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1 Manipulator Kinematics
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1.1 Standard Frames

Wrist

Manipulator
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Base
Tool ®)
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There are several important frames relevant to robot kinematics:

{B} Base Frame
{S}  Station Frame (Specified relative to the base frame, 5T)
{W}  Wrist Frame (Specified relative to the base frame, 27

{T}  Tool Frame (Specified relative to the wrist frame, 2V T')

{G}  Goal Frame (Specified relative to the station frame, 5T
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While the position and orientation of the wrist frame depends on the manip-
ulator configuration, Vg T =T(q), the other frames are usually constant. There
are two fundamental problems associated with this representation:

1.  Where is the tool?
Given is manipulator configuration q,
find the pose of the tool frame,
with respect to the goal frame ST.

2. Where should the joints go?
Given is desired pose of the tool frame
with respect to the goal frame ST, find
the corresponding manipulator configuration q.

The first problem can be reduced to the problem of finding the variable part
of the environment, Z7'(q) for a given q. The rest of the problem can then be
solved easily form the local definition of other frames: $T = »T-1 BT-1 BT(q) WT.
Computing the matrix (Z7T(q) is called: forward (direct kinematics).

The second problem can be reduced to the inversion of the matrix function
‘5 T(q) =T, where T is the desired pose of the wrist with respect to the manip-
ulator base, which can be expressed in terms of other known local definitions:
T = BT ST T WT-1 Inversion of the matrix function ;Z7(q) is called

inverse_kinematics.
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1.2 Assignment of Frames to Links

As a first step in solving the problems above is to assign a frame to each ma-
nipulator link. A straightforward way to do this is to place the frames to some
”geometrically meaningful place” on the link. For example, in the figure below
the z-axes of the frames are aligned with the joint axes thus putting in a direct
correspondence the frame orientation with the joint angle ;. The relative pose
of the frame {i} with respect to the frame {i — 1} is thus uniquely defined by
six independent parameters, one of which is 6;.

Can we define the relative poses of frames by fewer parameters? An approach
which requires only four parameters is proposed by Denavit and Hartenberg!.
Such reduction of required parameters is possible if we freely choose the location
of the frame’s origins, rejecting the " geometrically meaningful place” on the link.

1J.Denavit and R.S. Hartenberg: ” A Kinematic Notation for Lower-Pair Mechanisms Based
on Matrices,” Journal of Applied Mechanics, pp. 215-221, June 1955.
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1.3 Denavit-Hartenberg Parametrization
Two fized azes:
axis i

axis i-1 (shifted) axis i

/ /

link twist
(rotation about
common normal)

common normal
(link distance)

In order to define a relative position and orientation of two fixed axes (axes
which don’t move) only two parameters are required: link distance (also called
common _normal) and the link twist.

Link distance a;_1 is defined as distance between two axes, ¢ — 1, and i,
along the line which is perpendicular to both axes (if axes are intersecting, then
a;—1 = 0). Link twist a;_1 is defined as the angle between the two axes, i — 1,
and ¢, about the common normal (if axes are parallel, then «;_; = 0).
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Three fized azxes:

If there are more than two fixed axes the neighboring common normals in
general case will not intersect the common axes at the same point. Therefore
a new parameter is needed: link offset. Link offset d; is distance between the
common normals a;_; and a; along the axis ¢. For prismatic joints the d; are
variable parameters, and for revolute joints the d; are constant parameters.

\ o axis |

link offset
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Moving axes:

If the axes are not fixed (i.e. they rotate), then one more parameter is needed:
the joint angle. The joint angle 6; is the angle between the common normals
a;—1 and a; about axis i. For revolute joints the 6; are variable parameters, and
for prismatic joints the 6; are constant parameters.

axis i axis i+1

\
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1.4 Convention for Frame Assignments

Following the Denavit-Hartenberg parametrization we use the following rules
for the frame assignment to links:

Intermediate links:

(1) To each link 7 is assigned a frame {i}.

(2) z-axis of the frame {i}, z; is coincident with the
joint axis i.

(3) The origin of the frame {3} is located at the intersection
of the joint axis 4 with the common normal a;, or at the
intersection of joint axes ¢ and ¢ + 1 if a; = 0.

(4) The x-axis of the frame {i}, x;, is placed along the common
normal a;, pointing to the joint ¢ 4+ 1. If a; = 0, the axis x;
is perpendicular to both z; and z;;1 (direction is arbitrary)

First link:

(5) Frame {0} is coincident with the frame {1}. (Consequently:

ap = 0,9 = 0,60, = 0 -prismatic, d; = 0 -revolute.)
Last link:

(6) Axis x,, of the frame {n} is colinear with x,,_1 at 6,, = 0.
The origin of {n} is at the intersect. of x,,_1 with joint axis n.
Consequently d,, = 0 (home position for prismatic joints)

Remark 1 Older robotic literature uses original convention in which the z-axis
of the frame {i} is coincident with the joint axis i + 1 Here we accept more
modern approach proposed by J. Craig®

