UNIT-IV

ORDINARY DIFFERENTIAL EQUATION'S OF FIRST ORDER
& FIRST DEGREE
Definition: An equation which involves differentials is called a

Differential equation.
Ordinary differential equation: An equation is said to be
ordinary if the derivatives have reference to only one independent

variable.

dy

Ex . (1) y+7xy=x2
dx

(1) Partial Differential equation: A Differential equation is
said to be partial if the derivatives in the equation have reference

to two or more independent variables.

oY (azY
E.g: 1. (&j {5] =4z
2 x@+y@:22
) oX "oy

Order of a D.E equation: A Differential equation is said to be

of order ‘n’ if the =™ derivative is the highest derivative in that

equaﬂon
D(1). (P+1) . 2+ 2xy = 4x?

Order of this Differential equation is 1.
(2) x. 22-(2x-1) . Z +(x-1)y = &=

Order of this Differential equation is 2.



(3). £ 45 (d—yj2+2y =0 .

dx? dx
Order=2 , degree=1.
(4). & + 2 =0. Order is 2.

Degree of a Differential equation: Degree of a D .Equation
is the degree of the highest derivative in the equation after the
equation is made free from radicals and fractions in its

derivations.
Eg:1) y=x.2 + w'IT%:': on solving we get
(1- =) EP+2xy . Z+@a-y) = 0
Degree = 2
2) a. LZX=[1+E72  onsolving . we get
a?.(2)7 = [1+ ()P, Degree = 2
Formation of Differential Equation : In general an 0O.D

Equation is Obtained by eliminating the arbitrary constants

cl,c2,c3-------- cn from a relation like @(x,v,c1,¢2,— —— —— — en) =0. -

Where c1,c2,c3,--------- cn are constants.
Differentiating (1) successively w.r.t x n-
times and eliminating the n-arbitrary constant c1,c 2,----cn from

the above (n+1) equations, we obtain the differential equation f(x



PROBLEMS
1.0btain the Differential Equation by Eliminating the

Arbitrary Constants:

Sol. y= Ae™ 4+ B % ------mmmmmmmmmmee (1).
v =A(=2) 7 + B(5) &% ---------- (2).
v. =A(4). e + B(25) e ---------- (3).

Eliminating A and B from (1), (2) & (3).

g~ 2x @ 5% —
==|(-2)e ™™ 5e¥* —y| =0

(4).e™™ 25 —y,

==

1 1 v
(—2) 5 w»| =0
4 25 vy,

= v, —3y,-10y =0.
The required D. Equation obtained by eliminating A & B is
y2-3y:1-10y =0
2). Log (Y/x) =ex

Sol: Log (/) =ecx = mmmmmmmmmooe- (1).
=> log y —-log x= cx
=> Jl :_:r —i =C —mmmmmmmmmmmm s (2)

1 dy 1

(2)in (1) => Log (Y& =x} Z -:

¥

3) sin"'x + sin"'y = C.

1 1 dy

Sol: B p—1 + -.;'1—_‘;'2 de =0
T o
= I . 3



4) y = e*[Acosx +B sinx]
Sol: => :—I = e*[Acosx +B sinx] + e*[-Asinx +B cosx]

=> 2 =y + ¢*(Asinx +B cosx).

=> :—’ = %+ex(—Asinx+Bcosx)+ex(—Acosx—Rsinx)
* X
dy dy
dx+dx y=y
_ d’y _dy i i i
= —J-2-24+2y=0 is required equation
dx dx
5) Y=atnx + b,
Sol: & = _=
dx 1+x=
=> (1+2%) .22 + 2x.Z =0
=> (1+x%) . £+ 2x. & =0 is the required
equation.

6) y=a e* + be ™
Sol: X+ 2 -2y =0

dx? dx

7) Find the DEquation of all the circle of radius
Sol. The equation of circles of radius a is (x—h)*+ (y—k)* = a*
where (h ,K) are the

co-ordinates of the center of circle and h,k are orbirtary
constants.

SOI: [1— (z_;]f ]3 = 2 .d:i’-




8) Find the DEquation of the family of circle passing through
the origin and having their center on x-axis.
Ans: Let the general equation of the circle s
X2+y2+2gx+2fy+c=0 .

Since the circle passes through origin, so c¢=0 also the
centre (-g,-f) lies on x-axis. So the y-coordinate of the
centre i.e, f=0. Hence the system of circle passing through
the origin and having their centres on x-axis is
x?+y?+2gx=0.

Ans. 2XY . :—; + x*—y? =0,
9) sin7!(xy)+ 4x =cC.

Ans: Xx. :—; +y+ 4, Vi1— x2y? =0

10) Y= E"—I
Sol: («*+1). £ + 2xy -1=0.
11) r=a(1+cos?d)

Sol: r=a(l+cosf) - ————————— (1)
dr

dd

Put a value from (1) in (2).

ar _ T
dg 1+ cesf

. 5ind

- I i
dr _ -r Zsmg,-'q E‘DSEI_,-'q

dd 2c05° B/,

= -rtanf/,



dr ] _
Hence — + rtan’/, =0,

Differential Equations of first order and first degree:
The general form of first order , first degree

DEquation is 2= f(x,y) or [Mdx + Ndy =0 Where M and N

are functions of x and y]. There is no general method to
solve any first order D.Equation. The equation which belong
to one of the following types can be easily solved.
In general the first order D.Equation can be classified as:
(1). Variable separable type
(2). (a) Homogeneous equation and
(b)Non-homogeneous equations which to exact equations.
(3). (a) exact equations and
(b)equations reducible to exact equations.
4) (a) Linear equation &
(b) Bernoulli’s equation.
Type -1 : VARIABLE SEPARABLE:
If the D.equation j—x =f(x,y) can be expressed of the form

== L2 or f(x) dx -g(y)dy =0 where f and g are continuous

functions of a single variable, then it is said to be of the form

variable separable.
General soln of variable saparable is [ f(x)dx— [ g(v)dy= C

Where c is any arbitrary constant.



PROBLEMS:
1) tanyZ = sin(x+y) + sin(x-y).

Sol: given that sin(x+y) + sin(x-y) = tany :—x

=  2sinx.cosx = tany 2  [Note: sinC+sinD =2sin(=")

.cos(=7)]
=  2sinx = tany secy &
General solution is  2[sinx dx= [ secy.tany .dy
=> -2C0SX = secy +cC
=> secy + 2cosx +c=0.//
2) Solve (x*+1) .2+ (y*+1) =0, y(0) =1.

Sol: Given (x*+1) .2+ (y*+1) =0

d

= =+ 2 =0

x4 I+l

On Integrations
=>[1_dx [—-dy =0

(1+x)* (1+3)°

=> tan ' x +tan"ly =C --------------- (1)
Given y(0)=1 => Atx=0,y=1 --------- (2)
(2)in (1) => tan* 0 +tan™? 1 =c.
=> 0+ =c
=> C= 7.
Hence the required solution is tan™ x +tan™*y = Z.//

Exact Differential Equations:



Def: Let M(x,y)dx +N(x,y) dy =0 be a first order and first
degree Differential Equation where M & N are real valued
functions of x,y . Then the equation Mdx + Ndy =0 is said to be

an exact Differential equation if 3 a function f =.

dif(x,y)] = %dx +%dy

Condition for Exactness: If M(x,y) & N (x,y) are two real
functions which have continuous partial derivatives then the

necessary and sufficient condition for the Differential equation

aM
Mdx+ Ndy =0 is to be exact is that 3y
dx

Hence solution of the exact equation M(x,y)dx +N(x,y) dy =0.

Is
[ Mdx + [Ndy =C.
(y constant) (terms free from x).
___________________ KREKKKKKKK e
PROBLEMS:

1 )Solve (1+ &%) dx + e3(1_§) .dy =0

Sol: Hence M = l+e§ & N = ey(1—§)

dM

w o= e 68 F=d(d) va-nad

Mo (& D= o (D

a3 dx



M AN

T ax

dy

General solution is

equation is exact

[ Mdx + [Ndy =C.
(y constant) (terms free from x)
[(1+e¥) dx + [ody =CcC.
eV
=> — =C
x+ 1
y
= >x-|—}:re} = C
2. (e¥+1) .cosx dX + e¥sinxdy =0.
oM _ N _  x
3y 8z ¢ COSX

Ans: (e¥+1) . sinx =c
3. (r+sing —casd) dr + r (sing + cos8) da =o.

