finite Fourier sine transform 

 of f(x) in 0<x<c is defined as 

 

                   ,  where n is an integer. 

 

The Inverse finite Fourier sine transform of  is f(x) and is given by 

 

                f(x) =  

 

The Finite Fourier cosine transform of f(x) in 0<x<c is defined as  

 

              ,  where n is an integer 

 

The Inverse finite Fourier cosine transform of  is f(x) and is given by 

 

                f(x) =    

 

 

 

 

 

 

 

 

Problems:- 

 

1. Find the Finite Fourier sine  and cosine transforms of f(x)=1 in (0,c) 

 

sol: By definition, 



 

         

 

                  =  

 

                  =   

 

                  =  

 

                  = ) 

 

         {  

 

Now,  

 

                  =  

 

                  =  

 

                  =   = 0 

 

 

 

 



 
 

 

 



 
Short Type Question and Answers 

 

 



 
Problem 3: Find the constant a0 of the Fourier series for the function f(x) = k , [0 , 2∏] 

Solution : a0 = 
1

∏
 ∫ 𝑓(𝑥)𝑑𝑥

2∏

0
  = = 

1

∏
 ∫ 𝑘 𝑑𝑥

2∏

0
  = 

1

∏
 ( kx )0 2∏  

             = 2k. 

 

                  

 

                 
Problem 7 : What is the sum of Fourier series at a point x = x0 , where the function f(x) has a finite discontinuity ? 

Solution :  Sum of Fourier series at a point x = x0 is  

  



 

 

 

 
Even x Odd = Odd .Therefore f( x )sin nx is odd function. 

 bn = 0.  

 

 



 

                 

 Therefore f( x ) = ∑
2𝑘

𝜋
∞
𝑛=1  [

1−(−1)𝑛

𝑛
] sin nx . 

Problem 15 : Write Parseval’s formula in the interval (c , c + 2n) 

Solution : 

 
FOURIER TRANSFORMS:  

 

 



 

         
 

 

 



 

        = 
1

2
 {√

2

𝜋
 ∫ 𝑓(𝑥)cos (𝑠 + 𝑎)𝑥𝑑𝑥

∞

0
} + 

1

2
 {√

2

𝜋
 ∫ 𝑓(𝑥)cos (𝑠 − 𝑎)𝑥𝑑𝑥

∞

0
}  

         

Problem 5 : Find the Fourier cosine transform of  f(x) = {
cos 𝑥,    0 < 𝑥 < 𝑎

0,           𝑥 ≥ 𝑎              
 

Solution : 

 

 



 

            
Problem 8 : Define Convolution Theorem. 

Solution : 

 
Problem 9 : Derive the relation between Fourier transform and Laplace transform. 

 



      

Problem 10 : Find the Fourier sine Transform of 
1

𝑥
 . 

 

Problem 11 : Find the Fourier sine Transform of f(x) = {
1,   0 < 𝑥 < 1
0 ,          𝑥 > 1

 

 

      
 

 

 

UNIT V :  Partial Differential Equations 

 

Non- Linear Equations of First order 

A partial differential equation of first order but of degree more than one is called a non-linear partial differential 

equation. 

Standard Form I: 

Equations involving only p,q and not x,y,z. 

 i.e f(p,q) = 0 --------(1) 



an integral of (1) is given by 

 z=ax+by+c-----------(2) 

where a and b are connected by the relation 

 f(a,b)=0----(3) 

since from (2) p = and   

which when substituted in (3) yields (1) 

i.e (2) satisfies the given equation 

now solving (3) for b, let b =F(a). putting this value of b in (2), the complete integral is given by  

 z= ax+y F(a)+c -----------(4) 

The singular integral is obtained by eliminating a and c between the complete integral (4) and the equations obtained by 

differentiating (4) w.r.t ‘a’ and c. 

Standard Form IV:  

 Z=px+qy+f(a,b) 

Clairaut’s Type: 

Equations of this type have form 

 Z=px+qy+f(p,q)--------(1) 

We can easily verify that a solution 1 is 

 Z=ax+by+f(a,b)-------------(2) 

Where a, b are arbitrary constants, therefore it is the complete integral. 