2J. Craig: ”Introduction to Robotics,” Addison-Wesley, 1986.
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1.5 Relative Link Pose

Link i+1

AXis i-1 AXIS | AXis i+1

We can now summarize the DH parameters in terms of coordinate axes:

a;—1 = distance between z; 1 and z; along x;_1
a;_1 = angle between z;—1 and z; about x;_;
d; = distance between x; ;1 and x; along z;
0; = angle between x;_1 and x; about z;

9
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From the definitions above follows the local definition of the frame {i} with
respect to the frame {i — 1}:

1. {d} is initially coincident with {¢ — 1}

2.  Rotate about {i} x;_1 by a;_1 — Rot(e1, ;1)
3. Translate new {i} along x;,_1 by ;1 — Trans(e1,a;—1)
4. Rotate new {i} about z; by 6; — Rot(es, 0;)

5.  Translate new {i} along z; by d; — Trans(es, d;)

This results in the following HT matrix:

i_%T = Rot(e1,a;—1) Trans(ei,a;—1) Rot(es, 0;) Trans(es, d;)

or

i_%T: Screw(er, a;—1,a;—1) Screw(es, 0;,d;) (1)

Expanded form:

1 0 0 A;—1 C; —8; 0 0
i~ _ 0 cayy —Sais 0 S; c 0 O
v 0 54, , Ca;_s 0 0 1 d;
0 0 0 1 0 0 0 1
Ci —S; 0 aj—1
i—1 _ Ca;_q Si Ca;—1Ci —Sa;_1 —Sa;_q dl
ZT B Sa; 4y Si Saj_q Ci Ca;i_y Cai_y d; (2)
0 0 0 1
10
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1.6 DH Table

In order to describe kinematically the entire manipulator, all DH parameters
can be put in a compact table:

.

| @iy [ aica | 0: | di | o4 |

1 (7)) ap 91 d1 g1

oy ay | O3 | da | o2
i a1 | aim1 | 05 | di | 0y
n Op—1 Gp—1 en dn On

The parameter o; gives information about the joint type (¢; = 0 for revolute
joint, o; = 1 for prismatic joint). Usually some parameters are predefined by the
convention: ag = ag =0, 6; =0, 0, = 0 (for prismatic joints), or dy = d, =0
(for revolute joints)

Note that the screws of the relative HT matrix for the -th link (1)

i_%T = Screw(ey, a;—1,a;—1) Screw(es, 0;,d;)

directly map the i-th row of the DH table.

11
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Sometimes it is convenient to consider the DH table as a constant quantity
which does not change with the manipulator configuration. In other words,
the values for 6; and d; are constant offsets given by the manufacturer for the
initial configuration (home configuration) of the manipulator. The relative HT
matrices can then be expressed in the following way for any configuration given
by the joint vector q = (¢1,q2, .., qn):

. Screw(ey, a;—1,a;-1) Screw(es, 0; + q;,d;) ifo; =0
T = 3)
Screw(ey, a;—1,a,-1) Screw(es, 0;,d; + ¢;) ifo; =1

12

www..jntuwor ld.com || www.jwjobs.net



www.j ntuworld.com || www.android.jntuworld.com || www.jwjobs.net || www.android.jwjobs.net

1.7 Forward Kinematics
1.7.1 Recurrent Formula

The HT matrix of the manipulator’s wrist with respect to the base can be
expressed now as the product:

noo.
wl= 1= 11 T (4)
1=

where "} T are known matrices computed by (3).

More convenient form of (4) is its recurrent version:
0
ol =14

= , 97 i=1,2,..,n

7

This form is suitable for computer programming.

13
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The equation (5) can also be expressed in a de-blocked
(non-homogeneous) form:

OR — i_loR Z;1R7
i=1,2,...,n (6)
0

pi="pio1+ ;YR 'p;

which has an obvious geometrical interpretation shown in the following fig-
ure:

The iterative process (6) can be used for two purposes: to numerically eval-
uate the matrix °T', or to derive symbolically the closed-form solution for °T
(by using packages like MATHEMATICA, MAPLE, MACSYMA and the like).

14
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1.7.2 Recursive Procedure

There is an even more suitable form of the forward kinematics equations for
computer programming if the implementation language supports recursive pro-
cedures (like C/CTT, Pascal, Matlab etc.)

For example, using the matlab-style the recursive version would look like
this:

% FKIN() - Compute forward kinematics
% DH — Denauvit-Hartenberg table

% q — Manipulator configuration

% 1 — Joint index

function T = fkin(DH, q, 1)
T =""IT (equation (3))
if Q> 1
T = fkin(DH, q, i-1)*T
end

Apparently, the recursion hides the iteration construct which is explicitly
visible in recurrence (6).