Ans: r2+2r(sing — cosé) = 2¢
ﬂ:ﬁ = Sinf@ + cosé,

or o0
4. Solve [y(1+ ) +cos y] dx+ [ x +logx -xsiny]dy =0.

Sol: hence M = y(1+:) +cosy N = x +logx -xsiny.
= 14 -siny

oM 1 1
2 = 1t ;-siny P
Eh 5‘.- 1 i
—==2" so0 the equation is exact
General sol [Mdx + [Ndy =C.

(y constant) (terms free from x)
.r[}’+§+cosy]rix + [o.dy =C.

=Y(x+ logx) +x cosy = c.
5. ysin2xdx - (¥*+cosx) .dy =0.



6. (cosx-xcosy)dy - (siny+(ysinx))dx =0

Sol: N = cosx-x cosy & M = -siny-ysinx

™ _ sinx - M _cosy - Si
— = -sinx - cosy 5, = -COSy - sinx

aa aN . .
—= == - the equation is exact.

General sol [mdx + [Ndy =C.
(y constant) (terms free from x)
=> [(—siny — ysinx).dx + [o.dy =C

=> -XSiny+ yCcos X =C
=> YyCOSX — Xsiny =cC.
7. (sinx . siny - x e¥) dy = (e”+cosx-cosy) dx
Ans: Xe¥ +sinx.cosy =c.
8. (x*+y?-a%) x dx +(x*-y?>-b?) .y .dy =0

Ans: x*+2x%y%-2a*x*-2b%y? =c.

REDUCTION OF NON-EXACT DIFFERENTIAL EQUATIONS TO
EXACT USING INTEGRATING FACTORS
Definition: If the Differential Equation M(x,y) dx + N (x,y ) dy =
0. Can be made exact by multiplying with a suitable function u

(X,y)= 0. Then this function is called an Integrating factor(I.F).

Note: there may exits several integrating factors.

Some methods to find an I.F to a non-exact Differential

Equation Mdx+N dy =0




Case -1: |Integrating factor by inspection/ (Grouping

terms).

Some useful exact differentials

1. d(xy) = xdy +y dx

2. 4O i

3. d® _ :rd;;;-dx

4. d(E=) = x dx + y dy

5. d(log(®) ) = v

6. d(log(d) = e

7o dwn) = e

8. d(()) = e

9. d(log(xy)) = e

10. d(log(x*+y?)) =

11, d(5 S
PROBLEMS:

1. Solve xdx +y dy + ==& = (,

Sol:

x4+

Given equation xdx +ydy + === =0

d(Z20 ) + d(tan™ ' (2 =0

-

on Integrating

of



29 4 et () = c
2 . Solve y(x>. e —y) dx + x (y + X°. ) dy = 0,
Sol: Given equation is on Regrouping
We get yx3 e dx - y2dx+ x%y dy +x* e dy =0.
X3e=r (ydx+ xdy)+ y (x dy — ydx ) = 0
Dividing by x?
e (ydx + xdy) +(%) . ( =Z2F) =0

s

d () +( .d+(E =0

on Integrating

eMl/{%) -c is required G.S.
3. (1+xy)xdy + (1-yx)ydx =0
Sol: given equation is (1+xy) x dy +(1-yx ) y dx =0.
(xdy + ydx ) + xy ( xdy —y dx ) = 0.

Divided by x*y* =>  (¥273%) + (=225 =0

x

(5 +;dy -2 dx =0.

X

On integrating => —+ log y - log x =log c
-Ii - logx +log y =log c.

4. Solve ydx -x dy = a (x*+y* dx

ydx -x dy

Ans: = a dx

d (tan™*% = adx

integrating on tan ' = ax +c

x



Method -2: If M(x,y) dx + N (x,y) dy =0 is a homogeneous

differential equation and

1
Mx + Ny

Mx +Ny = 0, then

is an integrating factor of Mdx+ Ndy

=0.

1.Solve x’ydx - (x*+y>)dy =0

Sol : X’y dx - ( X’+ y®) dy = 0--------m--mm--- (1)
Where M= x’%y & N = (-x>-y*)
Consider == = x> & £ = -3x?
<+ #5  equation is not exact .

But given equation(1) is homogeneous D.Equation then
So Mx+ Ny = x(x?y) -y (X°+ y?) = - y* =0.

1 1
Mx+ Ny y*

I.LF =

Multiplying equation (1) by =

3 3
= > ny dx—X;j’dy=O ——————————————————————

(2)

= > -2 dx -2 gy =0

w3 —-v4

This is of the form M;dx + N;dy = 0

For M; = =2 & N; = X;y




aM1 __ a1 . .
5 = 3. €quation (2) is an exact

D.equation.
General sol [Mmdx + [wnNdy =C.
(y constant) (terms free from x in N)
=> [T+ [lay =c

—x

=> — + log |y| = c.//

33"

2. Solve y2dx + (x2—xy— yHdy=0

Ans: (x-y). ' = c1¥}(x+y).

3. Solve y( »*—2 x¥)dx + X (2 v¥*— x3)dy =0 ----------- (1)
Sol: itis the form Mdx +Ndy =0
Where M =vy( v*-2 x*) N= x (2 v*— =9
Consider ¥ = 3y2-2x*> & & = 2y2-3x?

a3

== #>-  equation is not exact .

Since equation(1) is homogeneous D.Equation then
Consider Mx+ N y= x[y( »*-2 % ] +y [x (2
yi— x7)]
= 3xy (¥*— =9 = 0.

=> ILF. =_1 _

Multiplying equation (1) by ———— we get

ooy



== 205 gpp = 22 25) dy =0

Juy [y x%) Bay [ " — x%)
=> now it is exact (check)
| }_:_ :rz_:l— 22 _1,-:—[_ }_:_ :rz_:l _
= a X+ s dy =0.
dx irdx" + _':'n'_','" - =0.
X _‘," —x” _‘," b ¥
dx . dy 2ydy 2xdx _
gx L 2y 4 =
=) T Ay oh Ay )

Log x +log y +; log (v* —% - ; log (y*-x*)=c = Xy
=c
4, r(8*+r?) do -6 (62+2r*) dr =0

Ans: = +loge + log * =c.

Method- 3: If the equation Mdx + N dy =0 is of the form vy. f
(xy) .dx + X : g ( Xy) dy = 0 &

Mx- Ny = 0 then _is an integrating factor of Mdx+ Ndy =0.

Problems:
1 . solve (xy sinxy +cosxy) ydx + ( Xy sinxy —cosxy )x dy =0.
Sol: (xy sinxy +cosxy) ydx + ( Xy sinxy —cosxy )x dy =0 -

=> this is the form vy. f(xy) .dx + x . g ( xy)

=> consider Mx-Ny
Here M =(Xxy sinxy + cos xy ) Yy
N= (xy sinxy- cos xy) X

Consider Mx-Ny =2Xxycosxy



1

Integrating factor =

So equation (1) x I.F

(xysmxy+cosxy)xdx + (xysmxy+cosxy)ydy =0.
2Xy COS Xy 2Xy COS Xy

—~ (ytanxy + -)dx+ (ytanxy-21)

dy =0
— M;dx + N;dx =0
Now the equation is exact.
General sol [ Midx + [ Nidy =c.

(y constant) (terms free from x in N;)
=> f(j.rra:mcj.’—ijdx + J.%dy = C.

v.log|zeexy|

=> = +logx + (-logy) =log c
=> log|sec(xy)| +log= =log c.
=> . seexy =cC.

2. Solve (1+xy) y dx + (1-xy) x dy =0
Sol : I.F=—

2x7% 32

1

=> [——+)dx+ [Zdy =C
-1 1 1
=>—+ ;logx - log y =c.
=> = +log(®) =c*  where c' = 2c.

