Eigen Values & Eigen Vectors
Def:  Characteristic   vector of a matrix:
Let  A= [ aij] be  an  n x n  matrix.  A non-zero vector X is said to be a   Characteristic  Vector of A if there exists  a  scalar  such that AX=λX.
Note:  if  AX=λX (X≠0), then  we  say ‘λ’  is   the   eigen  value (or) characteristic root of ‘A’.
Eg: let A=       X = 

AX =  = 

Here Characteristic vector of A is  and Characteristic root of A is “1”. 
Note: We notice that an eigen value of a square matrix A can be 0. But a zero vector cannot be an eigen vector of A. 
Method of finding the Eigen vectors of a matrix. 
Let A = [aij] be a nxn matrix. Let X be an eigen vector of A corresponding to the eigen value λ. 
Then by definition   AX = λX. 
· AX = λIX
· AX –λIX = 0
· (A-λI)X = 0 ------- (1) 
This is a homogeneous system of n equations in n unknowns. 
(1) Will have a non-zero solution X if and only |A-λI| = 0
· A-λI is called characteristic matrix of A
· |A-λI| is a polynomial in λ of degree n and is called the characteristic polynomial of A 
· |A-λI|=0 is called the characteristic equation 
Solving characteristic equation of A, we get the roots ,  These are called the characteristic roots or eigen values of the matrix. Corresponding to each one of these n eigen values, we can find the characteristic vectors. 





Procedure to find eigen values and eigen vectors 

Let A = 






the characteristic equation is  |A- we solve the we get n roots, these are called eigen values or latent values or proper values. 
Let each one of these eigen values say λ their eigen vector X corresponding the given value λ is obtained by solving Homogeneous system


And determining the non-trivial solution. 
Examples: 
1. Find the Eigen values and the corresponding Eigen vectors of 


                       

Eigen vector corresponding to 
Put in the above system, we get 


Let x1 = 



Eigen Vector corresponding to 

from (1) and (2) we have x1 = 2x2


Say 





2. Find the Eigen values and the corresponding Eigen vectors of matrix 
Sol:  Let A = 
The characteristic equation is |A-λI|=0
i.e. |A-λI| = 




Properties of Eigen Values:  
Theorm 1: The sum of the eigen values of a square matrix is equal to its trace and product of the eigen values is equal to its determinant. 
Proof: Characterristic equation of A is . |A-λI|=0


i.e,  
(a polynomial of degree n – 2)
+ a13 (a polynomial of degree n +2) + … + = 0

Theorm 2: If  is an eigen value of A corresponding to the eigen vector X, then  is eigen value An corresponding to the eigen vector X. 
Proof: Since  is an eigen value of A corresponding to the eigen value X, we have 
AX=  ----------(1) 
Pre multiply (1) by A, A(AX) = A(X) 
(AA)X = (AX)
A2X=(X) 
A2X=2X
2 is eigen value of A2 with X itself as the corresponding eigen vector. Thus the theorm is true for n=2

i.e,, AKX = KX------------(2) 
Premultiplying (2) by A, we get
A(AkX) = A(KX)
(AAK)X=K(AX)=K(X)
AK+1X=K+1X 
K+1 is eigen value of K+1 with X itself as the corresponding eigen vector. 
Thus, by M.I., n is an eigen value of An
Theorm 3: A Square matrix A and its transpose AT have the same eigen values. 
Proof: We have (A-I)T = AT- IT
			= AT- I
|(A- I)T|=|AT- I| (or)
|A- I|=|AT- I|
|A- I|=0 if and only if |AT- I|=0

Hence the theorm 
Theorrm 4: If A and B are n-rowed square matrices and If A is invertible show that A-1B and B A-1  have same eigen values. 
Proof: Given A is invertile
i.e, A-1 exist
w e know that if A and P are the square matrices of order n such that P is non-singular then A and   P-1 AP hence the same eigen values. 
Taking A=B A-1 and P=A, we have
B A-1 and A-1 (B A-1 )A have the same eigen value
B A-1  and (A-1 B)( A-1 A) have the same eigen values
B A-1 and (A-1 B)I have the same eigen values
B A-1 and A-1 B have the same eigen values
Theorm 5: If 1, 2, ….. n are the eigen values of a matrix A then k1, k2, ….. kn are the eigen value of the matrix KA, where K is a non-zero scalar. 
Proof: Let A be a square matrix of order n. Then |KA-KI| = |K(A-I| = Kn |A-I| 
Since K≠0, therefore |KA-KI| = 0 

Thus k1, k2 … kn are the eigen values of the matrix KA

1, 2 … n are the eigen values of the matrix A
Theorm 6: If  is an eigen value of the matrix. Then +K is an eigen value of the matrix A+KI 
Proof: Let  be an eigen value of A and X the corresponding eigen vector. Then by definition AX=
Now (A+KI)X = 
=
=(

Theorm 7: If 1, 2 … n are the eigen values of A the 1 – K, 2  – K, … n – K,

Proof: Since 
The characteristic polynomial of A is 
|A – I| = (1 – ) (2 – )   … (n – )-----------------------1
Thus the characteristic polynomial of A-KI is 
|(A – KI) – I| = |A – (k+)I|
= [