15
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1.7.3 Efficient Recurrent Formula

Let us rewrite the expression for the relative orientation matrices from (2):

C; —S; 0
i—1p _ . . —
zR - Ca;_q Si Ca;_1 Ci Say_q
Sa;_1 Si Sa;_1 Ci Coy_q

In most of the real manipulator designs, the joint axes are either parallel
(oi—1 = 0°,180"), or they are perpendicular (c;—; = +90"). This considerably
simplifies the matrices “}R, which then become:

C; —S; 0
“lR= +s; e 0 for ;1 =0°/180°
| 0 0 41 ]
[ C; —S8; 0 i
IR = 0 0 Fl1 for a;_q = £90°
L :|:Si :|:Ci 0 i

The recurrent form (6) would then not be very efficient since there are un-
necessary multiplications and additions due to the presence of zeroes and ones in
the matrices if}R. In order to eliminate the excessive floating point operations,
we need further to decompose the relative orientation matrices. We will now
develop a new set of recurrent formulas from (6) which are valid in the general
case, and then derive simpler formulas for parallel and perpendicular axes.

As shown in subsection ?? we can write: IR = [°x; %y; %z,], or if we drop
the leading superscripts for simplicity: YR = [x; y; z;], then (6) can be rewritten
as:

(%i yi zi] = [Xi—1 yi—1 2i-1] iR
= [Xij—1 Yi—1 Zi—1] rot(e1, a;_1) rot(es, 0;)

1 0 0
=[Xi-1¥i-12i-1] | 0 cCa;.y —Sa,, | Tot(es,b;)

0 Saiy  Caiy

= [Xifl | Yi—1Ca;_; T Zi—1Sa;_; | —Yi-1Sa;_; T Zi—1 Cai,l} TOt(e?n 9i)

¢ —s 0
=[xi—1viciwi1] | si ¢ 0
0 0 1

=[Xi16G+Vic1 8 | —Xi—1 8 + Vic1 ¢ | W]

where xg = e1, yo = e2 and zy = es.

16
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If the frame {1} is coincident with the base frame {B} = {0}, i.e. ap =
ap = 0, then the first iteration of (7) gives:

C1 —S1
X1 = S1 s Y1 = C1 y Z] = es3. (8)
0 0

Therefore we can reduce number of iterations in (7) and start from ¢ = 2.

Furthermore it is easy to see that:

0pi-1 _ 0p(i-1 i—1
i RTpe = IR(TIxi10i0 +di VT 2)
= %1 ai-1 +d; "z 9)
=X;-10;-1 + d; 2

Combining now (7) and (9) the original recurrent equation (6) becomes:

Vil =Yi-1Ca;_; +Zi—1Sa;_,

X =Xi—16 +Vi-15;

vi = —X;_18 +Vi_1¢ 1=2,3,...,n (10)
Z; = —Yi-180;_1 + Zi—1Coy_,

Pi = pi-1+ai—1Xi—1+d;z;

This is a generic formula which is valid for any serial manipulator. Note that
all vectors are with reference to the base frame.

17
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For manipulators with parallel and/or perpendicular joint axes these formu-
las can be further simplified:

X; = X116 T Vi 18 for parallel axes
Yi=—Xi—18 £Yyi—1¢ (ej—1 = 0°/180)
zZ; = :tZi_l

i=3,4,...,n (11)
X; = X;_1C T 2Z;_18; for perpendicular axes
Yi=—Xi 18 T % 1¢ (ovi—1 = £90°)
Z; = FYi-1

Note that the iterations here start at ¢ = 3, since in the second iteration
there are more savings possible. The closed-form values for the second iteration
are as follows:

First two azes parallel (c;—1 = 0°/180°):

C12 —S512
12
Xo= | 812 |, yo==E| c12 |, Zo = te3 (12)
0 0

where: ¢15 = cos(01 £ 602), s12 = sin(0; £ 05).

First two azes perpendicular (c;—1 = £90°):
C1C2 —C152
X = | S102 |, Yo = | —Si182 |, Z2 = )1
:|:52 :|:CQ

(13)

18
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1.7.4 Example 1: AdeptOne Robot

> X0 :
23124 d3
| LINK 3
e X3 %4 1 LINK 4
Ve . | (End Effector)
1 ZE

Here we consider a popular four DOF manipulator which belongs to the fam-
ily of SCARA-type robots, called AdeptOne Robot. As seen, the robot is
RRPR, which means that the first, second and the forth joint are revolute,
while the third joint is prismatic. The configuration in the picture above is not
the home configuration (i.e. the values of joint displacements are not all zero).
We will assume that the origin of the frame {3} is off-set by a constant value,
dso along the z-axis.