3. Solve ( 2xy+1)ydx + ( 1+ 2xy-x’y?) x dy =0

Ans: logy + =+

1
.= —C.
Jx =y



4. solve (x?y? +xy +1 ) ydx +( x’y*- xy+1 ) xdy =0
Ans: xy -— + log(?) =c.

Method -4: If there exists a single variable function jf(x)dx such
dM oN

that 2

N

=f(x), then I.F. of Mdx + Ndy =0 is e
PROBLEMS:

1. Solve ( 3xy - 2ay?) dX + (x*—2axy) dy =0

Sol: given equation is the form Mdx+ Ndy = 0
=> M = 3xy - 2ay? & N = x* - 2axy

an
S, = 3x-day & = 2x-2ay

—— #— equation not exact .

aM 8N

Now consider 22 =  Z=2- 20w
M N
— ay ax _ 1 _
=> — = - = f(x).
=> E_;dx =

“is an Integrating factor of (1)

=> equation (1) x I.F = equation (1) X X
[ 3:{_’;-2&_‘,': |

=> - - ¢

- X dx + &2 x dy = 0

=> (3x%y -2ay?x) dx + (x3-2ax?y) dy =0
It is the form M;dx + N;dy =0
General sol [Mdx + [Ndy = c.



> [(3¢ —2ay’x)dx+[od y = C
= > X’y —ax’y? =c.//
2 . Solve ydx-xdy+(1+x*)dx+ x*siny dy =0
Sol : given equation is (y+1+4+x?) dx+ (x?siny —x) dy =0.

M= y+1+x* & N =x?siny —x

a 11'{

— N _ ' -
a_;.-_l . = 2xsiny -1
BJ"’I al":'- - -
- =3 = > the equation is not exact.
b dx
o 1 ) )
. iy dx _ 1-2x siny-=x _ —2xsiny-x I
So conS|derT = T iomys = emy—r =
I.F e e.rg':}-}d:’- = E—E‘rgﬂ'l’ — e-::ﬂg’l’ = ;

Equation (1) X L.F => T gy 4 T dy =()

It is the form of M1dx+ N1 dy =0.

Gensoln  =>[(5+%+ 1)dx + [ sinydy =0
=>=¥ -~ +X- COSY =C.

=> x?—y—1—xcosy=cx.//

3. Solve 2xy dy - (x*+y?+1)dx =0
Ans: -x +Z +-=c.

4. Solve (x*+y?) dx -2xy dy =0
Ans:  x%-y’=cx.



8N 8M

Method -5: For the equation Mdx + N dy = 0 if =2 = g(y)

(is a function of y alone) then e/s074 js the Integrating factor of

M dx + N dy =0.

Problems:
1 . Solve (3x?y*+2xy)dx +(2x’y*-x?) dy =0
Sol:  (3x%y*+2xy)dx +(2x%°y3-x?) dy =0 ---------=------- (1).

Here M dx + N dy =0.
Where M =3x?%y*+2xy & N = 2x3y>-x?

aM an

% *a €quation (1) not exact.
So consider =2 = = = g(y)
I.F = efotayr = ,205% = _-zogy = =

»

Equation (1) x LF => (¥ )ax + (2222) dy =0

It is the form M1ldx + N1 dy =0

General sol [M1dx + [N1dy = C.

(y constant) (terms free from x in N1)

=> f[Ex:}rz—::—:_rjdx-l- [ody =C.

2x®
— =C.

0

—_ > 315:}_: +
3

=> xg_v:—t—f =cC.//

2 . Solve (xy>+y) dx + 2(x’y*+x+y*) dy =0

. 8N 8M.

So|; L3z iy — [_.',x_;ﬁ_:_]—(zx}-!_i} — Jl — g(y)

M xyEty

I F ] E.rg':y..:'ﬁ':-'- = E'r;_'d}- =
: y.



Gen sol: [(xy4+y2)dx +[(2y5)dy = ¢

Sy x 420 =c,

-

3 . solve (y*+2y)dx + ( xy® +2 y* - 4x) dy =0

_ AN aM,

Sol: =72 = R = = g(y).
o = o

M

Gen soln : I(y+%)dx+.|.2ydy:c,
(14 2)x + i /]
4  Solve (3x% y* +2xy)dx + (2x°y? -x?) dy = 0

Ans : X’y +x%=cy
5. Solve (y+ y?)dx + xy dy =0
Ans: X + Xy =C.
6. Solve (xy>+y) dx + 2(x*y*+x+y*)dy =0.
Ans: (x*+y*-1) & =c.
LINEAR DIFFERENTIAL EQUATION'’S OF FIRST ORDER:

Def: An equation of the form %+P(x).y:Q(x) is called a linear

differential equation of first order in y.
Working Rule: To solve the liner equation %+ P(x).y =Q(X)

first find the Integrating factor I.F =e/#(x)ex
General solution is y x I.F = JQ(x)x1.Fdx+c

Note: An equation of the form Q) ().x=0(y) is called a linear

Differential equation of first order in x.

Then Integrating factor =e/#Ger



Gen soln is = x X I.F = [Q(y)xIFdy+c
PROBLEMS:
1. Solve (1+ y?) dx=( tan"'y -x ) dy
Sol: (1+ y?) 2= (tan"ly -X)

dx 1 _ tan’
dy +(1+;.-=) - X =R

It is the form o :—j + p(y).x = Q(y)

I.F =e_|'p|:x}dx —_ e.r,__,_}.:ﬂ'ﬂ' — etﬂ?‘!_:_‘f

=> Gen sol is  X.etn 'y =[E2_ gty gyy

1+y®

= > X.ef" ¥ = [t.efdtte

[ puttan?y =t
1

v dy = dt ]
=X, et Y =t ef -t +C
= > X. em”_if = tan~?! . em”_if -em”_if +C

=>X =tan'y—1+ ¢/ e 7 is the required solution
2. Solve (x+y+1) Z =1
Sol: given equationis (x+y+1)< =1,

=> Z_,=y+1.

ay

It is of the form :—j + p(y).x = Q(y)

Where p(y) =-1 ; Q(y) = 1+y

=>1I.F =elpay = ~fay = v

Gen soln = x X I.F = JQ(y)xIFdy+c



=>X.e? = [(1+y)eVdy+c
=>X.e ¥ = [eVdy+ [veVdv+ ¢
= > Xe™ = - e¥— yXe? -e? +C
= > Xe™ = - e¥2+y) +C.//
3. Solve yt+y=e
Sol: this is of the form 2 QM) - |
Where p(x) =1  Q(x) =&
=> [F = olowar = Jax —p«
Gen soln is is y x I.F = JQ(x)xI.Fdx+c
=> y. E'x = _Jr eﬂxexdx +C

=> Y. e* =fettdt +c

=>Yy. e =t e'— e +C e¥dx =

=> Y.e¥ = eax(ex—lj—l-c.
4. Solve x.Z +y =log x

Sol : this is of the form = +p(x)y = 8(x).
Where p(x) = - & 06(x) ==

. d_} E _ log=x
e, = +-.y==
=> I.F —_ e‘r-plzx}dx — J-;id.'{'

Gen soln is is y x I.F = [Q(y)xIFdy+c

=> Y.X = flnfxxdx +c

=>vy.X = X (logx-1) +c.//

put

dt



5. Solve (14y?) + (x- e=») 2 =0,

dx

gtan™ =¥

Sol : Given equation is :_§+ ¥ —

SR EE. 1432

It is of the form Z—J Q(y) Y) .X = B(x).

Where p(y) Q) : 9() = “—
ILF = foer = Jom® = janis

General solution is is X X I.F = [Q(y)xIFdy+c.

cam—t gtan "ty —
= > X. ™ }':.r1+y2 efen "y dy +cC
= > X . efen ¥ = [ et ef. dt +cC
[ Note: put tan'y =1t
=>_—dy =dt]
14y2 -
=>x. ey = [ dt +C
- Elf
= > X gtam ¥ — - + C
_ E:ran"-}-
= > X gtan =y = > + C //
6.solve & + Y ===
d xlog x logx
Ans: ylogx = ~%%2 4 ¢

7. % + (y-1). Cox = &% cos? X

Ans: Y. eSnY = §+sin:x + Finy 4C //

dy 4 2% —_ 1 . _ _
8. dx T e YT m given y = 0, where x= 1.