Which shows that the eigen values of A-KI are 
Theorm 8: If  are the eigen values of A find the eigen values of the matrix 
Sol: First we will find the eigen values of the matrix A-
Since  are the eigen values of A 
The characteristics polynomial is 
| A-((
The characteristic polynomial of the matrix (A-
|A--KI| = |A-( +K)I| 
=  [(+K)] 
=  [K)]  
Which shows that eigen values of (A-I) are 
We know that if the eigen values of A are then the eigen values of A2 are 
Theorm 9: If  is an eigen value of a non-singular matrix A corresponding to the eigen vector then –1 is an eigne vector of A–1 and corresponding eigen vectgor X itself.
Proof: Since A is non-singular and product of the eigen values is equal to |A|. it follows that none of the eigen vectors of A is o. 

If s an eigen vector of the non-singular matrix A and X is the corresponding eigen vector ≠0 and AX=. Premultiplying this with A–1, we get A–1(AX) = A–1(X)


X = 


Hence is an eigen value of 
Theorm 10: Ifatrix Adj A
Proof: Since  is an eigen value of a non-singular matrix, therfore≠0
Also  is an eigen value of A implies that there exists a non-zero vector X such that AX =  ------ (1) 







Theorm 11: If 
Proof: We know that if  is an eigen value of a matrix A, then  is an eigen value of A–1 
Since A is an orthogonal matrix, therefore A–1 = A1
 is an eigen value of  
But the matrices A and A1 hence the same eigen values, since the determinants |A-I| and |A1-I| are same. 
Hence  is also an eigen value of A. 
Theorm 12: If  is eigen value of A then prove that the eigen value of B = a0A2+a1A+a2I is a02+a1+a2
Proof: If X be the eigen vector corresponding to the eigen value , then AX = X --- (1) 
Premultiplying by A on both sides

 
 
a0A2+a1A+a2I 
a0A2+a1A+a2I)X 
 a0A2 X+a1AX+a2X
a0A2 X+a1 X+a2X			 (a02 X+a1 +a2 )X 
(a02 X+a1 +a2 ) is an eigen value of B and the corresponding eigen vector of B is X. 
Theorm 14: Suppose that A and P be square matrices of order n such that P is non singular then A and P-1AP have the same eigen values. 
Proof: Consider the characteristic equation of P-1AP 
It is |( P-1AP)-λI) = | P-1AP-λ P-1IP| 
= | P-1 (A-λI)P| = | P-1 | |A-λI| |P| 
= |A-λI| since |P-1 | |P| = 1
Thus the characteristic polynomials of P-1AP and A are same. Hence the eigen values of P-1AP and A are same. 
Corollary: If A and B are square matrices such that A is non-singular, then A-1B and BA-1 have the same eigen values. 
Proof: In the previous theorm take BA-1 in place of A and A in place of B. 
We deduce that A-1(BA-1)A and (BA-1) have the same eigen values. 
i.e, (A-1B) (A-1A) and BA-1 have the same eigen values. 
i.e, (A-1B)I and BA-1 have the same eigen values
i.e, A-1B and BA-1 have the same eigen values
Corollary2: If A and B are non-singular matrices of the same order, then AB and BA have the same eigen values. 
Proof: Notice that AB=IAB = (B-1B)(AB) = B-1 (BA)B
Using the theorm above BA and B-1 (BA)B have the same eigen values. 
i.e, BA and AB have the same eigen values. 
Theorm 15: The eigen values of a triangular matrix are just the diagonal elements of the matrix. 
Proof: Let A =  be a triangular matrix of order n 
The characteristic equation of A is |A-I|=0 
i.e., 
i.e, (a11-) (a22-) ….. (ann-)=0 
 a11 , a22 ,…. ann 
Hence the eigen values of A are a11 , a22 ,…. ann which are just the diagonal elements of A. 
Note: lly we can show that the eigen values of a diagonal matrix are just the diagonal elements of the matrix. 

Theorm 16: The eigen values of a real symmetric matrix are always real. 
Proof: Let  be an eigen value of a real symmetric matrix A and Let X be the corresponding eigen vector then AX= 
Take the conjugate  
Taking the transpose 
Since  
Post multiplying by X, we get ------- (2) 

Premultiplying (1) with  , we get ------ (3) 
(2) 

– (3) gives but  

is real. Hence the result follows
Theorm 17: For a real symmetric matrix, the eigen vectors corresponding to two distinct eigen values are orthogonal. 
Proof: Let λ1, λ2 be eigen values of a symmetric matrix A and let X1, X2 be the corresponding eigen vectors. 
Let λ1 ≠ λ2 we want to show that X1 is orthogonal to X2 (i.e., 
Sice X1, X2 are eigen values of A corresponding to the eigen values λ1, λ2 we have
AX1= λ1X1 ----- (1) 	AX2  = λ2 X2  ------- (2) 
Premultiply (1) by 

Taking transpose to above, we have

-------- (3) 
Premultiplying (2) by 
Hence from (3) and (4) we get 





Note: If λ is an eigen value of A and f(A) is any polynomial in A, then the eigen value of f(A) is f(λ) 

Examples: 
1. Find the eigen values and eigen vectors of the matrix A and its inverse, where A = 
Sol: Given A =  
The characteristic equation of A is given by |A-λI| = 0














, 










X = 
Eigen values of A –1are 
 
We know Eigen vectors of  A –1 are same as eigen vectors of A. 
2. 