19
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The simplified kinematic diagram of the AdeptOne Robot is given below.
The figure shows the home configuration:

Zo ) 21 z,
d
BN VA5 T N | /4S o
X2
a | a
1 E 2 23 Z4 d30
X3 Xy
7% |
Xg
Ye
4=
20
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The simplified kinematic diagram is convenient to determine the DH para-
meters by a straightforward application of the rules given in (1.4). The resulting

DH table is as follows:

[iJain[aia[6i] d [oi]
1 0 0 01 0 0
2 0 al 92 0 0
3 0 a9 0 d3 - d30 1
4 0 0 04 0 0

The relative HT matrices can be directly derived by using (1):

C1 —S81
S C

=17
0
(1.0 0
01 0

2

5T = 0 01
0 0 0
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The HT matrices for all frames, with respect to the base can be obtained by
multiplying the relative HT matrices:

c1 —81 0 0
0 S1 C1 0 0
1T = 0 0 1 0
0 0 01
[ c12 —s12 0 crag
o | S12 ci2 0 siag
2T = 0 0 1 0
0 0 o0 1
(14)
cl2 —s1i2 0 crar+cipas
op _ | S12 c2 0 spa1+si2a2
3 0 0 1 ds — dsg
0 0 0 1
[ cioa —s124 0 cra1+cipan
op _ | S124 C12 0 sipa1+si2a2
4 0 0 1  ds—ds
0 0 o0 1
22
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1.7.5 Example 2: Puma 560 Manipulator

PUMA 560 manipulator is a popular 6 DOF, all revolute manipulator which
is commonly used in research and academic studies. Note that the manipulator
on this sketch is also not in the home configuration.

23
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The simplified kinematic diagram of the Puma 560 manipulator in home
configuration is given below:

24
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The DH table which corresponds to the frame assignments in the figures
above:

H Q1 ‘ aj—1 ‘ 0; ‘ d; ‘ 0; ‘

0 0 f,1 ] 0
—90Y 0 6 | 0

0 a2 93 dg
—90Y | a3z |04 ds
90° 0 fs | 0
6 || —90° 0 s | 0| 0

Y | W DN =] =
[e=] Rew] Ren) Nen) Ran)

Nominal values for link distances and link offsets for PUMA 560 manipulator
are:

ay =0.43180m  (17in)
a3 =0.02032m  (0.81in)
ds =0.12446 m  (4.9in)

dy = 0.43180 m (17 in)
The joint limits for the PUMA 560 have the following values:

—170° <6y < 1700
—2250 <@y < 459
2500 <3< 7R
—135° <@y< 1359
—100° < 65<  100°

—1800 <@g < 180Y

26
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The relative HT matrices derived by using (1):

i c1 —$8 0 0 i Co —S2 0 0
o S1 C1 0 0 1 o 0 0 1 0
1T = 0 0 1 0 2T = —s3 —cz 0 0
0 0 01 0 0 01
[ c3 —s3 0 a [ ca —s4 0 a3
2m S3 C3 0 0 3 0 0 1 d4
3T_ 0 0 1 d3 4T_ —S4 —C4 0 0
0 0 0 1 0 0 0 1
I Cs —Sp 0 0 [ Cg —Sg 0 0
0 0 -1 0 0 0 10

4 5
51 = P 0 0 oI = —s¢ —cg 0 O
0 0 0 1 0 0 01

27
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As will be discussed later, it is useful sometimes to consider arm and wrist
separately if the manipulator has a spherical wrist. A spherical wrist has all
joint axes intersecting in a single point. Thus, the arm part is defined as the
part of the manipulator which contributes to the position of the wrist, while the
spherical wrist only changes its orientation (wrist does not affect the position).
In case of Puma 560, the arm part consists of links #0-#3 and a part of the
link #4, which includes screw about x-axis and the translation part of the screw
about z-axis, excluding rotation of the 4-th joint 64. Since the wrist does not
have any length parameters (a; = d; = 0, i = 4,5,6), its relative HT matrices
have only pure rotations.. Consequently the HT matrices of the arm and wrist
of the Puma 560 manipulator are:

Ta = 9T 3T 2T Screw(ey, as, a3) Trans(es, dy)

(15)
Tw = Rot(es,04) Rot(ey, 5) Rot(es,05) Rot(e1, —7) Rot(es, 0s)
After multiplying the parts, we can get for the arm:
[ C1 C23 51 —C1 523
Ry = S1Ca3 —C1  —S1 823
| —s23 0 —Ca3
(16)

c1(cozaz — Sagdy + coaz) — s1.d3
pa = 51 (caz a3 — s23dg + c2 a2) + 1 d3
—893a3 — Ca3dg — S202

28
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Ezercise:

Given is a four DOF manipulator shown in the figures on the following two
pages. The home configuration is shown in the second figure. The z-axes in both
figures indicate the positive orientation of the joint displacements. Suppose a
link offset for the prismatic joint as indicated in the figures. Also suppose that
the base frame is defined as shown. Do the following;:

1. Write-in the x- and y- axes for all links.
2. Compose the DH table.
3. Derive all relative HT matrices.

4. Derive the HT matrix of the wrist with respect to the base.

29
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LINK 2
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1.8 Inverse Kinematics

The inverse kinematics discussed in section 1.1 consist of finding the joint config-
uration q for a given Cartesian pose of the manipulator’s wrist (or end-effector)

V{,B T = 9T. There is no general approach for the inverse kinematics, as we had
in forward kinematics. In general case there is not even a closed-form solution
for it. Pieper® has shown that a manipulator has a closed form solution (in
analytic form) if:

1. The manipulator has six DOF,
2. Its three consecutive axes intersect in a single point, or
3. Its three consecutive axes are parallel

Most of the industrial robots satisfy these conditions.. Such manipulators
are called simple manipulators.