Partially differentiating (2) w.r.t a and b in turn and equating to zero the results derived, we have the equations. 

0= x+of/oa--------(3) 

And 0= y+of/ob----------------(4) 

Eliminating a and b from the equations (2), (3) and (4) we get singular solution. 

To obtain the general integral, we put b = (a) in (2), where  is an arbitrary function. 

Then z= ax+y (a)+f[a, (a)] --------------(5) 

Partially differentiating (5) w.r.t a and equating it to zero we get 

 0= x+y 1(a)+f1(a) --------------------(6)  

The elimination of a between the equations (5) and (6) is the general integral. 

Standard Form II: 

Equation does not involve x and y 

 i.e f(z,p,q) = 0 ------------------(1) 

we take q= ap -------------(2) 

where a is an orbitary  constant. 

Solve (1) and (2) for p in terms of z say, we obtain 

    P=(z)----------------(3) 

dz = pdx+qdy 

a
x

z





b

y

z








    = pdx+a pdy 

    =p(ax+ady) 

dx+ady = dz/(z) ------------------(4) 

integrating (4), 

 x+ay = ----------(5) 

which is the complete integral of (1) working rule of solve f(p,q,z)= 0; 

1. Let us assume u = x+ay and using p= dz/du and q = adz/du in the given equation 

f(z,p,q) = 0 and which transform into f(z,dz/du, adz/du) = 0. 

2. Solve the resulting ordinary differential equation 

f(z,dz/du, adz/du) =0 

3. Substituting x+ay in place of u. 

STANDARD FORM III. VARIABLES SEPARABLE 

Equation of the form f1 (x,p) = f2 (y,q) i.e. equations not involving z and the terms containing  x and p can be separated 

from those containing y and q. 

As a trail solution, we assume each side equal to an arbitrary constant a, solve for p and q from the resulting equation. 

 f1(x,p) = a and f2(x,p)=a 

Solving for p and q, we obtain 

 P = F1(x,a) and q= F2 (y,a) 

Since z is a function of x and y, we have 

 qdypdxdy
y

z
dx

x

z
dz 









  

bdyayFdxaxFdz  ),(),( 21  

Integrating z = bdyayFdxaxF   ),(),( 21  

Which is the required complete solution containing two arbitrary constants a and b. 

Example : Solve p –q = x2+y2 

Solution: Seperating p and x from q and y, the given equation can be written as p-x2=q+y2=a, (say) 

axp  2 gives p = a+x2 and q=y2=a gives q=a-y2 

Putting the values of p and q and dz = pdx + qdy, we get 

dz= (a=x2) dx+ (a-y2) dy 

Integrating z = ax+ byxayxb
y

ay
x

 )()(
3

1

33

32
33

 

Which is the desired solution. 

Example : Solve p2+q2 = x2+y2 

Solution:Given equation can be written as 

 p2- x2 = y2- q2 = a, say 

  b
z

dz

)(



 axpaxp  222
 

and aypaqy  222
 

Substituting these values of p and q in dz= pdx + qdy, we get 

 dyaydxaxdz  22
 

Integrating,we get  

     dyaydxaxdz
2

2
2

2    

c
a

xa
ay

y

a

xa
ax

x
z   1212 cosh

22
sinh

22
 

  c
a

x

a

xa
ayyaxx 








  1122 coshsinh

22

1
 

Which is the required solution 

 

 

ONE DIMENSIONAL WAVE EQUATION 

 

Let OA be a stretched string of length l with fixed ends O and A. Let us  take x-axis along OA and y-axis along 

OB perpendicular to OA, with O as origin. Let us assume that the tension T in the string is constant and large when 

compares with the string so that the effects of gravity are negligeable. Let us pluck the string in the BOA plane and allow 

it to vibrate. Let p be any point of the string at time t. Let there be no external forces acting on the string. Let each point 

of the string make small vibrations at right angles to OA in the plane of BOA. Draw  perpendicular to OA. Let 

and . Then y is a function of x and t. Under the assumptions, using Newton’s Second Law of motion, it 

can be proved that  is governed by the equation, 

 

With T = tension in the string at any point and m is mass per unit length of the string. 