 





f(A)  = 
Then eigen values of f(A) are f(1), f(3) and f(-2) 
f(1) = 3(1)3+5(1)2-6(1)+2(1) = 4
f(3) = 3(3)3+5(3)2-6(3)+2(1) = 110
f(-2) = 3(-2)3+5(-2)2-6(-2)+2(1) = 10
Eigen values of  are 4,110,10

Diagonalization of a matrix:
Theorm: If a square matrix A of order n has n linearly independent eigen vectors (X1,X2…Xn) corresponding to the n eigen values λ1,λ2….λn resp. then a matrix P can be found such that P-1AP is a diagonal matrix. 
Proof: Given that (X1,X2…Xn) be eigen vectors of A corresponding to the eigen values λ1,λ2….λn resp. and these eigen vectors are linearly indep. Define P = (X1,X2…Xn) 
Since the n columns of P are linearly independent |P|≠0
Hence P-1 exists
Consider AP = A[X1,X2…Xn] 
= [AX1, AX2…..AXn] 
= [λX1, λ2X2….λnXn] 
[X1,X2…Xn] 


AP=PD
P–1(AP) = P–1 (PD)
P–1AP = (I)D


Hence the theorem is proved. 
Modal and Spectral matrices: 
The matrix P in the above result which diagnolise the square matrix A is called modal matrix of A and the resulting diagonal matrix D is known as spectral matrix. 
Note   1: If X1,X2…Xn are not linearly independent this result is not true. 

2: Suppose A is a real symmetric matrix with n pair wise distinct eigen values  then the corresponding eigen vectors X1,X2…Xn are pairwise orthogonal. 
Hence if P = (e1,e2…en)
Where e1 = (X1 | ||X1||), e2 = (X2 | ||X2||)….en = (Xn) ||Xn|| 
then P will be an orthogonal matrix. 
i.e, PTP=PPT=I 
Hence P–1 = PT
P–1PTAP=D
Calculation of powers of a matrix: 
We can obtain the power of a matrx by using diagonalisation 
Let A be the square matrix then a non-singular matrix P can be found such that D = PλAP
D2=(P–1AP) (P–1AP) 
= P–1A(PP–1)AP 
= P–1A2P        (since PP–1=I)
Simlarly D3 = P–1A3P 
In general Dn = P–1AnP
To obtain An, Premultiply (1) by P and post multiply by P–1
Then PDnP–1 = P(P–1AnP)P–1
= (PP–1)An (PP–1) = An

Hence An = P 
Examples: 
1. Determine the modal matrix P of  =  verify that  is a diagonal matrix. 
Sol: The characteristic equation of A is |A-λI| = 0
i.e, 
0 
Thus the eigen values are λ=5, λ=-3 and λ=-3 
when λ=5 
By solving above we get X1 = 
Similarly, for the given eigen value λ=-3 we can have two linearly independent eigen vectors X2 = 





= 

 

 is a diagonal matrix. 
2. Find a matrix P which transform the matrix A = 
Sol: Characteristic equation of A is given by |A-λI| = 0
i.e, 




If x1, x2, x3 be the components of an eigen vector corresponding to the eigen value λ, we have
[A-λI]X = 

  i.e, 0.x1+0.x2+0.x3=0 and x1+x2+x3=0
X3=0 and x1+x2+x3=0
X3=0, x1=-x2
X1=1, x2=-1, x3=0
Eigen vector is [1,-1,0]T
Also every non-zero multiple of this vector is an eigen vector corresponding to λ=1
For λ=2, λ=3 we can obtain eigen vector [-2,1,2]T and [-1,1,2]T
P =  this the modal matrix of A
P-1=






The cayley- Hamilton Theorem: 
Every square matrix satisfies its own characteristic equation
EXAMPLES: 
1. Show that the matrix A =  satisfies its characteristic equation Hence find A-1
Sol: Characteristic equation of A is det (A-λI) = 0
      C2   C2+C3







= 
Multiplying with A–1 we get A2 – A + I =A–1
2. Using Cayley Hamilton Theorm find the inverse and A4 of the matrix A = 
Sol: Let A = 
The characteristic equation is given by |A-λI|=0



   ----- (1)
(1) Multiply with A-1 we get
A-1 







Problems
1 . Diagonalize the matrix (i) (ii)
  2.Verify Cayley – Hamilton Theorem for A = . Hence find A-1.

Real and complex matrices
Conjugate of a matrix:

                          If the elements of a matrix A are replaced by their conjugates then the resulting matrix is defined as the conjugate of the given matrix. We denote it with 



e.g If A= then =
The transpose of the conjugate of a square matrix:



                          If A is a square matrix and its conjugate is , then the transpose of is .