Here we will show examples of deriving an analytic solution for the inverse
kinematics of the AdeptOne and Puma 560 manipulators. As will be shown,
the approach is heavily based on the solution of the transcendental equations of
the form ¢; p — s, g =h or s;p+ ¢; ¢ = g, (see Appendix B).

3D. Pieper: ”The Kinematics of Manipulators Under Computer Control,” Ph.D. Thesis,
Stanford University, 1968
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1.8.1 Example 1: AdeptOne Robot

Closed-form solution
The HT matrix of the manipulator’s wrist, according to (14), is:

cl2a —s124 0 cra;+ciza
op _ | S124 14 0 sipa;+si2a2
4 0 0 1 ds — dsg
0 0 0 1

We start with the position first:

€1 a1+ C12 G2
P=| Ss101+s12a2 (17)
d3 —dso

where p is a given vector. The joint displacement d3 can be found immedi-
ately:
d3 = p3 + d3o

For the x- and y- component of the position we can write:

C12Q2 = PpP1 — C1 a1 (18)
S12 A2 = P2 — S1a1

After squaring and adding these two equations we can eliminate the angle
012 = 61 + 04:
a3 =pi + 5 +a; —2a1 (s1p2 + c1p1)

which is rearranged to become:

s1p2+cipr =by (19)

where: ) ) ) )
_pitpytar—a;

2(11

by (20)

We will add now to the equation (19) its accompanying equation c¢; ps —
$1p1 = o1 as shown in Appendix B. These equations written together are:

Cip2 —8s1p1 = 01 (21)
sipa+cpr = b

or in the matrix form:

1 —S1 Y2 01
= 22
eI =
As discussed in Appendix B, the latter equation represents a two-dimensional

rotation about the z-axis by 61 which directly suggests the solution:
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01 = atan2(by,01) — atan2(p1, p2) (23)

where! o1 can be obtained from p? + p3 = 0% + b2, i.e.:

01 = +\/pf +pj — bF

After swapping the arguments of the atan2() functions (23)can also be writ-
ten :
01 = atan2(p2,p1) — atan2(o1,by) (24)

Once we have 67, and therefore s; and ¢, we can use (18) to find 65:
0y = atan2(ps — s1a1,p1 — c1a1) — 01 (25)

However, we will rewrite the solution for 65 in a more compact and structured
form. By appropriate multiplications of equations (18) by p; and py and by
adding and subtracting them, we can get:

a2(012 P2 — S12 Pl) = —al(Cl b2 — S1 p1)
az(s12pa +eci2p1) = pi+ps—ai(sips+ecipr)

The expressions in parentheses at the right hand side can replaced by ¢ and
by according to the equation (21):

—Q101
Ci12p2 — S12P1 =
a2
a1bs
S12p2 +ci2p1 = ——
az

where: ) ) ) ) 5 )
:p1+P2—a1b1 _pitpy—arta; (26)

b
2 aq 2(11

which gives us:
01 + 05 = atan2(by, —01) — atan2(p1, p2)
or after reversing the arguments and other minor rearrangements:

0y = atan2(o1,bs) + atan2(pa, p1) — 01
= atan2(o1,b1) + atan2(o1,bs)

An important special case we have if the robot is symmetric with two elbow
links with equal length, i.e. a; = a2 = a, then:

2 2
b, = b2:p1+P2

2a
0y = 2atan2(oq,b1)

4Note, we have used the symbol ¢ by purpose, since this quantity can have two signs (sigma
sounds as ”signum” = sign).
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So far we have found angles 61,602 and displacement ds for the given posi-
tion of the wrist p. Now we need to find angle 04, so as to achieve a desired
orientation. Since this is not a full 3D manipulator (it has only four DOF), it
can not have arbitrary orientations. Recall the orientation matrix

c124 —S124 O

0
JR=1 8124 ci2a O
0 0 1

It is obvious that this robot can only have an angle about the z-axis (this is
also apparent from the figure on page 19). If ¢, is the desired orientation, then

the last joint becomes:
0y =, — 01— 02
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The inverse kinematics for the AdeptOne Robot we can summarize as follows:

pz:piﬂ?%z ,

N + (a1 —a3)

=TT ay)
2CL1

p, - P2 (ai —dj)
=Pl @)

2a
0'1::|:\/,02—b% (27)

01 = atan2(ps, p1) — atan2(oy,b1)
0o = atan2(o1,b1) + atan2(o1, be)
d3 = p3 + d3o

0, = Y, — 01— 02

The symmetric case:

2
blzg—

a
Ulzi\/pz—b%

03 = 2 atan2(o1,by)