Ans : y(1+x2) = tan 'x _%



9. Solve -2 = (1+x) e*.secy

Sol : the above equation can be written as

Divided by sec y => cosy 2 -T2 = (1+x) e* -----
"""" (1)
Put siny =u
=>cosyZ =2

D. Equation (1) |s— - —.u=(1+x) e*

this is of the form S Q) y.u=0(x)
Where p(x) _E Q(x) =(1+x) e*

= IF = olomax = Jimt _ -lesisn =11:

Gen soln is is u Xx I.F = [Q(y)xI.Fdy+c
=> u —__r[1+x]e—dx +c

Yol+x

=> U.11:=_|"e"‘rix-|—c

=> (siny )= = e“+C
( Or)
= > sin y = (1+x) e*+c . (1+x) i

required solution.

dy sinx .cos x

10. Solve — -ytan = -

ANs : yicosix = Z9°E ¢,

11 .Solve & -yx = y?e = .sinx



1 X

Ans: - e = = COSX + C.

12, e*. 2 =2xy?’ +y e*

dx

Ans: 1 e* = x2+ .,

13. 2+ ycosx = ysinx

Ans : : L = (1+ 2 sinx ) + Cc g =inx

2

(or)

= e ¥m= (14 2sinX ) e ¥4 C,

2

dy

14. . Ty cot X = v?sin’x cos® x
Ans: ysinx (C + cos®x) =3.
15. Solve = = ¥ (e*—e¥)

Ans: e* e = e (e -1)+c

BERNOULI'S EQUATION :

(EQUATION’S REDUCIBLE TO LINEAR EQUATION)
Def: An equation of the form Q) p(x) .y = 8(x). y* ===mm ==mmmn

--(1)

Is called Bernoulli’s Equation, where p & Q are function of X

and n is a real constant.
Working Rule:

Case -1 : if n=1 then the above equation becomes :—x + p.y =Q.

=> (Gen soln of %Jr(p—Q)y:O is
X



[ %4 (p-Q)dx=c by variable separation method.
Case -2: if » #1 then divide the given equation (1) by »"
= Y72 Hp(X) .y = Qe (2)
Then take y*™=u

(1-n) yn.i = 2

x dx

Then equation (2) becomes
— =+ p(x).u=Q

1-n dx

& 4+ (1-n) p.u = (1-n)Q which is linear and hence we can

dx

solve it.

Problems:
1 . Solve x:—{_r +y= x3ys

Sol: given equation can be written as £+ (2)y =x’+y°
Which is of the form 2 + p(x).y =Q »

Where p(x) =- Q(x) =x* &n=6

Divided by »y* => < . = +§L e (2)
Take = =u
- dy i
= = e ax } ____________ (3)
-l Frommmmmmmoooeoe- (3)



Which is a L.D equation in u

I_F — e‘r*p(:r}dx — E—Elrﬂ:ri:r =e—529_gx — _j_;
X

Gensol = u .I.F =JQ(y)xI.Fdy+c

U. = = [—5x2.5 dx +C

== = tc (or) == =t ot

5.5 et

2. Solve & (x%3+xy) =1

dx
. dx — 2 — 1 ax _ 1 .
SOI. E_X .y— .')':}:"3 => I:.d__‘,.' x.y—_,:a
-(1)

Put - =u

= ;—1 : :—j = :—: ——————————————— (2).
(2)in(1) = -=- u.y=>°
(Or) = +u.y = -,
Is a L.D Equation in * u’
LF= ™ e =%

Gensol = u .I.F =JQ(y)xI.Fdy+c

_¥
= U. ez = [y e zdy +cC

=-2(X-1 .er +cC

X(2-2)+ cxe T =1.



3. Solve Z -y tanx = y* sec X

-

Ans: [.LF = e Jtamxax = llescox — 5oy
Gen sol ;fcos X= -X +C .
4. (1-x?) &+ xy = y* sin”'X
Sol: given equation can be written as

&
dx 1-x2

B
y = Z_sin7X
1—x*

Which is a Bernoulli's equation in'y"

T 3 1 dy 1 x — sin™x ___________
Divided by v* = = . 7+ = % o (1).
Let = =u
¥
-2 dy _ du _ 18y _ _ 18w .
= E dx  dx > ¥w& dx 2 dx

(2)
(2) in (1) :_LE + = 4= sin " x

2 dx 1—x* 1-x*

Which is a L.D equation in u
—.ri..ri:r

= I.F = ol plx)dx = g “1-x? =glog(1-#") = (l—xzj

Gensol = u .I.F =]Q(x)xI.Fdx+c

=5 (-x)= -[EEFa-xYdx+c
= >'1;—f‘} = -2 [ XsinT'x +/1-x2 ] +C



APPLICATION OF DIFFERENTIAL EQUATIONS OF FIRST
ORDER
ORTHOGONAL TRAJECTORIES (O.T)
Def: A curve which cuts every member of a given family of
curves at a right angle is an orthogonal trajectory of the given
family.
Orthogonal trajectories in Cartesian co-ordinates:

Working rule: To find the family of O.T is Cartesian form

. let f(x,y,c) =0 be the given equation of family of curves in
Cartesian form.
Step: (1) .D.w.r.t 'x'andobtain F(x,y, »* )=0--------
--(2)
Of the given family of curves.
(2) .replace = by -= is (2)

Then the D. Equation of family of O.T is
F(x, y, —%) =0 -=--=----------- (3).

dy

(3) solve equation(3) to get the equation of family of O.T's

of equation(1).

PROBLEMS:
1 . Find the O.T's of family of semi-cubical parabolas

ay’=x> where a is a parameters.

Sol : the given family of semi-cubical parabola is ay*=x>



D.w.r.t'x'=>a2y=2 =377 (2)

dy
dx

Eliminating'a' => £ 2y. & =342

dx

=> 2 x*y - B = 30
dx
Replace 2 by -&= => 2 Py (-E) = 3«7
=> —2X :_‘T =y
=> [—2xdx —[vdy = -C

=> x? +JT =C

2. Find the O.T of the family of circles x’>+y*+2gx+c =0.

Sol: x*+y%+2gx+c =0. --------- (1) is represents a system of
co- axial circle with g as parameter

D.w.r.t 'x' => 2x+ 2y% + 2g =0-----===nmmnm- (2)
Substituting eq from (2) in (1)

=> X4y’ -(2x+ 2y Z) X +c

=> y’-x*-2xy = + ¢c=0
Replace Z by -&

=> y-x*-2xy (-5 + ¢c=0

=> yix*-2xy (&) + c=0

This can be written as



2x & -2 x5 =

This is a Bernoulies equation in x

Soput xX*~ u = 2x.%& =%
dy dx
= = = ou=—2
dy ¥ ¥
Which is a liner equation in *u’
S LF = h o o

Gensol = u.l.F =_"Q(y).I.F.dy+K

N x2 1 = J~—(c+y2)£dy K
y y
= —c(_—l}—y+k
y
x2 C
= P v y +K

3. Find the O.T's of the family of parabolas through origin and for

an y —axis.

Sol : equationis x2=4ay = 2x =4a z_

X

ar
gk

dy

dx x
Ans: =+ & =1,
4. find the O.T of the one parameter family of curves
e*+ e ¥=C,
Sol: D.W.r. t'x's e+ e¥()=c

O.T = e+ e¥(=H=C

¥

Ans: e¥—e ¥ =k,



5. find the O.T of the family of circle passing through origin and

Ans:

center on X-axis. Equation is

x?+ y*+ 2gx =0 .

Z=-y+c.

6. Prove that the system of parabolas y’=4a(x+a) is self

orthogonal

ORTHOGONAL TRAJECTORIES IN POLAR FORM

Working Rule: to find the O.T of a given family of cuves in

polar-co ordinates. Let f(r,8,c)=0 ----- (1) be the given family of

curves in polar form.