It can be easily seen that =

It is denoted by 



   ==




Note: If and  be the transposed conjugates of A and B respectively, then




      i) 	ii) 		iii) 		iv) 
Hermitian matrix:



                  A square matrix A such that =(or) =A is called a hemitian matrix




e.g A= then  = and Aθ=

    Here =A, Hence A is called Hermitian
Note:
  1) The element of the principal diagonal of a Hermitian matrix must be real
  2) A hemitian matrix over the field of real numbers is nothing but a real symmetric.
Skew-Hermitian matrix 



          A square matrix A such that =-(or) =-A is called a Skew-Hermitian matrix





 e.g. Let A= then = =


		 =-A
	A is skew-Hermitian matrix.
Note:
1) The elements of the leading diagonal must be zero (or) all are purely imaginary
2) A skew-Hermitian matrix over the field of real numbers is nothing but a real skew-symmetric matrix.

Unitary matrix:


          A square matrix A such that =


                     i.e A=A=I

             If A=I then A is called Unitary matrix
Theorem: The Eigen values of a Hermition matrix are real.




Proof: let A be Hermition matrix. If X be the Eigen vector corresponding to the eigen value  of A, then  AX = X -------------------- (1) AX = X (1)

Pre multiplying both sides of (1) by ,we get

----------------------- (2)
Taking conjugate transpose of both sides of (2)

   We get 

i.e  

(or) -------------------- (3)
From (2) and (3), we have 

        

i.e  

                                        


 Hence  is real.
Note: The Eigen values of a real symmetric are all real
Corollary: The Eigen values of a skew-Hermition matrix are either purely imaginary (or) Zero
Proof: Let A be the skew-Hermition matrix

            If X be the Eigen vector corresponding to the Eigen value  of A, then 

            

            From this it follows that  is an Eigen value of iA
            Which is Hermitian (since A is skew-hermitian)

            

Now   

            Hence is real. Therefore  must be either
            Zero or purely imaginary.
Hence the Eigen values of skew-Hermitian matrix are purely imaginary or zero

Theorem 3: The Eigen values of a unitary matrix have absolute value l.

Proof: Let A be a square unitary matrix whose Eigen value is  with corresponding eigen vector X


                




                  

    Since A is unitary, we have 
(1) 

and (2) given   

i.e    


  From (3)  


  Since ,we must have 


                                                    


  Since =

We must have =1
Note 1: From the above theorem, we have “The characteristic root of an orthogonal matrix is unit modulers”.

         2. The only real eigen values of unitary matrix and orthogonal matrix can be  1
Theorem 4: Prove that transpose of a unitary matrix is unitary.
 Proof: let A be a unitary matrix

             Then 

               Where the transposed is conjugated of A.

                       

                   


                  


                  

 Hence  is a unitary matrix.
 Examples:
1) 
Find the Eigen values of A=

 Sol:   we have A= 



              So = and 



   	 =
	Thus A is a skew-Hermition matrix.


	The characteristic equation of A is 

	





	  Are the Eigen values of A
2) 
Find the eigen values of A=


Now = and 


       ()T=

We can see that 
Thus A is a unitary matrix


 The ch. equation is


                                    =0

Which gives  and 

                           

 Hence above  values are Eigen values of A.

3)     If A= then show that  A is Hermitian iA is skew-Hermitian.

Sol: 	Given A= then


 And 

  Hence A is Hermitian matrix.
Let B= iA

i.e B= then 


        And 

     


         =-B

 	B= iA is a skew Hermitian matrix.
4) If A and B are Hermitian matrices, prove that AB-BA is a skew-Hermitian matrix.
Sol: Given A and B are Hermiton metrices 



             And ------------- (1)

	Now 

     			     

			     

			      (By (1))

			     
 Hence AB-BA is a skew-Hemition matrix.

5) Show that A= is unitary if and only if a2+b2+c2+d2=1

Sol:  Given A=

    Then 

Hence 

         


       

            =


        if and only if 
6) Show that every square matrix is uniquely expressible as the sum of a hermitian matrix and a skew- hermitian matrix.
    Sol. Let A be any square matrix 

             Now 

                                           

             is a hemitian matrix.

             is also a Hermitian matrix 

 	Now 


							

               Hence  is a skew-Hermitian matrix 


                 Is also a skew –Hermitian matrix.
 Uniqueness:
            Let A =R+S be another such representation of A
             Where R is Hermitian and 
                          S is skew-Hermitian

	Then 

                                



		   			   	
Hence P=R and Q=S
                Thus the representation is unique.
7) 

Given that A=, show that  is a unitary matrix.

Sol: we have 

			 And

		

			=

		

			       

Let 




Now  and 



 	        

 
i.e B is unitary matrix.

 Is a unitary matrix.

8) Show that the inverse of a unitary matrix is unitary.