01 = atan2(p2,p1) — %92
d3 = p3 + d3o

04 = Y, — 01 — 0y

The variable p denotes the reach of the manipulator in x-y plane, i.e. the
projection of p onto the x-y plane
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Multiplicity of solutions:

The double sign of o7 indicates the multiplicity of solutions for the inverse
kinematics. In case of the AdeptOne Robot there are obviously two solutions
(we'll consider the symmetric case only):

Left Elbow Solution:

951) = 2atan2(— |o1],b)

0" = atan2(py, p1) — %9;
1 1 12

0y = o. 01" 6,

1)

Right Elbow Solution:

9;2) = 2atan2(+ |o1],b)

9%2) = atan2(p2,p1) — %9&2)
2 2 2

o = 0o o)

y LEFT ELBOW <

~
N
S -
S 3
N -
~ 22

X

N

~
) 2

RIGHT ELBOW .,
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Ezistence of the solution

In order to have a real solution, the argument of the square root in equation
(27) must be non-negative, i.e. p —b; > 0. This condition can be written:

I ks
2 al -
After rearranging we get the following polynomial inequality:
0° —2a1p + (a2 —a3) <0 (28)

The roots of the equation (28) are p; = a; — ag and py = a1 + az, therefore
the condition (28) is satisfied if:

‘al—aggpgal—i-ag (29)

This is illustrated in the figure on the next page.
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The shaded area represents the subspace of all possible desired positions for
which we have a real solution for the inverse kinematics equations (27). This
space is called the dexterous work space. Note this is only a two-dimensional
projection of the complete dexterous workspace, which obviously has a cylin-
drical shape. In the case of a symmetric robot, a; = as, the entire area around

the center would be covered. This shows that the symmetrical robot is optimal
from that point of view.

Remark 2 The dexterous workspace considered here is not strictly dexterous,
since the wrist (or end-effector) can not have arbitrary orientation in 3D space.
However, since this robot is expected to have an arbitrary orientation in the z-y
plane while the other orientation angles are ignored, we can call it ”"dexterous™.
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Limitation of Joints
In real life, the joints don’t have infinite freedom. For example, in the case
of the AdeptOne Robot, the first two joints are limited:

91 min S 01 S 91 max
92 min S 92 S 92 max

The effect of limiting joints is a severe reduction of the dexterous workspace,
which is illustrated in the figure below.
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1.8.2 Spherical Wrists

As mentioned earlier, most of the industrial manipulators are designed to be
simple, with three perpendicular wrist joint axes which intersect in a single
point - the spherical wrist center. In this subsection we show that the wrist
kinematics of such manipulators can be represented in a unique form of z-y-z
Euler angles. Therefore, the problem of the inversion of the wrist kinematics can

be reduced to the inversion of Euler angles, which was discussed in subsection
??

The orientation of the wrist of the Puma 560 Manipulator (15), rewritten in
non-homogenous form is:

Ry = rot(es, 04)rot(er, 5) rot(es, O5) rot(ey, — %) rot(es, 0s) (30)

By reviewing the figures in chapter 2, it can be seen that the same equation
holds for the Stanford/JPL manipulator. The basic characteristics of these
manipulators is that the joint axes 4 and 6 are aligned in the home configuration.

We will now make use of the property of the rot() operator shown in sub-
section 77:

Rrot(k,¢) RT = rot(Rk, ) (31)
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In the particular case: R = rot(e1, %) and k = ez, p = 6 we have:

rot(ey, 5)rot(es, 0) rot(e;, —5) = rot(rot(er, 5)es,0) (32)

Clearly, the rotation of e3 about e; by 7 gives —ey, and consequently:

rot(ey, 5) rot(es, 0) rot(er, — %) = rot(es, —0) (33)

Replacing now the appropriate terms of (30) by (33) we get the z-y-z version
of (30):

Rw = rot(es, 04) rot(es, —05) rot(es, bg)

This can also be written in a more concise form:

Ry = ZY Z(04,—05,06) (34)

where ZY Z(a, 3,7) represents the mapping of z-y-z Euler angles into the
rotation matrix, discussed in subsection 77
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Other manipulators described in chapter 2 are Cincinnati Milacron (T?) and
RTX where the neighboring wrist axes are mutually perpendicular for the home
configuration, as shown in the figure below.

PUMA 560, Stanford/JPL Cincinnati Milacron, RTX
(home configuration) (home configuration)
24 26 24
25
" L
D Zg
XS XG
2,24 Z,
+180°
Ys zg
zg «
X, 4 Os - 90°
- ] 1) zZ,
: Xg Xg
I
‘ X5 XG

However, by introducing the appropriate offsets to last two joints, the kinematic
frames can be converted to the arrangement of Puma 560 and Stanford/JPL
manipulators. The corresponding wrist orientation will then be:

o . . - (35)
rot(es,f) rot(ey, 5) rot(es, 05 — §) rot(er, — %) rot(es, O + m)

which results in the following z-y-z Euler angle equivalent:

]RW — ZY Z(04, % — 05,06 + ) \ (36)
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In general, all spherical wrists can be represented in the form:

Ry = ZYZ(94,95, 96)

where the arguments 64, 05 and g are taken with an appropriate offset.