1.) D.w.r.téand obtain F[r,6% ] =0 by eliminating the

parameter

2.)replace 2 by - r> £ then the D.Equation of family

df d7

of O.T
Flro-r2]1=0

ar
3.) solve the above equation to get the equation of O.T of

(1)

Problems:
1 . Find the O.T of family of

a)

x: + v: =a: Where ais a parameter.

b) ::_h + 2 =1 A is a parameteriS self —orthogonal

b I4+H



C) rsin28= K, A is a parameter

Ans: r* cos 28 = C*

2 . Find the O.T of family of curves r" =a" cosn 4
Ans: r"=csinnég
3. find the O.T of family of curves r=2a (cos ¢ + sin 8)
ans: r=(sinf-cosf).C
4. find the O.T of family of curves r" sinng = a"
Ans: r"=c secnd

NEWTON'S LAW OF COOLING
STATEMENT: The rate of change of the temp of a body is
proportional to the difference of the temp of the body and that of

the surroundings medium.

Let '’ be the temp of the body at time 't’ and 8o be the temp of

its surroundings medium(usually air). By the Newton’s low of

cooling , we have

df dg

= 0O (6-60)=> —= = k(8-60) k is +ve
constant

= fl,;ip.,l. =—k [dt

— log (8 —680) = -kt +c.

If initially #= g1 is the temp of the body at time t=0 then
c=1log (f¢1-80) = log (8 —80) =-kt+ log (81— 80)

= log ((Z22y = -kt.

(#1- E'D}j




(f—fo)
(B1—8o)

—kt

- £

8= Bo + (f1—Bo). e **

Which gives the temp of the body at time 't" .

2a

1. Find the O.T of the co focal and coaxial parabolas r =

1+co=f

Ans: r = =

Problems:

1 A body is originally at s0® and cools dowm to s0® ¢ in 20 min
. if the temp of the air is 40° c. Find the temp of body after 40
min.

Sol: By Newton’s low of cooling we have

£ = k(8 - 80) fo is the temp of the air.

e

= Jgom =k [dt 6o =40"C

— log( 8—-40) = -kt + log c

= log(EZ2) =-kt

c

g-20 s
= = g7"t

c

= § =40 +ce ¥ -m-m-m-mmm---- (1)
When t=0, 6 =80 ¢ = 80 =40 +C ------------ (2).
When t=20, ¢ =60 ¢ = 60 = 40 +Ce 2% ----------m- (3).
Solving (2) & (3) = ce™ 2% =20
C=40 = 4072 =20
=> k=_log2



- logZi40

When t= 40" ¢ => equation (1)is 6=40+40¢
= 40 +40

-2 logz

=40 + ( 40 x ;

— # =50° C
2 . An object when temp is 75% cools in an atmosphere of
constant temp. 25° ¢, at the rate k.6 being the excess temp of

the body over that of the temp. If after 10min , the temp of the
object falls to 66° c , find its temp after 20 min . also find the

time required to cool down to 55°% .
Sol : we will take one as unit of time.
It is given that 22 = - k¢

dr
= S0lis @ =Ce™™ ——mmmmmmmmmm (1).

Initially when t=0 = # =75° - 25° = 50°

When t= 10 min = 8 =65"— 25" = 40°

= 40= 50 ¢

The value of 8 when t=20 = 8 =c e7*
8 = 50e20%
8 = 50( e71%)?
6 =50(2)’



when t=20 = ¢ = 32° c.
3. A body kept in air with temp 25° cools from 140° c to s0® in 20

min. Find when the body cools down in 35°,

Sol : here g0 =25% = o = -kt

- log (8 -25) = -kt +¢ ------------

-(1).
When t=0, 8 =140° ¢ = log (115) =c
= ¢ =log (115).
= kt = - log (8-25+ log
115-------- (2)

When t=20, 6 =80
= log(s0°® c) = -20k + log 115
= 20 k =log (115) - log(55) -

log11s —log(#—-25)
log115 -leg 55

N
N
N’
~
—~
w
N’
Il
\Y
[
2|
I

t log11s -log(#—25)
20 log11s -logss
t log115-log (10
When 8 =35° C = - = DED_—DE‘__}
20 log1l15-logss
o log(11.3) _
= — = —=— = 3. 31
20 lnng}

= t=20x3.31 =66.2

The temp will be 35° c after 66.2 min.



4 ., If the temp of the air is 20° ¢ and the temp of the body
drops from 100° ¢  to so” ¢ in 10 min. What will be the its temp
after 20min. When will be the temp 40° c .

Sol: log (8-20) = -kt + log c

c=80° ¢ and e = -,

t — 10 I.Dgl::f_:-

log (3)
5. the temp of the body drops from 100° ¢ to 75° ¢ is temp in 10
min. When the surrounding air is at 20° ¢ temp. What will be its
temp after half an hour, when will the temp be 25° c .
Sol : £ = -k(6 - 60)

log (8 —20) = -kt + log c

when t=0, 8 =100° => c=80

when t=10,8 =75° = > etk = =
when t =30min => g =20 +80 () = 46°C
logh—logBl .
when 6 =25°c =>t= 10 (m) = 74.86 min

LAW OF NATURAL GROWTH OR DECAY
(STATEMENT: Let x(t) or x be the amount of a substance at

time ' t" and let the substance be getting converted chemically . A

law of chemical conversion states that the rate of change of
amount x(t) of a chemically changed substance is proportional to

the amount of the substance available at that time



Z g x (or) ¥ = -kt ; (k>0

dt dt
Where k is a constant of proportionality
Note: In case of Natural growth we take
E =k .x)

dt

PROBLEMS

1 The number N of bacteria in a culture grew at a rate
proportional to N . The value of N was initially 100 and increased
to 332 in one hour. What was the value of N after 1hrs

Sol: The D. Equation to be solved is < = kN

= i = kdt

When t=0sec, N =100 = 100 =c = ¢ =100
When t =3600 sec, N =332 = 332 =100 e3s0%

33z

600k —
= e 100

Now when t =; hors = 5400 sec then N=?
= N =100 g5400x
— N =100[ & ]:
= N =100 [: =605
= N = 605.

2 . In a chemical reaction a given substance is being converted
into another at a



rate proportional to the amount of substance converted. If§ of

the original
amount has been transformed in 4 min, how much time will be
required to
transform one half.
Ans: t= 13 mins.
3. The temp of cup of coffie is 92°%c . in which freshly period the
room temp being 24°c . in one min it was cooled to so’c . how

long a period must elspse , before the temp of the cup
becomes &65°C .
Sol: By Newton’s Law of Cooling,
¥ = -k(6-80) ; k>0

gt

fo = 24°C = log (#-24 )= -kt + log c-----------

---(1).
When t=0; & =92 = c =68

When t=1;: 6=280C = e* ==

56
= k = log (£).
When #=s65c ,t=>?
Ans: t == min.
RATE OF DECAY OR RADIO ACTIVE MATERIALS
STATEMENT:

The disintegration at any instance is propositional to the amount
of material present in it.

If u is the amount of the material at any time 't’, then :— = - ku

, Where k is any constant (k >0).



Problems:
1). if 30% of a radioactive substance disappears in 10days flow
long will it take for 90% of it to disappear.
Ans: 64.5 days
2). In a chemical reaction a gives substance is being converted
into another at a rate proportional to the amount of substance

unconverted. If§ Of the original amount has been transformed to

required to transform one-half.

Ans:

3 The radioactive material disintegrator at a rate proportional to
its mass. When mass is 10 mgm , the rate of disintegration is
0.051 mg per day . how long will it take for the mass to be
reduced from 10 mg to 5 mgqg.

Ans: 136 days.

4. uranium disintegrates at a rate proportional to the amount
present at any instant . if m1 and M2 are grms of uranium that are
present at times T1 and T2 respectively find the half=cube of
uranium.

(T2-T1)log2
Ans: T = —=.
log (3]

5. The rate at which bacteria multiply is proportional to the

instance us number



present. If the original number double in 2 hrs, in how many hours
will it be triple.

Ans: 2222 hrs,

bl 5

log2

6. a) if the air is maintained at 30°%c and the temp of the body
cools from so?c to
60°c in 12 min . find the temp of the body after 24 min.
Ans: 48°C
b) If the air is maintained at 150°c and the temp of the body cools
from 70°c
to 40°c in 10 min. Find the temp after 30 min.