Sol: Let A be a unitary matrix. Then 

        i.e  

	

	

Thus  is unitary.
Quadratic Forms


Definition: An expression of the form Q= where aij’s are constants is called a quadratic form in n variables .if the constants aij’s are real numbers it is called a real quadratic form.

i.e 
=




Here A is known as the co-efficient matrix.

Ex:1.  is a quadratic form in two variables x and y.

2.  Is a quadratic form in three variables x,y and z.



Theorem: every real quadratic form in n variables  can be expressed in the form  where a column matrix is and B is a real symmetric matrix of order n.

Quadratic form corresponding to a real symmetric matrix:





                     Let A=  be a real symmetric matrix and let  be a column matrix. Then  will determine a quadratic form.on expanding this we seen to be the quadratic form  
Note:




1)	 write                 

        Quadratic form =(x1,x2,x3)  


	i.e , where A is a symmetric matrix Quadratic forms in more variables can similarly be written in the form  by suitably defining A.


Examples:
1) 
Write the matrix relating to the quadratic form.
Sol: The given quadratic form can be written as  

        

           


 The corresponding matrix is 
2) 
Find the symmetric matrix corresponding to the quadratic form  
Sol:	The above quadratic form can be written as 

 (
2
) (
2
)	 


 The matrix relating to the above quadratic form is 
3) 
Find the quadratic form relating to the symmetric matrix

Sol: The quadratic form related to the given matrix is    where


                          X=, A=

            Here 

		   
 	        Then the corresponding quadratic form is

 

	

                        This simplifies to.
         Linear Transformation of a Quadratic form:

[image: ]		Let the point  with 
          respect to a set of rectangular
          axes OX and OY be transformed

	to the point ,with
	respect to a set of rectangular


	axes  and  by the 
	Following relation 



	           	


 	  Where 



		          A= and 
	Such a transformation is called linear transformation in two dimensions.
	Note: If X=AY and Y=BZ be the two linear transformations, then X=CZ, where 
	            C=AB is called composite linear transformation.

	           If   is a quadratic form in n variables 


                             And  is a quadratic in n 

		Variables ,we can see that X=PY
		Transform the original quadratic form into a new 
Quadratic form.
           Note: If the matrix P is singular, the transformation 
		Is said to be singular otherwise non-singular
		A non-singular transformation is also called 
		A regular transformation.
	Rank of a quadratic form: 

		Let    be a quadratic form over R. The rank 
r of A is called the rank  of quadratic form.


If  (order of A) or  or A is singular.
The quadratic form is called singular otherwise non-singular.
           Canonical form (or) Normal form of a quadratic form:






Let be a quadratic form in n variables. Then there exists a real non-singular linear transforms X=PY which transformation   to the form = under the transformation X= PY, then  is called the canonical form of.

Here B=diag
            Index of a real quadratic form:

		When the quadratic form  is reduced to the canonical form, it will contain
Only r terms, if the rank of A is r. the terms in the canonical form may be +ve, 
Zero or negative
The number of positive terms in a normal form of quadratic form is called the
index of the quadratic form.

	Theorem: The number of positive terms in any two normal reductions of quadratic form is the same 
(Or)
	The index of a quadratic form is invariant from all normal reductions
	Note:-	  The number of negative forms in any two normal reductions of quadratic form is the same


Signature of a Quadratic – form:-

	If r is the rank of  a quadratic form and  is the number of positive terms in its normal form, then the excess number of positive terms over the number of negative terms

		i.e.,  is called the signature of the quadratic form
	In other words, signature of the quadratic form is defined as the difference between the number of positive terms and the number of negative terms in its canonical forms
Nature of Quadratic forms:- 

	The quadratic form  in n variables is said to be
(i) 

Positive definite:- If  and  if all the eigen values of A are positive
(ii) 

Negative definite:- If  and  (or)if all the eigen values of A are negative
(iii) 


Positive semi definite:- If  and  if all the eigen of  and atleast one eigen value is zero
(iv) 


Negative semi definite:-  If  and  if all the eigen of  and atleast one eigen value is zero
(v) Indefinite:- In all other cases (or) if A has positive as well as negative eigen values 
Sylvester’s Law of Inertia:-
	The signature of quadratic form is invariant for all normal reductions.
	
Examples:-
1. Identify the nature of the quadratic form



      Sol.	         Given quadratic forms is 

		The matrix of the quadratic form is 

		The characteristic equation is 

		Applying 

		

		

		

		

		


	 Eigen values are 
		Which are positive and zero.

	 The quadratic form is positive semi definite
2. Reduce the following quadratic form to canonical form and find its rank and signature
Sol.  Given quadratic form is 

		
	         The matrix of the quadratic form is given by 



	        We write 
We will perform elementary operation on A in LHS. The corresponding row operational will be performed on pre factor and corresponding column operations will be performed on post factor in RHS.