The total orientation of the manipulator is:

R =RjRw

where R 4 is orientation contributed by the arm part, while Ry is orientation
of the wrist which should compensate for R4 and to realize the desired total
orientation R. Therefore the wrist equation becomes:

| 2Y 2(0,,05.05) = RS R (37)

This equation can be solved analytically for 84, 05 and 6 by using expressions
(??) presented in subsection ??
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1.8.3 Example 2: Puma 560 Manipulator

Inverse Kinematics of the Arm

It was established in section 1.7.5 that the manipulator distance is fully
determined by the arm distance as shown in (16). Therefore we will use this
equation to find first three joint angles for a given Cartesian position of the

robot wrist p = (p1, p2, p3):

p1=c1 (ca3 a3 — Sa3ds + caaz) — s1ds
p2 = 81 (Ca3 a3 — Sa3da + coa2) + c1d3 (38)
D3 = —S23a3 — Ca3d4 — S2.a2

If we introduce the substitution:
01 = Ca3a3 — S93 dg + Co Qo (39)
the first two equations of (38) become:

€101 —s1d3=p;
8101+ crds =po

which directly gives:
o1 = £4/p?+p2 — d? (41)
01 = atan2(o1,ds) — atan?2(p1, p2) (42)
The third equation of (38) and the equation (39) written together:

Co3a3 — Sp3dg +coa2 = 01

Sp3a3 + Cozdy + 5202 = —p3

which after breaking so3 and cs3, and rearranging gives:

Co (bz-‘r&g)—SgO’z = 0 (43)
s2(ba+az2)+cao2 = —ps
where:
b2 = (C3az — S3 d4 (44)
09 = S3a3-+cC3 d4

The first two equations (43) can be used to determine be. Since the equations
represent a 2D rotation, it follows:

(b2 +as)® + 05 = 0] +p3 =p° — dj (45)
where:
p=Ipl=\/p + i +p3
45
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Similarly, the second two equations (44)give:
b3 +oi=ai+d? (46)

Equations (45) and (46) can be solved for by and os:

2 2 2 2 2
by = 47
2 2@2 ( )

oy = *£4/ai+dj—b3 (48)
Solutions for 05 and 63 directly follow from (43) and (44):

02 = atan2(—ps,o1) — atan2(og, by + az) (49)
03 = atan2(o2,b2) — atan2(dy, as3)

Expression for 65 can also be written in more convenient form:

02 = atan2(oy,p3) — atan2(o2, by + az) — g (50)
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Inverse kinematics of the wrist
The general equation for the spherical wrist (37) applied to the Puma 560
Manipulator (see (34)) is:

ZY Z(04, —05,05) = G (51)

where G = R% R can be evaluated for the given R and R4 derived in sub-
section 1.7.5. By using (16) it can easily be shown that the elements of G
are:

g1i = (Cl 023) T14 -+ (51 023) T2i — 523734
924

g3i = —(c1823)7r1i — (81823) T2 — CazT3i

S1T14 —C1 724

Solution of (51) can now be directly obtained from (?7?) i.e. (??):

Regular case (05 # 0°,180°)
03 = £/ 031 + 95

0 { —7 — arctan 2(ge3, g13) if 03<0
4 =

arctan 2(ga3, g13) if o3>0 (52)
05 = — arctan 2(o3, g33)
0 — —arctan 2(gs2, g31) if 035<0
67 7 — arctan 2(gs2, g31) if o3>0
47
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Degenerate cases:
05 =0° (05=0% o3 =0; g3z =+1)
04 + 06 = atan2(—g12, g911)

s =7 (05 =180% 03=0; g3z~ —1)
04 — g = atan2(g12, —g11)

Remark 3 The configuration of the manipulator for which the solution is de-
generate is called the singular configuration. Singular configurations and the
related problems will be discussed in the following chapter.

Remark 4 A singular configuration can be recognized right after the computa-
tion of the arm joints, from the coefficients of the matriz G:g3; = g2 = 0, or
gss = 1. These values correspond to o3 = 0, 0or 05 = 0, 7.

Remark 5 The singular configuration 05 = 7w is only theoretical. In real life,
this value can never occur due to the limits of the 5-th joint (see page 26.)