Ans:



ASSIGNMENT PROBLEMS:
UNIT V
DIFFERENTIAL EQUATIONS OF FIRST ORDER AND FIRST
DEGREE

1) Find the differential equation of the family of curves

y=e* (acosx + bsinx) where a and b are arbitrary
constants.
2) Form the differential equation of the family of curves log
(y+a)=x’+c, C
is the parameter.
3) Solve : (xX*+1)y;+y*+1=0, y(0)=1

4) Solve : (1+ ev) dx + e¥ (1- =) dy = 0

5) Solve the differential equation Y72 = d¥
y—X—4 dx

dy rcosx+siny+y
Y Ly Y+Y -0

6) Solve :

X Sinx+x cosy+x

7) Solve : (Xxy sinxy + cosxy) ydx + (xysinxy — cosxy) X dy=0
8) Solve : 2xy dy - (xX*+y?+1)dx = 0

9) Solve : (y* + 2y) dx + (xy® +2y* - 4x) dy=0

10) Find the equation of the curve satisfying the differential

equation
(1+x?) ? + 2xy = 4 x*
11) Solve : (1+ y?) dx = (tanty - x ) dy

d'-.
12) Solve:xd—:‘+y=x3y6
X



13) Solve : g (x*y? + xy) =1

14) Solve the differential equation 3 % -y cosx = y*(sin2x -

COSX)

dy tany ¢
. — e
15) Solve . 1ia ( 1+x) " secy

Find the orthogonal trajectories of the family of circles.

16)
x>+ y> +2gx+c =0
17) Find the equation of the system of orthogonal trajectories
of the family
of curves r" sinng =a" where a is the parameter.
18) Find the orthogonal trajectories of the family of curves r"
= a" cosné
19) If the temperature of a body is changing from 100° to

70° in 15.
minutes, find when the temperature will be 40°, if the
temperature of
air is 30°c.

20) In a chemical

reaction a given substance is being

converted into
another at a rate proportional to the amount of substance

unconverted. If
(1/5)™ of the original amount has been transformed in 4

minutes. How
much time will be required to transform one half.



21) Solve : x Z 4+ y = x3 6
dx
22) If the temperature of air is 20°% and the temperature of
the body drops
from 100°% to80°% in 10 minutes . what will be its

temperature after 30
minutes. When will be the temperature 40°c

[Objective type Questions]

Differential Equation’s of First Order and First Degree:

Y 3y =xis

dx?

d3y -
— 4+ 2 x-
dx®

1) The order of x?
a) 2 b) 3 c)1 d) None
2) The order of (%)2 =[1+ (E)z]E is
a) 2 b) 1 c) 3 d)None

1

3) The degree of Differential Equation [::ET'2 + (E) ‘== a

=L
a) 3 b) 2 c) 1l d) 9
4) The degree of Differential Equation (%) =1+ (E) 213 is
a)4 b) 3 c) 2 d) None
5) The general solution of Z—: =e*is
a)e*+e'=c b)e"+eV=cc)e*+e' =cd)e*+e’ =
C

6) Find the differential equation correspondingtoy =ae*+ b

e 4+ c e¥



a) y111 _ 6y11 + 11y1 -6y =0 b) y111 + y11 _ 3y1 =0
Ayl +2y'+y=0 d) y*t -2yt + 3yt +y
=0
7) Find the differential equation of the family of curves y = e*

(Acosx + Bsinx)

a)y't -2y'+3y=0 b)y'* -3y'+y=0
oyt -2y'+3y=0 d) None
8) Form the differential equation by eliminating the arbitary
constant : y?=(x-c¢)?
a) (yH?*=1 b) y'' +2y' =2 c)(y)?=0
d) None

9) Find the differential equation of the family of parabolas
having vertex at
the origin and foci on y -axis
a) xy!'=2x b) xy! = 2y c) xy' = 4y
d) None
10) Form the differential equation by eliminating the arbitary
constant
tanx + tany = cC
a) yi(tany + sec®x) =0 b) yi(tany sec’y) +
tany sec’x =0

c) vyi(tanx sec®x) + tany sec’y =0 d) None

11) Obtain the differential equation of the family of ellipse is “;—2



a)xyy'' + xy’=0 b) xy** + xy=10

c) xyy''+x(yH?-yyl=0 d) None

12) The solution of the differential equation Z—" + f = x* under

the condition thaty = 1 when x=1is
a) 4xy= x>+3 b) 4xy= x*+3 c) 4xy= y*+3 d) None
13) The family of straight lines passing through the origin is
represented by
the differential equation
a) ydx + xdy=0 b) xdy —ydx =0 c¢)xdx +ydx =0
d) ydy - xdx =0
14) The differential equation of a family of circles having the
radius ‘r’ and
centre on the x - axis is

a)y’[1+ (2 =r b) x°[1 + (£)2]

Il
-

)G +YI1+ (D =r A1+ ED] =X

15) The differential equation satisfying the relation x = A cos(mt

- .:x) |S
dx 2 dZx _ 2
a) E =1-X b) 2e2 = — X
g2 5 _ 2 dax - 2
C) = —m°X d)—dt— m<X

ax+hv+g

16) The equation Z—: + =0 is

hx+byv+f



a) Homogeneous b) Variable separable c) Exact d)

None

17) Find the differential equation of the family of cardioids r =

a(1+cosh)
a)¥ + rsinx = 0 b) &~ +rtan) =0
48 B 48 2/ T
o)L +rsin() =0 d) None

18) The equation & + X2~ =0 s
dax "'\| 1+ x

a) Variable separable b) Exact c¢) Homogeneous d)

None
19) The solution of the differential equation is j—: =e * Y 4 x%
-y
a)ey=’;—2+ex+c b)ey =e*+ 3x+ c)e>‘=’f'3—a+ey
+ ¢ d) None

20) The general solution of% = (4x + y+1) %is

a) tan (22 = ¢ b) ~tan"}(

-
£

dx+yv+1

)=y +cC

-
e

C) %tan_1(=l-x+_r+ 1

)=X+cC d) None

21) The solution of of the Differential equation (x*+1) y; + y*+

1=0,y(0)=1is

a)? b) £ SRR

& 2



22) The solution of 'rdx:'d'r =0is

[ ]

a) Xy =¢c b) y = cx c)x=cy d)x =cy

23) The general solution of “T2% = 0 is

a) log(x+y) = c¢ b) log(x* + v*) = ¢ ¢)log(xy) =c d)

None
24) The equation of the form Z—: + p(X)y = q(x) is

a) Homogeneous b) Exact c) Linear d)

None
25) Integral factor of% + p(X)y = q(x) is

a) E_fpa‘x b) E_fp.::_'_r C) E_fqa‘x d)

e | gdyv

26) The general solution of z—: + ycotx = cosx is

COSX + C sinx

B |

SinX + C cosx b) v =

[N

a) y=

1 .
C) Yy = - sinx + C cosecx d) None

27) The form of Bernoulli’'s Equation is

dy

a) =+ px=0Qy b) = + py = Qx"

c) S +Qy" = px d) 2+ py = Q"



28) The equation of the form M(x,y)dx + N(x,y)dy = 0 is called
if In_0
oy o
a) Linear b) Bernoulli's c¢) Exact d) Homogeneous

29) Integrating factor of the homogenous de Mdx + Ndy = 0 is
d) None

1 1 1
a) Mx — Ny b) Mx+ Ny C) Nx— My

30) If l(ﬂ - di) is a function of x alone say f(x) then the
Ny dx

integrating factor of Mdx + Ndy = 0 is
a) EJ‘ Flxydy b) E_r fydy C) E_r Flaldx d) E_r Fix)dy

31) The integrating factor of (x? - 3xy + 2y?)dx + x(3x-2y)dy =

cis
a)= b) < c) - d) =
32) The given differential equation y(x+y)dx + (x+2y-1)dy = 0
is
a) Exact b) Not Exact c) We can't say d)
None