		Applying 

			   
		We get

			

		Performing, we get

			
		Performing corresponding column operations 

				, we get

			

		Performing, we get

			

		Applying , we get

			

			This is same as , 

now	


Then we can see that the linear transformation  reduces the given quadratic form to the form 
Rank of the given quadratic form = number of non-zero terms in its normal form
				  = 3
The index of the quadratic form is the number of positive terms in its normal form = 2
The signature of the given quadratic form is the excess of the number of positive terms in its normal form and number of negative terms in the normal form = 2-1 = 1.
Reduction to Normal form by Orthogonal Transformation:-


If in the transformation, P is an Orthogonal matrix and if  transforms the quadratic form Q to the canonical form then Q is said to be reduces to canonical form by an Orthogonal transformation
		Consider the quadratic form

		

Where 


		This is same as , where  and 


  with 

Note:- 
1. 

If A has distinct eigen values  then the corresponding eigen vectors  are pair wise orthogonal
2. 



If A has eigen values  and  are three eigen vectors which are linearly independent, we can construct normalized eigen vectors  corresponding to  which are pair wise orthogonal
3. If A is an nth order square real symmetric matrix, the above results can be generalized
4. IF A is of order n and it is not possible to have n linearly independent pair wise orthogonal eigen vectors, the above procedure does not work.

Procedure to Reduce Quadratic form to Canonical form by Orthogonal Transformation
1. Write the co-efficient matrix A associated with the quadratic form
2. find the eigen values of A
3. 
Write the canonical form using 
4. Form the matrix p containing the normalized eigen vectors of A. Then X = PY gives the required orthogonal transformation which reduces quadratic form to conical form
Examples:	
1. 
Reduce the quadratic form  to  the canonical form
Ans.       Comparing the given quadratic form with 

			

	       The characteristic equation of A is 


The eigen values of A are 2,3,6


The eigen vector of A corresponding to  is given by 



	Performing 

		       , we get

			


	


	Let  , then (1) given 



	 is the eigen vector of A corresponding to  is 


                    			


		 applying  

	

	Let  then (1) gives



 is the eigen vector of  corresponding to , where k is the non zero the eigen vector of A corresponding to  is given by






Let  



Is the eigen vector of A corresponding to , where k is non zero scalar

		Modal matrix=  

			          

		Normalized modal matrix  B = 
		This is an orthogonal matrix
		Diagonalized matrix  

 (
D
D
D
D Y
)					

	
Which is required canonical form .

 Objectives
1. The Eigen values of  are        						[     ]		a) 1,2   		b) 2,4  		c) 3, 4		d) 1, 5

2. If the determinant of matrix of order 3 is 12. And two eigen values are 1 and 3, then the third eigen value is   									[     ]		a) 2		b) 3		c) 1		d) 4
3. If  A =  then the eigen values of A are  					[     ]		a) 1, 1, 2	b) 1, 2, 3 	c) 1, ½ , 1/3 	d) 1, 2, ½ 

4. The sum of Eigen values of A = 		is 				[    ] 		a) 2  		b) 3 		c) 4 		d) 5

5. If the Eigen values of A are (1,-1,2) then the Eogen values of Adj A are 		[    ] 		a) (-2,2,-1)  	b) (1,1,-2) 	c) (1,-1,1/2) 	d) (-1,1,4) 

6. If the Eigen values of A are (2,3,4) then the Eigen values of 3A are 		[    ] 		a) 2,3,4 		b) ½, 1/3, ¼ 	c) -2,3,2	d) 6,9,12

7. If the Eigen values of A are (2,3,-2) then the Eigen value of A-3I are 		[    ] 		a) -1,0,-5 	b) 2,3,-2 	c) -2,-3,2 	d) 1,2,2 

8. If A is a singular matrix then the product of the Eigen values of A is 		[    ]		a) 1		b) -1 		c) can’t be decided 	d) 0 
9. The Eigen vector corresponding to  is 			[     ] 		a)    	b) 		c)                 d) 
10. If two Eigen vectors of a symmetric matrix of order 3 are 	and  then the third eigen vector is 									[     ] 		a)  	b)                  c)       	d) 

11. The Eigen values of  are 3 and 4 then the eigen vectors are                       	  [     ]  
a)            b)            c)    d)  

12. If the trace of A (2x2 matrix) is 5 and the determinant is 4, then the eigen values are  [     ]	
a) 2, 2		b) -2, 2		c) -1, -4 	d) 1, 4

13. Sum of the eigen values of matrix A is equal to the 					   [      ]		a) Principal diagonal elements of A   b) Trace of matrix A   c) A&B   d) None
14. If A = 	then A-1	 = 						  [      ]	
a) 	b)    c) d) 

15. If A =  then 2A2-8A-16I = 						            [      ]			a) I 		b) 2A 		c) A-I 		d) 5I
16. Similar matrices have same 								[      ]		a) Characteristic Polynomial 	b) Characteristic equation 					c) Eigen values			d) All the above

17. If A = 	then A-1 = 							[      ]		a)  	b) 							c)            d) 
18. If A has eigen values (1,2) then the eigen values of 3A+4A-1 are 			[    ]		a) 3, 8		b) 7, 11		c) 7, 8 		d) 3, 6