 Since the points O and A are not disturbed from their original positions for any time t we get 

 

       

These are referred to as the end conditions or boundary conditions. Further it is possible that, we describe the initial 

position of the string as well as the initial velocity at any point of the string at time  through the conditions 

1pp

1op x 1pp y

 ,y x t

 
2 2

2 2 2

2 2
2

2 2

2

1
1

, .,

/

 
 

 

 


 



y y

x c t

y y
i e c

t x

where c T m

   0, 0 2y t  

   1, 0 3y t  

0t 



       

Where  and  are functions such that ;and . Thus to study the subsequent 

motion of any point of the string we have to solve following : 

Determine  such that  

Subject to the condition  

  

  

 

The equation (1) is called one dimensional wave equation 

Solution of equation (1) to (5) 

Consider the equation  

Let us use the method of separation of variables. Here . Let us take  

As solution  of (1). Then  

 

Using these in (1) we get 

   

Since the left hand side is function of x and right hand side is a function of t the equality is possible if and only if each 

side is equal to the same constant (say) . 

Hence we shall take 

   

Let us take  to be real. Then three cases are possible  

Case 1:-   let , then  

Then     

     

     

, ,0 4

, ,0 5

y x O f x x l

y
x O g x x l

t

        


       



 f x  g x     0f O f l      0g O g l 

 ,y x t  
2 2

2 2 2

1
1

y y

x c t

 
 

 

   

   

, 0 2

, 0 3

y O t for all t
end condtions

y l t for all t

  


  

     

   
0

, , 1 4

, 1 5


       


  
          at t

y x O f x O x

initial condtionsy
g x O x

t

 
2 2

2 2 2

1
1

 
 

 

y y

x c t

 ,y y x t    y X x T t

       

       

2
1 11

2

2
1 11

2

; ;

;

 
 

 

 
 

 

y y
X x T t X x T t

x x

y y
X x T t X x T t

t t

       

 

 

 

 

11 11

2

11 11

2

1

1

X x T t X x T t
c

X x T t

X x c T t



 



 

 

 

 

11 11

2

1X x T t

X x c T t
 

 0, 0 0or    

0   2 0p p  

 

 

 

 

11 11

2

2

1X x T t
p

X x c T t
 



Hence  

  

Hence in this case, a typical solution is like  

   

Where  are arbitary constants 

 

Case 2:- let  then 

 

 

 

Where  are arbitary constants 

Case 3:-    Let . Then we can write  where  then 

  

 

Hence a typical solution in this case is  

 

Thus the possible solution forms of equation (1) are 

 

Consider  (I.e.,) 

 

Using conditions (2)  

        11 2 11 2. ., 0X x p X x i e X x p X x  

 

   

 

2
2

1 12

11 2 2

1 1

. ., 0

0





    

 

  

px px

pct pct

d X
i e p X X x A e B e

dx

Also T t p c T t

T t C e D e

      1 1 1 1, .1px px pct pcty x t A e B e C e D e S         

1 1 1 1, , ,A B C D

0

 

 

 

 

11 11

2
0 

X x T t

X x C T t

   11

2 20    X x X x A B x

   

      

11

2 2

2 2 2 2

0

, .2

   

        

T t T t C D t

y x t A B x C D t S

2 2 2 2, , ,A B C D

0  2p   0p 

 

 

 

 

   

   

   

11 11

2

2

11 2

3 3

11 2 2

0

cos sin

0

  

  

  

 

X x T t
p

X x c T t

X x p X x

X x A px B px

T t p c T t

   3 3cos sinX t C pct D pct  

    3 3 3 3, cos sin cos siny x t A px B px C pct D pct  

      

      

      

1 1 1 1

2 2 2 2

3 3 3 3

, .1

, .2

, cos sin cos sin .3

px px pct pcty x t A e B e C e D e S

y x t A B x C D t S

y x t A px B px C pct D pct S

    

   

   

 .1S

    ,    px px pct pcty x t Ae Be Ce De

   0, 0viz y t for all t



 

 

Using condition (3),  

 