33) The integrating factor of the equation y f;(xy)dx + x
fo(xy)dy is

1 1 1 1

a) Mx+ Ny b) My + Nx C) Mx— Ny d) My— Nx
34) If %f(i—;” - %) is a function of y alone then the integrating

factor is

a) E_fg(xjd_r b) E_fg{xjd_r C) E_fg':_r:la'_r d) None

35) The general solution of (1 + x?) dy - (1+y?) dx = 0 is



a)tany -tan’x = ¢ b) tan'ly + tan’x = ¢
c) sin'x - sinly = ¢ d) None

36) The general solution of Z—: + Xy = X is

- 2X

dy _ dr _ dy
a) Yy =2x b) x— =2y C) y—
d) None
37) The differential equation of orthogonal trajectories of the

family of curves

y? = 4ax, where a is the parameter is

a)yg=x b)xg+y=0 c)yg+x=0
d) None
38) The general solution of (1+y?) dx = (tan’ly - x) dy is
a)x =tan'y - 1 + ce~tan'¥ b)x =tany-1+c
o— tan~ty
c) x = tanly d) None

39) The differential equation of the orthogonal trajectories of the
family of
curves xy = a’ where a is the parameter is
a)y%=x b)y%+x=0 c)xg+y=0
d) None
40) The differential equation of the orthogonal trajectories of the
family of

curves r = afd where a is the parameter is



a)g+r9=o b)g=-r9 c)§=9

d) j—e =y
41) The equation y - 2x = ¢ represents the orthogonal
trajectories of the family of
a)y =ae b) x* +v*=a C)Xy =c d) x
+ 2y =C

42) The general solution of the differential equation d—: = f + tan
('f) is
a) sin G) =c b)sin (f) = €XC) €oS (f) = cx d) None

43) The integrating factor of x Z—: -y = 2x? cosec2x is

1

a) x b) - c)e™™ d) None

44) The integrating factor of (1 - x?) y + xy = ax is
a) — b) = c) — d) =

xZ—1 yxZ-1 1— x2 41— x2

45) The orthogonal trajectories of the family of ellipses is

S +Z=1b)Z+L=1 S+ L =1 d) None

a? a+ i

46) The differential equation Z—: + f = y°X sinx is

a) Bernoulli’s equation b) Exact Equation

c) Linear Equation d) None



47) A differential equation of the form z—: + p(x)y = Q(x) then
the general

solution of this differential equation is (first order in y)
a) y(I.F) = Q(x) * (I.F) + ¢ b) y(L.F) =
[Q(y)* (ILF)dx + ¢

c) Y(I.F) = [Q(x) * (LF)dx + ¢ d) None
48) The differential equation y?dx + (x* - xy —= y?) dy = 0 is

a) Exact b) Not Exact c) We can't say d)
None
49) d(xy) =
a) xdx+ydy b) xdy+ydx c) xdy+ydy d)
None

50) d(tan™'(2)) =

- xdx + ydy xdx + vdy - xdy + vdx
) ) et

d) None

xT+ 7 xT+ 7

Linear differential equations of higher order with the constant
coefficient

The general form of linear differential equation of n™ order is

d n y d nfly d n72y
+P, +P,

dx"  tdx"™t % dx"?

are constants and X is a function of x

If we put di = D then the linear equation is reduced to f(D)y =X where
X

f(D)= D"+P,D"*+------P, . D+P,

If y1,y, are two solutions of the equation f(D)y=0 then c,y;+c; y»(=u) is also its
solution.




Since the general solution of a D.E of the nth order contains n arbitrary constants
Y, are n independent solutions of f(D)y=0 then ¢ 1y, + c y, +

If y=v is any particular solution of equation f(D)y=X.then y=u+v is the complete solution of
f(D)y=X where u is the solution of f(D)y=0.

The part u is called complementary function (C.F.)and the part v is called the particular
integral(P.1.) of f(D)y=X.

If f(D)y=0,the equation obtained by replacing D with ‘m ° is called auxiliary equation (A.E)

To find the C.F write the A.E.
m"+P; m"t4-—-—- P,.1m+P,=0 and solve it for m

Write the C.F as follows.

S.No Roots of A.E. Complimentary Function

1. My,My,Ms,.....(real and different roots) | c €™+ c ™" +c3eM +.......

2. M1,M1,Ms,.....(two real and equal roots) | (C 1+ € 2x)e™ " +cae™s +.......

3. M1,M1,M1,Ma,.....(three real and equal (C1+Cox+cC 3X2) e X+ e+
roots)

4, a+ib,a-ib,ms,....... (a pair of imaginary | €*(c jcoshx+ ¢ ,sinbx) +c ™3 +.......
roots)

5. axibatibms,....... (two pairs of equal | e[ (C 1+ € 2 )coshx+ (C 3+ ¢ 4X)sinbx] + ¢ 5e™5"
imaginary roots) o

6. | a+vb,a-+vb,m;  (apairof surd |e™(cicoshb x+cosinhvb x) +c g™ +.......
roots)

7 at+b,at Vb ,ms,....(two pairs of e™[ (c 1+ ¢ 2x )cosh/b x+ (¢ 5+ ¢ 4x)sinh+/b X]
equal surd roots) +Cse 5 ...

Computation of Particular Integral(P.1):

is defined as

Let the D.E. be f(D)y = X .The inverse operator L : U=Vif
f(D) D)

f(D)V = U where U,V are functions of x.

Results

1 . Y 1 _
ﬁ(X) is P.1. of f(D)y=X since f(D) {ﬁx} =X




1

(X) = eaxj X e dx

D—a
1 _ ax
———(X)=e [ X e dx
D+ a
The following table summarizes the formula which we provided to compute the P.I. of
f(D)y = X
S.No Formula to compute (D) X
X
1 eax
EE S Leax (Replacing D with ‘a’)
when f(a) =0 f (D) f (a) p &
when f(a)=0 and f'(a) = 0 BT
B f (D) fl(a)
when f(a)=f(a)=0 and 1 - o 1 u
f''(a) = 0 f (D) f"(a)
and so on....
Replace D? by —b*
2 Sin bx or cos bx inbx = 1 b
when f(-b%) = 0 foy" fp?) X
L cos bx = 1 5~ Coshx
f(D) f(-b%)
1 1
sin bx = x sin bx
When f(D) f1(-b%)
f(-b%)=0 and f!(-b?) = 0 1 1
C0s bx = X —————-cosbx
f(D) f (-b?)
when f(-b%)= f*(-b%)=0 and
f'(-b%) = 0 1 ginbx =x—1 sinbx
f(D) f"(-b*)
1 osbx=x2—t —— Cosbx
f(D) f"(-b?)

and so on...




5 x", m is a positive integer | Write f(D) in the form (1+¢(D))™ and expand in
ascending powers of D by binomial theorem as per
as the term D™ and operate on x™ term by term.

™V, V is a function of x. :
A e”V , Vis a function of x Applying 1 e\ = ¥ 1 v
f (D) f(D+a)
1 _ 1 1 4 1
7 x V , V is a function of x f(D) V_Xf(D)V_ f(D) (D) f(D)V
X . . X
Note: —5—— Cosbx = ——sinbx —— Sinbx = — —coshx
D°+b 2b D°+b 2b
o Equations reducible to linear equations with constant coefficients:
Cauchy’s Homogeneous Linear Equations:
The general equation of n™ orD.E.r is of the form
n dny n—1dn_ly n-2 dn—Zy
X + PX +PX —t————- +Py=X
an 1 dxn—l 2 dxn—z n y
where P1,P»,P3-----P,, are constants and X is a function of x.
e  Procedure:
Take x= e' so that log x=t which gives
x"D"=0(0-1)........ (6-n+1) where 0 = d/dt ,n=1,2,3,.......
The above equation reduces to Linear equations with constant coefficients.
Legendre’s Equation: The general equation of n orD.E.r is of the form
n n-1 n-2
(@x+b)" I paxib) S Y paxsby2 Y +Py=X wherePy,P,Ps
dx" dx" dx"

----P a,b are constants and X is a function of x.
e  Procedure:
Take ax+b= €' so that log(ax+b) = t which gives
(ax+b)"D"=a" 0(0-1)........ (0-n+1) where 0 = d/dt ,n=1,2,3,.......
The above equation reduces to Linear equations with constant coefficients.
o Method of Variation of parameters:
This method is applicable to equations with constant coefficients but the C.F. must be known
before the method is applied.
Procedure to solve y*+py’+qy=X where p,q are constants and X is function of x
Find C.F. Ciy1tCay»
Assume P.1. as uy;+vy, so that u'y;' +vly,'=X
To find u,v as functions of x assume that u'y;+v'y,=0
Yi Yo
1 1

1 Y2

X X . :
Compute u=— jy\;v—dx andv = jy\;v—dx where W= is called the Wronskian of y; v

The general solution is y = c1y;+Coy2+uy1+VYs.