Remark 6 In a singular configuration only the sum (difference) between 04
and 0g can be determined. In order to resolve the ambiguity, the most practical
approach is to use the most recent value of 64. This means that if the ma-
nipulator moves into a new pose which is singular, then simply do not change
the 4-th joint, i.e. keep its current value and determine the 6-th joint from
0 = atan2(—g12,911) — 4.
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Multiplicity of solutions:

The multiplicity of the solutions for the Puma 560 Manipulator is the result
of having two signs for the three variables: o1, 02, and 3. Therefore we have
23 = 8 possible solutions for each nonsingular configuration (the arm has four
and the wrist has two solutions.) The arm solutions are illustrated in the figure

below:
LEFT arm - BELOW elbow RIGHT arm - BELOW elbow
LEFT arm - ABOVE elbow RIGHT arm - ABOVE elbow
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Ezistence of the solution

The existence of real solutions for Puma 560 is determined by two square
roots (41) and (48). The third square root (52) can never be imaginary and
can be excluded from the discussion. The reality of the first two square roots is
determined by the following inequalities:

pit+ps—di > 0

2 02 a2 g2 g2 2
- (P o)

v
o

which after some rearrangements become:

pi+p3 > d3

(53)

pi+ps+p3 < a3 +ai+di+di+2a0/a3 +d]

Remark 7 These inequalities can be easily derived from the geometry of the
manipulator shown in figures on pages 23 and 25.

Remark 8 The first inequality does not allow the wrist to approach too close to
the manipulator’s shoulder, while the second inequality prevents the manipulator
from stretching beyond the maximum reach (when the arm is fully stretched).
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1.8.4 Resolving The Ambiguity

In order to choose a single solution from among the several possible solutions,
some additional rules are required. There are basically three important criteria

to be considered:

Obstacle_avoidance

Sometimes the choice of an alternative solution can help to avoid an obstacle

(see illustration)

Solution "elbow above" is
rejected due to the obstacle

o1
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Maximum distance from the joint limits

Joint limits are always a painful restriction when performing the manipula-
tion tasks. Therefore it is a good practice to keep the joints away from the joint
limits ¢; min, ¢jmax, and close to the middle of the joint range ¢jmid = (¢; min
+¢j max)/2. Consequently the solutions can be evaluated from the following cri-
teria:

N 0™ — Gjmia ’
Fk) =Y w, <H> k=1,2,..., Ny (54)
j=1

qj max — 45 min

where N is number of joints (DOF), N, is the total number of solutions,
while w; are weighting coefficients () w; = 1). These coefficients can be used
to give a higher priority to some joints (if all joints are equally important then
w; =1 for all j.)

After evaluating all solutions, we choose the one which has minimal value of
F(k), ie.

F(kopt) = mkinF (k).
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Minimal joint travel (The closest solution)

Another possible optimization criteria is to choose a solution which mini-
mizes the total joint motion of the manipulator. This can make the motion
more natural and will also minimize the wear of the movable parts in joint
transmission (gears, ball bearings etc.). The minimization function in that case
would be:

e k=1,2,.... Ny (55)

— Qjcurrent

N
F(ki) :ij

. . .. . k .
where Qjcurrent are the current joint positions, i.e. ’q]( ) _ Qjcurrent| 18 ab-

solute value of the joint travel when going from some current position to the new
position determined by the inverse kinematics. The weighting coefficients are
usually defined according to the size of the joints. For example, the lower num-
bered joints are usually bigger since they carry all the other higher-numbered
links and joints. Therefore the weights with smaller index j should generally
have larger values.
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Ezample

Given is a symmetric AdeptOne type robot with a = 500 mm and d3zg =
—200 mm. The robot is in configuration A as shown in the figure below. The
robot is to move to configuration B or B’ which are also shown in the figure.
The latter two configurations have identical poses for the wrist. Suppose that
all three configurations have the same elevation of the wrist, and that the orien-
tation of the wrist in all configurations is ¢, = 0°. (a) Find values of all joints
for the three configurations A, B and B’. (b) Evaluate the configurations B and
B’ in terms of two criteria: minimal joint travel and maximal distance from
joint limits. In both criteria use equal weights for all joints. Suppose that the
joint limits are as follows: |01] < 170°,|02] < 150°,|04] < 180°.

a =500 mm

5. ,--

f : g = 100 mm
[
N | "o
\ |
| h =150 mm

o4
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From the figure above we can determine the position of the wrist for the two

configurations:
750 750
psa=| 100 |, pg = | —150
¢ ¢

The elevation is not important in this exercise so we ignore it. By using
formulas for inverse kinematics for AdeptOne Robot (27), we can obtain the
following values:

Conf. o 0, 0> 04
A —  48.4° —81.7°  33.2°
A +  —33.2°  81.7° —48.4°

- 28.8° —80.2° 51.4°
+ —51.4° 80.2° —28.8°

@,

By comparing the angles from the table and those from the figure we can
conclude that the actual initial configuration A is the one with the negative o.
Therefore, we ignore the second solution for the initial configuration A .
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The configuration q4 we use now as the initial configuration needed to de-
termine the total joint travel F} by using the formula (55). Also, by using the
formula (54) we can find the value for the criterion function for the maximal
distance from the joint limits, F;. The values for these criterion functions for
two solutions, B and B’ are as follows:

Config. E F;
B 0.1817  39.4°
B’ 0.1833  323.7°

We can see that the solution B is superior over B’ in terms of the minimal
travel criteria. As far as joint limits are concerned, both solutions are about
equal.
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