Solving   

And  

We get  

Thus  

This implies that there is no displacement for any x and for any t. this is impossible. Thus  is not an appropriate 

solution 

Consider : 

  

Using (2),  

Hence  

Using (3),  

 

 since A = 0 

Here  Hence B = 0 

Thus here again  

Thus as before, this solution also is not valid 

Hence  is also not appropriate for the present problem 

Consider  

  ( using condition 2) 

 

Using condition 3 

 

   0pct pctA B Ce De for all t  

0A B  

 , 0y l t for all t

   0

0





   

  

pl pl pct pct

pl pl

Ae Be Ce De for all t

Ae Be

0A B 

0pl plAe Be 

0A B 

 , 0y x t 

 .1S

 .2S

    ,y x t A Bx C Dt  

 0, 0y t for all t

  0 0A C Dt A   

 , 0y l t for all t

   0A Bl C Dt for all t   

  0Bl C Dt t   

0; 0l C Dt t   

 , 0y x t x and t 

 .2S

 .3S

    , cos sin cos siny x t A px B px C pct D pct  

 

 

, 0

cos sin 0

0

y x t t

A C pct D pct

A

 

  

 

 , 0y l t t 



 

 and this is invalid  

Hence  

 where n = 1, 2, 3…………. 

Thus  

Thus a typical solution of (1) satisfying conditions (2) & (3) is  

 

Since different solutions correspond to different positive integer n. 

 

An Important observation here : 

If  are functions satisfying (1) as well as conditions (2) and (3). As the equation (1) is linear. The most 

general solution of (1) here is  

Thus the most general solution of (1) satisfying (2) & (3) is  

 

Where  are constants to be determined using (3) and (4) 

Let us use condition 4:  

Thus putting t = 0 in (6) 

 

Hence  n = 1, 2, …… 

Thus  are all determined 

Let us consider condition (5): 

 sin cos sin 0B pl C pct D pct 
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Hence  

Thus  are all determined 

Hence the displacement   at any point   and at any subsequent time t is given by  

 

Where   

 

 

TWO DIMENSIONAL WAVE EQUATION:- 

 

 Two dimensional wave equation is given by  

 

Where , for the unknown  displacement  of a point  of the vibrating membrane from rest 

 at time t.s 

The boundary conditions (membrane fixed along the boundary in the xy- plane for all times , are   on the 

boundary ----(2) 

And the initial conditions are  

 

Now we have to find a solution of the partial differential equation (1) satisfying  the conditions (2) and (3) . we shall do 

this in 3 steps, as follows: 

 

Working rule to solve two – dimensional wave equation :- 
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Step1: By the “method of separating variables” setting  and later  we 

obtain from (1) an ordinary differential equation for G and one partial differential equation for F, two ordinary 

differential equations for H & Q. 

Step 2: We determine solutions of these equations that satisfy the boundary conditions (2). Step(2) to obtain a solution of 

(1) satisfying both (2) and (3). That is the solution of the regular membrane as follows. 

The double Fourier series for  is given by  

  

Hence  and  are called Fourier co-efficients of  and are given by 

 

1. Find the solution  of the wave equation  corresponding to the triangular initial deflection 

 and initial velocity is equal to 0. 

Ans. To find  we have to solve 

   

 Where  

  

   

 Equation (1) can be in the form 

   

 The three solutions of (1) are  
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 The appropriate solution is S.3 

 Hence  

 Using (2) & (3) 

   

  The most general solution of (1) satisfying (2) & (3) is  

   

 Using (4)  

   

Now we can expand the given function  in a half range fourier sine series for  

  

Comparing (7) & (8) we get  

  

  

The required solution of (1) is of the form 

   

 Using (2) & (3), we have 
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  General solution of (1) satisfying (2) & (3) is  

   

 Now using condition (4)  we get 

   

The most general solution of (1) is  

   

  

 From (5) & above result 

  

 If  ( an even number )  

 If  

 Thus all  are determined  

 Using  
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 Hence,  

1. Solve the boundary value problem  

 

Ans.  is the solution of the wave equation 

   

 Given conditions are 

    

 Comparing the coefficients of like terms, 

   

 Hence, satisfying the values in (9)  

   

2. If a string of length l is initially at rest in equillibrium position and each of its points is given the velocity 

, find the displacement   

Ans. with the explained notation, the displacement  is given by  

   

 The most general  solution of (1) satisfying (2) & (3) is  

   

 Using (4) we get  which implies  for all n 

 Now, using (5), we get 
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 Hence  

 Hence  

 

 

 

SHORT TYPE QUESTION AND ANSWERS 

 

Problem 1 : Write the standard forms of non – linear PDE. 