Simultaneous Linear differential equations:

_ A set of D.E.’s that arise from a se of two or more dependent variables and one independent
variable is known as simultaneous linear equations with constant coefficients.

To solve we use the process of elimination (Similar approach to that of solving two linear
equations).

Bending of beams

The goal of mathematical modeling is to represent natural processes by mathematical equations,
to analyze the mathematical equations, and then to use the mathematical model to better
understand and predict the natural process. In this module, we are interested in predicting and
understanding the deflection of loaded beams by mathematically modeling their deflection
curves.

Before beginning our mathematical analysis, let us review the ingredients that will go into it. As
we have already seen, the shape of the deflection curve will depend on several factors. The four
factors that enter into our mathematical model are:

o The material properties of the beam as measured by the modulus of elasticity.

e The beam's cross section as measured by its centroidal moment of inertia.

e The load on the beam, described as a function of the position along the beam.

« The way the beam is supported, which is captured by the boundary conditions of the
differential equation in our model.

Experiments show that the deflection curve depends inversely on the modulus of elasticity, E ,
and also depends inversely on the centroidal moment of inertia of the beam's cross section, I .
The way the deflection depends on the applied load, q(x) , and on the manner in which the beam
is supported is more complicated, as we shall see.

Under the assumption that the deflections of the beam are small, an understanding of certain
physical principles and geometric concepts allows one to derive a fourth-order differential
equation that the deflection function w(x) must satisfy:

gq(x)
w'''' () = --—- (1)
EI

We will call this equation the static beam equation . In words, the beam equation tells us that the
deflection function is a function whose fourth derivative at every point, x , is equal to the load at
that point divided by a constant quantity that depends only on the material properties and shape
of the beam.

The importance of this equation is that in principle, we can determine the quantities on the right-
hand side of the equation. Thus, the static beam equation enables us to mathematically solve for
the deflection function!


http://www.geom.uiuc.edu/education/calc-init/static-beam/main_ideas.html
http://www.geom.uiuc.edu/education/calc-init/static-beam/main_ideas.html

Simple Harmonic Motion (SHM)

Introduction

In addition to linear motion and rotational motion there is another kind of motion that is common
in physics. This is the to and fro motion of oscilations or vibrations.

When something oscillates, it moves back and forth with time. It is helpful to trace out the
position of an oscillating particle with time so we can define some terminology.

Period, Amplitude and Frequency

The time taken for the particle to complete one oscilation, that is, the time taken for the particle
to move from its starting position and return to its original position is known as the period. and is
generally given the symbol T. The frequency v is related to the period, it is defined as how many
oscillations occur in one second. Since the period is the time taken for one oscillation, the
frequency is given by

f=1/T(1)
The frequency is measured in [s™]. This unit is known as the Hertz (Hz) in honour of the

physicist Heinrich Hertz. The maximum displacement of the particle from its resting position is
known as the amplitude. The frequency is also given the symbol f.

Simple Harmonic Motion

The definition of simple harmonic motion is simply that the acceleration causing the motion a of
the particle or object is proportional and in opposition to its displacement x from its equilibrium
position.

a(t) o< x(t)

Where k is a constant of proportionality. This remembering that the acceleration is the second
derivative of position, also leads us to the differential equation

X"(t) = - kx(t)
Simple Harmonic Motion is closely related to circular motion as can be seen if we take an object

that moves in a circular path, like a ball stuck on a turntable. If we consider just the y-component
of the motion the path with time we can see that it traces out a wave as shown in Flash 2.

y(t) = A sin(w?)(2)


http://www.splung.com/content/sid/2/page/circular

We set this out mathematically, using a differential equation as in equation (4). We specify the
equation in terms of the forces acting on the object. The acceleration is the second derivative of
the position with respect to time and this is proportional to the position with respect to time. The
minus sign indicates that the position is in the opposite direction to the acceleration.

my"(t) = - ky(t)(4)

The derivation of the solution can be found here

For which the general solution is a wave like solution.

y(t) = ¢1 cos(wt) + ¢, sin(wf)

Where, o is the angular frequency. (o=2xnf) The values of c; and c;, are determined by the initial

conditions. Specifically, ¢; = yp and ¢; = Vo/o These two initial conditions specify the starting
position and the initial velocity.

The general solution can also be written more compactly as

y(t)= A cos(wt - ¢)(5)
Where ¢ = tan'l(wyo/vo), A= (yo2 + (Vo/ 0))2)1/2

Differentiating once with respect to time, we obtain the velocity. (The derivative of cos x = - sin

X)
v =Y'(t)= - oA sin(ot - ¢)(6)

Finally, the acceleration is the derivative of the velocity with respect to time. (The derivitive of -
sin X = - COS X)

a= y"(t) =- (,l)ZA cos(mt - (P)(7)

Substituting equations (5) and (7) into equation (4) we verify that this does indeed satisfy the
equation for simple harmonic motion. With the constant of proportionality k = ®?

Thus

a(t) = - o*y(t)

The time for the maximum velocity and acceleration can be determined from these equations.
From equation (6) the maximum magnitude of the velocity occurs when sin(ot - ¢) is 1 or -1.
Therefore the maximum velocity is ®A. Intuitively, we can imagine that this velocity occurs
when the oscillating system has reached the equilibrium position and is about to overshoot. The
minus sign indicates the direction of travel is in the opposite direction.


http://www.splung.com/content/sid/2/page/acceleration
http://www.splung.com/content/sid/9/page/solution01

The maximum acceleration occurs where the argument of cosine in egn (7) is also -1 or 1. Thus
the maximum acceleration is +®°A which occurs at the ends of the oscillations, as this is where
the direction changes.

Examples of SHM

Spring Mass System

Consider a spring of spring constant k conected to a mass m. If the mass is displaced from its
equilibrium position by a distance x a force F will act in the opposite direction to the
displacement. From Hooke's Law the magnitude of the force is given by

F=-kx

When the mass is released it the force will act on the mass to bring it back to its equilibrium
position. However, if there is no friction the inertia of the mass will cause it to overshoot the
equilibrium position and the force will act in the opposite direction slowing it down and pulling
it back.

. Solve (D*+1)y = cos(2x-1)
Solve (D*+1)y = 3 +5¢* where D=d/dx
Solve (D%-D) y =2x+1+4cosx+2e*
Solve (D?-3D+2)y =xe**+sin2x
Solve (D*+4D+3)y=e™sinx +x
Solve (D?+3D+2)y = x sin2x
Solve (D*1)y = xsinx +e*(1+x?)
Solve (D*-1)y=2e*+3x
Solve (D*1)y = x sin3x+cosx
10 Solve (X*D*+2x°D*x°D+x)y=1/x
11 Solve [(1+x)’D*+(1+x)D+1]y = sin2(log(1+x))
12 Solve (xX*D?-xD+2)y= xlogx
13 Solve (xX*D?-2xD-4)y=x’+2logx
14  Solve (xX*D*-xD+1)y= log x
15  Solve (D*+4)y=0
16  Solve (D-2)%y = 8(e*+sin2x+x?)
17  Solve (D*-1)y = cosx coshx
18  Solve (D*-2D+1)y = xe*sinx
19  Solve (X*D3+2x*D*+2)y= 10(x+1/x)

20 Without using variation of parameters solve (D?*+a’)y= tanax
Solve by method of variation of parameters:
21 (D*+4)y = tan2x
22 (D*1)y= !
e’ -1
23 (D? +n?)y = sec nx




24 (D%-3D+2)y = e”+x?
25 Solve the simultaneous Differential equations:

dx

—~+2y=¢' and Y oy gt
dt dt