19. If A =                                                                                          [      ] 		a) 2A2+5A	b) 4A2+5A	c) 2A2+4A 	d) 5A2+2A
20. If D = P-1AP then A2 = 								[     ]		a) PDP-1 	b) P2D2(P-1)2	c) (P-1)2D2 (p2) 	d) PD2P-1	
21. The product of Eigen values of A =   					[    ]		a) 18 		b) -18 		c) 36 		d) -36 
22. If one of the eigen values of A is zero then A is 					[    ] 		a) Singular 	b) Non-Singular 	c) Symmetric 	d) Non-Symmetric

23. If A is a square matrix, D is a diagonal matrix whose elements are eigen values of A and P is the matrix whose Columns are eigen vectors of A4, then A4 = ______		[    ] 		a) PDP-1 	b) PD4P-1 		c) P-1D2P d) P-1D4P

24.   is an eigen value of                                                                                               [    ]                          
a) Adj A 	b) A.adj A 	c) (adj A) A	d) None

25. The characteristic equation of 	is 					[    ] 		a) b) 							c)        d) 

26. If A = eigen values of A are 6 and 1 then the model matrix is                [     ]   
a)  b)     c)     d) 

27.  If A =  then the model matrix is						[     ] 		a)     b)      c)     d) 

28. If A =  then the model matrix is                                                                      [    ] 	
 	a)     b) 	c)      d) 

29. If A =  then the spectral matrix is        					[    ]		a) 	b) 	c)  	d) 

30. If A = then the spectral matrix is 									[     ]	
	a) 	b)             c) 		d) 
      31. If the eigen values of A are 0, 3, 15 then the index and signature of XTAX are   [     ] 	
	a) 2, 1 	b) 2,2          c) 3,3        d) 1,1 

32.  If two eigen vectors of a symmetric matrix are  then the third eigen vector is  
i. a) b)                c) 		d) 		
										[   ]
33. Product of eigen values of matrix A is equal to 					[    ]		a) determinant of A 	b) Trace of A 	c) Principal diagonal of A  	d) None
34. If A and B are square matrices such that A is non-singular then A-1B and BA-1 have [     ]		a) different eigen values  	b) same eigen values 						c) reciprocal eigen values 	d) None
35. The eigen values of                                                                            [   ] 		a) 2, 4, 5 	b) -2,-4,-5	c) 1,2,3		d) 3,4,6
36. If A = 	 then A3-12A = 							 [     ]		a) 12I 		b) 8I 	c) 10I		d) 16I 
37. If A =  then 6A2-A3+A = 							[     ]		a) 5I 		b) 10I    	c) 6I 		d) 8I 
38. If A = 		then A3-4A2+A+6I = 						[     ] 		a) [0]  		b) I 		c) 3I 	d) 5I 
39. If A =  and  then the modal matrix is                                     [      ] 		a)           b)              c)          d) 

40. If A = then D =                                                                                              [     ] 
(a)     b)       c)         d) 

41. If A =  then D =                                                                                              [     ] 
             a)          b)    c)           d)  

42. If  is an eigen value of A then  is eigen value of   				[     ] 		a) A  	b) A-1	c) Am         d) A-m	

43. If A =  then the eigen values of A2 are 				[     ] 		a) -1, -9, -4 	b) 1, -3, 2	c) 1, 3, -2 	d) 1, 9, 4

44. If  is the eigen value of A then the eigen values of A-1 are 				[     ] 		a) 		b)              c) -         d) 
45. If the eigen values of A are 1, 3, 0 then  = 					[    ] 		a) 4  	b) 1 	c) 3 	d) 0
46. The characteristic equation of 						[    ]		a) b) 							c)        d) 

47. If A =  						[    ] 		a)      b)       c)     d) 

48. If A = the eigen values of A are (2, 2, -2) then p-1A3P = 		[    ] 		a)    b)    c)    d)  
49. If the eigen values of a matrix are (-2, 3, 6) and the corresponding eigen vectors are   then the spectral matrix is 							[    ]		a)   		  b)     						 c)  		d) 
50. If the eigen values of a matrix are (-2, 3, 6) and the corresponding eigen vectors are   then the spectral matrix is 					[    ] 		a)   		      b)     					c)    d)  
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REAL AND COMPLEX MATRICS  - OBJECTIVES

1. The eigen values of a real symmetric matrix are
a) imaginary		b)0			 c)real			 d)can’t be decided

     2.	If A and B are square matrices of same order and B is symmetric then is
	a) orthogonal		b) symmetric		c) skew-symmetric	d)unitary
     3. 	The diagonal elements of a skew-symmetric matrix are 
	a) real			b) imaginary		c) 1			d) 0

     4.	If A is a square matrix then  is
	a) symmetric				b) skew-symmetric	 
	c) orthogonal				d) unitary
     5.  	If A and B are orthogonal matrices of same order then AB is
	a) symmetric				b) skew-symmetric	 
	c) orthogonal				d) unitary