Solution: 

 
2. Problem 2 : Write the three possible solutions for a one – dimensional heat equation. 

Solution: 

 
By the method of separation of variables , let u(x , t ) =X(x)T(t) ,then we get two ordinary  

differential equations 

 
Solving the above equations we get three possible solutions based on the value of k 

 
Problem 3 : Write the three possible solutions for a two– dimensional heat equation. 

Solution: The two– dimensional heat equation is given by 

 

 where thermal conductivityρ (cal / cm sec) 
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By the method of separation of variables , let u(x , t ) =X(x)T(t) ,then we get two ordinary  

differential equations 

 
Solving the above equations we get three possible solutions based on the value of k 

 

 
Problem 4 : Write the three possible solutions for a two– dimensional wave equation. 

Solution: The equation for the vibrations of a tightly stretched membrane with T, tension per unit length, m , 

Mass of the membrane for unit area is given by 

  
By the method of separation of variables , let u(x , t ) =X(x)Y(y)T(t) ,then we get three  ordinary  

differential equations 

 
Problem 5: Explain the method separation of variables. 



2    2 

 

 

Problem 6 : What  are  the  conditions  assumed  in  deriving  one  dimensional wave 

equation? 

Solution: 

i. The motion takes place entirely in one plane. 

ii. We consider only transverse vibrations, the horizontal displacement of 

the particles of the string is negligible. 

iii. The tension T is constant at all times and at all points of the deflected 

string. 

iv. Gravitational force is negligible. 

v. The effect of friction is negligible. 

vi. The string is perfectly flexible. 

The slope of the deflection curve at all points and at all instants is so small that sincan be replaced by , where  is 

the inclination of the tangents to the deflection curve 

Problem 7 : State the suitable solution of the one dimensional heat equation. 

Solution: 

 

and the suitable solution is u x, t A cos px B sin pxea p t
 

Problem 8:  A string is stretched and fastened to two points  l  distance apart.  Motion   is 
started by displacing the string into the form y y0 sin(𝜋𝑥/𝑙)from which it is released at 



time t 0 . Formulate this problem as a boundary value problem. 

Solution : The one dimensional wave equation is  
𝜕2𝑦

𝜕𝑡2
 = a2 

𝜕2𝑦

𝜕𝑥2
 

The boundary conditions are i.

 y (0, t) = 0 

ii. y ( l , t) = 0 
 

iii. 
𝜕𝑦

𝜕𝑡
 ( x,0) = 0 

iv. y x, 0y0 sin(𝜋𝑥/𝑙) 

Problem 9: A rod of length 20 cm whose one end is kept at 30
o
C and the other end is 

kept at 70
o
C is maintained so until steady state prevails. Find the steady  state temperature. 

Solution : In  the steady state temperature the temperature  will  be a  function  of  x     alone 


2
u 

 0 

x
2

 

u xax b 

when  x 0 , u 030   

when x 20 , u 2070 

u xax b 

u 0a0 b 

 30 = b 

u 20a20 30 

70 = 20a + 30 

20a 40 

a 2 

u x2a 30 

Problem 10:  State two dimensional Laplace equation. 

Solution : The two dimensional Laplace equation is given by 


2
u 

2
u 

 0 

x
2 

y
2

 

Problem 11:What are the assumptions made before deriving the one dimensional heat 

equation? 

Solution :Heat flows from a higher to lower temperature. 

(i) The amount of heat required to produce a given temperature change in a body is 

proportional to the mass of the body and to the temperature change. 

(ii) The rate at which heat flows through an area is proportional to the area and to 

the temperature gradient normal to the area. 
 

 

 

 

 

 