     6.	If A is any square matrix, then  is
	a) symmetric				b) skew-symmetric	 
	c) orthogonal				d) unitary

     7.	The matrix  is
	a) unitary		b) orthogonal		c) symmetric		d) diagonal
     8.	If A is a skew – hermition matrix then (iA) is 
	a) symmetric		b) skew-symmetric	c) skew- hermition	d) hermition
     9.	The absolute value of an eigen value of an unitary matrix is


	a) 0			b) 			c) 			d) 1
  

 10.	The eigen values of  are




	a) 		b) 		c) 		d) 
   11.	The eigen values of hermitian matrix are

	a) 			b) zeros			c) real			d) imaginary


12.	If two eigen  vectors of  a symmetric matrix are  and  then the third eigen vector is




	a) 		b) 		c) 			d) 


13.	If two eign vectors of a symmetric matrix are  and  then the third eigen vector is




	a) 		b) 			c) 			d) 

     14.	The symmetric part of a matrix 


	a) 			b) 			 


	c) 			d) 

     15.	The skew symmetric part of the matrix 


	a) 		b) 

	c) 		d) none

    16.	If a square matrix A is orthogonal then  is
              a)symmetric 		b)skew-symmetric		c)orthogonal		d)unitary

     17.	The matrix  is
              a)symmetric		b)diagonal			c) orthogonal		d)unitary
18. The determinant of an orthogonal matrix is

a)0			b)>1				c)<1			d) 

    19.	A square matrix A is unitary is




   	a) 		b) 			c) 		d) 
 20.	The absolute value of an eigen value of an unitary matrix is


               a) 			b) 				c)0			d)1

21.	The matrix  is
	
 a)symmetric		b)diagonal			c) orthogonal		d)unitary
22.	A square matrix A is Hermition if




	a) 		b) 			c) 		d) 

23.	The eigen values of  are




	a) 			b) 				c) 			d) 

24.	The matrix  is
	a)symmetric		b)unitary			c)skew-symmetric	d)hermition

25.	If A is hermition matrix then iA is
	a)orthogonal		b)unitary			c0hermition 		d)skew-hermition


26.	The matrix symmetric matrix associated with the quadratic form               is




	a) 	b) 		c) 	d) 

27.	The symmetric matrix associated with the quadratic form is




	a) 		b) 			c) 		d) 

28.	The quadratic form associated with the symmetric matrix  is


	a) 		b) 


	c) 		d) 


29.	The quadratic form associated with the symmetric matrix  is

	a) 

	b) 

	c) 

	d) 

30.	If the eigen values of A are -1,2,3 then the index and signature of  are
a)1,1			b)1,2			c)2,1			d)2,-1

31.	The eigen values of A are 1,1,4 then the nature of the quadratic form  is
	a)Indefinite		b)+ve definite		
c)-ve definite		d)positive semi definite

32.	The eigen values of A are -3,-3,5 then the nature of the quadratic form  is
	a) )+ve definite	b) +ve semi definite	c) )-ve definite		d) Indefinite


33.	If A=  then the nature of the quadrature form  is
	a) )+ve definite	b) +ve semi definite	c) )-ve definite		d) Indefinite

34.	The nature of the quadratic form 
a) )+ve definite	b) +ve semi definite	c) )-ve definite		d) Indefinite


35.	A=  then the index and signature of 
  	a)3,3			b)3,2			c)3,1			d)2,1

36.	The index and signature of  are
	a)3,3			b) 3,2			c)3,1			d)2,1

37.	The index and the signature of the form  are
	a)3,3			b)3,1			c)3,2			d)2,1

38.	The eigen values of  are

	a)4i,2i			b)6i, 4i		c)8i-6i			d)4i,-2i

39.	Rank as the quadratic form  is 
	a)1			b)2			c)3			d)0


40.	One solution of the system of eqns  and  is




	a) 		b) 		c) 		d) 


































 DESCRIPTIVE QUESTIONS

1. Show that every matrix can be expressed uniquely as a sum of a symmetric and skew-symmetric matrices
2. S.t every square matrix can be expressed as a sum of hermitian and a skew-hermitian matrix
3. 
S.t the matrix A= is hermitian.Find its eigen values and the corresponding eigen vectors
4. P.T the eigen values of a real symmetric matrix are real
5. 
S.T A= is a skew-hernitian matrix and also unitary.Find the eigen values and corresponding eigen vectors of A
6. 
Reduce the quadratic form  to the sum of squares and find the corresponding linear transformation.Also find the index and signature
7. 
use Lagrange’s reduction to reduce the quadratic form to the sum of squares and find the corresponding linear transformation and also find the index and signature
8. 
Find the orthogonal transformation which transforms the quadratic form  to canonical form
9. 
Find the transformation that will transform  into a sum of square and find its reduced form
10. 
Reduce the quadratic form  to conical form by an orthogonal reduction and state the nature of the quadratic form
11. 
Reduce the symmetric matrix A= by “congurent transformation”and interpret the result in terms of quadratic form
12. Define the following matrices
i)hermitian matrix ii)skew-hermitian matrix iii)unitary matrix iv)orthogonal matrix
      13.	P.T the product of two orthogonal matrices is orthogonal

      14	.If A= then find a skew-hermitian matrix
      15	.S.T the eigen values of a unitary matrix are of unit modulus
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